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Abstract
Over the past decade, numerous studies have identified tuberculosis patients in whom more than
one distinct strain of M. tuberculosis is present. While it has been shown that these mixed strain
infections can reduce the probability of treatment success for individuals simultaneously harboring
both drug-sensitive and drug-resistant strains, it is not yet known if and how this phenomenon
impacts the long-term dynamics for tuberculosis within communities. Strain-specific differences
in immunogenicity and associations with drug resistance suggest that a better understanding of
how strains compete within hosts will be necessary to project the effects of mixed strain infections
on the future burden of drug-sensitive and drug-resistant tuberculosis. In this paper, we develop a
modeling framework that allows us to investigate mechanisms of strain competition within hosts
and to assess the long-term effects of such competition on the ecology of strains in a population.
These models permit us to systematically evaluate the importance of unknown parameters and to
suggest priority areas for future experimental research. Despite the current scarcity of data to
inform the values of several model parameters, we are able to draw important qualitative
conclusions from this work. We find that mixed strain infections may promote the coexistence of
drug-sensitive and drug-resistant strains in two ways. First, mixed strain infections allow a strain
with a lower basic reproductive number to persist in a population where it would otherwise be
outcompeted if has competitive advantages within a co-infected host. Second, some individuals
progressing to phenotypically drug-sensitive tuberculosis from a state of mixed drug-sensitive and
drug-resistant infection may retain small subpopulations of drug-resistant bacteria that can flourish
once the host is treated with antibiotics. We propose that these types of mixed infections, by
increasing the ability of low fitness drug-resistant strains to persist, may provide opportunities for
compensatory mutations to accumulate and for relatively fit, highly drug-resistant strains of M.
tuberculosis to emerge.
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Introduction
Tuberculosis (TB), an infectious disease caused by respiratory transmission of
Mycobacterium tuberculosis (M. tb), was responsible for over 9 million new cases and
nearly 2 million deaths in 2008 alone [1]. The global approach for TB control is based on
the identification of individuals presenting for medical care with suggestive symptoms (e.g.
cough, weight loss), diagnosis by microscopic examination of sputum, and standardized
drug regimens that include multiple antibiotics taken for at least six months. While this
disease management approach has improved individual patient outcomes and disease control
in many settings, the emergence of HIV and the appearance of drug-resistant forms of TB
compromise the effectiveness of this strategy and pose additional challenges for TB control
[2].

Previous infection and/or disease with TB provides, at best, partial immunity to reinfection
with M. tuberculosis [3–5]. New molecular methods for strain differentiation have revealed
that individuals can be reinfected and harbor more than one distinguishable strain of M. tb
[6–16]; we will refer to these infections as “mixed infections”. The measured fraction of
tuberculosis patients with mixed infections varies markedly between settings; in some
studies nearly 1/5 of patients had evidence of multiple strains at the time of diagnosis [9]
while in other studies this was a rare finding [14]. Much of this heterogeneity probably
reflects true differences between the frequencies of this event in different communities.
Since the risk of reinfection (a pre-requisite for a mixed strain infection) is a function of the
local prevalence of infectious source cases, mixed infection will be most common in settings
with a high disease burden. However, reinfection has also been shown to play an important
role in disease dynamics in moderate- [17–18] and low-incidence communities [19]; this
may reflect the increased importance of local clustering of disease among household and
close social contacts in these lower incidence settings [20]. Heterogeneity in the frequency
of detection of mixed strain infections between existing studies may also reflect differences
in study participant selection, methods of specimen collection and storage [21], and in
approaches for laboratory identification of multiple strains [22]. Furthermore, we note that
even those studies with the highest estimates of patients with mixed infections likely
underestimate the frequency of this phenomenon since the current methods of detection are
insensitive and unable to assess the frequency of mixed infections during the latent stage of
infection.

The deleterious effect of mixed strain infections has been shown for individuals harboring
both drug-sensitive (DS) and drug-resistant (DR) strains of TB. Van Rie et al [11] found that
these individuals may respond poorly to treatment; when first-line drugs were administered,
the overgrowth of DR strains was observed and when second-line drugs were given to
suppress the DR strain, the DS strain was able to reemerge since second line drugs are less
effective than the best first-line agents.

While these types of mixed infections compromise the treatment of individuals, the effect of
mixed infection on the transmission dynamics of TB in the community is less clear. We
propose that it is important to consider what impact mixed infections may have on the long-
term distribution of strains present in communities. While early sequencing data suggested
limited diversity within the M. tuberculosis species [23], new analyses have resulted in an
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emerging consensus of a robust phylogenetic structure within the M. tuberculosis and
meaningful biological differences between strain lineages [24–27]. For example, differences
between immunogenic properties of strains [24, 28–30] have been demonstrated repeatedly
and there are associations between some strain lineages and drug-resistance in some
geographic settings [31–33]. The observation that mixed strain infections do occur
frequently in some settings, combined with evidence of different abilities of strains to evade
and provoke host immune responses and strain associations with drug resistance, suggest
that a better understanding of the population-level impact of these types of complex
infections is needed.

Here we describe a modeling framework to evaluate the potential importance of mixed
infections on the strain diversity in a population. In this paper, we are interested in how
mixed infections may promote the stable coexistence of different strains within populations.
In particular, we investigate how the phenomenon of mixed infection may protect strains
with lower reproductive numbers from being outcompeted and eliminated. Since our goal is
to understand stable coexistence, our analysis focuses on the equilibrium states associated
with our model system.

While previous models include competition of the strains within hosts with mixed infections
[34], the specific mechanisms of this competition are not well understood. Accordingly, we
structured our model to permit the systematic investigation of several prototypical
mechanisms by which distinct strains may interact. While strains may vary in other
important ways (e.g. strain lineage [24–27]), in this paper, we focus our investigation on
mixed infections where the infecting strains differ in terms of their drug susceptibility.

The paper is structured as follows. In Section 1, we present our model framework and
describe and classify the mechanisms of within-host competition we study. In Section 2, we
analyze the steady states of the model and evaluate how the stable coexistence of DR and
DS TB depends upon: 1) the presence of the mixed infection state in the model; 2) the
specific mechanisms of within-host competition between strains; and 3) the selective
pressure associated with drug treatment. Finally, in Section 3, we discuss the implications of
these results, outline important assumptions and limitations of the model, and suggest
further studies that can improve our understanding of how mixed infections affect the
epidemiology and control of TB.

1 Methods
1.1 Model structure and parameterization

We developed a differential equation model, similar to the model used in [35], for assessing
the impact of mixed infections on the stable coexistence of strains. The model includes three
general classes of health and disease: Susceptible, Latent infection, and Infectious (Figure 1,
see also Appendix A for the full set of equations).

Individuals introduced into the population are susceptible to infection by any circulating
strain of M. tuberculosis (S); this compartment is replenished (e.g. birth or immigration) to
maintain a constant population size. The natural history of tuberculosis includes a latent
period during which infected persons are completely asymptomatic; the majority (~90%) of
immunocompetent (i.e. not HIV-infected) latently infected individuals will never progress to
disease. We include compartments representing latent infection with either DS (LS) or DR
(LR) forms of M. tb. In contrast to most other TB models (see, for example, [36–38]), we
explicitly represent only the minority of latent infections that will result in disease during the
lifetime of an infected host (i.e. productive infections). If those in either the LS or LR state
are productively infected by the other strain type before progressing to the infectious state,
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they enter the Mixed Latent class (M) from which they can progress to any one of the three
infectious states: IS = infectious and only harboring the DS strain; ISR = infectious and
harboring a majority of the DS strain with a small subpopulation of DR bacteria; and IR =
infectious and harboring predominantly or only DR strain.

The probabilities of progression from the M state to each of the three infectious states
depend on the specific mechanism of within-host competition (described below in 1.2).
Since the infectious dose for transmission of TB is very small (perhaps as little as a single
bacteria [39]), we assume that infectious individuals transmit only the predominant strain in
their infection. Consequently, both individuals in the IS and ISR states transmit DS TB, while
those in the IR state transmit DR TB. While treatment cures the large majority of those in the
IS state, a small fraction will acquire drug resistance as the result of inadequate treatment.
Drug treatment of those in the ISR state results in the rapid selection of the resistant
subpopulation resulting in a transition to the IR state. For simplicity, we assume that
individuals cannot have more than one episode of active TB disease and that standard
treatment does not cure drug resistant disease (a more complex model is provided in
Appendix C, but qualitative results are similar to those presented here).

A list of model parameters and variables is provided in Table 1. To highlight important
differences between types of parameters and variables, we present them in three categories:
1) parameters that must be defined (Table 1a); 2) variables that describe characteristics of
the epidemiological state of the system (Table 1b); and 3) combined parameters that can be
calculated based on other parameters and variables (Table 1c).

Since our focus involves analyses of the outcome of inter-strain competition, we used a
variant of a reproductive number to efficiently summarize the reproductive capacity of each
strain in the absence of the other (RS and RR for the drug-sensitive and drug-resistant strain,
respectively). In this model we consider the reproductive number of the strains in the
presence of antibiotics to highlight differences between the strains in the presence of
interventions. Classical competition models that do not include mixed infected states do not
permit stable co-existence unless the strains have equivalent reproductive numbers [40]. The
five other parameters defined in Table 1a (φ, fD, θδ, ηδ, and r/π) describe the mechanisms
and strength of competition between the strains. This approach allows us to consider how
the presence of these interactions affects the abilities of the strains to coexist even when
their reproductive numbers are not similar.

1.2 Modeling within-host competition between DR and DS strains
Within-host competition between DR and DS strains is introduced into the model depicted
in Figure 1 through the set of the probabilities (fS, fSR, f) that determines the risk of
progression from the mixed infection class M to IS, ISR, or IR, respectively. We express
these probabilities by specifying the chance that a particular strain “wins” the within-host
competition (f for DR and 1-f for DS), and the chance for a subdominant strain to remain
within the Infectious host (θ) as follows:

(1)

The probabilities f and θ cannot be directly measured since the type of infections present
within a host cannot be determined during latency using existing diagnostic tools. However,
the properties that govern the probability f can be categorized into two distinct classes: 1)
strain-independent properties (i.e. factors that apply equally to either strain and are related to
either the order in which infections occurred, the time delay between the infections, or the

Sergeev et al. Page 4

J Theor Biol. Author manuscript; available in PMC 2012 July 7.

N
IH

-PA Author M
anuscript

N
IH

-PA Author M
anuscript

N
IH

-PA Author M
anuscript



anatomic location in the lung in which the infection was seeded) and 2) strain-dependent
properties (i.e. factors that reflect inherent differences between the strains’ ability to expand
within a host and evade immune responses). We introduce the overall probability f as the
weighted average of two probabilities, fN and fD, representing these strain-independent and
strain-dependent mechanisms, respectively:

(2)

The weighting factor φ ∈ [0,1] expresses the relative importance of these factors to the
outcome of the competition.

Under the strong assumption that the competing strains elicit similar immunological host
responses and are identical except for their response to antibiotics (i.e. φ=0), the overall
probability f is equal to fN. That is, the outcome of the competition is determined only by the
number of reinfection events and the timing and anatomic location in which infections
occur. Since the frequency of infection with each strain type is dependent on the prevalence
of infectious source cases with that type of disease, this probability varies with the
epidemiological state of the system. As we show in detail in Appendix B, at the equilibrium
fN is related to the variables v (i.e. the fraction of the total infection force due to the DR
strain) and nλ (i.e. the expected number of reinfection events occurring during latency) by a
simple expression:

(3)

In contrast, if we assume that inherent differences between the strains is the sole determinant
of the outcome of within-host competition (i.e. φ=1), the overall probability f is equal to fD.
In this case, the outcome of strain competition depends only on the ability of DR strain to
compete with a DS strain within a host, and not, as above, on the epidemiological state of
the system.

In reality, we expect the outcome of within-host competition of strains to depend on both
strain-independent and strain-dependent factors (i.e. 0<φ<1). The overall probability f in this
case is a dynamic variable, described in equilibrium by the following expression:

(4)

2 Results
2.1 Steady state analysis

The set of differential equations, describing the dynamics of the seven (of eight) variables,
listed in Table 1b, is derived in Appendix A-1 (see equation (A6)). Together with the
equation (4) for the variable f, it forms the full set of equations (A7). Three elementary
equilibria (disease free: *0; exclusively DS strain: *S; and exclusively DR strain: *R) are
presented in Appendix A-2 as the time-independent solutions of (A7). Here we focus on the
conditions when a fourth equilibrium, designated by *, is possible: the coexistence of DS
and DR strains.
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The equations (A7) cannot be completely resolved analytically for the * equilibrium (see
equations (A15–A16) of Appendix A-2 for details). Nevertheless, they allow us to determine
combinations of strain reproductive numbers (RS and RR) that allow for coexistence (i.e.
when the equilibrium value of the fraction of the total force of infectious due the DR strain
is between 0 and 1: 0<v*<1).

Thus, analysis of the limit v*→1 in equations (A16) yields the condition for RS that permits
the DS strain to invade the population already saturated by a DR strain:

(5)

Here  is the value of nλ at *R (equilibrium with only DR TB) and depends only on the
reproductive number of the DR strain (equation (A12) of Appendix A-2).

In the absence of acquired resistance (ηδ=0), analysis of the limit v*→0 in (A16) yields the
similar condition for a DR strain to invade a population in which the DS strain exists alone
at steady state:

(6)

Here  is the value of nλ in *S (equilibrium with only DS TB) and depends only on the
reproductive number of the DS strain (equation (A9) of Appendix A-2). If we allow
acquired resistance (ηδ>0), the DR strain will always be present at some frequency when DS
TB is circulating and treatment is available (v*>0, see Appendix A-2). Nevertheless, even in
this case, condition (6) allows us to determine the parametric area where the transmission of
DR strain is self-sustaining.

The inequalities (5–6) allow us to determine the conditions under which coexistence is
expected for strains with different reproductive numbers. If all the inequalities in (5–6) are
simultaneously satisfied, the two strains can coexist at equilibrium (0<v*<1). Conversely, if,
for a particular set of the parameters (θδ, φ, fD, π/r), inequalities (5–6) cannot be resolved
with respect to RS and RR, stable coexistence is not possible.

The substitution of equalities into the first lines of (5) and (6) allows us to examine the
conditions when the coexistence area degenerates. We found only two cases when this
occurs: when there is no disease at all (a trivial case) and when the strains are completely
indistinguishable:

(7)
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Both these cases represent the extreme edges of the parametric space and, at reasonable
values of the parameters, stable coexistence is always possible. In the other words, for every
RS>1 and when strain-dependent differences (φ>0) or drug treatment (θδ>0) is present, there
is a finite range of RR over which DR and DS strains can coexist.

2.2 The coexistence of DS and DR strains
By examining inequalities (5–6), we investigate the influence of different factors on the
shape of the coexistence area.

Mixed infection—As our defined state of mixed-strain infection can occur only after at
least two independent infection events, the frequency of mixed-infections should depend on
the number of reinfection events. The expected number of reinfections by each strain,
according to the expressions for the single-strain equilibria (  in (5) and  in (6)), is
strongly dependent on the strain reproductive numbers. Thus, the overall effect of the state
of mixed infection is expected to increase in settings where the reproductive numbers of
each of the strains is large. This effect is clearly demonstrated when we simplify the
conditions (5–6) for the symmetrical case, substituting fD=1/2 (i.e. each strain equally likely
to win the within-host competition) and θ=0 (i.e. no remaining subpopulation of DR strains
once a host progresses from mixed infection to DS disease). For the criteria of coexistence,
0<v*<1, we find:

(8)

Expanding the expressions in (8) at the limit of small prevalences (RS, RR→1) we find that
for any value of RS there is a finite range of RR that allows for coexistence. This range is a
square function of the number of reinfections and also has a strong dependence on the
mechanism of competition (φ) (see equations (A19–A21) in Appendix A-3 for more details):

(9)

The Figure 2a shows the results of the numerical solution of (8) for arbitrary reproductive
number values, and demonstrates how the width of the coexistence area increases with the
reproductive abilities of the strains.

Within-host competition—Equation (9) shows that in the absence of the drug treatment
(δ=0), the width of the coexistence area is linear with φ. The coexistence area is smallest if
the competition of the strains within the host is determined by strain-independent factors and
does not include strain-specific differences (φ=0) and largest when inherent differences
between strains entirely determine the outcome of competition (φ=1).

The role of strain-specific competitive ability (fD) can be demonstrated if we simplify the
equilibrium equations at the low-prevalence limit (RS−1≪1), where we assume that strain
competition is entirely strain-dependent (φ=1), and there is no drug treatment (δ=0). If the
competitive abilities of the strains are not equal (fD≠0.5), the range of RR that allows for
coexistence is a linear function of the number of reinfections and is shifted proportionally to
(1–2 fD) (see equations (A22–A24) in Appendix A-3 for more details):
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(10)

Equation (10) shows that a strain may have a strong enough within-host competitive ability
to allow it to stably persist in populations even when it has a lower reproductive number
than the competing strain. As shown in Figure 2b, this within-host competitive ability can
have a particularly pronounced effect in settings where reinfections occur frequently.

Drug treatment—Individuals progressing to DS disease from mixed infection may retain
small subpopulations of DR bacteria. Among those individuals (ISR) drug treatment may
rapidly select for resistance. This effect is represented in the equilibrium equations by the
parameter combination θδ. This mechanism provides the DR strain an opportunity to
dominate in populations even in the absence of strain-dependent differences in within-host
competition. This selective effect of drugs can be demonstrated most clearly in the case of
strain-independent competition, (i.e. if we substitute φ=0 into (5–6)), where, according to the
condition (7), we do not expect coexistence of the strains in the absence of drug treatment
(i.e. when δ=0). The presence of drugs (δ>0) alters the balance and allows for coexistence
(see equations (A25–A29) in Appendix A-3 for more details):

(11)

Figure 2c shows that drug treatment makes coexistence possible at lower DR strain relative
fitness than is possible without treatment. This effect is more pronounced where the
expected number of reinfections is larger. We emphasize that this result describes only the
impact of drug treatment on those progressing to disease from the mixed infection class. In
reality, drug treatment will also affect the reproductive number of the drug sensitive strain
by limiting the expected duration of infectivity, which favors the DR strain as well. Thus,
the total competitive benefit which drug treatment provides for the DR strain is the sum of
these two effects.

3 Discussion
While recent studies reveal that TB patients may simultaneously harbor multiple distinct
strains of TB [6–16] and find that these complex infections may complicate treatment and
result in worse outcomes for patients infected by both DR and DS strains [11], it is not yet
clear what impact these mixed infections have on the transmission dynamics or control of
disease within communities. The fact that even relatively crude methods of strain
differentiation have detected that in some high incidence settings nearly 1/5 of incident TB
cases may have multiple strains suggests that the population-level impact of mixed
infections requires additional investigation. In this manuscript, we develop models to assess
the effects of mixed infections on strain ecology and disease dynamics. The model provides
a systematic framework for considering the mechanisms by which strains compete within an
individual-host, investigating how mixed infections can affect the dynamics of drug-resistant
TB, and identifying priority questions for future research.

Our models demonstrate how mixed strain infections may promote the long-term
coexistence of strains within a host population. That is, models that do not allow for
individual hosts to simultaneously harbor multiple strains exhibit competitive exclusion of
strains under a wider range of parameter values than models that allow for mixed strain
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infections [35]. This is similar to the extinction of less competitive species in Lotka-Volterra
systems if inter-specific (between species) competition is equal or greater than intra-specific
(within species) one [40–41]. This means that models where hosts can harbor mixed
infections allow the strains with lower basic reproductive numbers to persist in conditions
where they may otherwise be eliminated.

With respect to TB, we find that mixed strain infections may increase the opportunity for
DR strains to persist in areas where they might otherwise be outcompeted [42]. Once DR
strains are present within populations, our models find that, even in the absence of antibiotic
pressure, DR strains with a relatively low basic reproductive number (compared with DS
strains) may nonetheless persist, especially if they are relatively successful competitors
within coinfected hosts. The long-term persistence of these DR strains is worrisome since
this persistence allows for opportunity for evolution [43]. Previous research has shown that
many TB drug-resistance conferring mutations result in substantial fitness costs [44], but
that these initial costs may be compensated by secondary mutations [45–50]. Accordingly,
mixed infections, by allowing for longer persistence of low fitness strains, provide the
bacteria with a better chance to accumulate these additional mutations.

Anti-TB antibiotics further increase the competitive ability of DR strains (i.e. lowers the DR
invasion threshold) in several ways. First, imprudent antibiotic use may select for resistant
strains in those with DS infections (i.e. acquired drug resistance). This mechanism is how
DR initially arises in most settings, although importation of DR strains is also possible.
Second, antibiotics selectively remove DS competitors and increase the relative reproductive
number of the DR strain. We note that neither of these first two mechanisms depends on the
presence of mixed strain infections. Mixed strain infections offer a novel third mechanism
by which antibiotics facilitate the emergence of DR strains. Since hosts with apparent DS
disease may have actually progressed from a mixed infection and retained a small
subpopulation of DR mutants, antibiotics can act to select previously outcompeted DR
bacteria. This is essentially the phenomenon that van Rie et al describe [11]. In addition to
offering another route by which DR can emerge, this third mechanism is problematic for the
evaluation of control programs because we will misclassify cases of transmitted resistance
as acquired drug resistance. This misclassification will make treatment programs appear
worse (i.e. overestimate rates of acquired resistance) and make it difficult to judge the
performance of existing interventions and adequately plan new strategies.

As with all models, we make important simplifying assumptions about the natural history of
disease. In Appendix C we present models with more complex representations of the natural
history of TB; we find that our qualitative results apply to this more complicated models and
we describe how each of these alternative models can be reduced to the model depicted in
Figure 1 by redefining of parameters.

While we can gain some broad qualitative insight into the potential population-level impact
of mixed strain infections through this modeling framework, our ignorance of important
parameter values limits the conclusions that we can currently make. In particular, there are
few data that can currently be used to understand how different strains of TB may compete
within a single host. There are intriguing data to suggest that some strain lineages provoke
different levels and types of host immune response (i.e. Beijing-lineage strains [24, 28–30])
and that these strains may, in some circumstances, have an increased likelihood of having a
drug resistant phenotype [31–33]. Experiments in which animals were simultaneously and/or
sequentially infected with different strain lineages would greatly improve our understanding
of these mechanisms of within-host competition.
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Appendix A. The equilibrium analysis

A1. Dynamic equations
The differential equations corresponding to the model in Figure 1 are as follows:

(A1)

In order to rewrite the equations for the independent set of the variables from Table 1b, we
use the following substitution steps. First, we link the frequency of those in the each of the
Infectious classes with the infectious force, expressing the infectivity coefficients as a
function of strain reproductive numbers:

(A2)

Second, we express the strain infectious forces though the relative fraction of the infection
force due to DR strain (v) and the expected number of reinfections (nλ) (as, the total
infectious force, λR+λS, provides the overall rate of reinfection, and 1/π provides the
duration of the Latency period):

(A3)

Third, we express the drug treatment rate as a function of the treatment coverage δ:

(A4)

And finally, we use the expressions (1) for the probabilities fS and fSR:

(A4)

Applying the substitutions (A2–5) to the dynamic set (A1) we obtain the following system,
describing the dynamics of all the variables from Table 1b (with the exception of f):
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(A6)

Here we list the equations in a form that keeps the right side of the equations as simple as
possible to facilitate our subsequent investigation of equilibrium conditions.

The equations (A6), together with the equation (4) for f, provide the full set of equalities for
the values of all the variables (S, LS, LR, M, ε, nλ,v, and f) from Table 1b in equilibrium:

(A7)

A2. System equilibria
The dynamic system (A6) has at most 4 equilibria (as the solutions of (A7)), namely:
Disease free; DS strain only; DR strain only; and DR and DS coexistence. In order to
distinguish the epidemiological state variables with respect to the state we label them in
superscripts with the marker of the state: *0 (disease free), *S (DS only), *R (DR only), and
* (coexistence) correspondingly.

a) Disease free (*0; )

(A8)

This equilibrium is stable only if both RR, RS<1, and unstable otherwise.

b) DS strain only (*S; v*S≡0)

(A9)

This equilibrium is not possible unless RS>1 and ηδ=0, and is stable only if the invasion
reproductive number for the DR strain is less than 1. The latter condition can be tested by
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calculating the secondary DR cases (K) a single infectious DR individual would produce by
adding up all the individual routes of reproduction:

(A10)

Substituting the expressions on the lines 2–6 of (A10) into the inequality on line 1, we
obtain the relationship between the strain reproductive numbers (RS and RR) that provides
the stability of *S (compare with (6) from main text):

(A11)

c) DR strain only (*R; v*R≡1)

(A12)

This equilibrium is not possible unless RR>1, and it is stable only if the invasion
reproductive number for DS strain is below 1. This condition can be tested by analogy with
(A10):

(A13)

Summation of (A13), yields the relation between the strain reproductive numbers that
provide the stability of *R (compare with (5) from main text):

(A14)
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d) Mixed-strain: the coexistence of DS and DR strains (*; 0<v*<1)
The sizes of all the 7 compartments in this equilibrium can be expressed by just two values:
the equilibrium fraction of the infection force due to DR strain (v*) and the number of
reinfections ( ):

(A15)

For the values v* and  we have the following two equations:

(A16)

The brackets denote an average, with the appropriate weighting shown in subscript:

〈g|h〉α≡(1−α)g+αh. For ease of presentation visualization, we also retain ε* in the above
equation; ε* is a complicated combination of v* and .

The first equation of (A16) is derived by dividing the line 6 in (A7) by the line 7 and
simplifying the result by substituting the expressions for , and M* from (A15). This
equation shows how the relative fitness of the strains (left-side of equation) are linked with
the mechanisms of interaction between the strains (described by parameters on right-side of
the equation).

The second equation is obtained by summation of the lines 6 and 7 in (A7) and the following
simplification with the use of expressions for S*, , and M* in (A15). This equation
shows how the two strains together deplete the pool of susceptible individuals.

The conditions when * equilibrium exists can be obtained by analyzing the behavior of the
first equation in (A16) at the limit of either v*→0 or v*→1, substituting the corresponding
value of  from the second equation. For non-zero acquired resistance in the presence of
treatment (ηδ>0), we always have v*>0, and the only boundary of the coexistent area
corresponds to v*=1 (the boundary between * and *R) (compare with (A14)):

(A17)
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If we ignore acquired resistance, then we also have a boundary between * and *S with an
additional condition, corresponding to v*=0 (compare with (A11)):

(A18)

Conditions allowing for the existence of the equilibrium * map 1:1 to the conditions when
each of the other equilibria (*0, *S, and *R) are unstable.

A3. Mixed-strain equilibrium analysis
Despite the complexity of the equations (A16), there are several important cases when the
system can be significantly simplified and analyzed.

a) Symmetric reproduction (ηδ=θδ=0; fD=1/2)
If we assume that the model has symmetrical structure in respect to both the strains and the
strains differ only by their reproductive numbers, the equations (A16) can be rewritten as:

(A19)

In the case of low prevalences ( ) the equations (A19) can be resolved:

(A20)

As the fraction of infectious force in mixed-equilibrium is restricted to 0<v*<1, the
coexistence is allowed if RR falls into the range:

(A21)

yielding the equation (9) from the main text.

b) Strain-dependent within-host competition (φ=1)
If the chance of the bacteria to win within-host competition is entirely determined by strain-
specific factors, and there are no effects of the acquirement of resistance and within-host
drug selection (ηδ=θδ=0), the equations (A16) can be significantly simplified:

(A22)

In the case of low prevalences ( ) and different abilities of strains to within-host
competition (fD≠0.5) the equations (A22) can be resolved:
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(A23)

Substituting the last equation of (A23) into to the condition 0<v*<1 yields the equation (10)
from the main text for the range of RR allowing coexistence:

(A24)

c) Strain-independent within-host competition (φ=0)
If within-host dynamics of the bacteria are similar for both strains, the equations (A16) can
be rewritten as:

(A25)

The first equation in (A25) shows that coexistence may occur even if the reproductive
numbers RS and RR differ from each other when either acquired resistance (ηδ>0) or
selection of DR subpopulations by drugs (θδ>0) is possible. In the absence of these two
effects (ηδ=θδ=0) the system (A25) reduces to:

(A26)

yielding the fundamental result that only the two strains with equal reproductive numbers
may coexist without interaction using the same susceptible pool.

If acquired resistance can occur but there is no selection of DR subpopulations (ηδ>0; θδ=0),
the system (A25) can be resolved as:

(A27)

If, alternatively, acquired resistance does not occur but DR subpopulations occurring among
those progressing from mixed infections can be selected by treatment (ηδ=0; θδ>0), the
system (A25) can be rewritten as:

(A28)
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The analysis of the limits v*→0 and v*→1 in (A28) yields the equation (11) from the main
text for the range of RR, allowing the coexistence of the strains specifically because of
within-host drug selection effect:

(A29)

Links to previous models—The equations (A16) allow us advance the results of earlier
studies of mixed infection with DR and DS strains of TB [35, 51]. These previous models
are “nested” within our current approach and represent the setting in which φ=1, fD=1/2 and
θ=0, resulting in simplified equations:

(A30)

(see Figure 2a). Our model allows us to include the effects of both strain-dependent and
strain-independent mechanisms of within-host competition (φ<1 in equation (11); fD≠1/2,
Figure 2b) as well as the potential for drug treatment to select for minority drug-resistant
strains present in individuals with apparent drug sensitive disease (θ=1, the effect of
alteration δ=0→δ=1 on Figure 2c).

Appendix B. Strain-independent competition within the host
Since we are interesting in studying coexistence, we must first confirm that our model does
not incorporate artificial (i.e. “built in”) mechanisms that support the stable coexistence of
strains. We test the “neutrality” of the model by considering two strains that are identical
except for some neutral marker. According to [52], a neutral model must meet two criteria:
“ecological neutrality” and “population genetic neutrality”. Ecological neutrality requires
the dynamics of the ecological variables (the number of uninfected hosts, the number
infected with 0, 1, 2, … strains, etc) to depend on the ecological state variables but, given
these, to be independent of the identity of the particular strains involved. Population genetic
neutrality means that there should be no stable equilibrium frequency of the strains in the
model; rather, it should be possible to choose initial conditions to guarantee an arbitrary
frequency of strains that remains constant for all time. Application of both the criteria to our
model allows us to determine fN (and, using (2), for probability f) for the important cases we
need.

The equation set (A1) can be rewritten for the case of two identical strains via the
substitution of d=φ=θ=0 and setting ISR=0. For the remaining compartments we have:

(B1)

Here we are using the subscripts ‘1’ and ‘2’, instead of ‘S’ and ‘R’, in order to underscore
that the two strains are indistinguishable.
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a) Ecological neutrality
According to this criterion, the ecological dynamics of the infection must be independent of
the relative strain frequencies. Thus, introducing L, I and λ for the combined latent class,
infectious class, and force of infection:

(B2)

and summarizing 2–4 and 5–6 equations in (B1) we obtain:

(B3)

The absence of any dependence of the totals on the strains composition proves that the
system (B1) satisfies the ecologic neutrality criteria regardless of the value of fN.

b) Population genetic neutrality
b1) Criterion formulation

According to the population genetic neutrality criterion, for every value of the relative strain
frequency there is a choice of the initial conditions possible that keeps this value constant
regardless of the subsequent dynamics of the system. In the other words, if we introduce the
time-dependent frequency of the second strain as:

(B4)

and postulate that the relation between the infection forces remained the same over the past:

(B5)

we must find such an expression for fN, that provides:

(B6)

regardless of the dynamics of S, L and I.

It is challenging to provide a full analysis of the strain frequency dynamics for the whole
system (B1), thus we break this analysis into several steps. Applying the definition (B4) to
the last equation of (B1), and using the equation (B3) for the total Infectious derivative, we
first obtain:

(B7)

Now, using the criteria (B6), we obtain the general expression for the competition
probability that forces the model to satisfy the population genetic neutrality criteria:
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(B8)

To derive the ratios L/M and L2/M, we require insight on the dynamics of the latency
compartments L, L2, and M.

b2) Criterion for the steady state
We first assume, that the system is in the ecological steady state and:

(B9)

According to genetic neutrality criteria, the frequencies of each of the latency compartments
must also remain:

(B10)

Here the number of reinfections nλ and the fraction of the infection force due to the second
strain v are introduced in the same way as in equation (A3) of the Appendix A:

(B11)

Solving (B10) in respect to L/M and L2/M, and substituting them to (B8), we obtain a
probability of the strain-independent competition probability in equilibrium:

(B12)

Together with the expression (2) from the main text, (B12) reproduces the expression (4) for
overall probability f. (B12) shows that the strain-independent probability fN is a function of
the number of reinfection events and strain frequencies. We note the probability (B12)
approaches 1/2 if reinfection is rare (nλ≪1) or if the strain infection forces are equal (v=1/2).
The other important conclusion from the analysis of ((B12) is that the strain-independent
probability of the strain to win the competition is monotonically increasing with the relative
frequency of the strain in population. In other words, in order to preserve neutrality, the
more frequent strain has to show a competitive advantage. In contrast, when we use strain-
dependent probability (φ=1 → f=fD), we implicitly provide the less frequent strain with a
competitive boost.

b3) Criterion in the generalized case
There are no simple expressions for M/L and L2/L ratios in generalized dynamical case, but
there is still some insight we can gain. We describe the current distribution of the strains in
the population within the following assumptions:

1. Among those in the Latent class, there is a known distribution gn of the number of
reinfection events (n) the individuals experience by the moment of developing the
disease:
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(B13)

2. Each strain has been responsible for the same fraction of the total infection force in
the past (vt=v=const).

3. The probability that an infection event is due to a particular strain is equal to its
relative frequency (i.e. an assumption of homogenous mixing).

In such a case, the probability that a particular latently infected individual has been
reinfected n times, and m ∈ [0.. n+1] of the total number of infections are due to the second
strain, is:

(B14)

With the use of (B13), for the ratios M/L and L2/L we have:

(B15)

Substituting (B15) to (B8) we obtain the expression for the strain-independent competition
probability:

(B16)

Accordingly, different assumptions about the distribution gn result in different expressions
for the probability fN.

b4) Reinfection number distribution examples
Here we calculate the expression (B16) for a few distributions of the number of reinfection
events.

1. Geometric distribution case—Let the value gn to have a geometric distribution with
the mean nλ:

(B17)

relevant to the equilibrium case with a normal distribution for the disease-progression times.
In this case, the summation of (B16) results into familiar:
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(B18)

reproducing (B12).

2. Poisson distribution case—Let the value gn to have a Poisson distribution with the
mean nλ:

(B19)

relevant to the equilibrium case, when the duration of latency is set to be the same for all
hosts. In this case, the summation of (B16) results into:

(B20)

3. Two-point distribution—Let the value gn to have the distribution (B17), but with non-
zero values only for n=0,1:

(B21)

This is possible if only a single reinfection event can occur. In this case, the summation of
(B16) results in a simple expression:

(B22)

Appendix C. An expanded model
Here we expand the model depicted in Figure 1 to include a more detailed representation of
the natural history of tuberculosis. The results of our simpler model presented in the main
text are supported by this analysis and similar relationships are found through the
redefinition of model parameters.

The model shown in Figure C1 is based on the model on Figure 1 but with several new
details considered. We allow for a different susceptibility to reinfection as compared to
infection (by the factor κ), allow for different mortality from each of the compartments (μS,
μL, and μI for Susceptible, Latent and Infectious compartments correspondingly), allow for
those in the latent compartment the opportunity to arrest progression (with the rate γ),
provide those with DR and DS disease treatments of different efficacy (with the rates dR and
dS), and allow those with Infectious disease to self-cure at the rate h.

The full system of the dynamic equations of the Model on Figure A1 is:
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(C1)

The system (C1) is distinct from (A1) and has different dynamical behavior. However, in the
following, we show that at equilibrium, the system described by (C1), can be reduced to that
of (A1) through simple parameter renormalization.

By analogy with derivations (A1–7), applying the following substitutions:

(C2)

and setting the time-derivatives to zero, yields the following equations for the equilibrium
values of the variables of the Table 1b:

(C3)

Summarizing the equation lines 2–4 in (C3), we obtain:

(C4)

Substituting (C4) into the first equation of (C3) and using the following redefinition of the
model parameters and variables:

(C5)
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we reduce our system of equations to one that is identical to (A7) (and, therefore, according
to Appendix B, obtaining the same expression for the equilibrium value of f):

(C6)
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Figure 1. Model structure
Compartment and parameters are defined in Table 1. The dashed arrows show the effects of
drug treatment. The population size is normalized to 1.
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Figure 2. Coexistence analysis
The effect of (a) reproductive numbers, (b) relative fitness, and (c) drug treatment on the
coexistence area of drug-sensitive and drug-resistant strains
a) The coexistence area as a function of DS and DR reproductive numbers (see equation
(8)). The following parameters have been chosen for visualization here: φ=1 and fD=1/2
(equivalent to fS+fSR=f=1/2); δ;=0; η=0; and r=0.2 π.
b) The coexistence area for the case where one of the strains has a higher competitive ability
(see equation (10)). Here φ=1 and fD=0.7 (equivalent to fS+fSR=0.3 and f=0.7); δ=0; η=0;
and r=0.2 π. The blue dashed arrow shows the variation of the steady state frequencies of the
strains in a hypothetical scenario of increasing prevalence. In this case, a DR strain with a
lower effective reproductive number, but higher within-host competitive ability, may 1) be
excluded from the population, 2) coexist with the DS strain, 3) exclude the DS strain, 4) and
again coexist with the DS strain as prevalence increases.
c) Drug treatment may expand the area of coexistence by selecting for minority DR strains
in those progressing to sensitive disease from mixed infection (the flow ISR→IR on figure 1,
see also equation (11)). The solid lines are the borders of coexistence area for θδ=0, whereas
the dashed lines show θδ=1. The other parameters are: φ=1 and fD=0.3 (equivalent to
fS+fSR=0.7 and f=0.3); η=0; and r=0.2 π.
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Figure C1. Expanded model structure
Additional parameters for this model (beyond the model shown in Figure 1) include κ
(susceptibility to reinfection compared to infection); μS, μL, and μI (mortality rates for
Susceptible, Latent and Infectious compartments, respectively); γ (rate of reversion from
latency); h (rate of TB self-cure); dS and dR (drug cure rates for drug-sensitive and drug-
resistant TB).
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Table 1
State variables and parameters

a) Model parameters that must be provided. We define logical ranges and identify values used to demonstrate
model behavior in Figure 2.
b) Model variables that characterize the epidemiologic state of the system. The final column references the
equations that allow us to determine equilibrium values of variables.
c) Combined parameters that are combinations of the variables and parameters of Table 1a–b. The
corresponding expressions are provided in final column.

a) Independent Parameters

Parameter Description Logical range Selected for demonstration

RS Basic reproductive number of DS strain including the effect of antibiotics
(referred in the text as “reproductive number of DS strain”)

[0..∞) [1..10]

RR Basic reproductive number of DR strain including the effect of antibiotics
(referred in the text as “reproductive number of DR strain”)

[0..∞) [1..10]

φ Fraction of the outcome of within-host competition that is dependent on strain-
specific factors

[0..1] 0, 1

fD Probability for a DR strain to outcompete a DS strain within a co-infected host
if the outcome depends entirely on strain-specific factors

[0..1] 0.3, 0.5, 0.7

θ Probability of DR strain to persist in a host if outcompeted by DS strain [0..1] θδ = 0, 1

δ Proportion of TB cases receiving antibiotic treatment (i.e. treatment coverage) [0..1] θδ = 0, 1

η Probability of acquiring drug resistance on treatment1 [0..1] ηδ = 0

r Susceptible recruitment rate2 (0..1) π 0.2 π

π Progression rate from Latent infection to TB disease3

μ Rate of self-cure from TB3

b) Variables of Epidemiologic State

Variable4 Description
Equation(s), determining the value

in Equilibria

S Frequency of Susceptibles (S=1 for disease-free equilibrium) A8; A9; A12; A15

LS Frequency of Latent infection with DS strain only A8; A9; A12; A15

LR Frequency of Latent infection with DR strain only A8; A9; A12; A15

M Frequency of Mixed Latent infection with both DS and DR strains A8; A9; A12; A15

nλ The expected number of reinfections the host will experience during latency period
under the current infectious force (referred in the text as “number of reinfections”).

7 or A9; 8 or A12; A16

v Fraction of total infection force due to the DR strain A16

ε Fraction of those with DS TB that have some remaining DR bacteria A15

f Overall probability that DR strain to outcompete a DS strain within a co-infected host 4

c) Combined Parameters

Parameter4 Description Combination

d Rate at which those with TB are detected and treated μδ(1 − δ)

fN Probability that DR strain to outcompete a DS strain within a co-infected host if the outcome does not
depend on strain-specific factors

(f − φfD)/(1 − φ)

fS Probability that host with mixed infection develops DS TB with no remaining DR bacteria (1 − θ) (1 − f)

fSR Probability that a host with mixed infection develops DS TB with some remaining DR bacteria θ (1− f)
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c) Combined Parameters

Parameter4 Description Combination

λR Force of infection due to the DR strain vnλπ

λS Force of infection due to the DS strain (1 − v)nλπ

IS Frequency of DS TB without subpopulation of DR bacteria (1 − ε)λS/(μ +d) RS

ISR Frequency of DS TB with a subpopulation of DR bacteria ελS/(μ + d) RS

IR Frequency of DR TB λR/μRR

1
The value of the acquired resistance is set to zero for the results in Figure 2 in order to show the DR strain invasion threshold

2
r<π, as the duration of latency cannot exceed the lifespan

3
The value of the parameter is not needed for the results shown in Figure 2

4
The equilibrium values for the dynamic variables or their combinations are denoted by corresponding superscripts: *0 (disease free), *S (DS

only), *R (DR only), and * (mixed-strain)
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