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Abstract The state estimation problem for discrete-time
recurrent neural networks with both interval discrete and
infinite-distributed time-varying delays is studied in this
paper, where interval discrete time-varying delay is in a
given range. The activation functions are assumed to be
globally Lipschitz continuous. A delay-dependent condi-
tion for the existence of state estimators is proposed based
on new bounding techniques. Via solutions to certain linear
matrix inequalities, general full-order state estimators are
designed that ensure globally asymptotic stability. The
significant feature is that no inequality is needed for
seeking upper bounds for the inner product between two
vectors, which can reduce the conservatism of the criterion
by employing the new bounding techniques. Two illustra-
tive examples are given to demonstrate the effectiveness
and applicability of the proposed approach.

Keywords Delay-dependent condition - State estimator -
Interval discrete time-varying delays -
Infinite-distributed delays - Linear matrix inequality

Introduction

Recent years have witnessed a growing interest in investi-
gating recurrent neural networks (RNNs) including the well-
known cellular neural networks, Hopfield neural networks,
bidirectional associative memory neural networks, as well
as Cohen-Grossberg neural networks. This is mainly due to
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the widespread applications in various areas such as signal
processing, fixed point computations, model identification,
optimization, pattern recognition and associative memory. It
has been shown that such applications heavily rely on the
dynamical behaviors of the neural networks. For instance,
when a neural network is employed to solve an optimization
problem, it is highly desirable for the neural network to have
a unique and globally stable equilibrium. Therefore, sta-
bility analysis of different neural networks has received
much attention and various stability conditions have been
obtained. Recently, RNNs has extended bigger pieces of
work with applications across the area of engineering, such
as (Mandic and Chambers 2001; Hirose 2006; Mandic and
Goh 2009; Arena et al. 1998). In addition, time delays are an
inherent feature of signal transmission between neurons, and
it is now well known that time delays are one of the main
cause of instability and oscillations in neural networks.
Therefore, the problem of stability analysis for delayed
neural networks is of great importance and has attracted
considerable attention. A great number of results related to
this issue have been reported in the past few years (Cao and
Wang 2005; Hu and Wang 2006; Shi et al. 2007; Cao et al.
2007; Yu et al. 2003; Xu et al. 2005; Arik 2003; Park 2006;
Shen and Wang 2008; Cao and Wang 2003; Qi 2007; Jiao
and Wang 2010; Jiao and Wang 2007). It is worth pointing
out that the distributed delay occurs very often in reality and
it has been an attractive subject of research in the past few
years. However, almost all existing works on distributed
delays have focused on continuous-time systems. It is
known that the discrete-time system is in a better position to
model digitally transmitted signals in a dynamical way than
its continuous-time analogue. On the other hand, a neural
network usually has a spatial nature due to the presence of an
amount of parallel pathways of a variety of axon sizes and
lengths (Principle et al. 1994; Tank and Hopfield 1987),
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which gives rise to possible distributed delays for discrete-
time systems. Recently, the global stability problem for
neural networks with discrete and distributed delays has
been drawing increasing attention (Cao et al. 2006; Wang
et al. 2005; Shu et al. 2009). With the increasing application
of digitalization, distributed delays may emerge in a
discrete-time manner for the increasing application of
digitalization, therefore, it becomes desirable to study the
stability for discrete-time neural networks with distributed
delays, see e.g., Liu et al. (2009).

On the other hand, in relatively large-scale neural net-
works, normally only partial information about the neuron
state is available in the network outputs. Therefore, in order
to utilize the neural networks. One would need to estimate
the neuron state through available measurements. Recently
Elanayar and Shin (1994) presented a neural network
approach to approximate the dynamic and static equations of
stochastic nonlinear systems and to estimate the state vari-
ables. An adaptive state estimator has been described by
using techniques of optimization theory, the calculus of
variations and gradient descent dynamics in Parlos et al.
(2001). The state estimation problem for neural networks
with time-varying delays was studied in He et al. (2006),
where a linear matrix inequality (LMI) approach (Boyd et al.
1994) was developed to solve the problem. When time delays
and parameter uncertainties appear simultaneously, the
robust state estimation problem was solved in Huang et al.
(2008), where sufficient conditions for the existence of state
estimators have been obtained in terms of LMIs. The state
estimation problem for neural networks with both discrete
and distributed time-delay has been studied in Liu et al.
(2007) and Li and Fei (2007), respectively, in which design
methods based on LMIs were presented. It should be pointed
out that the aforementioned results for state estimation
problems for both the discrete delay case and distributed
delay case have been on continuous-time models. In imple-
menting and applications of neural networks, however,
discrete-time neural networks play a more important role
than their continuous-time counterparts in today’s digital
world. Recently, the dynamics analysis problem for discrete-
time recurrent neural networks with or without time delays
has received considerable research interest; see, e.g.,
Lu (2007), Liang and Cao (2005), Liu and Han (2007), Chen
et al. (2006), Wang and Xu (2006). The corresponding
results for the discrete-time distributed delays case can be
found in Liu et al. (2009). Although delay-dependent state
estimation results on discrete-time recurrent neural networks
with interval time-varying delay were proposed in Lu (2008),
no delay-dependent state estimation results on discrete-time
recurrent neural networks with interval discrete and dis-
tributed time-varying delays are available in the literature,
and remain as an open topic for further investigation. The
objective of this paper is to address this unsolved problem.
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This paper deals with the problem of state estimation for
discrete-time recurrent neural networks with interval dis-
crete and infinite-distributed time-varying delays. The
time-varying delay includes both lower and upper bound of
delays. A delay- dependent condition for the existence of
estimators is proposed and an LMI approach is developed.
A general full order estimator is sought to guarantee that
the resulting error system is globally asymptotically stable.
Desired estimators can be obtained by the solution to cer-
tain LMIs, which can be solved numerically and efficiently
by resorting to standard numerical algorithms (Gahinet
et al. 1995). It is worth emphasizing that no inequality is
introduced to seek upper bounds of the inner product
between two vectors. This feature has the potential to
enable us to reduce the conservatism of the criterion by
applying the new bounding technique. Finally, two illus-
trative examples are provided to demonstrate the effec-
tiveness of the proposed method.

Throughout this paper, the notation X > Y (X > Y) for
symmetric matrices X and Y indicates that the matrix
X — Y is positive and semi-definite (respectively, positive
definite), Z represents the transpose of matrix Z.

Preliminaries

Consider the following discrete-time recurrent neural net-
work with interval discrete and infinite-distributed time-
varying delays

x(k+1) = Ax(k) + Wog(x(k)) + Wig(x(k — T(k)))

WS el — ) + 1, (1)
=2

where x(k) = (x1(k), x,(k), ..., xn(k))T is the state vector,
A = diag(ay, ay, ..., a,) with g < 1,i = 1,2, ..., n, is the
state feedback coefficient matrix, W, Wi and W} " are,
respectively, the connection weight matrix, the discretely
delayed connection weight matrix and distributively delayed
connection weight matrix, g(x(k)) = [81(x1(k)),. .., &n(Xn
(k))]" € R" is the neuron activation function with g(0) = 0,
7(k) is the time-varying delay of the system satisfying

71 < T(k) < 1o, ke Na (2)

where 0 < 1; < 1, are known integers. [ is the constant
input vector.

Remark 2.1 The delay term
> gk — i)

in the system (1) is the so-called infinitely distributed delay
in the discrete-time setting, which can be regarded as the
discretization of the infinite integral form
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t
/ k(r— s)g(x(s))ds
—00

for the continuous-time system. The importance of dis-
tributed delays has been widely recognized and intensively
studied (Kuang et al. 1991; Xie et al. 2001). However,
almost all existing references concerning distributed delays
consider the continuous-time systems, where the distrib-
uted delays are described in the discrete-time-distributed
delays has been proposed in Wei et al. (2009), and we aim
to give the state estimation problem formulated for dis-
crete-time recurrent neural networks with interval discrete
and distributed time-varying delays in this paper.

Remark 2.2 Time-varying delays are common in signal
processing, and are addressed by using all-pass filters as a
time delay, the area is called fractional time delay pro-
cessing. An all-pass filter is signal processing filter that
passes all frequencies equally, but changes the phase
relationship between various frequencies. It does this
by the frequency at which the phase shift crosses 90°
(i.e., when the input and output signals go into quadra-
ture—when there is a quarter wavelength of delay between
them.), see, e.g. Boukis et al. (2006).

In order to obtain our main results, the neuron activation
functions in (1) are assumed to be bounded and satisfy the
following assumptions.

Assumption 1

For each i € {1,2,3,..., n}, the neuron activation function
g+ R — R is Lipschitz continuous with a Lipschitz con-
stant «;, that is, there exists constant «; such that for any ¢;,
¢ € R, ¢1 # ¢, the neuron activation functions satisfy

Oggi(gl) — 8i(%)
1 — G2

<o, i=1,2,...,n, (3)

where o; >0, i = 1,2,..., n.
Assumption 2

The constant u > 0 satisfies the following convergent
condition

ﬂ:ZHl‘S Zi#i< + 0. (4)
Py P

It is worth noting that the information related to the
neuron states in large scale neural networks is commonly
incomplete from the network measurements. That is to say,
the neuron states are not often fully obtainable in the
network outputs in practical applications. Our goal in this
paper is to provide an efficient estimation algorithm in
order to observe the neuron states from the available

network outputs. For this reason, the network measure-
ments are assumed to satisfy.

y(k) = Cx(k) + gk, x(k)), (5)

where y(k) € R"™ is the measurement output and C'is a known
constant matrix with appropriate dimension. g(k, x(k)) is the
neuron-dependent nonlinear disturbances on the network
outputs and satisfies the following Lipschitz condition.

lq(k, x) = q(k, y)] <|Z(x = y), (6)
where x(f) = [x,(1), x(8), ...x,(0]" € R", y(t) = [y,(2),
(1), ...,y,,(t)]Te R" and X is the known real constant
matrix.

For system (1) and (5), we now consider the following
full-order estimator

X(k+1) = Ax(k) + Wog(x(k)) + Wig(x(k — 7(k)))
+ W2y ig(ik — i) + L(y(k) — Cx(k)
i=1
—q(k, £(k))) +1, (7)

where %(k) is the estimation of the neuron state and L €
R™ " is the estimator gain matrix to be determined.

Our target is to choose a suitable L so that (k)
approaches x(k) asymptotically. Let

e(k) = x(k) — x(k) (3)

be the state estimation error.
Then in terms of (1), (6) and (7), the error-state
dynamics can be expressed by

e(k+1) = (A — Lc)e(k) + Wogl(e(k)) + Wig(e(k — t(k)))
+ W Z wig(e(k — i) — Lg(e(k)), 9)

where g(e(k)) =g(x(k)) —g(x(k)), g(e(k—(k))) = g(x (k—
t(k)) - g((k - (K))). qle(k)) = q(k,x(k)) — g (k, £(K)).

The purpose of this paper is to develop delay-dependent
conditions for the existence of estimators for the discrete-
time recurrent neural network with interval discrete and
infinite-distributed time-varying delay. Specifically, for
given scalars lower and upper bound of delays, we deal
with finding an asymptotically stable estimator in the form
of (9) such that the error-state system (9) is globally
asymptotically stable for any lower and upper bounds of
delay satisfying 71 < t(k) < 15.

Mathematical formulation of the proposed approach

This section explores the globally delay-dependent state
estimation conditions given in (9). Specially, an LMI
approach is employed to solve the estimator if the system (9)
is globally asymptotically stable. The analysis commences
by using the LMI approach to develop some results which are
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essential to introduce the following Lemmas 3.1 and 3.2 for
the proof of our main theorem in this section.

Lemma 3.1 For real matrices Z; > 0, Z, > 0, E;, T;, and
S; (i = 1, 2) with appropriate dimensions. Then, the fol-
lowing matrix inequalities hold

[EZ'E" +1Z;'TT N
>0 10

I ST Z1 +Z2 - ( )
[Ez;'ET E

>
e (1
[17z;'T" T

>0.
G ZJ >0 (12)

where

s=[0 sT sf 000 0 0 0,
E=[E" Ef 0 0 00 0 0 0],
T=[ 77 0 7 0 0 0 0 0],
Proof See Appendix 1.

Lemma 3.2 Let Ze R"™" be a positive semidefinite
matrix, x; € R", and constant ; >0 (i = 1, 2, ...). If the
series concerned is convergent, then the following
inequality holds

(f: ﬂi%‘) Z (i ﬁi%’) < (i Bi) iﬁixizx (13)
i=1 i=1 i=1 i=1

For any matrices E;, T; and S; (i = 1, 2) of appropriate
dimensions, it can be shown that

O, =2 [e" (k)E| + e (k — t(k))Ea] x {e(k) —e(k—1(k))

k
S (e(j)—e(f—l))] _

j=k—1(k)+1

(14)

O, = 2 [e"(k—1(k))T1 + €' (k—11)T>] x [e(k - 1)

k=11
—elk—tk) = D (e()—eli- 1))] =0

j=k—1(k)+1
(15)

O3 =2 [¢ (k—1(k))S) + €' (k — 12)5,] % [e(k —1(k))

k—1(k)
—e(k—1m) = > (e()—eli- 1))] =0, (16)

Jj=k—12+1
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Dy =2’ (k+ 1)H ] x |e(k+1) -
t(k)))

) + Lg(e (k))]

(A — LC)e(k)

—Wog(e(k)) —
—Ws ZH,

@5 = 2g" (e(k))R1g(e(k)) —
+ 24" (e(k))q(e(k)
+2¢" (e(k — (k)
—2¢" (e(k — (k)

Wig(e(k —

) =
YR2e(k — t(k
JRye(k — t(k)) = 0. (18)

On the other hand, under the conditions (10-12), the
following inequalities are also true
k—1(k)
() (ETZ7'E + 172, T)n(k) + 207 (k)ST
m=k—1,+1

><((ff('ﬂ)*ff(mfl)) ((m)*e( -1

(Z1 + Z2)(e(m) — e(m — 1))} >0, (19)
k
> {nT<k)ETZ;‘En<k> +2n" (k)E"
m=k—1(k)+
X (( (m) = e(m — 1)) + (e(m) — e(m — 1))’
X Zi(e(m) —e(m—1))} > 0, (20)
k—14
S (0T T k) + 207 (0T
m=k—1(k)+1
x((e(m) — e(m — 1)) + (e(m) —e(m — 1))"
xZy(e(m) —e(m—1))} >0, (21)
where

n(k) = leT(k)eT(k —1(k))e" (k — 12)e" (k — 1)g"

) (img(e(k—i))> 7

In the following theorem, the state estimation problem
formulated is given based on Lemmas 3.1 and 3.2 as follows.

x (e(k))g" (e(k —

x (e(K)) e (k+ 1)

Theorem 3.1 Under Assumptions 1 and 2, given scalars
0 < t; < 1y, the error-state dynamics in (9) with interval
time-varying delay t(k) satisfying (2) is globally asymp-
totically stable, if there exist matrices P> 0, Q; > 0,
0,>0,7Z,>0,7Z,>0, Zy > 0, a nonsingular matrix H,,
diagonal matrices R; > 0, R, > 0 and matrices Yy, E; S;
and T; (i = 1,2) of appropriate dimensions such that the
following LMI holds
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I1 TQE T21 T
’E2ET —1274 0 < 0, (22)
T21 TT 0 —T222
where

Iy My MMy MMy Mys I IMyp I T
O, My Ty Iy s T Ty Ty Tl
I, T3, a3 My Ilas Tz Tla; Tsg Tl
nl, mi, M, My Ty Ty My Tl Tl
M= | O O I TGy Mss se sy Tlsg Tso |,
i, T M T, I, Tl Tlg; Tleg Tleo
I, I, I I, 05 TG Ty i I
M, M5 M3 Mg Tgy Tlgg TM7, Mg g
_H1T9 Hg9 H3T9 H4{9 1_15T9 H6T9 H7T9 H§9 I—199_

Iy =—P+(121+1)0, + Q2+ 2 Z1 + E1 +E| 4227 2,
H12=—E1+E5,H13=0,H14=07H15:(er)Ta
Qi6=0,Qy7=0,T13=0,TTjo=—12Z+A"Hl —C"Y],
Nyp=—Q01—E—Ey +S1+S8 +T1 +T7
oy =—81+85, [y =—T1+T; , Ips =0,
My =R5, Ty, =0, s =0, 5y =0,
y3=—0r— 855,34 =0, 135 =0,
I3 =0, 137 =0, 135 =0, [139 =0,
Hy=—To—Ti,Mys=0,Tl4=0,T47 =0,
Mg =0, 49 =0, ss = — R —R| +iZs,
156 =0, 157 =0, Ilss =0,
H59=W0TH1T,H66=—R21"71—(Rzrfl)i
g7 =0, eg =0, g0 =W HT,
H77:*%Z3,H78:0,Q79:W2TH1Ta
Mg =—21, g9 =—Y{, oo =—H —H] ,
H=[00000000 H,
s=[0 sT s5000000],
E=[EF E£L 0000000],
T=[0 77 0 77 00000],
inwhich, Y=HL=1[0 00 000 0 0 y']"
with Y =H|L,

I'=diag(ay,00,...,07), 121 =T — 71 and =3 -, ;. In

this case, a desired the estimator gain matrix L is given as
L = H{'Y,.

Proof See Appendix 2.

Remark 3.1 Based on the new bounding technique
(Lemma 3.1), Theorem 3.1 proposes a delay-dependent

criterion such that the state estimator design for the
discrete-time recurrent neural network with interval discrete
and infinite-distributed time-varying delays can be
achieved by solving an LMI. Free-weighting matrices E;, S;
and T; (i = 1, 2) are introduced into the LMI condition
(22). It should be noted that these free-weighting matrices
are not required to be symmetric. The purpose of intro-
duction of these free-weighting matrices is to reduce con-
servatism for system (9).

Remark 3.2 In deriving the delay-dependent estimators in
Theorem 3.1, no model transform technique incorporating
Moon’s bounding inequality (Moon et al. 2001) to estimate
the inner product of the involved crossing terms has been
performed. This feature has the potential to enable us to
obtain less-conservative results by means of Lemma 3.1.

Remark 3.3 Theorem 3.1 provides a sufficient condition
for the globally stability of the discrete-time recurrent
neural network with interval discrete and infinite-distrib-
uted time-varying delay given in (1) and proposes a delay-
dependent criterion with the upper and lower bounds of the
delays. Even for 7, = 0, the result in Theorem 3.1 still may
lead to the delay-dependent stability criteria. In fact, if
Z, = ¢&l, with ¢ > 0, being sufficient small scalars, T; = 0,
i = 1,2, Theorem 3.1 yields the delay-dependent criterion
only with the upper bound of the delay for error-state
dynamics in (9).

Two illustrative examples are now presented to dem-
onstrate the usefulness of the proposed approach.

Examples

Example 1 Consider the discrete-time recurrent neural
network (1) with parameters as follows

A {0.2 0 ]’ Wo — {0.1 0.6}7
0 03 0.2 0.1
—-0.05 0.2 0.1 0.2
W= { 0.01 0.06}’ Wa= [0.2 0.3]’
1=1-0.1 02]".
In this example, we assume the activation functions satisfy
Assumption 1 as o = 0.562, o, = 0.047. Take the

activation function as g(x) =1 (lx+ 1|+ |x —1)]). The
non-linearity g(k, x(k)) is assumed to satisfy (5) with

2= {8‘; 003], for the network output, the parameter

1
C is given as C = lo . Choosing the constants p; =

2737 we easily find that i =37 u; =273"< 3%
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iy = % < + oo, which satisfies the convergence condition
(4). Using the Matlab LMI Control Toolbox to solve the
LMI (15) for all interval time-varying delays satisfying
7(k) =3 4 3sin (kn/2) (i.e. the lower bound 7, = 0 and
the upper bound 1, = 6), the feasible solution is sought as

[ 16354 —0.0023] [ 0.0803 —0.0005
~ 1200023 15716 |=' " | —0.0005 0.0809 |’
0 0.1943  0.0002
27 10.0002 0.1954 |’

_{0.0727 0.0009} _[0.3926 0.0001]
" 1200009 0.0756 |7 7F T | =0.0001 0.39636 |’
0.5029 0.0226 0.8029 0.0098
Z - ) - b
> 00226 0.6675 0.0098 0.9419

0.2204 — 0.0002
R == )
? —0.0002 0.0218
. 0.0246  —0.0001 700295 —0.0003
"7 20.0002 0.0260 |7 7?7 [ —0.0003 0.0309 |’
G [0.0119 —3.7007 ~ [0.2233  —3.7009
"7 37005 0.0260 |7 °* 7 37003 0.2302 |
. 0.0019 —0.0001
"7 1-0.0001 0.0044 |’
. 70.1023  0.0000 [ 05366 —0.0061
"7 10.0000 0.1029] ' | —0.0061 0.5446 |’
v [0.2946 —0.0327
"7 10.0206 03045 |

Therefore, by Theorem 3.1 the state estimation problem is
solvable, and a desired estimator is given by L = H; 'Y, as
L — 0.5495 —0.05468]

0.0440  0.5585

Such a conclusion is further supported by the simulation
results given in Fig. 1.

Example 2 Consider the discrete-time recurrent neural
network (1) with the following parameters

01 0 0 01 -05 04
A=10 02 0|, wo=1|-08 —07 09 |,
0 0 02 02 03 —06
05 03 0.1
wi= |01 05 02],
02 03 05
02 0.1 0.1
wo=102 03 02|, I1=[-02 01 o0.1]".

0.1 02 0.1

The activation functions in this example are assumed to
satisfy Assumption 1 with oy = 0.034, o, = 0.429, o3 =

@ Springer
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amplitude

| |

time(sec)

Fig. 1 Response of the error state e(?)

0.508. Take the activation function as g(x) =1 (|x+ 1|+
|x — 1)]). The non-linearity g(k, x(k)) is assumed to satisfy

01 0 O
(5) with X=1] 0 0.2 0 |, for the network output,
0 0 03
1 00
the parameter C is given as C= |0 1 0 |. Choosing
0 0 1

the constants p; =2 >, we easily find that =
S =27 < 3 i =1 < + o0, which satisfies
the convergence condition (4). By the Matlab LMI
Control Toolbox, it can be verified that Theorem 3.1 in
this paper is feasible solution for all interval time-varying
delays satisfying t(k) =3 +sin (kn/2) (i.e. the lower
bound 7; = 2 and the upper bound 7, = 4), the solution
is obtained as.

38.2995 0.0321 —0.0332
P={ 00321 392276 —-0.0192 |,
—-0.0332 —-0.0192 39.5511
[ 4.3853  0.0324 —0.0053
0= 00324 43503 —-0.0315|,
| —0.0053 —0.0315 4.1952
[4.4555  0.0075  0.0012
0> = [0.0075 4.4354 —0.0037 |,
| 0.0012  —0.0037  4.4088
3.5549 —0.1324 0.0438
Z1 = | —0.1324 3.3557 0.1497 |,
0.0438  0.1497 3.5041
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[17.2109 —0.0017  0.0016 | 4
Z = | —0.0017 17.1709  0.0040 |, A ]
| 0.0016  0.0040  17.1527 |
[16.1898 —0.3237  0.3267 | 2 fll T
Zy = | —0.3237 13.1454 0.6255 |, 8 -"i‘. |
03267  0.6255 12.2124 2 [iA
- - Q. a1y
12.0024 —0.6836 0.0925 § o " v
Hy = | —0.6836 10.9513 0.3682 |, 4 ='.,'" i
0.0925 03682  12.0044 .
[23.1251 05175 —0.4317 2 ]
Ri=| 05175 214297 -0.6279 |, 3 . . . . .
~0.4317 —0.6279 21.0281 0 > 10 15 20 % %0
) time(sec)
0.3198 0.0180 0.0101 ] ' . o
Ry — | 0.0180 5.0642 0.0775 |, f;{nghZ) Response of the rule state x,(¢) (solid) and its estimation X ()
| 0.0101 0.0775 5.6416
[ 0.9494 —0.0008 0.0095] Thus, by Theorem 3.1, the desired estimator guarantees
E = | —0.0156 09211  0.0205 asymptotic stability of the error-state system in (8) (i.e. the
! ' ' ' ’ lower bound 7; = 2 and the upper bound 7, = 4). Such a
[ 0.0042 0.0195  0.9203 | conclusion is further supported by the simulation results
[ 2.3322  —0.0544 0.0244 given in Fig. 2.
E, = | —0.0597 2.2519 0.0804 |,
| 0.0222 0.0790  2.3218 | Conclusions
[ 0.8731 66.3704  278.7738 ] . o .
s = | —66.3808 0.8022 190.1156 |, I.n this paper, the problem of state .estlr.natlon for. a discrete-
6 time recurrent neural network with interval discrete and
| —278.7647 —150.0922  0.7733 | infinite-distributed time-varying delay has been studied. A
r o 7.0223 66.3739  278.77267 delay-dependent sufficient condition for the solvability of
| this problem, which takes into account the range for the
§2= 66.3820 6.9703 190.1H2 |, time delay, has been established by using the Lyapunov—
[ —278.7680 —190.0978  6.9494 | Krasovskii stability theory and LMI technique. Lemma 3.1
r 0.7410  —0.0050 0.00357
T: = | —0.0037 0.6784  0.0097 |, 4
L 0.0043  0.0102 0.6522 ] .
[ 6.1461  —0.0008 0.00187 .
T» = | —0.0029 6.1107 0.0036 |, 2p
Q 1
L 0.0011 0.0035  6.0950 | Ef
=
[ 6.7799  —0.4660 0.11937 g |
© i
Y1 = | 04660 6.1170 0.4552 oft e
[ 0.1193 04552 6.6579 ]

Therefore, according to Theorem 3.1, a desired estimator

can be computed as.

0.5644  —0.0071 0.0070
L=H;'y,= | -0.0075 0.5574 0.0234
0.0058  0.0209  0.5539

-
T
o

0 5 10 15 20 25 30
time(sec)

Fig. 3 Response of the rule state x,(7) (solid) and its estimation %, ()
(dash)
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Fig. 4 Response of the error state e(r)

amplitude
o
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time(sec)

Fig. 5 Response of the rule state x;(7) (solid) and its estimation % (¢)
(dash)

4

@
ur—
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Fig. 6 Response of the rule state x,(7) (solid) and its estimation %, ()

(dash)
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amplitude

-5 L L

0 5 10 15 20 25 30
time(sec)

Fig. 7 Response of the rule state x3(7) (solid) and its estimation %3 ()
(dash)

has been introduced into the state estimation criteria to
reduce the conservatism because of without the inner
product of the involved crossing terms in the results. The
desired estimator guarantees asymptotic stability of the
estimation error-state system. Illustrative examples have
been presented to demonstrate the effectiveness of the
proposed approach (Figs 3, 4, 5, 6, 7).

Appendix 1: Proof of Lemma 3.1

Proof 1t follows from (11) that

I —Ez;'[Ez7'ET ET[1 —-Ez7']"
0 I E' oz ]lo 1

0 0
el 207

0 z

then one has

{EleET E

>0.
ET ZI]—O

Along a similar analysis method to the proof of (10) and

(12), the results in (10) and (12) are omitted here to avoid
duplication.

Appendix 2: Proof of Theorem 3.1

Proof Define the following Lyapunov—Krasovskii func-
tional candidate for the error-state system (9) as
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V(k) = Vi(k) + Va(k) + V3 (k) + Va(k) + Vs(k)

—1 k

=T (RPe(k)+ > > (e() —eli- 1)z

i=— 1y j=k+i+1

x (e(j) = e — 1)) Z () Q1 ()
+IZ R ;ﬂ ) 01 e(j) +]_kk lr e’ (j) 05 e(j)

+Z Z () — el — 1)) Za(e(j) — e — 1))
+ iuij;gT<eo>>z3g<eo>>. (23)

Then, the difference of V(k) along the solution of (8) is
given by

AVi(k) = e"(k+ 1)Pe(k + 1) — e’ (k)Pe(k), (24)
—1 k+1
A= S () —el=1)Zi(eG) e~ 1))
i=—1yj=k+i+2
S (el el ) el —eG-1)
i=—1y j=k+i+1
<tylelk+1)—e(k) Zi(e(k+1) —e(k))
k—1(k)
= Y (el)—e(i—1) zi(e()) —e(~1))
Jj=k—12+1
k
- Y (el)—elj=1))Zi(e(i)—e(i—1)),
j=k—t(k)+1
(25)
Avs(k) < e (k)[1+ (t2 = 11)] Q1 e(k) + e” (k) Q2 (k)
— el (k— (k) Q1 e(k — 1(k))
— €T(k — ‘52) Q2 e(k — ‘L'z), (26)
-1y k+1
AVi) =D > (e()—e(i—1) Za(e() —e(—1))
i=—1yj= k+l+2
1-1¢
-> Z —e(j— 1) Za(e() —e(i— 1))
i=—1 j=k+i+1
<(ta—11)(e(k+1)—e(k)) Zo(e(k+1) —e(k))
k—1(k)
= D (el)—e(—=1) Za(e(j) —e(i— 1))
Jj=k—1,+1
k—1y
- (e(j) —e(i—1))" Za(e(j) —e(j—1)),
j=k—(k)+1

o0

where it = > ;
i=1

Substituting (19-21) and (24-28) into AV(k) and
arranging some algebraic manipulations, it follows that

AV(k)=AVi(k)+ AV (k) +AVs(k) +AVi(k)+AVs(k)
+ D1+ Dy + D3+ Dy + D5
<el(k+1)Pe(k+1)+e" (k)

X A=P+[14(ra—11)] Q1+ Q2 }e(k)
Foafelk+ 1)~ e®)) Za(e(k+ 1) —e(®)

+ 18" (e(k)) Z3g(e(k))

—20" (k)H |e(k+1) = (A= LC)e(k) — Wog(e(k))

) Z:uz

*ng(

+Lq(6(k))]

+21" (k)E [e(k)
X [e(k—1(k)) —
—2n" (k) Tle(k—11) -

—e(k—1(k))]+2n" (k)S
(k ‘52)]
e(k—t(k))]

" (k) [0EZy BT +(a—11)TZy ' T (k)
+28" (e(k)) Ry g(e(k)) — (e(k))ng( (k)
+28" (e(k—(k )))Rze(k (k) —

x (e(k—1(k)))Rae(k —t(k))
+24" (e(k))q(e(k)) —24" (e(k))q(e(k)).

Using Assumption 1 and noting that Ry > 0 and R, > 0 are
diagonal matrices, one has.

(29)
(30)

28" (e(k)) R g(e(k)) <287 (e(k)) Ri Te(k),

@ Springer



142

Cogn Neurodyn (2011) 5:133-143

287 (e(k — <(K))) Rz e(k — ©(k)) < — 28" (e(k

— (k) R T g(e(k — z(k))), (31)
where I = diag(oy, o, ..., 07). Moreover, since the
function g(k, -) satisfies (6), it follows from (6) that.
29" (e(k))g(e(k)) <2e" (k) =" Ze(k), (32)
where X is the known real constant matrix.

Substituting (30-32) into (29), it is not difficult to
deduce that

AV(K)<n"(k)[M+0%EZ ' E"+1 TZ ' T n(k), (33)
where

[T My M3 My s Mg M i I
MY, My Ty Ty Tos Ty Iy T o
0l i, My Iay a5 s MMy Ty s
], 15, M5, My s T Tay T T
O= |, Nis M Mg Tss s sy Tsg Iso |,
Mg M3, TG Mg, T e Tl Tes Tleg
Iy, 0, 0, Oy 0L MO T g T
Hg H% H% H% H% H& H% Mgy Igg
_H1T9 HgQ H3T9 H4{9 l_[5T9 H6T9 l_[7T9 Hz€9 H99_

Iy = —P+(t0 +1)Q, + Q2+ 12 Z + E1 + E] 422" 2,
p=—E+E, H;3=0T,=0 5= (R )",
Q6 =0, Q17 =0,
Hig=0,9o=-1z+A"H —-c"L"H,
Nyp=-01—E—E +8S1+S8| +T1 +T7,
My =—81+83, Hoa=—T1 + 7,5, IIps =0,
[y =Ry, 7 = 0, Ty = 0, [y =0,
My =—0— 85— 85, M3y =0, I35 = 0,
M3 =0, I3 =0, M3 =0, 30 =0, [y = — 7> — T3,
Ilys = 0, Iys = 0, IT47 = 0,
M =0, Ty =0, Iss = — R, — R + 123, Ms6 = 0,
Ils; = 0, Isg = 0,
Mso = WL H!, Tlgg = —Ry T ' —(Ra T71), g7 = 0,
Mes = 0, Mg = W HY,
77 = —%Z3, Qi =0, Q79 = W) H{, Tgg = —2I,
Mg = — L HY,

T
Ilgo = —H| —H;, where 131 =1, —71.

Employing the change of variable such that Y, = H\L,
and using Schur complement, yields AV(k) < 0 if (22) is
true. Therefore, it can be concluded that the system (9) is
globally asymptotically stable for interval time-varying

@ Springer

delay t(k) satisfying (2). This completes the proof of
Theorem 3.1. O
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