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The enzyme fumarase catalyzes the reversible hydration of
fumarate to malate. The reaction catalyzed by fumarase is criti-
cal for cellular energetics as a part of the tricarboxylic acid cycle,
which produces reducing equivalents to drive oxidative ATP
synthesis. A catalytic mechanism for the fumarase reaction that
can account for the kinetic behavior of the enzyme observed in
both isotope exchange studies and initial velocity studies has not
yet been identified. In the present study, we develop an 11-state
kinetic model of the enzyme based on the current consensus on
its catalytic mechanism and design a series of experiments to
estimate the model parameters and identify the major flux
routes through the mechanism. The 11-state mechanism
accounts for competitive binding of inhibitors and activation by
different anions, including phosphate and fumarate. Themodel
is identified from experimental time courses of the hydration of
fumarate to malate obtained over a wide range of buffer and
substrate concentrations. Further, the 11-state model is found
to effectively reduce to a five-state model by lumping certain
successive steps together to yield amathematically less complex
representation that is able to match the data. Analysis suggests
the primary reaction route of the catalytic mechanism, with
fumarate binding to the free unprotonated enzyme and a proton
addition prior to malate release in the fumarate hydration reac-
tion. In the reverse direction (malate dehydration),malate binds
the protonated form of the enzyme, and a proton is generated
before fumarate is released from the active site.

The fumarate hydration reaction is the seventh step of the
tricarboxylic acid (TCA) cycle, which is the biochemical path-
way responsible for oxidizing acetyl-coenzyme A (an end prod-
uct of carbohydrate and fatty acid oxidation) to generate reduc-
ing equivalents to drive the synthesis of ATP in aerobic
metabolism. Although fumarase (also called fumarate hydra-
tase) plays a critical role in cellular energy metabolism, a con-
sensus catalytic mechanism that can explain the available
kinetic data on the fumarase reaction is yet to be determined.
The need for a quantitative understanding of this enzyme’s cat-
alytic mechanism is magnified by recent studies that link vari-
ability in this enzyme’s genetic sequence with alteredmetabolic

function in rat models of hypertension and cardiovascular dis-
ease (1).
A number of putative mechanisms for mammalian heart-

derived and yeast fumarase have emerged from kinetic studies
conducted over more than 50 years. Based on isotope exchange
studies, Hansen et al. (2) proposed the five-state mechanism
with six elementary reaction steps shown in Fig. 1A. In this
proposed mechanism, a hydrogen ion and fumarate molecule
associate with the enzyme in random order. The next steps in
the hydration reaction (conversion of fumarate to malate)
involve the addition of a hydroxyl group and dissociation of
malate. Rose et al. (3) showed that both protonated and unpro-
tonated forms of the unbound enzyme are able to associatewith
either malate or fumarate and proposed a six-state mechanism,
including a protonated enzyme-malate complex (4), shown in
Fig. 1B.
Later, Rose et al. (5–7) proposed a mechanism involving a

stepwise interconversion of substrate- and product-free
enzyme forms associated with proton transfers and conforma-
tional changes. This “slow recycling” of the enzyme, as part of
the process of recovering fromdehydration to be able to initiate
a forward reaction, suggests that a malate-specific isoform first
undergoes proton transfer and a conformational change to gen-
erate a nonspecific state. The different forward and reverse
reaction mechanisms described by Rose et al. (5–7) are repre-
sented in the consensus mechanism of Fig. 1C, in which all
reaction steps are reversible. This mechanism is tested here for
its ability to explain the kinetic data.
Data from previous kinetic studies (measurements of quasi-

steady initial reaction rates at various reactant concentrations)
have been analyzed using mechanisms entirely different from
those suggested by the isotope exchange studies. Studies by
Alberty et al. (8, 9) and Hill and Teipel (10) have yielded the
following conclusions: at low fumarate concentrations (�1
mM), the enzyme exhibits simpleMichaelis-Menten kinetics; at
intermediate concentrations of fumarate (�0.001–0.033 M),
allosteric activation of the enzyme apparently by binding of
substrate to the regulatory site, is observed; and at concentra-
tions of 0.1 M and higher fumarate, apparent inhibition takes
place. These observations have been interpreted to reveal neg-
ative cooperativity (10, 11). Indeed, the enzyme occurs as a
tetrameric complex in mammals with additional sites that can
bind both reactants (12). In addition, several anions, including
inorganic phosphate, have the capacity to activate the enzyme,
presumably through allosteric mechanisms. However, in cer-
tain concentrations (less than �5 mM) inorganic phosphate
acts as an inhibitor. It is not clear if fumarate, malate, phos-
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phate, and other anions compete for binding to the allosteric
activation sites. Furthermore, it is not known whether or not
the observed inhibition by phosphate at low concentration is
due to competition with substrates for the active site. Finally,
the kinetics of fumarase have been observed to be sensitive to
the ionic strength of the reaction medium (11). Although a
number of competingmechanisms have been proposed, no sin-
gle self-consistent explanation for all of these data has been
developed.
Herewe report on a series of experiments designed to resolve

an explanation for the catalytic and regulatory mechanism of
the enzyme and determine the associated kinetic parameters
for an isoform purified from pig heart. Rather than obtaining
only estimates of quasi-steady initial reaction fluxes, as is typi-
cal in studies of enzyme kinetics (10, 11), here we obtained and
analyze time courses of reaction progress under a range of reac-
tion conditions. Because these time course data sweep a con-
tinuous range of substrate and product concentrations, they
contain significantly more information than available from
quasi-steady flux measurements alone. Analyzing these data
usingmechanisms adapted fromRose et al. (5–7), we are able to
determine an appropriate mechanistic model that can explain
our data.

MATERIALS AND METHODS

Experimental Procedures—Porcine heart fumarase (ECnum-
ber 4.2.1.2) was obtained from Sigma (F1757) as an ammonium
sulfate suspension. 500 units of the enzyme were resuspended
in 3.2 M ammonium sulfate and spun down at 10,000 � g for 10
min. The supernatant was carefully removed, and the pellet was
resuspended in 0.25ml of 5mM sodium phosphate buffer at pH
equal to the pK of phosphate (�6.8) to a final activity of 2000
units/ml. Sodium fumarate solutions of 0.1, 1, 10, and 100 mM

concentration were prepared in sodium phosphate buffers at
pH 6.8 and total phosphate concentrations of 1, 3.2, 10, 32, and
100 mM. Additional solutions were prepared at pH 6 and 8, at
high phosphate concentration (100 mM). The time course of
fumarate concentration was measured by reading the absor-
bance at 220 nm for 0.1mM, 240 nm for 1mM, and 300nm for 10
and 100 mM initial fumarate concentrations, in a 96-well UV
transparent microplate in a plate reader (Thermo Electron
Varioskan Flash) equipped with precise reagent dispensers.
The fumarase reaction was initiated by pipetting 1 �l (2 units)
of the enzyme solution on the well bottom and rapidly dispens-
ing 200 �l of fumarate solution using the plate reader’s dis-
penser immediately, whichwas followed by the recording of the
absorbance. Mixing was achieved in the well during the dis-
pensing of 200 �l of fumarate solution, which was verified by
measuring the absorbance of a blue dye mixed in a manner
similar to the enzyme. The fumarate solution was diluted 10
times for 0.1 mM initial fumarate experiments. Absorbance of
fumarate was converted into concentration by means of a cali-
bration curve obtained under the same experimental condi-
tions as the time course measurements. The absorbance mea-
surements during the enzymatic reaction were corrected for
the absorbance of the fumarase enzyme in all experiments.
Thermodynamics of the Fumarase Reaction—Fumarase cat-

alyzes the reversible hydration/dehydration of fumarate (FUM)

to malate (MAL) through the biochemical reaction (i.e. involv-
ing biochemical reactants that are sums of species).

FUMºMAL (Eq. 1)

The corresponding reference chemical reaction is as follows.

FUM2 � � H2OºMAL2� (Eq. 2)

The standard Gibbs free energy is computed as the sum of the
free energies of formation of all species.

�rG
0 � �fGMAL

0 � �fGFUM
0 � �fGH2O

0 (Eq. 3)

Thermodynamic data estimated independently of this study are
listed in Table 1.
The equilibrium constant for the reaction is computed from

the standard Gibbs free energy.

Keq � exp��
�rG

0

RT � (Eq. 4)

In our experiments, reactions are assayed in a sodium phos-
phate buffer. Relationships between species and reactant con-
centrations, which depend on the pH and concentration of
metal ions that reversibly bind to biochemical species, are
expressed in terms of the binding polynomials,

PFUM � 1 �
h

KH,FUM
,

PMAL � 1 �
h

KH,MAL
�

[Na�]

KNa,MAL
,

PPi � 1 �
h

KH,Pi

�
[Na�]

KNa,Pi

(Eq. 5)

where h represents the hydrogen ion activity, h � 10�pH.
Specific details on how to derive Equation 5 are provided in
the supplemental material. Given these forms of the binding
polynomials, relationships between reference species con-
centrations and reactant concentrations are as follows,

[FUM2�] �
[FUM]

PFUM
,

[MAL2�] �
[MAL]

PMAL
,

[HPO4
2�] �

[Pi]

PPi

(Eq. 6)

where the concentrations [FUM], [MAL], and [Pi] are the total
reactant concentrations of fumarate, malate, and inorganic
phosphate, respectively. We introduce the chemical activity
variables f, m, and p to account for the ionic strength of the
solution at a given pH and temperature. These variables corre-
spond to concentrations of fumarate, malate, and phosphate,
respectively, weighted by an activity coefficient �2 for a divalent
species.

f � �2 � [FUM2�]
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m � �2 � [MAL2�]

p � �2 � [HPO4
2�] (Eq. 7)

Over the temperature range T � 273.15–313.15 K, the effect of
ionic strength (I) on activity is approximated using the
extended Debye-Hückel equation (13, 14),

ln�z � �
��T	z2I1/ 2

1 � BI1/ 2 (Eq. 8)

where z is the charge number of the species, and the parameter
B is a constant equal to 1.6 M�1⁄2. The quantity �(T) is an empir-
ical function that varies with temperature,

��T	 � 1.10708 � �1.54508 � 10�3	T

� �5.95584 � 10�6	T2 (Eq. 9)

where T is given in Kelvin. The ionic strength of dissolved ions
in solution depends on the number n of different types of ions
present, their concentration Ci, and their valence zi.

I �
1

2 �
i � 1

n

zi
2Ci (Eq. 10)

Appropriate values for the pK values at a given ionic strength
are approximated (15, 16),

pK�I	 � pK�I0	 �
��T	

log�10	� I0
1/ 2

1 � BI0
1/ 2 �

I1/ 2

1 � BI1/ 2��
i � 1

M

vizi
2

(Eq. 11)

where the sum 
i � 1
M is over all species in a given dissociation/

association reaction, �i is the stoichiometric coefficient of spe-
cies i, and the pK(I0) values are given in Table 1 for I0 � 0.1 M.
Multistep Reversible Catalytic Mechanism—Rose et al. (6)

describe two different models for the forward and the reverse
reaction, positing a slightly different order in reaction processes
and strictly unidirectional pathways. Here we combine the two
models to obtain the fully reversible 11-state mechanism of
Fig. 1C.
Kinetic rate constants for this 11-state model are defined in

Fig. 2A. Unbound enzyme E4 binds H� and malate or fumarate
in arbitrary order to ultimately form complexes E2 and E3. The
concept of isomechanism, first introduced in 1993 byRose et al.
(4) in the context of the enzyme fumarase and further studied
by Northrop and Rebholz (17, 18) in a number of publications,
is the process by which the product is released from an enzyme
isoform that differs from the isoform the substrate binds to.
The two forms may differ both in the protonation states of
acid-base groups and in their conformations. Therefore, the
free enzymemust undergo an isomerization step to complete a
catalytic cycle. In addition, in both forward and reverse reac-
tions,malate- and fumarate-specific forms of the enzyme/com-
plex, respectively annotated as “m” and “f”, require conforma-
tional changes in order for the enzyme to recover to be available
for further reactions (5). The substrate-free protonated enzyme

(E4) is available to associate with either substrate (fumarate or
malate). The pathway E43 E53 E2 is thought to be the pri-
mary route of forward operation (net production of malate
from fumarate) (5), and the pathwayE23E1f3E4 is thought to
be the primary route in the reverse direction (6).
This mechanism may be simplified by assuming rapid equi-

librium for H� binding,

K26 �
k62

k26
, E6m � E2

h

K26
,

K35 �
k53

k35
, E5f � E3

h

K35
,

K14m �
k41m

k14m
, E4m � E1m

h

K14m
,

K14f �
k41f

k14f
, E4f � E1f

h

K14f
(Eq. 12)

where the rate constant kij corresponds to the reaction Ei3 Ej.
The formulation of the quasi-steady-state expression for this

mechanism is detailed in the supplemental material.
Analysis of the kinetic data (see below) using this model (see

supplemental material) revealed that the best fit to the data
occurred when the conformation state changes were main-

FIGURE 1. Possible reaction mechanisms for fumarase. A, five-state revers-
ible mechanism proposed by Hansen et al. (2), including the requisite addi-
tion and release steps for malate (M), fumarate (F), hydroxyl (OH�), and proton
(H�) and two alternative pathways for binding-release of fumarate and one
for malate. Subscripts 1, 2, and 3 denote free, malate-bound, and fumarate-
bound unprotonated enzyme, respectively; states 4 and 5 correspond to free
and fumarate-bound protonated enzyme, respectively. B, six-state reversible
mechanism, including an additional protonated enzyme-malate complex E6
(3). Both fumarate and malate can either bind to the protonated or to the
unprotonated enzyme. C, 11-state reversible mechanism adapted from Rose
et al. (6), including isomechanism-isomerization steps to account for the sub-
strate specificity of the enzyme form and the recycling process. Subscripts f
and m denote fumarate and malate specificity, respectively.
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tained arbitrarily close to equilibrium. (Details of these simula-
tions are not shown here.) For example, the rate constants k32
and k23 could be set to arbitrarily high values without affecting
the ability of themodel to fit the data, as long as a constant ratio
k32/k23 wasmaintained. Therefore without diminishing its abil-
ity to match the measured kinetics, the model may be reduced
in complexity by assuming that these steps are maintained in
rapid quasi-equilibrium. Specifically, the following rapid equi-
librium assumptions are applied,

K23 �
k32

k23
, E3 � E2

1

K23
,

K55f �
k5f 5

k55f
, E5 � E5fK55f,

K66m �
k6m6

k66m
, E6 � E6mK66m,

K44f �
k4f4

k44f
, E4f � E4

1

K44f
,

K44m �
k4m4

k44m
, E4m � E4

1

K44m
(Eq. 13)

In addition, optimal fits to the data are obtained by accounting
for the effects of ionic strength by assigning an effective charge
to the active site and each enzyme-substrate complex. Several
schemes were tested for these charges, chosen to be integers
and constrained so that the overall system is balanced in terms
of charges. In the scheme shown in Fig. 2A, the unbound pro-
tonated active site, E4, is assumed to have valence 0, which was
determined to give the best results.
Given these effective charges, the individual rate constants

and dissociation constants take the following form,

k12 � �1k12
0 , k21 � �3k21

0 , k13 � �1k13
0 ,

k31 � �3k31
0 , k64 � �2k64

0 , k46 � k46
0 ,

k45 � k45
0 , k54 � �2k54

0 ,

K14m �
1

�1
K14m

0 , K26 �
�2

�3
K26

0 ,

K35 �
�2

�3
K35

0 , K14f �
1

�1
K14f

0 (Eq. 14)

where kij0 andKij
0 are the rate and dissociation constants at I� 0,

and the activity coefficients are obtained from Equation 8.
Quasi-steady-state Model—In our experiments, the total

amount of enzyme is by several orders of magnitude lower than
the initial fumarate concentrations used. In this case, the kinet-
ics of the reaction can be described by a steady-state approxi-
mation of the enzyme states.
At steady state, the net production of malate is equal to the

net consumption of fumarate.

E6k64 � E4mk46 � E2k21 � E1mmk12

� E4fk45 � E5k54 � E1ffk13 � E3k31 (Eq. 15)

Combining Equations 12–15, E2 can be expressed as a function
of E4,

E2 � RE4 (Eq. 16)

where

R �

m�k46 �
K14m/h

K44m
k12� � f�k45 �

K14f/h

K44f
k13�

k21 � K66m

h

K26
k64 �

1

K23
�k31 � K55f

h

K35
k54�

(Eq. 17)

The total enzyme concentration is conserved.

E0 � E1mI1m � E1fI1f � E2I2 � E3I3 � E4I4 � E4mI4m

� E4fI4f � E5I5 � E5fI5f � E6I6 � E6mI6m (Eq. 18)

Here the factors Ii represent inhibition terms that account for
dead-end binding of inhibitors to any of the 11 states in the full
scheme of Fig. 2A. Each factor depends on the concentration ck

FIGURE 2. A, 11-state reversible catalytic mechanism adapted from Rose et al.
(6), accounting for the isomechanism for enzyme recycling with first-order
rate constants. Subscripts f and m denote fumarate and malate specificity,
respectively. Dashed line boxes indicate states that are lumped through quasi-
equilibrium assumptions. Dead end competitive binding of fumarate and
phosphate are not represented. B, six-state model obtained from applying
quasi-equilibrium assumptions to the 11-state model in A.
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of the inhibitor k and its associated dissociation constant Ki,k
according to the general form,

Ii � 1 � �
k

ck

Ki,k
(Eq. 19)

where the term Ii is associated with competitive binding at
enzyme state i. To analyze our kinetic data we assumed a gen-
eral inhibition pattern, with fumarate and phosphate poten-
tially participating in dead-end binding to each enzyme state.

Ii � 1 �
f

Ki,f
�

p

Ki,p
(Eq. 20)

This inhibition pattern assumes that fumarate and phosphate
form dead-end complexes with enzyme state Ei. This general
model includes 22 inhibition constants. In analyzing the kinetic
data below, the majority of these inhibition steps were judged
unnecessary to explain the data and have been removed from
the model.
Combining Equations 12–18, we can obtain the following.

E4 � E0/� I4 �
1

K44m
� I4m �

K14m

h
I1m� �

1

K44f
�I4f �

K14f

h
I1f�

� R�I2 �
1

K23
�I3 �

h

K35
�I5f � K55fI5	� �

h

K26
�I6m � K66mI6	��

(Eq. 21)

In addition to the apparent inhibitory effects, our model
assumes that binding of anions to an allosteric regulatory site is
necessary for catalysis. To model this effect, we compute the
fraction of enzyme that is catalytically active as the fraction that
is bound to any of a number of specific anions,

Fa �

�
j

cj/Ka, j

1 � �
j

cj/Ka, j

(Eq. 22)

where cj represents the set of anions thought to act as allosteric
activators, and Ka,j is the associated dissociation constant. Spe-
cifically, the model allows for possible activation by phosphate
and fumarate.

Fa �
p/Ka,p � f/Ka,f

1 � p/Ka,p � f/Ka,f
(Eq. 23)

(Allowing for activation by malate does not improve the fits to
the data.)Given the above, the net steady-state flux is computed
as follows,

J � Fa�E6k64 � E4mk46 � E2k21 � E1mmk12	 (Eq. 24)

where E6 and E1m are computed from Equations 12, 13, 16, 17,
and 21.
Thermodynamic Constraints on Model Parameters—Feasi-

ble values for the rate constants are constrained by several ther-
modynamic relationships. First, the chemical equilibrium con-
stant for the reaction can be shown to be equal to the following
ratio.

Keq �
K66mk64k45K35K23

K26k46k54K55f
(Eq. 25)

Second, there exist two additional thermodynamic constraints
associated with non-productive loops in the catalytic cycle.

k21K44mk46K26

k12K14mk64K66m
� 1,

k31K44fk45K35

k13K14fk54K55f
� 1 (Eq. 26)

Alternate Formulation—The 11-state model may be further
simplified by lumping sequential step conformation states into
single kinetic states. Assuming quasi-equilibrium for these con-
formations (Equation 13), the mechanism of Fig. 2A is equiva-
lent to the model of Fig. 2B, in which the correspondence
between rate/dissociation constants is as follows,

k�12m � k12, k�21m � k21

K23

1 � K23
,

k�12f � k13, k2�1f � k31

1

1 � K23
,

k�46 � k46

K44f

1 � K44f � K44f/K44m
,

k�64 � k64

K66m

1 � K66m
,

k�45 � k45

K44f

1 � K44f � K44f/K44m
,

k�54 � k54

K55f

1 � K55f
,

K�26 � K26

1 � K23

K23�1 � K66m	
,

K�25 � K35

1 � K23

�1 � K55f	
,

K�14m � K14m

K44f/K44m

1 � K44f � K44f/K44m
,

K�14f � K14f

1

1 � K44f � K44f/K44m
(Eq. 27)

and the new expressions for inhibition constants are as follows.

K�i,k�1m	 � Ki,k�1m	,

K�i,k�1f 	 � Ki,k�1f 	,

K�i,k�2	 � �1 � K23	
Ki,k�2	Ki,k�3	

Ki,k�2	 � K23Ki,k�3	
,

K�i,k�4	 � �1 � K44f �
K44f

K44m
�Ki,k�4	Ki,k�4m	Ki,k�4f 	
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/�Ki,k�4	Ki,k�4m	 �
K44f

K44m
Ki,k�4	Ki,k�4f	 � K44fKi,k�4m	Ki,k�4f	� ,

K�i,k�5	 � �1 � K55f	
Ki,k�5	Ki,k�5f	

Ki,k�5	 � K55fKi,k�5f	
,

K�i,k�6	 � �1 � K66m	
Ki,k�6	Ki,k�6m	

Ki,k�6	 � K66mKi,k�6m	

(Eq. 28)

With this formulation, the number of adjustable parameters
can be reduced by five.
Equations 17 and 21 then reduce to the following,

R �

m�k46 � k12m

K14m

h � � f�k45 � k12f

K14f

h �
k21m � k64

h

K26
� k21f � k54

h

K25

(Eq. 29)

and

E4 � E0/�K14m

h
I1m �

K14f

h
I1f � RI2 � I4 � R

h

K25
I5 � R

h

K26
I6�
(Eq. 30)

The expressions forR and E4, fromEquations 29 and 30,may be
substituted in the flux expression (Equation 24) defined from
the mass balance, to yield the quasi-steady-state law.

J �
p/Ka,p � f/Ka,f

1 � p/Ka,p � f/Ka,f
(Eq. 31)

�

E0�k64

h

K26
R � k46m � k21R �

K14m

h
k12m�

K14m

h
I1m �

K14f

h
I1f � RI2 � I4 � R

h

K25
I5 � R

h

K26
I6

Time Course Simulations—In a well mixed reaction system,
the kinetics of fumarate and malate are governed by the ordi-
nary differential equations,

d[FUM]

dt
� �J,

d[MAL]

dt
� �J (Eq. 32)

where J is the quasi-steady-state flux given by Equation 24 or 31.
Local Sensitivity Analysis—A local sensitivity analysis is

applied to estimate the sensitivity of the model prediction to
small changes in parameters values. A sensitivity coefficient is
computed for each parameter,

Si �
MAX�E� xi 	 0.1xi		 � E� xi	

0.1E� xi	
(Eq. 33)

whereE is theminimummean squared difference betweenmodel
estimations and data, and xi is the value of the ith parameter.

RESULTS

Themodel proposed in this paper is identified based on time
course data obtained over a large range of pH (pH 6–8) and
substrate (0.1–100mM) and phosphate (1–100mM) concentra-
tions. Themodel is then used to investigate previously reported
phenomena of effective substrate inhibition, negative coopera-
tivity, and inhibition by phosphate.
Model Identification—Fig. 3 shows measurements of fumar-

ate decay time courses given initial fumarate concentrations
spanning 2 orders of magnitude (from �0.1 to 100 mM initial
fumarate) and obtained at five different phosphate concentra-
tions. In each case, initial malate is zero. The 20 different pro-
gress curves provide data on reaction rate over a wide range of
substrate, product, and phosphate concentration. The data in
Fig. 4 represent time course measurements at zero initial
malate at 100 mM total phosphate over a range of initial fuma-
rate concentrations and pH.
In sum, the data in Figs. 3 and 4 provide themeans to identify

the adjustable parameters associated with either the full mech-
anism of Fig. 2A or the reduced mechanism of Fig. 2B. Analysis
based on the full model showed that it could be reduced based
on the rapid equilibrium of the conformational changes, as
described under “Materials and Methods,” without affecting
the fitting results.
The solid lines in Figs. 3 and 4 correspond to optimummodel

fits simulated using the reduced model based on Equation 32
with buffer conditions for each case reported in the legend and
on the graphs. Dashed lines correspond to model fits obtained
from using average parameter values from 60 independently
obtainedMonte Carlo samples of the optimal parameter space.
Because the underlying model is nonlinear, the behavior asso-
ciated with the mean values of 60 optimal parameter estimates
is not necessarily optimal. Thus, the dashed line fits are slightly
worse than the optimal solid line model fits. The parameter
values associatedwith themodel fits in Figs. 3 and 4 are listed in
Table 2, along with the sensitivity coefficients estimated from
Equation 33. Based on the 60 independent realizations of opti-
mal parameter sets, we found that the estimated values of a
given parameter were distributed symmetrically around its
mean value in the logarithmic space (i.e. the parameter distri-
butions could be explained by the log-normal distribution).
Thus, the statistics in Table 2 are reported for the log10 of the
individual parameters. The S.D. 
lp is the estimated S.D. from
the 60 samples of the log10 of the parameter value.

Here Keq is treated as an adjustable parameter, yielding an
estimate of 3.5. The value computed from Equation 4 and the
reported thermodynamic data in Table 1 is 3.86. Themodel fits
and data are in good agreement with model predictions within
the S.E. in the data or within 10% of the observed mean. How-
ever, some systematic discrepancy is observed on some of the
data sets (e.g. Fig. 3; 1 mM fumarate, 3.2–10 mM Pi). Even in its
more complex form, themodel was unable to perfectly fit those
data. Systematic bias in themodel could be due to inadequacies
in the Debye-Hückel model over the observed range of buffer
conditions or incompleteness of the model. Better fits could be
obtained, for example, by adding hydrogen ion binding inhibi-
tion steps, at the expense of additional complexity and adjust-
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able parameters. Otherwise, the majority of parameters are
estimated with reasonable sensitivities of 10% or more. Param-
eters k12m0 andK14m

0 are assigned values of zero because optimi-
zation against the kinetic data yielded values that were effec-
tively zero.
The activating and inhibiting effects of several inorganic

anions on both the forward and reverse reactions have been
reported by Massey (19, 20) and studied later by Alberty et al.
(9). As an initial guess, fumarate and phosphate were
assumed to inhibit each of the enzyme states with a different
inhibition constant. Although this general scheme greatly
increases the number of adjustable parameters, it allows us
to consider every possible inhibition pattern. The resulting
optimal fits reveal that many of these inhibition steps and
associated parameters can be omitted. Dead end binding
inhibition reactions necessary to explain the data are found

to be phosphate and fumarate binding to enzyme states 4 and
1f . Estimated binding constants for these reactions are listed
in Table 2.
Model-predicted relative fluxes through the catalytic

mechanism under steady-state conditions at pH 7, I � 5 mM,
[Pi] � 1 mM, and fumarate and/or malate concentrations of 1
mM, are reported in Fig. 5. Given the parameter set that best
fits our kinetic data (with k12m0 � 0), the developed model
predicts that the primary reaction routes for both hydration
of fumarate to malate and dehydration of malate to fumarate
involve the binding/release of fumarate to a free unproto-
nated enzyme, E1f. Furthermore, the model predicts that
there is essentially no flux through the states 1m and 4m.
This is because the best fits to the data occur when the
parameter k12m0 approaches values arbitrarily close to zero.
This observation implies that the model may be further

FIGURE 3. Fumarate concentration versus time for the fumarase-catalyzed hydration of fumarate to malate, at 25 °C, pH �6.78, in five different
phosphate buffer concentrations (1, 3.2, 10, 32, and 100 mM Pi from top to bottom). For each of the five phosphate concentrations, four different initial
fumarate concentrations were tested (�0.1–100 mM from left to right). The gray shaded bars indicate means � S.E. of the experimental data; the solid black lines
are optimum model fits; and the dashed lines correspond to model fits obtained from using average parameter values (n � 3– 6).
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reduced to a five-state model by omitting this pathway. In
that case, the malate-specific unprotonated isoform would
only bind to the free protonated form E4. Equations 29–31
then become the following.

R �

k46m � f�k45 � k12f

K14f

h �
k64

h

K26
� k21f � k54

h

K25

(Eq. 34)

E4 � E0/�K14f

h
I1f � RI2 � I4 � R

h

K25
I5 � R

h

K26
I6�

(Eq. 35)

J �
p/Ka,p � f/Ka,f

1 � p/Ka,p � f/Ka,f
� �k64

h

K26
R � k46m�

� E0/�K14f

h �1 �
f

Ki,f�1f 	
�

p

Ki,p�1f 	
� � R

� �1 �
f

Ki,f�4	
�

p

Ki,p�4	
� � R

h

K25
� R

h

K26
� (Eq. 36)

The resulting five-statemodel (with additional inhibited states)
is illustrated in Fig. 6 and discussed below.

DISCUSSION

To develop an accurate yet appropriately simple model to
describe the kinetics of fumarase, the mechanism of Rose (5, 6)
and Rose andWeaver (7) was used to build a kinetic model and
analyze a large scale kinetic data set. Analysis of the full model
of Fig. 2A revealed that a number of simplifying assumptions
are justified in comparing model predictions with the kinetic
data. Specifically, the reduced six-state model of Fig. 2B (which
was further simplified to the five-statemodel of Fig. 6) is shown
to capture the observed kinetics. It has been proposed that iso-
mechanisms could be identified from fumarase kinetics by
product inhibition (21, 22). However, those analyses were
shown to be incorrect (23). Indeed, despite a comprehensive set
of kinetic data and a detailedmodel of themechanism, we were
unable to demonstrate the influence of the isomerization steps
on the kinetics. The isomerization steps are assumed to be in
rapid equilibrium in our simplified five-state model.
Although results from this reduced model are emphasized,

several different reduced five-state models were tested for their
ability to represent the data. One alternative model was based
on the assumption that the primary pathway for fumarate
release is predominant and the secondary one may be
neglected. Another assumed only one possible pathway for

FIGURE 4. Fumarate concentration versus time for the fumarase-cata-
lyzed hydration of fumarate to malate, at 25 °C, 100 mM phosphate,
and two different pH values (pH 6 and 8). For each of the pH values, four
different initial fumarate concentrations were tested (�0.1–100 mM from
top to bottom). The gray shaded bars indicate means � S.E. of the experi-
mental data; the solid black lines are model fits; and dashed lines corre-
spond to model fits obtained from using average parameter values (n �
3– 6).

TABLE 1
Thermodynamic parameter values for fumarase (values computed for
T � 298.15 K and I � 0.1 M) (16)

Reactant Abbreviation
Reference
species �fG0

Ion-bound
species pK

kJ/mol

Water H2O H2O �237.19
Fumarate FUM FUM2� �600.03 HFUM� 4.09
Malate MAL MAL2� �840.59 HMAL� 4.715

NaMAL� 0.28
Inorganic
phosphate

Pi HPO4
2� �1096.1 NaH2PO4

� 6.78

Na2HPO4
� 0.61

FIGURE 5. Primary routes for both forward (F3 M) and reverse (M3 F)
reactions, along with associated relative net fluxes for each individual
pathway. Approximate physiological conditions are used (pH 7, 1 mM fuma-
rate (f) or malate (m) and 1 mM Pi).
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malate binding and/or release and two alternative pathways for
fumarate binding/release. Another alternative mechanism
assumed that both substrates (fumarate and malate) only bind
to the protonated form of the enzyme. Therefore, the unproto-
nated state E1 may be omitted in the kinetic analysis. Analysis
revealed that the five-state mechanism of Fig. 6 is the simplest
version of the model able to match the experimental data ana-
lyzed below. Similarly, alternative inhibition schemeswith dead
end binding of fumarate at sites other than those indicated in
Table 2 and Fig. 6 are unable to match the data and/or are not
able to improve the model fits to the data compared with the
formulations used here.
Activation of the Enzyme—Based on measurements of the

forward reaction initial fluxes as functions of phosphate con-
centration, in the limit of low fumarate concentrations, Alberty
et al. (9) determined that phosphate activates the enzyme with
an apparent half-activation concentration at [Pi] �20–30 mM.
This value is significantly different from our estimated activa-

tion constantKa,p � 0.58mM, which is measured relative to the
activity of the species HPO4

2�. At pH 7 and in the limit of low
fumarate concentrations, our data show an activation by phos-
phate with an apparent half-activation of [Pi] �0.7 mM. How-
ever, at phosphate concentrations higher than �7 mM, phos-
phate clearly inhibits the reaction. Note that it is difficult to
directly compare our data and model with that of Alberty et al.
(9) because the detailed conditions of the buffer used in the
experiments of Alberty et al. are not known.
Inhibition—It has been proposed that inorganic phosphate

acts as an inhibitor of fumarase at low concentrations of fuma-
rate (in the range of a few mM and less), perhaps through com-
petitive binding to the active site (9). This observation was
repeated in studies by Hasinoff and Davey (11), who investi-
gated the fumarase kinetics at a constant ionic strength. Our
model captures this effect of inhibition by inorganic phosphate
at low fumarate concentrations. Furthermore, model fits
require that the inhibition constants take into account the
effect of the ionic strength, by assigning effective charges on
each enzyme state (see Fig. 2). This phenomenon implies that
variation in ionic strength is partly responsible for some of the
apparent inhibition observed in previous studies.
In addition, inhibition by substrate has been reported by

Alberty et al. (9) at very high fumarate (
100 mM). Although
the developed model includes inhibition by fumarate via dead
end binding steps, these inhibition steps do not result in an
obvious or significant reduction in flux as fumarate concentra-
tion is increased over the range of 0–100 mM and under the
conditions employed here.
Cooperativity—Our results are not consistent with previous

reports of negative cooperativity (10, 11). In particular, Hasi-
noff and Davey (11) report that an apparent negative coopera-
tivity was obtained at a constant ionic strength. However, it is
not possible to directly compare our results with those of Hasi-
noff and Davey (11). In their experiments, Hasinoff and Davey
added NaCl and NaNO3 to the buffer solution to maintain a
constant ionic strength, in concentrations that are not
reported. Previous studies have shown that Cl� acts as an acti-
vator of fumarase. An accurate comparison between ourmodel
predictions and these data would require accounting for such

TABLE 2
Estimated model parameters
Sensitivity coefficients are computed according to Equation 33. Rate constants k64, k21m and k12f are deducted from other rate and dissociation constants (cf. Equations 25
and 26 for thermodynamic constraints).

Adjustable parameter Optimum estimated value p lp � �lp (lp � log10p) Mean of the optima (10lp) Sensitivity coefficient Unit

Keq 3.5006 0.5473 � 0.0069 3.5266 9.0674
k12m0 0 0 0 Not identified M�1 s�1

k460 1.91 � 106 6.3714 � 0.1535 2.53 � 106 2.1041 M�1 s�1

k450 4.46 � 105 5.7131 � 0.1382 5.45 � 105 1.2590 M�1 s�1

k540 54.12 1.7547 � 0.0776 57.80 2.7144 s�1

k21f0 5.82 � 104 4.6638 � 0.5725 9.99 � 104 0.2963 s�1

K26
0 8.28 � 10�8 �7.0108 � 1.1345 1.07 � 10�6 0.0163 M

K25
0 1.81 � 10�10 �9.6854 � 0.5363 3.91 � 10�10 0.2705 M

K14m
0 0 0 0 Not identified M

K14f
0 7.69 � 10�9 �8.4373 � 0.7186 1.19 � 10�8 0.1426 M

Ka,f 31.5 � 10�3 �1.4961 � 0.0497 32.1 � 10�3 0.1446 M
Ka,p 0.58 � 10�3 �3.2342 � 0.0552 0.59 � 10�3 0.2773 M
Ki,p(lf)
0 14.3 � 10�3 �2.2401 � 0.6673 15.1 � 10�3 0.0837 M

Ki,p(4)
0 41.7 � 10�3 �1.2348 � 0.6109 165.0 � 10�3 0.0320 M

Ki,f(lf)
0 4.0 � 10�3 �2.3149 � 0.7273 20.3 � 10�3 0.0452 M

Ki,f(4)
0 90.7 � 10�3 �1.1176 � 0.8287 272.1 � 10�3 0.0146 M

FIGURE 6. Reduced five-state mechanism adapted from the model of Fig.
2B. The pathway implicating the free unbound enzyme state E1m is
neglected. The identified inhibition pattern is also illustrated.
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an activating effect of Cl� as well as potential effects of NO3
� as

an inhibitor and/or activator. It is therefore not possible to
unambiguously analyze those data with the model developed
here. Nonetheless, it is worth noting that the steady-state flux
equation in our model has the general form of Equation 1 in
Ref. 11.
In the present study, in contrast to previous studies, the com-

plete make-up of the buffer is reported for all experiments,
along with estimated ionic strength based on the dissociation
constants reported in Table 1. The model matches the kinetic
data over ranges of fumarate and malate concentration span-
ning 4 orders ofmagnitude (from0.1 to 100mM) and phosphate
spanning 3 orders of magnitude (from 1 to 100 mM).
pH Effect—Alberty et al. (9) reported experimental measure-

ments of the pH dependence of the initial velocities at high
phosphate concentration (133mM) and for increasing fumarate
concentrations. Fig. 7 plots model predictions of the net quasi-
steady-state flux versus pH, under the same conditions. (Com-
pare with Alberty et al. (9) (Fig. 1).) Here, model predictions are
based on the assumption that ionic strength varies according to
the pH and according to the composition of the buffer. (The
buffer conditions used in Ref. 9 are not reported.) Regardless,
themodel predictions reproduce the previously reported asym-
metric bell-shaped curves, yet the predicted peaks are slightly
shifted toward lower pH than in Ref. 9.
Forward Versus Reverse Operation of the Catalytic Mech-

anism—Rose et al. (5) report that the pathway E43 E53 E2 is
the primary route of the forward operation and that the path-
way E23 E1f3 E4 is the primary route in the reverse direction
(6). As illustrated in Fig. 5, under physiological conditions, our
model predicts that both pathways are active in the forward and
the reverse directions, with about one-third of the flux going
through the first pathway and two-thirds through the second.
The relative flux values in Fig. 5 do not depend substantially
on the values of parameters not sensitively estimated, with less

than 10% variability predicted for the ensemble of 60 indepen-
dently obtained optimal parameter sets.

CONCLUSIONS

In summary, an 11-state model for the reversible catalytic
mechanism of fumarase was formulated in terms of chemical
species and accounting for ionic strength and pHaswell as dead
end binding with inhibitors and binding of anionic activators.
The model was identified by fitting experimental time courses
of the fumarate disappearance during fumarate hydration over
a wide range of substrate and phosphate concentrations and
pH. Although themodel developed here is consistent with both
the catalytic mechanism proposed by Rose et al. (6) and data
reported here, both the presentmodel and data are inconsistent
with some of the phenomena reported in the literature, such as
substrate inhibition at high fumarate concentrations and nega-
tive cooperativity.
Based on identified rapid equilibrium steps, this 11-state

model is reduced to a six-state model. It is further suggested
that the pathway involving the malate-specific free unproto-
nated enzyme state is not used in either the forward or the
reverse reaction under the conditions assayed here, resulting in
an effective 5-state model.
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