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The “canonical” generalized Born (GB) formula [C. Still, A. Tempczyk, R. C. Hawley, and T. Hen-
drickson, J. Am. Chem. Soc. 112, 6127 (1990)] is known to provide accurate estimates for total
electrostatic solvation energies �Gel of biomolecules if the corresponding effective Born radii are
accurate. Here we show that even if the effective Born radii are perfectly accurate, the canonical for-
mula still exhibits significant number of gross errors (errors larger than 2kBT relative to numerical
Poisson equation reference) in pairwise interactions between individual atomic charges. Analysis of
exact analytical solutions of the Poisson equation (PE) for several idealized nonspherical geome-
tries reveals two distinct spatial modes of the PE solution; these modes are also found in realistic
biomolecular shapes. The canonical GB Green function misses one of two modes seen in the exact
PE solution, which explains the observed gross errors. To address the problem and reduce gross er-
rors of the GB formalism, we have used exact PE solutions for idealized nonspherical geometries
to suggest an alternative analytical Green function to replace the canonical GB formula. The pro-
posed functional form is mathematically nearly as simple as the original, but depends not only on the
effective Born radii but also on their gradients, which allows for better representation of details of
nonspherical molecular shapes. In particular, the proposed functional form captures both modes of
the PE solution seen in nonspherical geometries. Tests on realistic biomolecular structures ranging
from small peptides to medium size proteins show that the proposed functional form reduces gross
pairwise errors in all cases, with the amount of reduction varying from more than an order of magni-
tude for small structures to a factor of 2 for the largest ones. © 2011 American Institute of Physics.
[doi:10.1063/1.3578686]

I. INTRODUCTION

We begin this section by describing the existing “canoni-
cal” generalized Born formalism in the context of the implicit
solvation framework and specifically the Poisson model. This
will be followed by a discussion of some of its known accu-
racy problems. The section is concluded by a brief outline of
the rest of this work.

The so-called implicit solvation framework1–8 is a popu-
lar approximation for estimating molecular energy in realistic
aqueous environment. Within the framework, solute and
solvent are treated at different level of detail: the solute atoms
are retained “as is,” while the discrete solvent molecules (and
mobile ionic species) are replaced by a continuum with the
dielectric and “nonelectrostatic” properties of water. While
the implicit solvation framework is just an approximation
to the more traditional, explicit solvent representation in
which both the solvent and the solute are treated on the same
footing, the approximation is widely used due to several
critical advantages over the explicit water representations.
These advantages include, among others, computational
efficiency and effective ways to estimate free energies.
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Within the implicit solvation framework, the total energy of
a solvated molecule is decomposed as W = Evac + �Gsolv,
where Evac represents the molecule’s potential energy in
vacuum (gas-phase), and �Gsolv is defined as the free energy
of transferring the molecule from vacuum into solvent, i.e.,
solvation free energy. Accurate estimation of the solvation
effects encapsulated in the �Gsolv term in the above equation
is difficult. A hierarchy of approximations has to be made9 to
obtain a practical representation for �Gsolv. For example, the
following decomposition is often assumed:

�Gsolv = �Gel + �Gnonpolar, (1)

where �Gnonpolar is the free energy of solvating the molecule
from which all charges have been removed (i.e., partial
charges of every atom are set to zero), and �Gel is the free
energy of first removing all charges in the vacuum, and then
adding them back in the presence of a continuum solvent
environment. Here we focus on �Gel, that is presently the
most computationally intensive part in practical application
of Eq. (1). Accuracy of �Gel estimates is of paramount
concern since the underlying long-range interactions are
critical to function and stability of many classes of biological
and chemical structures.
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A. The canonical generalized Born model

At the level of the linear response, continuum dielectric
approximation, �Gel can be obtained from solutions of the
Poisson (PE) (or Poisson–Boltzmann if mobile ions are also
considered) equation. For arbitrary molecular shapes, this ap-
proach typically relies on numerical computations that limit
its applicability to problems where speed and computational
facility are critical, such as molecular dynamics (MD). In this
respect, the so-called generalized Born (GB) model6, 10–33 is
an approximation relative to the PE treatment which provides
a good balance between accuracy and speed, and is currently
the most widely used model of implicit solvation in molecu-
lar dynamics. The key idea of the GB model is approximation
of the electrostatic solvation free energy of a given charge
distribution {qi } of partial atomic charges within the solute
via some simple analytical function F(ri , r j ) of atomic coor-
dinates �Gel = 1/2

∑
i j F(ri , r j )qi q j . The very existence of

such a universal and simple function for arbitrary biomolec-
ular shapes is completely nontrivial. The idea of “general-
ization” of the single-ion Born formula to approximate elec-
trostatic solvation energy of small molecules has had a long
history,34 but it was not until 1990 that a reasonably accurate,
yet amazingly simple (and thus robust and efficient) form of
the reaction field Green function F(ri , r j ) in Eq. (2) was pro-
posed by Still et al.:11

�Gel = 1

2
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i j

F(ri , r j )qi q j
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where ri j is the distance between atomic charges i and j ,
εout and εin are the dielectric constants of the solvent and
the solute, respectively, and γ is a constant, see below. At
the moment, this specific form of F(ri , r j ) with γ = 1/4
is the most common form of Eq. (2) used in practice—we
will be referring to it as the canonical GB. Slight variations
such as the use of γ = 1/2 or γ = 1/10 have also been
explored, but apparently were not found to deliver better
accuracy than the original on a wide class of biomolecules
to warrant universal acceptance. The key input parameters in
the GB formula are the so-called effective Born radii of the
interacting atoms, Ri and R j , which represent each atom’s
degree of burial within the solute; these have to be estimated
for every atom. Generally, the more accurate are the effective
radii the more accurate is the resulting �Gel; a multitude of
approximations is available to estimate Ri based on input
molecular configuration. These different approximations
are essentially just different flavors of the same canonical
GB model based on the same functional form of Eq. (2) by
Still et al. The existing flavors differ greatly in accuracy and
speed, with the usual trade-offs between them. One such
flavor is unique in a sense that it is based directly on the
definition of the effective Born radius, and uses no further
approximations on top of the approximations already present
in the PE of continuum solvent electrostatics.35 Namely, the

effective Born radius of an atom is defined by inverting the
Born equation36 for a corresponding spherical ion of radius
Ri having the same electrostatic solvation energy as the
self-energy �Gel

i i = 1/2F(ri , ri )q2
i of atom i in the molecule,

Ri = −1

2

(
1

εin
− 1

εout

)
q2

i

�Gel
i i

. (3)

Perfect radii correspond to �Gel
i i in the above equation com-

puted directly by PE. Since the Poisson equation formalism
is more fundamental than the GB, the resulting perfect radii
represent a useful accuracy limit for the effective radii. At
the time the concept of perfect effective radii was introduced,
the limit was far ahead of what fast, practical routines
for computing effective Born radii could deliver based on
approximations for �Gel

i i in Eq. (3). When substituted into
Eq. (2), the perfect radii invariably delivered more accurate
estimates of the electrostatic free energies than did fast
practical GB flavors. The push to close the accuracy gap
between the GB and PE has lead to dramatic improvements
in the accuracy of the GB model, which in turn promoted
the model’s usage in a wide range of molecular modeling
applications, from protein folding37–44 to applications directly
relevant to structure-based drug discovery.45, 46 For some
types of simulations, e.g., constant pH molecular dynamics,
models based on implicit solvation such as the GB appear to
be the only ones currently available in practice.47–49

B. Known accuracy limitations of the canonical GB

Despite its documented successes, there is a clear
sense in the modeling community that the canonical GB
approximation is still a much less faithful representation
of reality than the standard numerical PE (PB) implicit
solvation treatment,50 let alone the more fundamental explicit
solvation framework.27, 50–52 For example, it appears that the
GB does not have the right balance between intrasolute and
solvent–solute charge–charge interactions, resulting in over-
stabilization of salt bridges;52–54 erroneous salt bridges ap-
pear to be a generic property of various GB flavors.51 And
while some of the discrepancies (relative to the explicit sol-
vent results) are already present at the continuum solvent (PE)
level, the rest come directly from the approximations of the
PE → GB step.55 Thus, there still exists room for meaning-
ful improvement within the PB → GB approximation. Since
the latest generation of effective Born radii are able to ap-
proximate the perfect radii very closely,20, 56 it is unlikely
that appreciable improvements in accuracy can still originate
from improving the accuracy of the best available routines
that compute the effective radii (making these approximations
computationally efficient is another story). The above con-
siderations have led us to conclude that in order to improve
the accuracy of the GB formalism one must substantially im-
prove the part of the GB formalism that remained unchanged
since its modern form was introduced by Still et al.—the
“canonical” heuristic Eq. (2).

The rest of this work is organized as follows. We begin
by revealing and discussing gross pairwise errors inherent in
the canonical GB formula. To understand physical origins of



164104-3 Beyond the GB J. Chem. Phys. 134, 164104 (2011)

these errors, we consider exact analytical solutions of the PE
for decidedly nonspherical geometries. These show that while
the canonical GB correctly describes one of the two spatial
modes of these solutions, the other is completely missed.
Analysis of these solutions suggest a simple analytical
approximation for the Green function to replace Eq. (2). We
then present extensive testing of the resulting model on a
variety of realistic biomolecular shapes, from small peptides
to proteins and DNA. Methodological details, including
description of test structures, calculation of the PE reference
energies and the effective Born radii, and also the derivations
of the exact analytical PE solutions for idealized nonspherical
geometries are presented in Sec. V.

II. GROSS ERRORS OF THE CANONICAL GB
GREEN FUNCTION

It is well known that if effective radii Ri s, and hence the
self-terms �Gel

i i = 1/2F(ri , ri )q2
i are somehow estimated for

each of the N atoms in the molecule, then the generalized
Born formalism immediately provides an extremely simple
and computationally effective way to estimate all of the re-
maining N (N − 1)/2 cross terms �Gel

i j = F(ri , r j )qi q j and
thus the total solvation energy,

�Gel = 1

2

∑
i=1,N , j=1,N

F(ri , r j )qi q j =
∑
i≥ j

�Gel
i j . (4)

The ability of estimate all of the cross terms of the reac-
tion field Green function from the knowledge of only the
self-terms, is perhaps, the most nontrivial, yet not fully ap-
preciated aspect of the model. However, given how complex
realistic biomolecular shapes may be, one cannot expect that
a single simple function F(ri , r j ) can deliver uniformly accu-
rate �Gel

i j estimate for all possible molecular geometries even
if the effective radii are perfect. Inaccuracies are inevitable.
To the best of our knowledge, the extent and origin of these
inaccuracies for realistic biomolecular shapes have not been
studied. As we shall see, errors in �Gel

i j translate directly into
errors in physical pairwise charge–charge interactions which
can obviously affect dynamics of the system. Our illustrative
test case for the canonical GB model is a 247-atom β-hairpin
peptide structure that has been used extensively in testing
of the GB and other implicit solvation models.53 At first,
it appears that, given accurate effective radii, the canonical
GB can be quite accurate. When the perfect radii are used,
that is when all the self-terms �Gel

i i in Eq. (2) are computed
exactly, the error in �Gel is less than 0.5%, or 2 out of
−590 kcal/mol—the total solvation energy of this structure as
estimated by numerical PE. Such a small inaccuracy is within
the error margin of numerical Poisson solvers57 for a structure
of this size. However, a very different picture emerges, Fig. 1,
if individual cross terms �Gel

i j computed with the use of the
canonical GB model are compared with the corresponding
terms obtained via the numerical PE reference, see Sec. V.

Namely, the GB pairwise �Gel
i j exhibit gross errors—

errors larger than 2kBT or ∼1.2 kcal/mol—for 50 pairs of
atoms in the structure. Note that an error of 2kBT in �Gel

i j
translates into the same 2kBT error in the total pairwise

FIG. 1. Gross pairwise errors of the canonical GB model, Eq. (2), relative to
numerical PE reference, in a β-hairpin peptide from protein G. Perfect (nu-
merical PE) effective Born radii are used. Each pair of atomic charges i and j
with error in charge–charge interaction Wi j larger than 2kBT (error in �Gel

i j
larger than 2kBT ) is shown by either a red atom–atom link (underestimation)
or a blue link (overestimation). There is a total of 50 such pairs in this struc-
ture. Intensity of the color corresponds to the magnitude of the error. The
peptide backbone is yellow. Molecular surface is light gray. The graphics is
by GEM package.58, 59

interaction energy Wi j = Evac + �Gel
i j between the two

atoms since the vacuum part of the energy is estimated out-
side of the GB or PE, and so the difference between the
GB and the PE comes solely from the solvation part. Most
of the pairs in gross error seen in Fig. 1 are comprised of
atoms not connected by a chemical bond. Obviously, even
a single charge–charge interaction in gross error may lead
to significant under- or over-sampling of salt bridges in MD
simulations, which in turn can alter the thermodynamics of
the system. Indeed, the lowest free energy state of the beta-
hairpin observed in GB-based simulations of Ref. 53 was
quite different from the “correct” one observed in the ex-
plicit solvent simulations; nonnative salt bridges formed at
the core of the peptide, in place of correct hydrophobic
contacts.

As we shall see later, the gross pairwise errors seen in
Fig. 1, and the fact that the errors are of both signs, are a
generic feature of Still’s equation, not limited to the specific
test structure shown in Fig. 1. Physical origins of these errors
will be discussed later in this work. A useful feature of Still’s
Eq. (2) is that for many, if not most, realistic biomolecular
shapes these over- and under-estimations of individual �Gel

i j
values nearly cancel in the summation, yielding a very rea-
sonable estimates of the total �Gel. However, this cancella-
tion masks a crucial weakness of the canonical model—gross
errors in pairwise interactions, present even when the effec-
tive radii are computed with perfect accuracy. Since efforts to
improve the canonical GB model almost invariably used the
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FIG. 2. Two geometries other than the perfect sphere used here to derive alternative forms of the analytical reaction field Green function F(ri , r j ) in the GB
formalism. (a) Parallel plates. The source charge is at (0, z0), and the potential φ is determined at (x, z). (b) Concentric spheres. The source charge is at (0, z0)
and the potential is determined at (θ, z). The enclosed space is assumed to be the low dielectric medium (solute, εin = 1), while the outside space (solvent) is
treated in the conductor limit εout → ∞. Geometric parameters are shown in the figures. Due to cylindrical and spherical symmetries, respectively, the potential
is independent of the third coordinate.

total �Gel as the key accuracy metric,57 it is perhaps not so
surprising that the pairwise gross errors are still present in the
model.

III. CONSTRUCTION OF AN ALTERNATIVE GB
GREEN FUNCTION

We have become convinced that slight modifications
to the existing functional form of the canonical GB equa-
tion (2) are not going to bear fruit in terms of reducing
the gross pairwise errors significantly. For example, an at-
tempt made in this work to further optimize parameter γ in
� = exp(−γ r2

i j/Ri R j ) by minimizing the gross pairwise er-
rors in all of the test molecules used in this study returned
the “canonical” γ = 1/4. Several functional forms similar to
Eq. (2) but with somewhat different asymptotic were explored
earlier, however without much follow-up success.35 Later in
this work we will see that the canonical GB formula essen-
tially misses “half” of the correct physics of relatively short
range interactions for realistic biomolecular shapes. A sys-
tematic new approach to find a replacement to Eq. (2) is
needed, one that goes beyond the “underlying” geometry of
Eq. (2)—the sphere. We should point out that the gross errors
of the canonical GB discussed above have nothing to do with
the known, but correctable,60, 61 deficiency of Still’s equation
with respect to finite values of εout. Efforts to re-derive the
GB model starting from exact solutions of the PE for a sphere
have lead to an equation (ALPB) similar in complexity to
Eq. (2). The ALPB equation corrects a systematic bias of the
canonical GB that stems from its wrong dependence on the
internal and external dielectrics.60, 61 However, this improve-
ment address a very different deficiency of the canonical GB,
the one that is not present in the conductor limit εout → ∞
where the ALPB and GB models coincide. To make that dis-
tinction clear, all of the calculations reported here (including
Fig. 1) are performed in the εin = 1, εout → ∞ limit.

A. The � ansatz

In what follows, we will seek a more accurate analytical
Green function to replace Eq. (2). Without loss of generality,
we will represent the sought after reaction field Green func-
tion in terms of a dimensionless quantity �, defined as

�Gel
i j = −

(
1

εin
− 1

εout

)
qi q j

[
r2

i j + Ri R j�
]−1/2

, (5)

�Gel
i i = −1

2

(
1

εin
− 1

εout

)
q2

i Ri , (6)

where the nonequivalence between self- and cross-terms is
now explicit and consistent with our current definition of
�Gel

i j and Eq. (4) for �Gel. Obviously, without any restric-
tion on �, the above ansatz is as general as using no ansatz at
all. However, representing the solution in terms of � has the
following advantage: deviations of � from unity should re-
flect deviations of the molecular shape from a perfect sphere
(in which case60 � ≡ 1), giving us clues as to how � function
should be constructed if one wants to go beyond the perfect
sphere model.

B. Exact solutions for idealized nonspherical
geometries

To find a different, more accurate form of the pairwise
Green function to be used in the GB formalism, we need to
analyze analytical solutions of the PE equations for boundary
conditions that are decidedly different from a single dielectric
sphere (surrounded by high dielectric solvent). Such solutions
exist for only a handful of geometries, and not all of them are
very useful to us here, either because of little relevance to real-
istic biomolecular shapes or due to mathematical complexity
of the solutions. The two cases that we find most useful are
shown in Fig. 2, the corresponding solutions of the Poisson
equation are worked out in Sec. V.
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The parallel plates geometry, Fig. 2 (a), is sought to
mimic the two distinct positional “modes” in which a pair
of atoms can be found in nonspherical geometries of realis-
tic molecules such as that in Fig. 1: the longitudinal and the
transverse. The longitudinal “mode” is along the “long” di-
mension of the molecule, and the transverse one is along its
“short” dimension. The corresponding directions are repre-
sented by the x and z axes, respectively, in Fig. 2 (a). The con-
centric spheres geometry is intended to mimic biomolecules
with deep solvent-filled regions, e.g., enzymatic clefts. In this
geometry, the transverse mode corresponds to moving along
the radius perpendicular to the surfaces, and the longitudinal
mode is along the azimuthal coordinate θ , Fig 2 (b).

Exact solutions for the potential φ(r) satisfying the Pois-
son equation for a point source charge placed anywhere in the
solute space as defined by geometries in Fig. 2 are given by
infinite series, see Sec. V. Apart from a few special symmetric
cases where exact summation can be performed, we represent
the solution as partial sums over k � 1 terms to achieve nu-
merical convergence. Since we will ultimately be looking for
a new analytical reaction field Green function F(ri , r j ) in the
form of Eq. (5), we express these solutions in terms of the
same dimensionless quantity � introduced in Eq. (5),

qi q j
[
r2

i j + Ri R j�
]−1/2 = −�Gel

i j (exact), (7)

Ri = −1

2

q2
i

�Gel
i i (exact)

, (8)

where �Gel
i j (exact) are the exact electrostatic solvation ener-

gies obtained from the exact φ(r) within the PE formalism,
see Sec. V.

Examination of each of the exact solutions in terms of �

reveals qualitatively different behavior depending on the mu-
tual position of charges, Fig. 3, that is whether we consider the
longitudinal or transverse mode of the PE solution (we use the
familiar terminology—mode—to denote what strictly speak-
ing is a projection of the unique PE solution onto the given
spatial direction). For each geometry, the form of the longi-
tudinal mode, �L , is similar to the familiar Still’s function of
the canonical GB, � ≤ 1, while the transverse �T mode is
radically different, � ≥ 1. Thus, the canonical GB formula
can at best capture only “half” of the correct physics in these
nonspherical test geometries. Later we will see that PE solu-
tions for realistic biomolecular shapes contain the same two
modes, which explains why the canonical GB formula ex-
hibits gross pairwise errors: the latter completely misses the
transverse mode � ≥ 1. To address the problem we will have
to find a better form of the GB equation that will contain both
of these two modes.

C. Construction of � function for nonspherical
geometries

One way to find an analytical form of � consistent with
the existence of the two modes in Fig. 3 would be to find ac-
curate, closed-form approximations to the corresponding ex-
act infinite series solutions. Unfortunately, we did not find
it possible. We thus pursue an alternative strategy: find a
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FIG. 3. Two modes of the exact solution of the PE equation for the nonspher-
ical geometries of Fig. 2 expressed as a function of ξ = r2

i j /Ri R j . The source
charge qi is always at the midpoint of the interior: at (x = 0, z0 = a/2) for
the plates, and at (θ = 0, z0 = a/2) for the spheres. In the longitudinal mode,
the test charge q j moves along the positive z direction, the other coordinate
being fixed at x = 0 or θ = 0, respectively. In the transverse mode, the z co-
ordinate of the test charge is kept constant, z = z0 = a/2, while x (or θ for
the spheres) increases. The solutions are expressed via dimensionless � vari-
able defined in Eq. (7). Note that � = 1 corresponds to the exact solution for
a perfect sphere, while � = exp(−0.25ξ ) (dashed green line) is the canonical
GB.

simple function that interpolates between the two modes, con-
sistent with their asymptotic behavior. To proceed, we need to
decide what parameters such function should depend upon.
Within the canonical (sphere-based) GB these variables are
charge–charge distance ri j and effective Born radii for each
atom, Ri and R j . Due to high spherical symmetry, these three
variables are enough to uniquely determine the exact Green
function for the perfect sphere case (in the conductor limit).
In other words, each pair of charges can be mapped onto a
local sphere containing the charges.60 This is true even if the
actual molecular geometry is not spherical: the canonical GB
formula treats the charges as if they were inside a sphere. For
finite εout the situation is qualitatively similar, but one also
needs to know the molecule’s effective electrostatic size,60, 61

A. However, once the spherical symmetry is broken, more
variables will clearly be required if one hopes to incorporate
into the Green function signatures of the more complicated
geometry. Here we follow the same strategy that is so suc-
cessful in the canonical GB case: use local variables such as
charge–charge distance and effective radii.60, 61 The strategy is
also justified by the fact that highly accurate, fast and robust
routines now exist that compute the effective radii and the ef-
fective electrostatic size A.61 For our purposes, the latter is
just a convenient metric of the over-all size of the structure
which also reflects possible uneven distribution of mass in it,
see Sec. V for a brief description of the analytical procedure.
We then take the next logical step in complexity of � and
make it explicitly depend on gradients of the effective Born
radii ∇ Ri , ∇ R j . The idea here is that the gradients will carry
an additional, more subtle information about the local molec-
ular geometry around charges i and j .

To proceed, and to derive a reasonably simple expression
for �, and hence the reaction field Green function to replace
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the canonical GB, we will make several simplifying assump-
tions. First, we assume the following separation of variables:
the two modes in Fig. 3 are described by functions �L and
�T that depend only on (ri j , Ri , R j ). We further assume that
a smooth interpolation between the modes is controlled by
some function S(μ) of a single “order parameter” μ that de-
termines, for a given pair of charges, whether the pair belongs
to the transverse or the longitudinal mode of the PE solution,
Fig. 3. This parameter must have a more subtle dependence
on molecular geometry than can be provided by Ri , R j alone;
we assume that it also depends on ∇ Ri , ∇ R j , and the electro-
static size A. To be specific, we require that

μ < 0 (transverse),

μ = 0 (perfect sphere),

μ > 0 (longitudinal).

In addition, we need the μ(ri j , Ri , R j ,∇ Ri ,∇ Ri , A)
function to be at least twice differentiable with respect to
its arguments. Obviously, there is no unique μ that satis-
fies the above criteria; after testing several functional forms
we used Occam’s razor argument to single out the following
expression:

μi j = ri j

A
− 1

2ri j
(∇ Ri · �ri j + ∇ R j · �r ji ), (9)

which also has the two additional properties: (1) μi j = μ j i

(note that �ri j = −�r ji ) and (2) μ → 0 when ri j → 0. One can
verify that μi j = 0 for any two charges inside a perfect sphere
in the conductor limit. Most importantly, the “order param-
eter” μ can be used to distinguish between the two modes
of the exact PE solution, transverse � > 1, and longitudinal
� < 1, for the two nonspherical geometries analyzed so far.
For these idealized geometries the correlation between the
sign of μ(i, j) and the mode to which the pair of charges
(qi , q j ) belongs to is nearly perfect, Fig. 4.

The same qualitative correlation holds (results not
shown) for an ellipsoid structure constructed from a large
number of atomic spheres, although the near perfect corre-
lation μ < 0 ⇔ � > 1, and μ > 0 ⇔ � < 1 becomes some-
what blurred, most likely due to the fact that the dielectric
boundary has a fine grain structure due to the use of finite size
atomic spheres.

We now have the key ingredient, μ(ri j , Ri , R j ,∇ Ri ,

∇ Ri , A) of Eq. (9), needed to construct the full function �

that can describe both modes of the PE solution seen in Fig. 3.
We require that �(μ = 0) = 1 (perfect sphere case), and
that μ < 0 and μ > 0 yield the transverse and longitudinal
modes, respectively, Fig. 3. Also note that in the case of per-
fect Ri , R j , one always expects � → 1 when ri j → 0. To
see why, consider a pair of identical “atoms” carrying equal
and opposite charges qi and q j . Now let the distance be-
tween them tend to zero. Obviously, the total electrostatic
solvation energy of the resulting net neutral system tends to
zero, �Gel

i i + �Gel
j j + �Gel

i j → 0, from which it follows that
�Gel

i i = �Gel
j j = −1/2�Gel

i j . This limiting behavior is auto-
matically satisfied by Eq. (5) when � → 1 and ri j → 0 due to
the definition of the perfect effective Born radius. To further
narrow down the search for a suitable �, we use several prop-
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FIG. 4. Correlation between the order parameter μ from Eq. (9) and modes
of the exact solution of the PE equation for nonspherical geometries shown
in Fig. 2. The values of μi j and � are computed for a set of locations of the
source qi and test charges q j inside the low dielectric solute space. Locations
of qi are (x = 0, z = z0) for the plates geometry or (θ = 0, z = z0) for the
concentric spheres, where z0 uniformly spans the interval a/10 < z0 < 0.9a.
Locations of q j span the same set of points along the z axis, and vary from
x = 0.1a to x = 5a for the plates (from θ = 0 to θ = π for the concentric
spheres) in the longitudinal direction. Here a is the structure size, see Fig. 2.
All quantities are computed (numerically) exactly.

erties of the exact � in the parallel plates case, see Sec. V
for derivation details. For the longitudinal mode (along the
x axis) the following asymptotic holds at z = z0 = a/2 for
small ξ = r2

i j/(Ri R j ) ∼ x2/R2
i : �L ∼ 1 + 1/2(3Z (3)/(ln 4)3

− 2)ξ ≈ 1 − 0.323ξ , where Z (n) is Riemann zeta function.
As is evident from Fig. 3, the transverse mode has a simi-
lar in magnitude, but opposite in sign, derivative ∂�/∂ξ at
zero, so we can expect the following asymptotic for it: �T

∼ 1 + 0.323ξ for small ξ . While the exact slope is likely to be
somewhat different from that of the longitudinal mode, we do
not pursue its derivation here as it is very unlikely to remain
unchanged for realistic biomolecular shapes. However, the
order of magnitude of the parameters that will control
the asymptotic behavior of the solution is now clear.
Again, we use Occam’s razor argument to propose what
we believe is close to the simplest differentiable function
�(μ, ri j , Ri , R j ) = (S1(μ)�T (ξ ) + S2(μ)�L (ξ )) that satis-
fies all of the above,

� = 1

2
(1 + tanh(μ)) exp(−γLξ )

+ 1

2
(1 − tanh(μ))(2 − exp(−γT ξ )), (10)

where, as before, ξ = r2
i j/(Ri R j ). Here γL and γT parame-

ters describe the steepness of the longitudinal and transverse
modes, respectively. In general, γL and γT do not have to be
exactly equal to each other, although based on Fig. 3 and
the asymptotic discussed above it is reasonable to assume
γL ≈ γT < 1. As seen from Fig. 5, Eq. (10) used along with
Eq. (9) provides a reasonable approximation for the exact PE
solution for the parallel plates, similar agreement is found for
the concentric spheres (results not shown).
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FIG. 5. Numerically exact solution of the PE equation for the parallel plates
is compared with that of the proposed analytical model defined by Eqs. (10)
(γL = γT = 0.323) and (9). Each point corresponds to the � value computed
for a pair of charges inside the low dielectric region between the plates; the
charges are uniformly distributed as described in the caption of Fig. 4.

At this point, we are ready to assess the performance
of the new model defined by Eqs. (10) and (9) on realistic
biomolecular shapes.

D. Realistic molecular shapes

The first critical question is whether the two qualitatively
different modes of the solution of the PE equation—the longi-
tudinal � < 1 and the transverse � > 1 modes identified for
nonspherical, but idealized dielectric boundaries—also exist
in realistic biomolecular shapes. To address this question, and
to further develop the new model, we have analyzed exact PE
pairwise solvation energies, �Gel

i j , in four very different con-
formational states of a 10-residue polyalanine peptide, Fig. 6.
These states represent different common structural classes
found in proteins, including both compact and extended (un-
folded) conformations; the structures were used previously in
the analysis of GB model performance.50

The immediate observation is that both modes of the nu-
merically exact PE solution are also found in the case of real-
istic molecular boundaries, Fig. 7.
Moreover, in the region of small charge–charge distances
(small ξ ) where the interactions are strongest and thus most
important, both modes are equally represented. The origin of
a whole class of gross errors in the canonical GB model now
becomes transparent: Still’s Eq. (2) represents only one mode,
� < 1, of the correct PE solution. The formula should per-
form well for distant pairs, ξ � 1, but is bound to entirely
miss the transverse mode � > 1 that represents “half” of
the most critical region ξ ∼ 1. The second observation from
Fig. 7 is that the “order parameter” μ, Eq. (9), performs rea-
sonably well at identifying which mode a pair of charges be-
longs to: positive values of μ correspond mostly to the � < 1
mode, while the � > 1 mode is mostly presented by points
with μ < 0. The correlation is most pronounced for small
values of ξ that matter most because these correspond to the

FIG. 6. The four conformational states of alanine decapeptide (ala10) used
for parameter fitting and testing of the new model. The secondary structure
(blue trace) and the molecular surface (gray) are shown. The polyproline
(pp2) conformation represents an unfolded state of the peptide, while the
three other conformations correspond to three distinct Ramachandran regions
of the folded space: alpha helix, left-handed alpha helix, and beta-hairpin.
Each state is represented by a number of structurally similar, but not identi-
cal snapshots (one set of snapshots is shown). The snapshots are courtesy of
Daniel Roe, see Sec. V and Ref. 50 for details of how they were generated.

largest absolute values of the pairwise interaction terms. How-
ever, as expected, the correlation is not nearly as perfect as
seen for the idealized parallel plates case, Fig. 4. This should
not be surprising given that we are now dealing with real-
istic molecular shapes, dielectric boundary being defined by
the complex molecular (Lee–Richards) surface. In particular,
we find that even for an “ideal sphere” constructed from a
large number of individual atoms, μ = 0 no longer holds ex-
actly. Also, one cannot expect that the exact same value of
γL = γT = 0.323 in Eq. (10) derived as a specific asymptotic
for parallel plates will be optimal for realistic shapes. Thus,
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Ψ = exp(–0.25 ξ) 
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FIG. 7. Numerically exact solution of the PE equation, expressed as �(ξ )
via Eq. (7), for all pairs of atoms in the four conformations of alanine de-
capeptide shown in Fig. 6. Each point in the plot corresponds to the � value
computed for a pair of charges in one of the structures; results from all
four conformations are combined here into one plot. The � values are color
coded according to the corresponding values of μ in Eq. (9), see the insert.
The region of small ξ corresponding to the strongest charge–charge interac-
tions is highlighted by an orange contour line. The canonical GB formula
� = exp(−0.25ξ ) is also shown for reference (purple line).
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we propose the following slightly more general expression to
replace Eq. (10) for realistic biomolecules:

� = 1

2
(1 + tanh(μ + μ0)) exp(−γ0ξ ))

+ 1

2
(1 − tanh(μ + μ0))(2 − exp(−γ0ξ ))

= 1 − tanh(μ + μ0)(1 − exp(−γ0ξ )), (11)

where μ0 and γ0 are now adjustable parameters. Following the
insight from the analysis of the idealized shapes, we explic-
itly restrict ourselves to solutions with one and the same γL

= γT = γ0 for both modes. We optimize the parameter val-
ues for the four ala10 structures in Fig. 6 based on the follow-
ing criterion: the optimal set (γ0, μ0) minimizes the combined
number of gross pairwise errors (errors in �Gel

i j greater that
2kBT ) in all four ala10 conformations, subject to additional
constraints that ensure that the electrostatic part of solvation
free energy closely approximates the numerical PE reference.
Since it is relative energy between various conformation states
that is most important, these four additional constraints are

|�Gel
GB(alpha) − �Gel

GB(pp2) − (�Gel
PE(alpha)

− �Gel
PE(pp2))| < 1 kcal/mol, (12)

|�Gel
GB(hairpin) − �Gel

GB(pp2) − (�Gel
PE(hairpin)

− �Gel
PE(pp2))| < 1 kcal/mol, (13)

|�Gel
GB(left) − �Gel

GB(pp2) − (�Gel
PE(left)

− �Gel
PE(pp2))| < 1 kcal/mol, (14)

|�Gel
GB(alpha) − �Gel

GB(hairpin) − (�Gel
PE(alpha)

− �Gel
PE(hairpin))| < 1 kcal/mol, (15)

where �Gel
GB(C) and �Gel

PE(C) denote �Gel computed by the
proposed model and the numerical PE, respectively, for con-
formation C of the ala10 peptide. At this point we are go-
ing to make an important departure from our strategy of us-
ing perfect effective Born radii for testing of the approximate
models. Instead, from now on we will be using the so-called
“R6” radii: these are based on integrating r−6 over the proper
(molecular) volume of the solute. At least for small proteins,
the R6 prescription was shown56 to be as accurate as perfect
radii in computing �Gel via canonical GB. The R6 flavor
has a solid theoretical basis,62 and, what is most critical for
us, it can lead to practical, analytical routines for fast estima-
tion of the effective radii.63 Since we are developing the cur-
rent theory with an eye toward its use in molecular dynamics,
the latter property is critical. We have performed an exhaus-
tive search for the optimal values of (γ0, μ0) via the above
procedure in the intervals 0 < γ0 < 1 and 0 < μ0 < 1 with
steps of 0.01 and 0.05 for γ0 and μ0, respectively. The fol-
lowing pair (γ0 = 0.5, μ0 = 0.6) was found to be optimal: all
of the results presented throughout the rest of this work will
be based on these values of (γ0, μ0) (the second best pair is
(γ0 = 0.5, μ0 = 0.55; its over-all performance is similar). Ini-
tial testing of the proposed Eq. (11) with the optimal γ0 = 0.5
and μ0 = 0.6 shows that if used in the general ansatz of
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FIG. 8. The proposed approximate analytical solution of the PE equation,
Eqs. (11) and (9), for all pairs of atoms in the four conformations of alanine
decapeptide shown in Fig. 6. Each point in the plot corresponds to the �

value computed for a pair of charges in one of the structures; results from all
four structures are combined here into one plot. The canonical GB formula
� = exp(−0.25ξ ) is also shown for reference (purple line).

Eq. (5), it does reproduce the correct PE behavior in terms
of the existence of the two modes, � < 1 and � > 1, Fig. 8,
which is in contrast to the canonical GB, Fig. 7.

E. Accuracy of the proposed model

The reduction of gross errors through the inclusion of
both of the modes of the PE solution into the proposed
pairwise Green function [Eqs. (9) and (11)] is illustrated in
Fig. 9 for the same four ala10 conformations as discussed
above. The most dramatic consequence of the complete omis-
sion of the transverse mode by the canonical GB is gross er-
rors in strong charge–charge interactions seen in the lower
left quadrant and upper right quadrant of the graph. It is in
the latter region of large and positive �Gel

i j where strong salt

–40 –20 0 20 40

Reference  ΔGel
ij (PE) [kcal/mol]

–3

–2

–1

0

1

2

3

er
ro

r 
in

 Δ
G

el
ij 

 [
kc

al
/m

o
l]

canonical GB
proposed model

Gross errors

Gross errors

FIG. 9. Errors in pairwise solvation (charge–charge interaction) cross terms
compared between the canonical GB and the proposed model based on
Eqs. (5), (9), and (11). The error in �Gel

i j is computed relative to numerical

PE as error = �Gel
i j (GB) − �Gel

i j (PE). The two red dashed lines at ±2kBT
indicate the gross error threshold.
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FIG. 10. (a) Relative numbers of gross pairwise errors in the canonical GB and the proposed model, Eqs. (9) and (11). The test structures range from alanine
decapeptide (∼100 atoms) to myoglobin (∼2500 atoms). For reference, gross errors of the � = 1 model of Ref. 62 are also shown. (b) The relative reduction
in the number of gross pairwise errors in the proposed model relative to the canonical GB.

bridges are expected. The uniform use of � < 1 in Eq. (5)
would result in an overestimation of the true reaction field
Green function, and thus too large positive values of �Gel

i j for
pairs of opposite charges that happen to be on the transverse
mode � > 1. The proposed formalism brings �Gel

i j down 1 or
2 kcal/mol relative to the canonical GB, thus moving the cor-
responding charge–charge interactions outside of the “gross
error” zone, Fig. 9. Thus, to the extent that salt bridge over-
stabilization seen in MD simulations is caused by P E → G B
errors, the proposed model may be expected to mitigate the
problem.

Further analysis of the effect of the proposed approxi-
mation on gross errors in pairwise electrostatic energy is pre-
sented in Fig. 10, where a comparison with the canonical GB
is made for a variety of biomolecular structures. In all of the
16 structures tested, with sizes ranging from the small de-
capeptide ala10 to medium size proteins, the proposed model
reduces the gross pairwise errors as compared to the canon-
ical GB model. The improvement, estimated as the relative
reduction in the number of charge pairs showing gross errors,
ranges from a factor of 2 to a factor of more than 10, depend-
ing on the structure.

It is also worth mentioning that the proposed model tends
to reduce errors across the entire range, with the “reduction
factor” being larger for larger errors. For example, for the four
ala10 conformational states combined, the number of errors in
�Gel

i j larger than 3kBT is reduced by a factor of 50, compared
to 11 for errors larger than 2kBT and a factor of 2 for errors
larger than kBT . We note that errors less than kBT relative
to numerical PE are not very meaningful given that the PE

itself is just another approximation to reality (though more
fundamental than the GB).

Next, we explore the performance of the proposed model
in predicting relative changes in �Gel between compact and
extended states of ala10 peptide as well as of a small protein,
protein-A, Table I.

The proposed model shows no bias toward compact or
extended structures, relative to the numerical PE treatment.
With respect to absolute values of �Gel, the proposed model
performs as well as the canonical GB model for all but
the three largest structures in our test set: the relative (to
numerical PE) RMS errors are 1.4% and 1.6%, respectively,
over this subset. On average, canonical GB model slightly un-
derestimates, and the proposed model slightly overestimates
�Gel relative to numerical PE. The relative accuracy of �Gel

varies between structures in both the canonical GB and the
proposed models. For example, for the four conformations
of ala10 (∼100 atoms), the RMS errors are 1.9% and 0.6%
for the canonical GB and the proposed model, respectively.
For the B-form DNA (760 atoms), the relative errors in �Gel

are −0.8% and +0.3%, respectively for the canonical GB
and the proposed model. For the three largest proteins in our
test, ∼2000 atoms each, the RMS relative errors are 0.6%
and 3%. However, given small numbers of structures in each
of the above subgroups, the corresponding RMS values may
not represent true statistical trends. Detailed investigation
of performance of the models as a function of system size
would require much larger numbers of structures in each size
group—an investigation that is beyond the scope of this work
that focuses on general principles.

TABLE I. Error in relative �Gel between conformational states C1 and C2 of various realistic structures as specified below. The error,
in kcal/mol, is computed as error = (�Gel

GB(C1) − �Gel
GB(C2)) − (�Gel

PE(C1) − �Gel
PE(C2)). A set of snapshots representing the four

conformations of ala10 used in this analysis is different from the one used for finding optimal values of (γ0, μ0).

Conformations C1, C2 Alpha, pp2 Left, pp2 Hairpin, pp2 Alpha, hairpin Protein-A: folded, unfolded

Error, � = 1 5.0 8.1 3.3 1.2 37.8
Error, canonical GB 1.7 1.8 2.7 −0.16 2.8
Error, proposed model −0.1 0.07 0.5 −0.17 0.7
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F. Plausible origins of the remaining errors in the
proposed model

Several structures of our test set lie in the narrow range
of sizes around 450 atoms, Fig. 10, and so some conclusions
related to variability of the model’s accuracy within this
narrow group can be made. The largest difference in the
number of gross errors for proteins of this size is seen
between structures 1cmr and 1dmc: 60 and 17 pairs in gross
error, respectively. The large variation may seem odd given
that these two small proteins are very similar similar in size,
472 and 440 atoms, respectively. They are also similar in their
over-all shape: both are globular proteins with aspect ratios
close to 1. However, a closer look reveals that 1cmr contains
a deep internal solvent pocket, completely disconnected from
the solvent space, while no similar pockets are found in
1dmc. We find that most of the 60 gross pairwise errors in
1cmr occur for pairs of atoms “across” the isolated solvent
pocket from each other. Given that the largest deviations of
the R6 effective radii from the PE reference are known to
occur in the vicinity of such isolated, deeply buried solvent
pockets,56 the presence of a relatively large number of gross
errors still remaining in 1cmr may not be surprising. To test
the hypothesis further, we recomputed the gross errors in both
structures, but now using a slightly larger solvent probe radius
(1.8 Å vs original 1.4 Å) in all of the calculations, including
the PE reference. With this slightly larger probe, the isolated
solvent pocket is no longer present in 1cmr; and, consistent
with our logic, the gross errors are reduced three-fold to 21
pairs. The number is now close to what is found in 1dmc: 17,
which has not changed upon the increase of the solvent probe
radius. Note that the relatively high number of gross errors
in 1cmr does not contradict the fact that the exact concentric
spheres solution is approximated well by the proposed model.
In testing of the model against the PE solution for the ideal
concentric spheres geometry we used the exact (perfect) ef-
fective Born radii estimated directly from that exact solution.
Moreover, the exact analytical solution assumed that the
inner sphere was kept at the same potential as the solvent,
see Sec. V, in contrast to how a typical numerical PE solver
would treat a disconnected solvent pocket. Whether or not an
effort should be made in the future to reduce the type of gross
pairwise errors associated with deep, isolated solvent pockets
locked inside biomolecules may be a matter of debate. One
can argue against such an effort in the context of numerical
PE reference only. Indeed, it is unclear if such pockets are
filled with water in realistic structures; even if they are, this
water is likely to be highly structured, with properties very
much different from that of bulk solvent.

We also explore to what extent the remaining gross errors
may be due to the use of the practical, but still not exactly
perfect R6 effective Born radii. Not unexpectedly, the use of
the perfect (PE based) instead of the R6 effective radii in the
canonical GB formalism results in only a very modest reduc-
tion of the number of pairs in gross error: averaged over all of
the test structures, the reduction is 1.4, which for the most test
structures is many times smaller that the corresponding reduc-
tion due to the use of the proposed formalism based on the R6
radii, Fig. 10 (b). This is most likely because the R6 radii are

not too far from perfect.56 However, when the perfect radii
are used in the new formalism, the average reduction in the
number of pairwise gross errors—20—is considerably larger
than in Fig. 10 (b) based on the R6 radii. For many structures,
the reduction is at least twice as large as seen in the R6 case.
However, that number varies considerably between structures.
For the ala10 structures the reduction is 160, while for the B-
DNA it is the same as obtained with the new formalism based
on the R6. It appears that the use of perfect radii and the use
of the new formalism act almost independently of each other,
each reducing gross errors of a certain kind. For example, in
the B-DNA, no error reduction due to the perfect radii alone
(within the canonical GB) is seen, and consequently the ob-
served 8-fold reduction due to the combination of both ap-
proaches is the same as within the new formalism alone. In
contrast, in ala10, a modest (1.4) further reduction of gross
error due to the use of the perfect radii decreases the number
of pairs in gross error by a few, but that small change leads to
the dramatic relative reduction of error because so few are al-
ready left within the new formalism. An example that is more
representative of what appears to be the general trend is the
beta-hairpin. Within the canonical GB and R6 radii, the total
number of pairs in gross error is 60. The number is reduced to
50 via the use of the perfect radii alone, Fig. 1. The proposed
formalism further reduces the number to 11 when the R6 radii
are used, and to 4 with the perfect radii.

G. The � = 1 model

We conclude our analysis by touching upon an in-
teresting suggestion made in Ref. 62 where it was pro-
posed, based on simplicity and efficiency arguments, that
the simplest form of � = 1 could be used instead of the
canonical GB’s � = exp(−0.25ξ ). Unfortunately, our results
(Fig. 10, Table I) show that the accuracy of this very ap-
pealing � = 1 model—exact for a perfect sphere—is many
times worse than that of even the canonical GB when applied
to realistic biomolecular shapes. Apparently, in making re-
alistic molecular shapes into perfect spheres, Occam’s razor
may sometimes cut off too much. The canonical GB formula
� < 1 is a better, though still far from perfect, solution than
the � = 1 perfect sphere model. This is because in realistic
molecules many pairs of charges exist for which more of the
electric field lines between the charges go through the high
dielectric region than would be the case in a purely spherical
geometry; the corresponding charge–charge interactions are
thus weaker than they would be in an ideal sphere. The use of
� = exp(−0.25r2

i j/Ri R j ) < 1 in the canonical GB partially
accounts for that effect, see, e.g., Fig. 7. However, while the
correction to � = 1 provided by the canonical GB model is
quite accurate asymptotically at large charge–charge separa-
tions where essentially only the longitudinal � < 1 mode re-
mains, it completely misses the transverse � > 1 mode of
the correct solution. The defect is most pronounced at short
charge–charge distances where the mishandling of a whole
class of strong interactions leads to appreciable loss of accu-
racy. Further deterioration of accuracy within the canonical
GB stems from the need to balance out the total solvation en-
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ergy by using a slightly smaller γ value than would be needed
to best describe the longitudinal mode alone. The alternative
formula presented in this work addresses these problems by
treating both modes consistently on the same footing.

IV. CONCLUSIONS

In many areas of molecular modeling, and especially in
molecular dynamics simulations, the GB approximation is ar-
guably the most widely used practical model based on the im-
plicit solvation framework. Over the past two decades, the ac-
curacy of the GB approximation has improved dramatically
through efforts of many research groups. However, a wide
gap still exists between the accuracy of the GB and explicit
solvent representation. While some of it is due to fundamen-
tal assumptions made in the continuum → discrete step, a
substantial part of the accuracy gap still comes from the ap-
proximate nature of the GB relative to the fundamental level
of description at the continuum level—the PE. In this work we
show that the key equation of the current GB approximation—
the simple and effective formula due to Still et al. that re-
mained unchanged since it was introduced 20 years ago—
needs to be replaced in order to move the GB approach to
the next level of accuracy. Analysis of exact solutions of the
Poisson equation for idealized, but decidedly nonspherical di-
electric boundaries suggested a simple analytical alternative
to the “canonical GB” formula.

The work contains three key results:

(a) Even if the effective Born radii Ri , R j are perfectly
accurate, e.g., obtained via the numerically exact PE,
solvation cross-terms �Gel

i j , i = j computed via the
“canonical” (Still’s) GB equation

�Gel
i j = −

(
1

εin
− 1

εout

)
qi q j

×
[

r2
i j + Ri R j exp

(
−γ

r2
i j

Ri R j

)]−1/2

contain gross errors (errors larger than 2kBT relative
to numerical PE reference). These gross errors in �Gel

i j
translate into errors of the same magnitude in pairwise
charge–charge interactions Wi j that affect energy land-
scape and ultimately dynamics of the system. The gross
errors are found for up to 1% of the total number of
atomic pairs for realistic structures. This means that even
in very small structures such as a 16-residue β-hairpin,
interaction between tens of atomic pairs, potentially
forming salt bridges, may be in gross error. The errors
contain both under- and over-estimations, which tend
to cancel each other to yield deceptively accurate total
electrostatic solvation energy, �Gel = ∑

i≥ j �Gel
i j . The

gross errors cannot be reduced by merely optimizing the
value of γ in the canonical formula.

(b) To go beyond the canonical GB, we explored exact
analytical solutions of the Poisson equation for two
idealized, but decidedly nonspherical geometries. These
were chosen to have relevance to biomolecular shapes.
We found that the exact Green function of the Poisson

problem for these nonspherical boundaries exhibits
two spatial modes: a longitudinal mode that goes
along the “long” dimension of the “molecule,” and a
transverse mode which runs along its “short” dimension.
The canonical GB Green function completely misses
the transverse mode. Importantly, the same two modes
are also seen in realistic biomolecular shapes, although
the modes are not as distinct as in the idealized cases.
The idealized solutions suggested a specific form for
the alternative analytical Green function to replace the
canonical GB formula. The proposed functional form
is mathematically nearly as simple as the original, but
depends not only on the effective Born radii but also on
their gradients, which allows for better representation of
details of nonspherical molecular shapes. In particular,
the proposed functional form captures both of the modes
of the PE solution seen in nonspherical geometries.

(c) Tests on realistic biomolecular structures ranging from
small peptides to medium size proteins show that the
new proposed functional form reduces gross pairwise
errors in all cases, with the amount of reduction vary-
ing from more than an order of magnitude for small
structures to a factor of two for the largest ones. That
magnitude of improvement is far beyond what can be
achieved through the use of perfect effective radii alone
within the canonical GB model; however, as with the
canonical model, the use of more accurate effective radii
within the proposed formalism helps reduce the gross
errors further.

The proposed model is ready to be implemented and
tested in molecular dynamics simulations. A question that re-
mains is whether there is still room for meaningful improve-
ment of the model relative to the PE, which is itself just an
approximation to reality.

V. METHODOLOGICAL DETAILS

A. Structures

The snapshots representing the four conformational
states of alanine decapeptide (called “ala10” here) were
kindly provided by Daniel Roe. A detailed description of the
Ala10 structures, their generation, and the methods used to
compute �Gel for these structures can be found in Ref. 50.
Briefly, the trajectories of the four conformations of Ala10
were obtained from replica-exchange molecular dynamics
simulations using TIP3P as solvent model. During the sim-
ulation, each structure was held in the corresponding region
(α-helix, left-handed helix, hairpin or pp2-polyproline) of the
(φ,ψ) space by weak harmonic constraints. Thus, there exist
some structural variations between individual snapshots be-
longing to the same structure type.

In addition to the ala10 snapshots described above, the
following protein structures were used for testing: (PDB ID)
1bdd, 1vii, 1az6, 1bh4, 1bku, 1brv, 1byy, 1cmr, 1dmc, 2lzt,
2mb5, 2trx. These proteins were employed previously in the
context of GB model testing.64 To this set we added a canon-
ical B-DNA (PDB 2bna) and a β-hairpin (residues 41–56
from PDB 2gb1). The three helix bundle 1bdd protein was
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represented by two conformations: the native folded (F) and
an unfolded, fully extended conformation (U) that was pre-
pared via an implicit solvent MD simulation at T = 450K de-
scribed in Ref. 22. The structures in PQR format are available
from the supplementary material.65

B. The Poisson equation reference

Here we briefly outline the PE formalism in a form tai-
lored to the specific purpose of the current work. Within the
linear response, continuum solvent framework, and in the ab-
sence of mobile ions, the electrostatic potential φ(r) produced
by an arbitrary charge distribution ρ(r) is given exactly by the
Poisson equation,

∇[ε(r)∇φ(r)] = −4πρ(r). (16)

Here, ε(r) represents the position-dependent dielectric con-
stant which equals that of bulk solvent far away from the
molecule, and is expected to decrease fairly rapidly across the
solute/solvent boundary. The charge density ρ(r) is given by
a set of “fixed” atomic charges qi at positions ri inside the
dielectric boundary, ρ(r) = ∑

i qiδ(r − ri ). A common sim-
plification also used here is to assume an abrupt dielectric
boundary, in which case ε(r) takes only two values: εin in-
side the dielectric boundary and εout outside—the so called
two-dielectric model. Analytical solutions of the PE for ar-
bitrary ρ(r) are available only for a handful of highly sym-
metric geometries, such as the sphere.66 Numerical methods
exist for solving the PE for essentially any realistic dielec-
tric boundary.2, 3, 67–69 Once the potential φ(r) is obtained, the
electrostatic part of the solvation free energy is given by70

�Gel = 1

2

∑
i

qi [φ(ri ) − φ(ri )|vac]

= 1

2

∑
i j

F(ri , r j )qi q j =
∑
i≥ j

�Gel
i j , (17)

where φ(ri )|vac is the electrostatic potential computed for
the same charge distribution in the absence of the dielectric
boundary, e.g., in vacuum or more generally in uniform di-
electric of molecular interior, εin. In this work the total �Gel

and its pairwise components �Gel
i j , Eq. (17), obtained via the

PE formalism are always used as reference in calculation of
errors in analytical approximations to the PE.

C. Reference PE energies, perfect effective radii,
and effective size

To compute the perfect effective Born radius of each
atom, the charge–charge pairwise solvation energy �Gel

i j for
each pair of atoms, and the total electrostatic solvation energy
of a given structure, a Poisson problem is set up and solved
separately for each atom. In the process, the dielectric bound-
ary of the full molecule is present, but only the charge of that
particular atom is nonzero (all other charges are set to zero).
Unless otherwise stated, the van der Waals radii of Bondi or
mbondi2 (for ala10 test case only) and a solvent probe radius
of 1.4 Å are used to define the molecular surface, which is
taken as the dielectric boundary. The solute dielectric εin = 1,

and we used εout = 1000 for the solvent to mimic the conduc-
tor limit. The accumulation of the PE solutions for all charges
gives the necessary Green function from which the full Pois-
son solvation energy, the perfect effective Born radii, and
the pairwise solvation energies �Gel

i j are obtained. Software
package PEP developed by P. Beroza3 is used to set up and
solve these Poisson problems. The finest grid spacing used in
all calculations is 0.07 Å, decreasing from 4 Å in eight steps
of focusing on the atom in question. The reaction field Green
function F(ri , r j ) is obtained by subtracting the Coulomb part
qi q j/(εinri j ) from the total Green function. For each structure,
the reaction field Green function is computed for all atom–
atom pairs—this is the pairwise electrostatic solvation energy
matrix �Gel

i j used as reference throughout this work. Its di-
agonal (self) elements �Gel

i i yield the perfect effective Born
radii through Eq. (3). The �Gel

i j matrices are available from
the supplementary material.65

The effective electrostatic size is conveniently approx-
imated via the simplest of expressions derived in Ref. 61:
A =√

5/2M[I11 I22 I33 +2I12 I23 I13 − I11 I 2
23 − I22 I 2

13 − I33 I 2
12],

where Iab are structure’s moments of inertia around its
center of mass �r0 = M−1 ∑

i �ri mi , and M its “geometric
mass” M = ∑

i mi ; here mi = a3
i , ai being intrinsic radius of

atom i .

D. The R6 radii and their gradients

The inverse of the “R6” effective Born radius of atom i is
computed numerically using the surface formulation outlined
by Mongan et al.,56 and implemented as “NSR6” method in
Ref. 63. After a triangulation of the surface, Ri is approxi-
mated by

R−1
i ≈

(
− 1

4π

∑
k

(ck − ri)n̂k Sk

|ck − ri|6
)1/3

, (18)

where the summation is performed over the surface trian-
gles. For each surface triangle k, ck represents the position
of its center, Sk its area, and n̂k is a unit vector orthogo-
nal to the triangle k pointing toward the inside of the so-
lute. The surface triangulation was carried out by MSMS

package71 using a probe radius of 1.4 and triangle density
of 16 per Å2 for all the structures except 2mb5 and 2lzt
for which a lower density of 8 per Å2 was used. A small
constant correction (offset, B = 0.028) to the inverse radii
in the above equation was used as suggested in Ref. 56.
The gradients were always estimated by numerical differ-
entiation of the R6 radii (even when the radii themselves
were PE-based). To this end, for each atom of interest lo-
cated at (x, y, z) six “ghost atoms” were created positioned
at (x ± h, y, z), (x, y ± h, z), (x, y, z ± h), h = 0.01 Å.
The R6 effective radii of the original atom and those of the
six “ghost atoms” were then computed via Eq. (18). To avoid
divergences due to abrupt changes in molecular surface upon
infinitesimal changes of the atomic positions, we used one and
the same triangulated molecular surface for the above calcu-
lations, i.e., the surface did not change with the introduction
of the “ghost atom.” We chose the outlined procedure because
it is absolutely straightforward. However, we suggest that ef-
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ficient practical implementations of the R6 gradients should
be based either on analytical approximations such as AR6 of
Ref. 63 or on direct surface integration of the gradient of the
above integral (e.g., first take the derivative under the inte-
gral, then integrate). Generally speaking, implementation of
Eqs. (5), (9), and (11) does not have to rely of the R6: any rea-
sonably accurate approximation for the effective radii should
work.

E. Parallel plates solution

The exact solution of the PE equation for the parallel
plates configuration is given by an infinite series of image
charges, the first three of which are illustrated in Fig. 11. The
sum of the unit image charge contributions gives the reaction
field part of the Green function,

F(ri , r j )
plates = −1√

(z + z0)2 + x2
+

∞∑
n=1

(
1√

(2na + z0 − z)2 + x2
− 1√

(2na − z0 − z)2 + x2

)

+
∞∑

n=1

(
1√

(−2na + z0 − z)2 + x2
− 1√

(−2na − z0 − z)2 + x2

)
. (19)

Note that terms in () have to be summed together to en-
sure convergence. In practice, a partial sum of F(ri , r j )plates is
used; convergence is improved by summing first k terms ex-
actly, and using an integral approximations for the remainder
of the infinite series, such as

∞∑
n=k+1

1

r

√(
(2na+z0−z)

r

)2
+ 1

→ 1

2a

∫ ∞

2a(k+1)+z0−z
r

dη√
η2 + 1

(20)

and similar ones for the other terms. To compute the partial
sums we use k = 100 in all of the calculations reported here,
except for the exact estimates outlined below.

We use the definition of �, Eq. (5), to compute ex-

act value of ∂�/∂x
∣∣∣ z = z0 = a/2

x = 0

. The expressions simplify be-

cause ∂ Ri/∂x = 0 by translational symmetry of the problem.

−z0

Z

−2a+z0

2a−z0

z0 X

φ
a

0

8 _
ε −> 

+

_

ε = 1

+

FIG. 11. First three charges of the infinite system of image charges that pro-
vide the exact solution of the PE equation for the parallel plates geometry.
A unit positive source charge is located at (z = z0, x = 0), and the first three
images, also unit charges, are at (−z0, 0), (−2a + z0, 0), and (2a − z0, 0).
The potential is calculated at (z, x).

We proceed by calculating ∂F(ri , r j )
plates/

∂x
∣∣∣ z = z0 = a/2

x = 0

= 3/2Z (3)r/a3 via term by term differ-

entiation of Eq. (19). The following known expressions
∞∑
1

1

n3
= Z (3),

∞∑
1

1

(2n − 1)3
= 7

8
Z (3),

∞∑
1

1

(2n + 1)3
= −1 + 7

8
Z (3),

are used, where Z (n) is Riemann zeta function. Also,
at z = z0 = a/2, F(ri , r j )plates can be calculated ex-
actly: F(ri , r j )plates(z = z0 = a/2) = − ln 4/a, which
yields for the effective Born radius R(z = z0 = a/2)

φ

ε −> 

ε = 1

ε −>

8

8

z

z0
+ −− ++Ra θ

FIG. 12. First four charges of the infinite system of image charges that pro-
vide the exact solution of the PE equation for the concentric spheres geome-
try. A unit positive source charge is located at (z = z0, θ = 0). Positions and
magnitudes of the image charges are specified in text. The origin of the z axis
is at the surface of the inner sphere. The potential φ is calculated at (z, θ ).
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= −1/F(ri , r j )plates(z = z0 = a/2) = a/ ln 4. This leads to

∂�

∂x

∣∣∣∣ z = z0 = a/2
x = 0

=
(

3Z (3)

(ln 4)3
− 2

) (
x/R2

i

)
. (21)

Integrating Eq. (21) we find that for small x , � ∼ const
+ 1/2(3Z (3)/(ln 4)3 − 2)(x2/R2

i ). Also, const = 1 since
�(0) = 1. Now recall that ξ = x2/(Ri R j ) to arrive at �

∼ 1 − 0.323ξ .

F. Concentric spheres solution

The image charge solution of this problem is worked out
in detail in Ref. 72; here we list the key result. The solution is
given by two infinite sets of image charges, one inside the in-
ner sphere and the other outside the outer sphere in the solvent
space, see Fig 12.

The image charges of magnitude S and T located at po-
sitions X and Y are

inner:

S2p+1 = −(R/(R + z0))(R/(R + a))p,

X2p+1 = R(R/(R + z0))(R/(R + a))2p,

outer:

S2p+2 = ((R + a)/R))p+1,

X2p+2 = ((R + z0)/R)(R + a)((R + a)/R)2p+1,

outer:

T2p+1 = −(R + a)/(R + z0)((R + a)/R)p,

Y2p+1 = (R + a)2/(R + z0)((R + a)/R)2p,

inner:

T2p+2 = (R/(R + a))p+1,

Y2p+2 = R(R + z0)/(R + a)(R/(R + a))2p+1,

where p = 0, 1, 2 . . . The reaction field Green function is
then,

F(ri , r j )
spheres =

∞∑
p=0

⎛
⎝ S2p+1√

(X2
2p+1 + (R + z)2 − 2X2p+1(R + z)cos(θ ))

+ T2p+2√
(Y 2

2p+2 + (R + z)2 − 2Y2p+2(R + z)cos(θ ))

+ T2p+1√
(Y 2

2p+1 + (R + z)2 − 2Y2p+1(R + z)cos(θ ))
+ S2p+2√

(X2
2p+2 + (R + z)2 − 2X2p+2(R + z)cos(θ ))

⎞
⎠ .
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