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Abstract

To de ect genetic asenci~*isn wi h common and comp. ex cisease’, .wo powerful yet quite different
multi-marker assc cia*.on tec.s have been proposed, genomic distance-based regression (GDBR)
(Wessel and S.hork 2070, AJHG 79:821-833) and ker~.i-macuine regression (KMR) (Kwee et al
2008, AJHG 52:38%-397; Wu et 1 2910, AJHG 87.:929-5Z,. iDL R is based on relating a multi-
marker sim.lar’cy metric for a gronz of subjects ‘0 vi riation in _hei trait values, while KMR is
based on nonr-.ametric e~tunates of the effects ¢ f the ~'iiple n-arkers on the trait through a
kernel functicn or <ernel matrix. Since the two appic~chee =,¢ both ,« werful and general, but
appear quite di feret, it is important to know their specifi- ielationgl..ps. In this report, we show
that, under the condi.ion that there .5 no otier covaria‘e, theze 1s a stiikin 2 correspondence
between the two cpproack_s for a orzuatative or a binary trait: if the ~.unc positive semi-definite
matrix is used as the ~.enterJ similarity matrix in GDBR anr- as the kernc: matrix in KMR, the F-
test statistic in GDBR an { the score test S.atisti > in KMR are = ual (up tc sor e ignorable
constants). The resuli is be.~ed <, the conr_cuons of both methods %y linear ' logistic (random-
effects) regression moa.ls.
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Large-scale genetic ¢ ssor.ation studies hav 2 be *n successi. ' in identi¥, ing 7. net:~ variants
associated with compiex disease and t..s, as ev'denced by r-cent achi=, ements i genome-
wide association studies (GW/.5) (Altsh=icr « t al 2008). Howe~ cr, in spit of many
identified susceptibility 11ci, th<, can explain « =iy a small fre ctio « of heritat 'lity (Mai.>t
2008). One possible reason is due to typically .inall ffect sizes ot ge_uc variants on
complex disease and traits, while oftz.. only sirzic-marker tests v/ith li=.;..ed po.ver are
applied. Hence, in spite of m ny existi=g statistic=l analysis tools, it m.ma‘..s criticai ‘o
develop and apply more powe. ul mult:-marker tests to cxisting and i-.coming gen. tic lata.
Two novel and powerful multi-mar’.er m~.unods are genomiic distance -ba sed . eg. e sior
(GDBR) (Wessel and Schork 2001)) ar d kernel machir 2 re: ression (kwee ¢ a' 2005; Wu et
al 2010). An interesting feature ot GD 3R is its app~oach “o capturing genuwype or R.ploty,e
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information across multiple loci thi ~ugh a sunilarity ».easure hetween art” .wo subiente
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Manv possible si=:12:1 ) Liicasuies can be used. A suitable similarity measure may be able to
charau terize son e comolex o -~ mu'iple loci on a phenotype, e.g. epistasis, which may
Le ‘gncred by other moi s co nr.only used and simpler models (e.g. main-effects logistic
regt *ssicn models, possit ly with some low-order interaction terms), leading to reduced
nowe . GIBR is unic.e in j*, regressior z.ualy: is relating variation in the measure of
zenomic sunilarity to ve.iation ‘2, wneir trai* values. A recent study by Lin and Schaid (2009)
derunstrat_d the high ;.ower of GDBR and its superiority over several commonly used tests
across a wide range of r¢ Zustic scenrios In a<Ziuun, Lin and Schaid (2009) showed that
GLBR is closely related to the class + f haplotyn similarity tests (Tzeng et al 2003a,b; Yuan
cuvar 2UU6; Sha e* al 2007; K!'.ir and RoeZer 2007) Fially, GDBR is general with its
Lppucaollity to other high-dirzasional d=*., such as m croarray gene expression data
(Zapala and Schork 2006) and ne:..-generatio. . sequ »ncii'g data (Wessel and Schork 2006).
Cuu e vuter nand, Kwee et al (200 propysea a line r K MR method for quantitative traits
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while VVa cuo (2011 proposed a logistic KMR mnethouology for binary traits, showing the
high pcw~. and general applicability of KMR. In particular, the numerical studies of Wu et
al (2910) pruvided evidence that logistic .ivIR was mote powerful than GDBR under some
e.mulaton set-ups Y. vIR ‘s similar to *ypic~: unear Or l¢ gistic regression in regressing a
phraotype cu genotvris (and possibly oth er covaris.es) a distinguishing feature is its

nc parametr_ modeling of the effects ~f genotypes e« a phenotype through a kernel

fun tior. or kernel matrix; the kernel functiown provide o sin ilarity measure on genotypes
betw *en « ny two subjects. In <y ite of their d=-.uatic differenc s at the first glance, since both
GDB!} anc KMR der_ud on the ase of a siinil=.ity/kernel =~*ix to measure the similarity
between any *wo subie~’, pased on theor genotypes, the ©.vo me‘hods, along with some other
similarity-saser’ nonparametric methods (Schai< ¢t al 200<; "We1 ot al 2008; Tzeng and
Zhang 201 7; 1zeng et al 2°55; Muk) opadhyay = a1 2010), ar-. bei 1g recognized to be
somewhat . =lateq, uiough th=Z, specific relationships -.e still unkiown (Schaid 2010a,b).

Our main reasc i3 w1 connecting GDBR and K. R ic Lased on t ie following observation. It

o
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has been shown that GDRD £2- L0, oy its can be formul~tcu as a Tugistic regression
problem (Han a1d Pan 2010) «%:il- KMP is equival nt to fi**.ug a random-effects
generalized linear moa 1 (Liu r. al 2053), hence the two m~%..2s at 2 rela.ed through their
common connection to & logistic .egression model for b narv &aits. No aett eless, it is still
unclear what specific - clatior.ship exists t 2twe en the twe mothod- . For ex~.mple, is one
method more powert U t.an the other, as st.own by Wu et 2. (2010? 1n th', si =, 2port, we
show that, if a common positive ser.-uefinite m. trix is use * as the (~Zutered) smalarity
matrix in GDBR and as the Lernel ma*2:x in K MR then there ‘s a strik..g cor=_-vondence
between the two method: : th-., test statistics aic eanal (up to om > ignorable constants .

First we need some notation. Given = wuudepend=z.. observations ( /;,X;) * wn Y; ¢, phenotype
and X; = (Xj1, ..., Xjr) as gei otype scozes at k SNPs for subjecti== 1. .., », we wowid like to
test for any possible associatic.. betwer.. the phenotype .ud genotype~.. The k "INk ar
possibly in linkage disequilibrium /D). ~> drawn fro.m a « andidate 1egiom o. ar. T ) b'ock.

We summarize the GDBR proced ire ¢ s the followin«,.
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Step 1. Calculate an n % n distaxce matrix for all pairs of cubjects by = = (D;) = (& —
Sjj) with 0 < S;; < 1 as an initial simiia.cy measn= vetweer subjects 1 %ud J;
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Step 2. Cal suiawc a4 = (— D;?j / 2);

Stup 3. Obtain a ce.iterc 4 s'unilar.y matrix G = (I — 11'/n)A(I — 11'/n);

Z
I Step 4. Denote y as t.e n x | vector of centered phenotypes with elements
Y v n .
> yL‘Y\_Y_Yi'Z;:le/n
> . .
%.._ step <. Calculate ti e project vy ma‘rix H=y(y’y)"1y’;
o L.
= step 6. Calculate the F-statistic « s
5
S e tr(’.uH,
= T la MG - NI
Q
=,
2 ;
where tr(A) is th> trace of 1°2uix 4.

Siice t1e (~symp*otic) distribution of F' is ur.known, to obtain a p-value, we recourse to

pen utations vy shuffling y. If G is an outer _.vauc. matrix, e.g. when the distance matrix D

is Zuclid_an, the above " test reduces f the 1"2ua: F-tes® in multivariate analysis of variance

\WMANOVA) -aierwise L is an exten: ion of MANC VA with any given distance matrix D.
Z As A cussed by IvicArdle and Anderscn (2201, ir G i< an outer product matrix, say G = ZZ’
|I with an .« X p matrix Z, the above F-test 1. simnly (¢sting 7 : B = 0 in a multivariate linear
Y
> mod.1
>
c
= Z=1u+yB+e,
o
-
=z where 1 is an 7 % 1 vector of all '’5, uis a 1 x » vector Z: unk. ow 1 intercepts, y is an n x 1
% vector of ¢ ente 'ed pher<.ypes with _iements y;, s isa 1 X » yector of unknown regression
c . : . . .
g coefficients, and € is an » *- p matrix of random e*zurs. Since ;i< the vector of centered
%- phenotypes, we nave 1’y = 0, and thus the least sq.'~.cs estimate- are
=

—_ n ~
p=7= %27 |n B=07y Yy'z
=1

If G is positive and s >mi-~¢finite (psd), by The rem 14.2.7 of Mardia <% al (1979 p.397),
Z 7= (I - %11’)20 for some matrix Zn* Zliat is, the sum of eact column ~7 2 is 0. Hz.ce, we
T _
T have ji = Z = 0; that is, w2 1o not ne<d the im>ree 't term in (7). Witk Gie co == poning
:; fitted values Z = 17 + yb ~Luresiduals R = Z — 7 - (I-H)Z, he tal sur or squares and
=4 cross-product (SSCP) matrix can be partiioned int~. Z'Z = 2'Z + 7 'R. Ther . 1 e"y to
> .
o verify that
=)
= o
) oo tr(HG'.) )\ 1 f
= or[(=Hu( ="~ o®R) ~ or(XR) [ er(Z 7)
0 N A
(@) 1 [r(Z’ Z)
= [ S T o ~ T w(.7)
=l [tr(2'Z) v erO'B)| [ er(27, tr(
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Since permutati~n" 272 L,ou w vvlain the n-value for the F-statistic while #7(Z°Z) is fixed as
a con:tant acros: all nermu*ziicus, ae inclasion of exclusion of term #(Z°Z) would not have
. eftoct on the p-valu». Honro #7(7°2) can be ignored from the F-statistic, leading to

<

I V. 1

) T tr(A’Z) = tr((; y) o Z’yy’Z) « tr(Z'yy'Z), @

>

é: in which, si*.ce y 'y is fivzd and invaria.'t under permutations, it can be ignored.

>

= To ~,sess possible association betwe n g(~.otype Z . nd phenotype y (or equivalently, '),

< cather thar =z, (ssing Z on y as = DBR, f~liowing Han and Pan (2010), we regress Y on Z

) 5 g y g g

g via a linear mnad-! for quant tative *:aits:

0

8 7

= E(V)=8,+7B, (3

=L

o via 110gist.c mo~el for binary traits:
Logit Pr(V =1) =g +ZB, @)
\/he e the asc.ssment of yossible asso siat'on can be accmplished by testing on the

Z unkown p x 1 vector of unknown reg ‘essiu.. cuetficic ats in null hypothesis Hy : = 0. The

I . o a0 £ iot pn i i

5 sco e vector, as shown by Clayton et al (2301 2. 10gis*:e 1 gression, is

> _

> U=Z Y —-Y1) - .y,

c

~

>

o . . .

% and thus tke SS” test statistic (Pan 2009) is

Q

g Toqu=U'V =tr(U'0) = tr(U'D) - tr(Z' v'Z). (5

(@)

g

-O . 1 o . . - . . .

- Comparing (2) =.o (5), we see that the F-statistic and SS”-statistic are equivalent. We
emphasize that ih= €€7J te. . ucre 1% pbeins, applied to 110de! (5) or (4; ~ith genotype
information coded in Z deri e fron the centered similari‘y maux ., not the usual genotype
score X.

Note that the above ¢ 2ri~ ation extends the ..esui* of Han ar . Pan (?21v) i*. «w ~ uspects.

% First, the result holds for both quant:‘auve and binary traits, ..ot just 2. oinary t-.is as for

5 the case-control design in " wAS. Serzud, we do ot require '€ condi*zon « f<..nal numbers

> of cases and controls for »in~zy traits. The reasun of such a re yuircment in H..n and Pa+

?:> (2010) is due to the use of a non-centered rl.cnotype vector y, as oriZially us~1in McArdle

=

8‘ and Anderson (2001) and others.

=)

ng For quantitative traits, Kwee ¢ al (2002 proposed linea. kernel-mact.ne regrcssio (k MR)

g with a semi-parametric linear mode.:

8

v) =

= EY)=By+h(X.,..Xy), ©

~
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while for binary =3z, Vi cv a1 (2u1V) proposed logistic KMR with a semi-parametric
1ogist.> model:

Logit P.(Y; =1) = By + h(X;y, . X)), D

v7here n(.> 's an unknowr unctior (v be estir.ed, which offers the flexibility in modeling
the eflects o “the SNPs o= 7;. The forn. of /(.) is determined by a user-specified positive and
¢ mi-drmite (psd) kern I f.uction .X(., .\: by the 2. presenter theorem (Kimeldorf and Wahba

1071), h; = h(X,.) = Z;‘: 1y}.I((Xi, X witn some ,,...,y,. To test the null hypothesis of no
association betw.'en the phcuotype an< 5NPs, one ar test Hy: h = (h1(X}), .., (X)) =0.

venote K as the n X n matrix ~vith the (7 ) element a: K(X;,X;) and y = (71, ..., y,)’, then
we have & = Ky. Treating & as <*:ject-specific randcm eifects with mean 0 and covariance

yduosnuep Joyiny vd-HIN

wautx K, testing Hy' - = 0 for n~ GNP efi>cts ‘s equ.valeat to testing Hy: 7= 0. The
< tres,unain, varir.ice component score tes t st~.:istic 1s (proportional to)

Q=(Y-T1)K(r-"71).

(Y'or erzaatitative *zaits, there is a factc - 1 /' 42 in 2 as v.,ed by Kwee et al (2008), which

ho vever _an be omitted from Q since it .« treated »2 non-r~1dom and fixed, and can be
abscrbec into the variance term of O, which is to ¢ applied ‘o standardize the distribution of
0, as for L inary traits sho~ .. by Wu et al (v10).) i..ce ' is p 'd, we can decompose K = ZZ’
(Magn ¢ Lud Newzdecker 1997, p.21), and have

Q={Y=Y1)zZ'""s =Y1) =T¢ep

which is the ZSU tes* ,.atistic for linear model (3, and 1~_:stic mc del 4). By the earlier
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result on the equivalence between tha T ~tatistic in GDBR a»2 we ST U statistic, we
establish a strik ‘'ng correspondence hetwe 'n the F-te .« in GDR™ and the score test in KMR.

The above correspondei ce 1 -sult c~.a be also viewed fror anothe. ang'e. + s shown by Pan
(2009), the SSU test is e quival.at to Goer=uu s (2006) t :st, vhic™ is d-cive | as a variance
component score tes for I~ gistic regressio \. Sy ecifically, :n moael (4) I we assume £ as
random effects from « uistribution with Z{p) = and Cov(.") = <., then the permutat> _n-based
score test on Hy: 7= 0 is equiv~lcnt to the €57J te. t. Note that, if - e rewrite 1 = Zf, then
model (6) and (7) are eq uvalent 2 model (3) : nd 4), respect vely, since the:. a1 10utional
assumptions are equivaleld:

E(h)=0~.£e(B)=0 Zov(h) =1K < Cov(B) =1l

In summary, there is a corresponder.ce bet cen the ¢ test n GDBR : nd .ne 'co-e f:stia
KMR if the same psd matrix is us :d as the kernel matr x K in KMR znd ac the cente.ed
similarity matrix G in GDBR. We emj hasize that we requ.re (centered) .7 — G, not K- »,

)duosnuep Joyiny vd-HIN

the initial similarity matrix in GDL R. W 2122 uote tha?, centering K (to fac:liate its use a>
G) does not change the result for KM
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K,=(U-11"/mK(I-11"/m 9 =Y -V1)K (v -¥1) = (Y -V1)'K(Y - V1) =@,

since (Y --¥1)'1=0.If % is no* centered, we center it and use G = K, in GDBR to achieve
he sa.~_ result of KI (R.

We uid a rumerical stuity to veri€, the  bove analytical result. We simulated genotype data
oy dic.retizing some late.at multivar. ate 1 ormzi var ‘ates with an AR1(0.8) correlation
s,ucture (Wang and Elston 2007; P~2, 2009). Th_re were 11 SNPs in LD, in which the
center one was t1 e causal S™r. The m*.,ur allele f-_qu=ncy (MAF) for the causal SNP was
uxed as 0.2 while the MAFs “ur others v.¢ randomly *hosen between 0.2 and 0.5. A binary
outcome (i.e. disease status) w=- generated ac ~ordin 3 to ‘he logistic model:

yduosnuep Joyiny vd-HIN

Logit Pr(Y = 1) = ,L‘,) + logf::{)XO,

wb~ce Xp s the number ~f the minor all-ies at th= caus. 1 SNP, S = log(0.2/0.8) was chosen
0 yield a backe~,und dise e prevaler ce ¢ 0.2, and OR = 1 or OR = 2 was used for the
suenaric, of no or suong genetic assodiativn. For _ach - imulated dataset, we generated 100
cat es an 1u0 controls; only the outcom: and the 12 SNPs after excluding the causal SNP
wer avzilable in each dataset.

For eah d. taset, we= upplied K*.R and GD.?™ with one 0.  ..c four kernels: linear, quadratic,
identity-by-<2ate (IBS} or weighted IBS (wIBS) kernel “/ve usec the R function

implemen’ ing 1 sgistic KMR by W et al (201(, and im=!..ucted GDBR in R as outlined in
the GDBE pro cedure with 5 = 1000 permutatic . [o impler.ent (/DBR that was equivalent
to KMR, w* centered a ker~_i matrix K in KMR as %, and tonk K .cs the centered matrix G;

the GDBR proccduie was modified to run through St s 4 to 6. I'. ad ition, as a comparison,

yduosnuep Joyiny Vd-HIN

we also took the o=l ..l A n as e 1 itial similarity moui1x S, which was not expected to
be equivalent tc KMR Th~ T, ¢ _rror *ates (for O1'=1) 2= power ‘for OR=2) estimated
from 1000 simulated d: tase's ~.ce she wn in Table 1. It can “¢ scun tl 2t KNR and GDBR
with the same kernel ma tix and centered similarity mat ix (*.c. 7= K. ga ‘e essentially the
same results. Althous’ the r_sults for KMR ar.1 GDBR 7itl. €= _] were ».so close, the
former could be muc.' r.ore powerful than he Il tter as for «ne cas= with a quearaus kernel,
which was also shown by Wu et al {Zu10). It is noted that, ¢ ven if G - K., sincc e p-value
of a score test in KMR ar< wat of the - -test ii: GL BR were o’stained £,om t >~ »7ymntotic
distribution and permutat o= aistribution respectively, their Tyne 1 =rror rat=; and pow=,
would not be exactly the same. For a furth., examin- tion, The Pea~,on correl. ion
coefficients of the test statistics /*.c., O-statiziic in KMR and F-s atist.c in GDBR) and p-
values between the two methds 272 snowr L. 1apbie Z. We also co.w.par-u the ranks o, the F-
statistics in GDBR and Q-statistics ir K MR i» Tigue 1. 1" is confirm 2d that if =K,
KMR and GDBR gave essentially .he s.me results. Fc - the p-values, the min r wiscre pancy
between the two methods was dur to faeir use of the 7sym stotic distriction ai 7

)duosnuep Joyiny vd-HIN

permutation distribution respectivily. t'or the tes* seatist’ ss, note that when we < Liived the?,
correspondence, we ignored some fi.-ed constants /*.c. Z'Z »~.J y’y) in the F-staticlic; these
fixed terms are invariant to permutations and thus ‘Z..orable for a given dataset, but are not
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fixed across differ==t Jiluouew, causing so ne minor ranking differences across datasets
oetwe *n the F- end O-static*il,. Ti. unuswally strong agreement between the two methods
~a1 not e explained as jure.v ~vincicent. In contrast, if S = K (and thus G # K, though they
migt be close), the two inethod ave similar but more different results.

.\ major d° ference bitwe_n the GTGR and K2.4R is that GDBR does not require its

simil~. ity m trix to be pe2 while KMR requires its kernel matrix to be psd. From the

rperaticaal aspect, since if 2 not alv7ays guarante< 1 that a chosen similarity or distance

me’c1c would result in a psd matrix, (DB 1s attrac.ive in this aspect. However, it is not

cleor 7 G are 112 implications Zor perform.uce from using a non-psd similarity matrix. In
P

nartienle= TETN was origii allv z.oposed 2« wn exten: ion of the usual F-statistic implying
the use of a psd similarity matrix, t*,ugh its ak:lity ‘0 u: ¢ a non-psd matrix was argued to be

yduosnuep Joyiny vd-HIN

advantacan:- 211 dle and A derse= 20 1), Schaic (20'0a) also commented on the
concentnal ann~3ls 01 having a psd similari y ot kerne -~.atrix. Here we did some simple
ex,eri1ent, to se. the effects of using a psd matrix derived from a non-psd similarity

mat ix. [he <.mulated data were generated '~ wie sai= way as before, but we modified a
ke.ael po.orix in two e ical ways. First, we Zauaemly chose 0 to 5 SNPs to be missing for
«uy ‘adividv~!, and ther calculated the IB’s and wiB 3 ke rels, which might not be psd
(Sekzia 2010bY Gecond, for an IBS or wibC z.uel frr m complete genotype data, we added
anoise, candomly generated from a unifo. diet-ZLatior Lc ween —0.2 and 0.2, to each non-
diagnal =lement of the kernel matrix, reflectirs a scenari. ~f having measurement errors
for ke nel: we applied *.,c GDBR with the e nor psd ker els. Alternatively, we used only
the pos:.ive eiczu values ~i.u their corresponding eigen verturs Of a non-psd kernel K to
construct 2 new r.u kernel K*, which was then srzpiied to G2 R. The simulation results
were shov n in Table 3. It car Le see 1 that there wa< varely an' po ver difference between
using non-,sd &7 and using psd %', though further studi~ are nee «ed. It is again confirmed
that using G = K. in GZ5R had a slight edge ove. using ¢ - K. IV ore importantly, using an

yduosnuep Joyiny Vd-HIN

un-centered G = K led to a dramatic Inec of power; Schaid (22 va) discussed the importance
of centering a s 'milarity matrix G in GDER. Table 4 zL.ows the Z;stributions of the positive
and negative eigen val tes ¢ f nor -psd V-ornel matrix K, Iadicating a : ubsiw ntial proportion of
negative eigen values o1’ K.

In spite of the corres sonde .ce of the GDBER ar.1 KMR aproacues in the case without
covariates, there are s -.ne differences bet, cen tem, as di: cuseza oy Wu »t a1 (2011, First,
it is easy to incorporate other cov uriates int~ XM.2, while it is diff.cult for the criginal F-test
in GDBR. though it is st aightforv-..d to do sc in <yme exten: ions 2 GDBR ‘L1 =* ai 2009;
Han and Pan 2010). The 1..portance of incorporiu,’ covariates 2 impre, ¢ power <. adjust
for population stratification, is well rec= gnized. Sezund, the F-tes” in GDPX us ¢
permutations to calculate p-vo'ues, while ‘Lie score test in KMR (or a.y exten<iz.. o€ GDBR,
Han and Pan 2010) is based 01 i, asymriouc distribution. Since permracation ~2:2 he
computationally demanding for GW 1S wh*!C we tound that the asyn pto.ic (ist-ibr cior of
KMR was accurate even for small samples as shown i1 ow simulatic1s, .¢ <=¢ms tha’ KMR
is easier to apply.

)duosnuep Joyiny vd-HIN

In summary, when the kernel or sim.'arity matrix ie psd, bot* (1ethods ca1 be for-,uiated as
a (random-effects) linear or logistic regression mo-<;, in whick genotype or haplotype
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information is de="22 Ui a sunuarity o - kernel matrix. In particular, the two methods are
expec ed to give eseentially the sair ¢ p-voiues when a comparable kernel or centered
Luavilar ty matrix is usec . Th's ~orreszondence suggests that, rather than exploring
diffc renc s between the t vo mett.ods, it may be more productive to focus more on the
desig an:' choice of cuitable similarity o~ xern >l matrices (Schaid 2010b).
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Figire 1

ernes fur OR=1.
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