° NAT/O

1duasnue Joyiny vd-HIN 1duasnue Joyiny vd-HIN

wduosnue Joyiny vd-HIN

N, NIH Public Access

(<
A 5 Author Manuscript
P repSS

Published in final edited form as:
JNonparametr Stat. 2011 ; 23(1): 185-1909.

An ordinary differential equation based solution path algorithm

Yichao Wu"
Department of Statistics, North Carolina State University, 2311 Stinson Drive, Raleigh, NC 27695

Abstract

Efron, Hastie, Johnstone and Tibshirani (2004) proposed Least Angle Regression (LAR), a
solution path algorithm for the least squares regression. They pointed out that a slight modification
of the LAR gives the LASSO (Tibshirani, 1996) solution path. However it is largely unknown
how to extend this solution path algorithm to models beyond the least squares regression. In this
work, we propose an extension of the LAR for generalized linear models and the quasi-likelihood
model by showing that the corresponding solution path is piecewise given by solutions of ordinary
differential equation systems. Our contribution is twofold. First, we provide a theoretical
understanding on how the corresponding solution path propagates. Second, we propose an
ordinary differential equation based algorithm to obtain the whole solution path.
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1 Introduction

Recently we have seen exploding growth of research in variable selection popularized by
Tibshirani (1996), which uses the L1 penalty to regularize least squares regression.
Following this line of research, many other techniques have been proposed. They include the
SCAD (Fan and Li, 2001), the LARS (Efron et al., 2004), the elastic net (Zou and Hastie,
2005), the Dantzig selector (Candes and Tao, 2007), the adaptive LASSO (Zou, 2006;
Zhang and Lu, 2007), and their related methods.

Computationally, the LASSO, elastic net, and adaptive LASSO can all be solved by any
quadratic programming (QP) solver. The Dantzig selector involves a linear programming
problem. The SCAD penalty leads to a non-convex optimization problem, for which Fan and
Li (2001) proposed a local quadratic approximation (LQA) algorithm and Zou and Li (2008)
proposed a local linear approximation (LLA) algorithm. They are two instances of the MM
algorithm (Hunter and Li, 2005) and each step of the LQA or LLA involves a QP problem.
All these algorithms share one characteristic in common: they solve the corresponding
optimization for one regularization parameter at a time.

Efron et al. (2004) proposed the Least Angle Regression (LAR) algorithm and illustrated its
close connection to the LASSO and Forward Stagewise linear regression. Together these
algorithms are called LARS. By slight modification, their algorithm provides the whole
exact solution path for the LASSO. The LARS solution paths are piecewise linear. Another
algorithm for the LASSO is due to Osborne, Presnell and Turlach (2000) which proposed
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the homotopy algorithm. Rosset and Zhu (2007) derived a general characterization of the
loss-penalty pair which leads to piecewise linear solution paths.

Note that the piecewise quadratic condition of Rosset and Zhu (2007) is not satisfied by
generalized linear models (GLMs). The corresponding L4 regularized solution path is not
piecewise linear as demonstrated by Figure 2. To our limited knowledge, it is largely
unknown how to extend the LARS to GLMs and more generally to the quasi-likelihood
model (QLM) to get an exact solution path. Yet some approximate solution path algorithms
are available. Madigan and Ridgeway (2004) discussed one possible extension to GLMs.
Rosset (2004) suggested a general second-order path-following algorithm to track the curved
regularized optimization solution path. Park and Hastie (2007)’s algorithm is based on the
predictor-corrector method of convex optimization. To control the overall accuracy, Park
and Hastie (2007) pointed out that it is critical to select the step length of the regularization
parameter, for which strategies are proposed. These two papers try to approximate the whole
regularization solution path by providing a series of solution sets at di erent regularization
parameters, but different strategies are proposed to select the set of regularization parameters
to control the approximation error. Yuan and Zou (2009) proposed an efficient global
approach to approximate nonlinear L1 regularization solution paths. Their method is based
on the approximation of a general loss function by quadratic splines. In this way, the global
loss approximation error can be controlled and a generalized LARS-type algorithm is
devised to compute the corresponding exact solution path for the approximate quadratic
spline loss. This path approximates the original nonlinear regularization solution path and
theory is provided to show that the path approximation error is controlled by the global loss
approximation error. On one hand, increasing the number of knots in the quadratic spline
approximation makes the approximate solution path more accurate. On the other hand, it
increases the number of pieces in the corresponding piecewise linear solution path and
therefore the computational cost as well (Section 4 of Yuan and Zou, 2009). They further
commented that “If the user wants to get the exact solution path from the EGA solution, then
it seems not worthy to use a large number of knots.”

This urgent need of an exact solution path calls for another algorithm. This is exactly the
goal of the current paper. We extend the LAR to the QLM and name our extension
QuasiLAR. Piecewise, our QuasiLAR solution path is given by solutions of ordinary
differential equation (ODE) systems. We also discuss how the extension QuasiLAR is
modified to get the whole solution path of the LASSO regularized quasi-likelihood, and this
modified algorithm is called QuasiLASSO. Putting them together, we name our new
algorithm QuasiLARS. The QuasiLARS is different from existing algorithms mentioned in
the previous paragraph in that they all provide approximate solution paths instead. Our
contribution is two-fold. On one hand, the current paper helps us to understand the
corresponding optimization problem better by providing an answer to the question: how the
general LASSO regularized solution path changes as the regularization parameter varies. On
the other hand, we present an ODE based solution path algorithm and it provides a potential
way to evaluate how well these existing solution path algorithms approximate the true
solution path. Other papers on solution path algorithms include Zhu, Rosset, Hastie and
Tibshirani (2004), Hastie, Rosset, Tibshirani and Zhu (2004), Wang and Shen (2006), Yuan
and Lin (2007), Li, Liu and Zhu (2007), Wang and Zhu (2007), Wang, Shen and Liu (2008),
Li and Zhu (2008), Zou (2008), Rocha, Zhao and Yu (2008), Wu, Shen and Geyer (2009),
and references therein. In particular, Friedman, Hastie and Tibshirani (2010) focused on
GLMs as well. They proposed a coordinate descent algorithm, which works for a fixed
regularization parameter. They get a solution path by obtaining and connecting solutions at a
pre-specified (penitentially dense) grid of the regularization parameter.
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The rest of the article is organized as follows. Section 2 details the LARS and motivates the
QuasiLARS. In Section 3, we present the QuasiLARS . Details for a key step are discussed
in Section 4. Section 5 gives some properties of the QuasiLARS path. Numerical examples
in Section 6 are used to illustrate how our QuasiLARS works. We conclude with Section 7.
All technical proofs are collected in supplementary online material.

Before delving into details, let us see how the LAR works. To facilitate our later discussion,
let us consider a general regression with a univariate response ¥ € R and predictor vector

’
X=(X1, . ,Xp) € R” where p denotes the number of predictor variables. The QLM
assumes that x(x) = E(Y|X = x) = g~1(5(x)) with 5(x) = o + x4, and Var(Y|X = x) = V («(x))
for some known monotonic link function g(-) and positive variance function V (). Define

Q(u.) = (v =w) /V (w)dw and denote our observed data set by {(x;, yi) :i=1, -, n}

r
with mi=(-\'il» e ,x;‘p) € R’ y, e R and n being the sample size. Predictors have been

2

standardized such that Zl.:]-’c'u':o and Zizll,_,:l, j=1, -, n. The QLM estimates f and /8
by solving

mxD,0(¢”! (Br+elB) ).

The QLM includes GLMs as special cases by choosing g(-) and V() appropriately.

The ordinary least squares (OLS) regression is a special case with g(x) = 1 and V(x) = ¢2. In

n
this case, by demeaning if necessary to ensure Zi:].vFO, (1) reduces to

ﬂ().ﬁ i=1 (2)

For OLS (2), the LAR provides a solution path (t) indexed by t € [0, o), with (0) = 0. For
large enough t, A(t) is the same as the full OLS solution to (2). The solution path in between
is piecewise linear. Over each piece, it moves along the direction that keeps the correlation
between the current residuals and each active predictor equal in absolute value. Define

current residuals e; (8 () =y; — x; B (r) for i =1, =+, n. In terms of the current residual vector
e(B(t) = (e1(B(V), -, en(B(1))T and the jth predictor vector x0) = (Xgjs xnj)T, the current
correlation e(4(t))T x0) has the same absolute value for each active predictor j. Note that
, 19 n
T,.h—__-_~_ N
B0y e 20B; i=1(y’ i ﬁ) - This implies that the absolute values of the
objective function’s first-order derivatives are equal for each active predictor variable along

0 n T \2 0 n T \2
v i X = ) Vi— T
the LAR solution path, namely aﬁjz"=1(y ﬁ) ]ﬁm By ZF](‘ ﬂ) lﬂm for any

j and j” among the active predictor set at t. In this paper we will take advantage of this
observation and extend LARS to the more general QLM. For the diabetes data in the R
package LARS, we plot the LAR solution path in the top left panel of Figure 1. The

2

Catives S (vi— B . . .
derivatives OB Li=1\t along the LAR solution path are shown in the top right
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d n T \2
panel of Figure 1. The derivatives in absolute value, namely %Zm(” T ﬁ) are given
in the bottom panel of Figure 1. It is clearly shows that, at the end of each LAR step, a new
predictor variable joins the group of active predictor variables that share the honor of having
the same largest absolute value of the first-order derivatives. The LAR algorithm terminates
at the full OLS estimate of (2) when all the first-order partial derivatives are exactly zero.

3 QuasiLARS: extension of LARS

Note first that in general gy of the QLM cannot be removed from equation (1) by location
and scale transformations as in the least squares regression. However for any g, the quasi-
likelihood function (1) is concave in fy. Thus we can define the marginal maximizer of g as
a function of . Namely for any g, define

n

Bo (B) :argBmaxZQ (¢ (Bo+alB).¥).

i=1 3)

We denote R (8, 80) =Z:l:| 0 (g_l (Bo+ﬂvir ﬁ) ’)'i) and R(8) = R(8, Bo(B)).

Based on the above observation that the LAR produces a solution path along which the
objective function’s first-order partial derivatives have the same absolute value for each
active predictor variable, our extension QuasiLAR seeks a solution path g(t) such that

9 RBLB)I

0
g REAO =5
J B@®

Bj B

for jand j’ that are active at t. More explicitly, at

d
any t, the solution should move in a special direction @ (8 (1)) —Eﬁ(t), which is chosen in a

7}
way to ensure that the first-order partial derivatives %R ) have the same absolute value
for each active predictor variable j. ‘

For R(B), denote its vector of first-order partial derivatives by b(8) = (b1(8), -- , bp(ﬂ))T and

matrix of second-order partial derivatives by M(8) = (Mjk(8)) 1<j k<p, Where b; (B) :%R ®)

"

and "+ O =55 558 P tor 1 <k <p.

As in LAR, we use t to index our QuasiLAR solution path j(t). Denote the active index set
attby AB () and also by #,. We will use AB () and 4, interchangeably.

Note that b(8(t + dy)) = b(B(t)) + M(B(t)) {B(t + dy) — B(t)} for small d; > 0 due to Taylor
expansion. Thus in order to keep the absolute values of the first-order partial derivatives
with respect to all active predictor variables decrease and be the same, our solution path
updating direction g(t+dy)—#p(t) should satisfy that bj((t+dy))—bj(B(t)) has the opposite sign
of bj(B(t)) and has the same absolute value for each j ¢ A,. Here the first requirement
guarantees that the first-order partial derivatives of active predictor variables are decreasing
in absolute value and the second requirement ensures that they decrease at the same speed.
This gives our motivation on how to define an appropriate solution path updating direction.
The above discussion can be made rigorous by using differential operators when the above
d; > 0 is infinitesimal as presented next.
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At any t with solution f(t), denote the solution path updating direction by

N\ d
a (B @) =(az B@®),--.ap (b’(l))) =zﬁ(t). For any inactive variable j ¢ 7, we keep gj(t) =
0 and do not change it; thus aj(f(t)) = 0 for j ¢ A,. Consequently we only care about aj(5(t))
for active predictor j ¢ A,. For any two index sets A and B, vector a, and matrix M, denote

a,, to be the sub-vector of a consisting of those elements with index in A and M, , to be the
sub-matrix of M consisting of those elements with row index in A and column index in B.

When A= 1{j} and 8= {k} are singletons, we also write M, and M., ,, which are essentially a
row vector and a column vector, respectively. Denote the complement of A by

A={L,---, p} \A, With these notations, our solution path updating direction for active
predictor variables should satisfy

M, , (B®)a,, (B(1)=-sign (b, B(). @

The argument is based on the previous paragraph with infinitesimal d;. Thus our solution

d d
path should be updated using -5, (=a, (B®)and E’B”‘? (1) =0 with

a,, BW)=—(M,,_, B@)) sign (b, B©)) )

being the solution of (4), where the invertibility of M, , (8(?)) is not an issue as long as the
quasi-likelihood is well defined. Here we use 0 to denote a column vector of zeros with
length depending on the context. Note further that this updating scheme implies that

d . d . .
—b,, (B(1))=—sign (b, (ﬁ(f))) because ;b4 B(1) =M, , (B(1) a,, (B(1),
dt dt

In integration format, they become

B, (t+d) =B, )+ [ a, (B()dr, and B, (1+d;) =0, ©

s

b, (B(t+dp) =b,, ()~ [ sign (b,, B(1)dr, @

where a, (8 (1)) is given by (5). Note that we consider small d; > 0 in all the above
discussion and assume that between t and t + d; the active index has not changed.
Consequently, beginning at t we may keep updating the solution path using (6) until the

active set changes at some t” > t. This happens when another predictor variable ; ¢ A, joins
the active set g, to share the honor of having the largest absolute value of the first-order
partial derivatives, that is, Ibj-(B(t"))! = Ibj(B(t"))! for any active predictor j e A, At this

point, we update the active set by setting A, =A; U {j/ }

Now we present our extension QuasiLAR for the QLM. We initialize our solution path by
identifying the predictor variable j so that the objective function R(f) changes fastest with
respect to S beginning at # = 0. We first set
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0
—R (B =— b,
“P1oB; @l maxj-i...plb; (0)] . It will be clear later why we choose t

=0
in this way. Our solution path begins with B(tg) = 0 and So(tg) = So(Bto)) defined in terms of
(3). The initial active predictor set is given by

} {aromaxlb 0) ]}
l<j<p

With tg, B(to), and A,,, we update our solution path using (6) until a new variable joins the
active set at some t;(> tg) to be determined. That means the solution for any t > ty may be

fp= — maX;=1,.

0
—R
5, ® |

1<j<p J B=0

A= {argmax

temporarily updated by B, ()=B, (t0)+[, as, (B®)dr and Pa D=0 Here 3 (s isa
temporary solution path defined for any t > ty. For any j ¢ A, define

Tj=min {’>’0: ’bl‘ (6 (’))| 2 |bm (B(’))’}, where m € A, Then ty is given by fi=min,., T and
we call t; a transition point in that the set of active predictors changes at t = t;.

Then our QuasiLAR algorithm updates by setting B, () =B, (t0)+ [ :Oam,o B(m)dr,

Algorithm 1
QuasiLAR for the QLM

Step 1: Initialize by setting tg = —max;=1,-,p 1bj(0)1, B(to) = 0, Bo(to) = Bo(B(to)) ad

_ . Ay, = qargmax|b; (0) |
defined in (3), and 1<j<p L
Step 2: Form =0, ---, p —2, define a tentative solution path using

Br,, 0B, W)+ [, @y, (B(D)drandB,. (=0

for t > t,. Define a new transition point 7+ 1=min ., T where

T j=min {t>tm: b; (B (t))] > 'bk (B(t))| for some k € ﬂr,,,} for j ¢ A, Update solution path
by setting B, (=B, (tm)+ [, @y, BT)dr, By =0, and fo(t) = fo(B(D)) for t €
[tm, tmsa]. A=A, T0r t € [ty, tmse) and Ar,.., = Ay, U{j & Ay, Tj=tns1 |,

Step 3: At the end of Step 2, A,, , should be exactly {1, ---, p}. Next we update solution

path using A () = (15-1) +fi,,,|a:«,,,_, B @) dr.fo(t)=po B D) and A,= {1, .- , p)fort
betweent, 3 and t, = 0.

ﬁmgo @ =O, and SBo(t) = Bo(B(Y)) for all t € [to, t1]. The active predictor set stays the same for t
€ [to, ty), namely A,=A,,. Atty, we update the active predictor set by setting

A=A, U {J & Ay ~—t1} At t = tq, the number of active predictors is two. Due to (5), and
the definitions of 5;7.,0 @, Tjand ty, A(ty) satisfies
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b; (Bt ) 1=y (B(11) I>bx (B(11) |, Yk & Ay, where j, j € A, . Note further that (7) and the

d
—R@B| |=-1b; B
% (ﬁ)lﬁm 1b; (B(11))]

I h=-
definition of ty ensure that ! forany j € A,

Our QuasiLAR algorithm continues with t1, #(t1), and A,,. The full algorithm is given by
Algorithm 1. Note that at the end of the mth QuasiLAR step, ty, B(ty), and A, satisfy

tn=

0
—|zR®BI
9Bj Bltw)

|bj (B () |=|bj' (B(tm) [>bx (ﬂ (), Vk ¢ »7[1,,,, for any j, j, € ﬂ,m.

=—1b; (B(1m))]

forany j e A, and

Note that at the end of the (p — 1)th QuasiLAR step in Step 2 of Algorithm 1, all predictors
are active. Then, in Step 3, the QuasiLAR path moves along a direction such that the
absolute values of the first-order partial derivatives decrease at the same speed until all the
first-order partial derivatives are exactly zero, which happens at t = 0. The solution att =0
exactly corresponds to the full solution of the QLM by solving (1) just like the LAR ends at
the full OLS estimate. This completes our QuasiLAR algorithm.

Note that the QuasiLAR instantaneous path updating direction is given by

-l ; _ . .
—(A@,_m, (ﬂ(f))) sign (b‘.q, (B(t))). For least squares regression, the objective function is
exactly quadratic and thus M, , depends only on the active predictor set 4,, but not on the

current solution values /3, (). Note that sign (bﬂ, B (f))) does not change in a small
neighborhood of t. This implies that, within a small neighborhood of t, the instantaneous
path updating direction is the same for least squares regression. This leads to the piecewise
linear solution path of the LAR and Rosset and Zhu (2007) in general.

3.1 Quasi-LASSO modification

Efron et al. (2004) discovered that the LASSO solution path can be obtained by a slight
modification of the LAR. Next we make a parallel extension by showing that the Quasi-
LAR can be modified to get the whole LASSO regularized quasi-likelihood solution path.

Now consider the LASSO regularized quasi-likelihood in two different formats

§4
min - R (8,0 (B) +) |Bjl,
BoB = ®)

P
min — R (B, Lo (B)) subject to Zlﬂjl <s,
PoB = )

which are equivalent with one-to-one correspondence between 2 > 0 and s > 0.

Let 3 be a LASSO solution to (8). Then we can show that the sign of any nonzero

component 8; must agree with the sign of the current first-order partial derivative &; (E) Itis
given by Lemma 2 in Section 5.
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Suppose t = t* at the end of a QuasiLAR step with a new active set A*. At the next
QuasiLAR step with t € [t*, T] for some T to be determined, the QuasiLAR solution path
moves along the following tentative solution path

B =B, )+ [L.a, (B(@)drand B, . (=0 10

fort > t*. Denote 1 /=min {t>t*: b (B (z‘))| > ]bk (/3’ (f))l for some k € ﬂ*} for j ¢ A" for
Jj € A, Then the end point T is given by min .. T,

However [%_,- () may have changed sign at some point between t* and T for some j € A’ in
which case the sign restriction in Lemma 2 must have been violated. We define

S j=min {r € (1*, ) 1B, (1) =0} for j € A", where B, () is the jth component of j (7 defined by

(10). If S=111in_,e:,‘,5j<T,5(T) defined by (10) cannot be a LASSO quasi-likelihood solution
since the sign restriction in Lemma 2 has already been violated. The following Quasi-
LASSO modification can be applied to ensure that we can get the LASSO regularized quasi-
likelihood solution path.

Quasi-LASSO modification—If S < T, stop the ongoing QuasiLAR step at S and remove

7 from the active set A" by set Ay =FA\ {j} where j is chosen such that S ;=5. At the new
transition point S, the new path updating direction is calculated based on the new active

predictor set A"\ {7},

We have the following theorem to guarantee that the Quasi-LASSO modification leads to
the LASSO regularized quasi-likelihood solution path. We name the modified algorithm by
QuasiLASSO and use QuasiLARS to refer to both QuasiLAR and QuasiLASSO.

Note that at each transition point of our QuasiLARS solution path, two kinds of event can
happen: either an inactive predictor joins the active predictor set or an active predictor is
removed from the active predictor set. As in Efron et al. (2004), we assume that a “one at a
time” condition holds. With the “one at a time” condition, at each transition point t*, only
one single event can happen, namely either one inactive predictor variable becomes active or
one currently active predictor variable becomes inactive.

Theorem 1: With the Quasi-LASSO modification, and assuming the “one at a time”
condition, the QuasiLARS algorithm yields the LASSO quasi-likelihood solution path.

Remark 2: Here we make the “one at a time” assumption. However, even when the “one at
a time” condition does not hold, a QuasiLASSO solution path is still available. The same
discussion in Efron et al. (2004) applies. For practical applications, some slight jittering may
simply be applied, if necessary, to ensure the “one at a time” condition.

3.2 Updating via ODE

Our solution path algorithm QuasiLARS involves an essential piecewise updating step

Ba. (0=Ba, )+ va,. (B@)drand B (=0 peginning at a transition point t* with
solution S(t*) and active predictor set #,.. Note that the piecewise updating can be easily

achieved by setting B_, (n=0for j ¢ A, andt>t* and solving the following ODE system
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d Py o, ps. *

2P, D=0, (B(®) with initial value condition £, ()| _.=B.. ("), This is a standard
initial-value ODE system, for which there are many efficient solvers available. We have
implemented our QuasiLARS using Matlab ODE solver “ODE45.”

4 Details for deriving the path updating direction

0 " -1 T
Note that the path updating direction defined by (5) asks for %Zi:lQ(‘g ('B"eri 'B) °~"")
8’7

- n -1 T\ ..
and 6B;08; Z"=1 ¢ (g (ﬂo+m" B) ’)’). By the chain rule, we are required to have the

"

0 . -
implicit partial derivatives %'3” ® and BBy Fo®) Next we show how to obtain them.
According to its definition (3), fo(p) satisfies

(9%27:1 Q (g_l ('BO“LCEIT'B) ’~"") =Z;1=1 0 (g_] (&’*xirﬁ) ’3"') (g_] ) (,80+:virﬁ) =0 \where
0

Q1 (1. y) :@Q (1Y) Now treat By as a function of 4 and take derivative of each term with
:.IZIQH (g_l (Bo
+:ciTﬁ) S
’ 2
)‘i[(g_l) (ﬁo+miT,3)} (xij
0
+£jﬁo
+Z:;] Q1 (g7 o
+miTﬁ) s
)’i(gﬁl) Bo
+£IZITﬁ (x,-j
0 0 v & .
respect to 4. We should get +%ﬂ"“ , where €11 (1Y) "o Q)
0 ) _ Xigxiei (B)
Thus by solving for %ﬁo, we get %/30 B)=- Y7 ¢ (B) » where
' -\ T2 . ” .
ci (B)=011 (g7 (Bo B+ B).¥1) [(g“) (Bo (B) +a] ﬁ)] +01 (g7 (Bo B +x!B).¥:)(g7") (Bo B) +]B)
¥ . ®
fori=1, -, n. To get the second-order partial derivatives BBy Po (B , we may apply

a
another layer of differential operator 5 .

For some particular generalized linear models, it may be much simpler to get those partial
derivatives as shown in the following subsections.

4.1 Binomial

For the Binomial distribution, the data set is given by {(x;, i) : i =1, ---, n} with y; € {0, 1}.
With the canonical logit link 7(x) = log(u(x)/(1—u(x))), the corresponding loglikelihood
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function is given by L (8,80) = Z yi w /3+ﬁ0) 10g(1+€ (B BO)) Then for any g, the

o B+Bo
corresponding optimal Sy(f) is given by the solutlon on Z, 1 4o a8y O which
is equivalent to Zi:l (1 =yi) - ZZ’:] (1+€w" pefo)” =0, We next differentiate both sides with

0
respect to S and solve for @ﬁo to get

P noxje xB+Bo(B) n TiB+Bo(B)
8. 0" Z‘—I / Z'—l 2
IB; (14e” ,‘—B+B<>(ﬂ)) = (1+emid)
differentiation to get second-order partial derivatives.

]. We may take another layer of

In the case of Poisson distribution with the canonical log link #7(x) = log «(x), the likelihood
n mT 0

function is given, up to a constant, by L (8. 0) =Zi:1 [—e Ly, (miTB+B0)]. For any 3,

the maximizer fo(B) of is given by Ao () =log (Zm-“) ~ log (Zi:lemi ﬁ). We may take

2

differentiation to get partial derivatives aB; 'B" ®) and gp; 0B B8 "° ('8)

With the closed-form formula of So(58), we may simply plug it into the likelihood and get

, which corresponds to our notation R(5).

5 Properties of QuasiLARS

Lemmal

We next establish some properties of QuasiLARS solution path and prove Theorem 1.

With the “one at a time” condition, at each transition point t*, only one single event can
happen, namely either one inactive predictor variable becomes active or one currently active
predictor variable becomes inactive. For the first type of event, it means the active set

changes from A to A =AU {j*} for some J* ¢ A. We next show in Lemma 1 that this new
active variable j* joins in a “correct” manner. This is the key result for proving Theorem 1.
Lemma 1 applies to QuasiLARS (both QuasiLAR and QuasiLASSO).

For any transition point t* during the QuasiLARS solution path, if predictor variable j* is
the only addition to the active set at t* with solution g(t*) and active set changing from A to

A'=AU{j"} then the path updating direction a(5(t*)) at t* has its j*th component agreeing
in sign with the current first-order partial derivative bj=(5(t*)).

Our next four lemmas concern properties of the LASSO regularized quasi-likelihood
solution. These lemmas will lead to the proof of Theorem 1. For any s > 0, we denote the

solution of (9) by B=3 (s), which is unique for each s and continuous in s. The uniqueness is

P
due to the convexity of Zj:, IBil and the strict convexity of —R(8, So(#)). Throughout the
paper, the hat notation always refers to the LASSO regularized quasi-likelihood solution.

Foranys>0, let Ns = N(A(A)) {j Bj(s) # 0} denote the index set of nonzero components
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of B (s). We will show that the nonzero set Ay, is also the active predictor set that determines
the QuasiLARS path updating direction.

Let 3 be a solution of (8). Next we can show that the sign of any non-zero component E
must agree with the sign of the current first-order partial derivative, namely

sign (E,) =sign (bj (E)) forj € N(E).

A LASSO regularized quasi-likelihood solution 3 to (8) satisfies sign (E;) =sign (bj @) for
any j € N (B).

Let S be an open interval of the s axis, with infimum s, within which the nonzero set p/, of

the corresponding LASSO regularized quasi-likelihood solution 3 (s) remains constant,
namely, A/,=A for s € S and some N.

For® © {f} v S, the LASSO regularized quasi-likelihood estimate 3 (s) updates along the
QuasiLARS path updating direction.

For an open interval S with a constant nonzero set N over the LASSO regularized quasi-

likelihood solution path 5 s), let s=inf (S) Then for * © SN {f} the first-order partial
derivatives of R(8, Bo(8)) at B (s) must satisfy Ib; (B (5)) l=maxi-, .. plb1 (E(S)) |for j € N and
Ib; (B(9)| < maxiy.... plb1 (B(s)) | for j & N.

Let s denote such a point, s=inf (S) 55 in Lemma 4, with the LASSO regularized quasi-
likelihood solution 5, current derivatives &; (B) and maximum absolute derivative
5@ =max,lb;(B)]. Define A= {jiﬁj # 0}, Ao= {jiﬁj=03ndlbj@ |=5(E(S))}, and
A=A, U A, Define g0 =p+yd for some d € R, T(y) = R, Bo(8")) and

N7 . . .. @
S —Z‘,:,LB,‘ | Denote § ) =4S DT () =£T (ypand T () =T (7).

At s, we have

Z(d)=T(0)/ $ (©) < D(B). (1)

with equality only if dj = 0 for j € Aj, and sign (dj)=sign (b; (5)) for j e A, If so,

s oy — g7
T ) _dﬁm AI”"]O«‘"m (E) d~"‘|0 ' (12)
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One implication of Lemma 5 is that, at any transition point, the active predictor set of the
LASSO regularized quasi-likelihood solution is a subset of #,,. Note that the LASSO
regularized quasi-likelihood minimizes —R(8, So(8)) subject to a constraint on the one norm

of B. Locally around 5, we are maximizing T(y) subject to an upper bound on S(y). The first
part of Lemma 5 implies that the instantaneous relative changing rate of T(y) and S(y) is at

most D (B). For g9, its one norm S(y) is increasing in y as long as
ign(b; dj+ d |+ dj|>0 . . .
ZMI Slgn( J(E)) J Zje:f(()| i Z_,‘e;?r]‘ol i and the best instantaneous relative changing

rate is achieved whenever d; = 0 for j € A and sign (dj) =sign (bj (,E)) for j e A, Note that
j € Ay is the same to say that the jth predictor variable is changing from inactive to active.
Then, with the “one at a time” condition, the set #,, is singleton and the requirement

sign (dj) =sign (bj (E)) for j e A, is thus guaranteed for our LARS path updating direction
due to Lemma 1.

The second part of Lemma 5 provides a closer look at the relative changing rate by checking
the second-order derivative 7 (0). As we only care about direction, we assume that

$ O :Z@‘ sign (b" @) 4 +Z,,~s;nﬂ Id7=4 for some fixed A > 0. Note that

. 1. 5 ;
TM=TO)+T O)y+5T(0)y +o (72). Then we need to find the best direction d to
maximize T(y) among a%l the possible direction d satisfying

Z_MI sign (b; (B)) 4+ ZMO Id1=A and sign (d;) =sign (b; (B)) for j ¢ 71, By taking the
second-order information into account, we need to solve

-
max d;n{() M"lo«”‘lo (/ﬁ) df"!o (13)

for some A > 0 to select the optimal solution updating direction d. As we only care about
direction, A > 0 can be any number. Our next lemma shows that the optimal direction
corresponding to (13) is exactly given by our QuasiLARS path updating direction.

Our QuasiLARS path updating direction matches the direction corresponding to the solution
to (13).

6 QuasiLARS in Action

In this section, we apply QuasiLARS to different datasets with different models. In our
implementation, we first calculate ty. Then set 6; = —to/K with a large positive K. For our
numerical examples, we set K = 2000. In addition to the transition points t,, we evaluate the
solution over our solution path at a grid of size ;. More specifically, for each piece of our
solution path over [ty, tk+1], we calculate our solution g(t) at t =t + md; for

lep1 —

I
m=1,, [ =51 where La] denotes the integer part of a.

The first toy example with a Poisson distribution is used to demonstrate that the LASSO
regularized quasi-likelihood does have a nonlinear solution path. In Example 2, we consider
Diabetes data with Gaussian distribution trying to compare QuasiLARS and LARS. The
response of the Diabetes data is actually positive integer valued, and thus can be thought of
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coming from some Poisson model. In Example 3, we apply QuasiLARS with Poisson
distribution to the Diabetes data. Binomial QuasiLARS is considered in Example 4 with the
Wisconsin Diagnostic Breast Cancer (WDBC) Data (available online at
http://archive.ics.uci.edu/ml/datasets/Breast+Cancer+Wisconsin+(Diagnostic)).

Example 1 (A Poisson toy example) We set p = 3 and n = 40. The predictor covariates are
generated from X ~ N(O, Y), where }_ is the variance-covariance matrix with its (i, j) element
being 1 if i = j and 0.9 otherwise. Conditional on X = (x1, X, X3)T, the response is generated
from a Poisson distribution with mean exp(4+3x;—5x2+x3). We apply our QuasiLARS with
the canonical link function #(x) = logu(x) and the identity variance function V(u(x)) = u(x) of
the Poisson distribution.

For this toy example, the QuasiLAR and QuasiLASSO lead to the same solution path. In the
top panel of Figure 2, we plot our solution path by solid lines. The horizontal axis
corresponds to the one norm of g(t). If you connect the solutions at different transition points
by straight lines, then you get the dashed lines. It clearly demonstrates that the true solution
path for the LASSO regularized quasi-likelihood is not piecewise linear. In the bottom
panel, the solution g(t) is plotted with respect to t.

Example 2 (Gaussian with Diabetes data) In this example, we use the diabetes data (Efron et
al., 2004) to compare the solution path of our extension QuasiLARS and that of the original
LARS algorithm. In this data set, ten baseline variables, age, sex, body mass index, average
blood pressure, and six blood serum measurements were obtained for each of n = 442
diabetes patients, as well as the response of interest, a quantitative measure of disease
progression one year after baseline. We run our extension QuasiLAR algorithm for this data
set. Our QuasiLAR solution path matches the LAR solution path obtained by the R package
LARS which is shown in the top left panel of Figure 1. The maximum solution difference at
all transition points is very small and in fact bounded from above by 5.0x1077, namely,

maX’;:lmaX,l,?:l AR (1) (tw) [<5.0 X 1077 \where f-AR and gRUASILAR denote the
LAR and QuasiLAR solution, respectively. Comparing to QuasiLAR, the QuasiLASSO
solution path has two more transition points. This is consistent with the result of R package

LARS. With LASSO, the maximum solution difference at all transition points is also

bounded from above as max‘j-’zlmax,l,,zzl A9 (1) —ﬁ?M“MASSO (1,)1<9.0 x 1077 This
example confirms that the QuasiLARS matches the LARS in the Gaussian case and works
correctly. However to save space, we do not plot our QuasiLAR and QuasiLASSO paths.

_ ﬁQuu,\‘iLAR
J

Example 3 (Poisson with Diabetes data) The response in the diabetes data is in fact positive
integer valued. We apply our QuasiLARS algorithm by choosing Poisson distribution with
the canonical log link function and identity variance function, namely, #(x) = log u(x) and V
(u(x)) = u(x). Results are shown in Figure 3. As in the Gaussian example, some discrepancy
between the QuasiLAR and QuasiLASSO solution paths is observed. The QuasiLASSO has
four more transition points than the QuasiLAR does.

Example 4 (Binomial with WDBC Data) The WDBC data is based on n = 569 patients. The
number of predictors is p = 30. The response is binary in that each patient is diagnosed

either as malignant (Y = 1) or benign (Y = 0). We first standardize each predictor variable to
have mean zero and variance one. Our QuasiLARS with Binomial distribution is applied to

u(x) )
this data set with the logit link 1087 w7 (%) and variance function V (u(x)) = u(x)(1 —

1£(X)). There are a lot of predictor variables available. To locate an “optimal” solution along
the QuasiLARS solution path, we use the Bayesian Information Criterion (BIC) defined by

J Nonparametr Stat. Author manuscript; available in PMC 2012 January 1.


http://archive.ics.uci.edu/ml/datasets/Breast+Cancer+Wisconsin+(Diagnostic)

1duasnuey Joyiny vd-HIN 1duasnuey Joyiny vd-HIN

1duasnuey Joyiny vd-HIN

Page 14

BIC(B(n) = - 221.:, logL (x;, yi. fo (B (1)) + (logn) k (B (1)), where L(xi, yi; A1), So(B(1)))
denotes the Binomial likelihood and k(B(t)) = #{1 <j < p : I§;(t)| > 0} denotes the number of
nonzero coefficients of g(t). For the LASSO regularized least squares regression, Zou,
Hastie and Tibshirani (2007) proved that the number of nonzero coefficients is an unbiased
and asymptotically consistent estimator of the degrees of freedom. Park and Hastie (2007)
provided a heuristic proof for the case of generalized linear models. The optimal solution is
given by g(t*) with t* = argmine[yg 0] BIC(A(1)).

For the QuasiLAR, nonzero elements of the optimal solution are given by the second
column of Table 1. The BIC score is plotted with respect to the solution’s one norm

30 )
Z_i:llﬂj ®lin the top left panel of Figure 4 for t € [to, T], where T is a little beyond t*
corresponding to the “optimal” solution. The top right panel of Figure 4 gives the solution
path for t € [tg, T]. Here we truncate the figures at T to make it look more clear.

For the QuasiLASSO, the optimal solution’s nonzero elements are shown in the third
column of Table 1. The corresponding plots of the BIC and solution path are given in the
two bottom panels of Figure 4.

From the QuasiLAR solution path given in the top right panel of Figure 4, we can see that
one solution component has changed sign between the second and third transition points.
This change causes the violation of the sign constraint of the LASSO regularized quasi-
likelihood solution path. Thus in the QuasiLASSO solution path, another transition is added
at this point to avoid sign constraint violation.

This example demonstrates that our extension QuasiLARS may be applied to high
dimensional data sets. However there is no need to complete the whole solution path. We
may design an optimal criterion, say the BIC. This optimal criterion may be used to identify
the optimal solution as the QuasiLARS solution path progresses. Thus an earlier termination
is possible to save computational effort in that it is computationally expensive to solve the
ODE system when the active predictor set is large.

7 Conclusion

In this work, we extend the LARS algorithm to the QLM. Over each piece, the solution path
is obtained by solving an initial-value ordinary differential equation system. Several
examples are used to demonstrate how it works with real data. In particular, Example 4 uses
the BIC to select the “optimal solution” along the solution path to show that the QuasiLARS
algorithm may be applied to high dimensional data and an earlier termination is possible.
One interesting future research topic is to study how to define degrees of freedom for the
QuasiLARS as studied in Zou et al. (2007). This will provide an elegant criterion to select
the “optimal solution.”

The LARS is attractive because of its super fast speed. This is made possible because the
corresponding path is piecewise linear. However the QuasiLARS solution path is not
piecewise linear due to the nature of the QLM. Thus we can not expect the QuasiLARS to
be as fast as the LARS. We have implemented the primitive version of our algorithm using
the Matlab ODE solver “ODE45,” which works fairly fast.

Supplementary Material

Refer to Web version on PubMed Central for supplementary material.
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Figure 1.

LAR solution path of the diabetes data: the top left panel gives the solution path of the LAR,;
the top right panel and the bottom panel plot the derivatives of (2) and their absolute values,
respectively, along the LAR solution path.
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Figure 2.

Poisson QuasiLARS solution path of the toy example: the top panel gives the solution path
of the Poisson QuasiLARS with respect to the one norm of g(t); the bottom panel plotted
with respect to t.
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Figure 3.
Poisson QuasiLAR (top) and QuasiLASSO (bottom) solution paths for the Diabetes data.
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Binomial QuasiLARS paths for the WDBC data: the top left panel plots the BIC score along

the Binomial QuasiLAR solution path; the top right panel gives part of the Binomial
QuasiLAR solution path; the bottom left panel plots the BIC score along the Binomial

QuasiLASSO solution path; the bottom right panel gives part of the Binomial QuasiLASSO

solution path;
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Table 1

Nonzero elements of the optimal solution selected by BIC for Example 3

QuasiLAR | QuasiLASSO

Ba 0.2077 0.1624
Bs 0.6170 0.5767
Bu 1.5370 1.4667
Ban | -0.3169 -0.2833
Ba 4.3576 3.4047
B2 1.0325 1.0343
Bz | —0.9287

Bos 0.5470 0.5339
Bar 0.5176 0.4395
Bas 1.1496 1.0998
B 29 0.3378 0.3257
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