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Abstract

We consider stochastic matrix models for population driven by random environments which form
a Markov chain. The top Lyapunov exponent a, which describes the long-term growth rate,
depends smoothly on the demographic parameters (represented as matrix entries) and on the
parameters that define the stochastic matrix of the driving Markov chain. The derivatives of a —
the “stochastic elasticities” — with respect to changes in the demographic parameters were
derived by Tuljapurkar (1990). These results are here extended to a formula for the derivatives
with respect to changes in the Markov chain driving the environments. We supplement these
formulas with rigorous bounds on computational estimation errors, and with rigorous derivations
of both the new and the old formulas.

1 Introduction

Stochastic matrix models for structured populations are widely used in evolutionary biology,
demographic forecasting, ecology, and population viability analysis (e.g., Tuljapurkar
(1990); Lee and Tuljapurkar (1994); Morris and Doak (2002); Caswell (2001); Lande et al.
(2003)). In these models, a discrete-time stochastic process drives changes in environmental
conditions that determine the population's stage-transition rates (survival, fertility, growth,
regression and so on). Population dynamics are described by a product of randomly chosen
population projection matrices. In most biological situations the population's stage structure
converges to a time-varying but stable structure Cohen (1977), and in the long run the
population grows at a stochastic growth rate a that is not random and is the leading
Lyapunov exponent of the random product of population projection matrices Furstenberg
and Kesten (1960a); Cohen (1977); Lange (1979); Lange and Holmes (1981); Tuljapurkar
and Orzack (1980). This growth rate a is of considerable biological interest, as a fitness
measure for a stage-structured phenotype Tuljapurkar (1982), as a determinant of population
viability and persistence Tuljapurkar and Orzack (1980); Morris and Doak (2002); Lande et
al. (2003), and in a variety of invasion problems in evolution and epidemiology Metz et al.
(1992).
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The map between environments and projection matrices describes how pheno-type change
depends on the environment — the phenotypic norm of response — and we are often
interested in how populations respond to changes in, say, the mean or variance of the
projection matrix elements. Such questions are answered by computing the derivatives of a
with respect to changes in the projection matrices, using a formula derived by Tuljapurkar
(1990). Tuljapurkar et al. (2003) called these derivatives stochastic elasticities, to contrast
with the elasticity of the dominant eigenvalue of a fixed projection matrix to the elements of
that matrix (Caswell, 2001). Stochastic elasticity has been used to examine evolutionary
questions (Haridas and Tuljapurkar, 2005) and the effects of climate change (Morris et al.,
2008). At the same time, a is also a function of the stochastic process that drives
environments. Many processes, such as climate change (Boyce et al., 2006), will result in
changes in the frequencies of, or the probabilities of transition between, environmental
states. How is a affected by a change in the pattern and distribution of environments, rather
than by a change in the population projection matrices? To answer this question, we
consider a model in which the environment makes transitions among several discrete states,
according to a Markov chain. Then what we want is the derivative of a with respect to
changes in the transition probabilities of this Markov chain. This derivative exists (at least
away from the boundaries of the space of stochastic matrices), and in fact we know from
Peres (1992) that a is an analytic function of the parameters of both the projection matrices
and the parameters defining the stochastic matrix, in an open neighborhood of the set of
stochastic matrices. In deterministic models (Caswell, 2001), the growth rate is represented
as A = e"; then sensitivities are derivatives of the form (9A/9x) with respect to a parameter x
whereas elasticities are proportional derivatives of the form (3r/a log x). In stochastic
models we compute derivatives of a, and these can be used to compute elasticities (as in
Tuljapurkar et al. (2003)) or sensitivities.

Our first contribution here is a new formula for computing the derivative of a with respect to
changes in the transition probabilities of the environmental Markov chain, given in abstract
form as equation (40). To obtain this result we show how an initial environmental state
affects future growth, using coupling and importance sampling; this analysis may be of
independent interest. Even with a formula in hand we must compute derivatives of a by
numerical simulation which is subject to both sampling (Monte Carlo) error and bias. Our
second contribution here is to show how one can bound these estimation errors. Our third
contribution is a rigorous proof of the heuristically derived formula given by Tuljapurkar
(1990) for the derivatives of a to the elements of the population projection matrices.

In Section 2 of this paper we set out the model and assumptions, the approach to finding
derivatives, along with necessary facts about the convergence of population structures and
distributions. In Section 3 we discuss systematic and sampling errors and show how we can
bound them. We illustrate this approach in Section 4 by presenting bounds (in Theorem 1)
for simulation estimates of the stochastic growth rate a and (in Theorem 2) for the
derivatives of a with respect to projection matrix elements. In Section 5 we define a measure
of the effect of an initial environmental state on subsequent population growth and show
how to estimate this measure using coupling arguments. Section 6 presents (in Theorem 4)
the formula, algorithm, and error bounds for the derivative of a with respect to the elements
of the Markov chain that drives environments. We end by discussing how these theorems
can be applied and some related issues concerning parameter estimation in such models.
Proofs are in the Appendix.

2 The Model

We consider a population whose individuals exist in K different stages (these may be, for
example, ages, developmental stages or size classes). Newborns are in stage i = 1. The
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progression between stages occurs at discrete time intervals at rates that depend on the
environment in each time interval. The environment e; in period t is in one of M possible
states; we denote the set of possible environments by M = {1, ..., M}. Individuals in stage i
at time t move to stage j at a rate Xe,,4(j, i). These rates are elements of a nonnegative
population projection matrix, and at time t when the environment is e; this matrix is denoted
by Xe,; there are M such matrices, one for each environmental state. We assume that
allocation of individuals to classes and the identification of environment states are certain.
We also assume that the total number of individuals in the population is large enough that
we can ignore sampling variation. Successive environments are chosen according to a

Markov process with transition matrix P whose elements are P (6’ e) and whose stationary

distribution is v = {v(e)}. We follow the standard convention for Markov chains, that p (e’ e)

represents the probability of a transition from state e to state ; note that this is the reverse of
the convention used in matrix population models.

To guarantee demographic weak ergodicity (Cohen 1977) we assume that

() There exists some R > 0 such that any product Xe; ... Xeg has all entries
positive. This implies, in particular, that each population projection matrix is
row-allowable and column-allowable. That is, every row and every column has
at least one positive entry.

(i)  The chain is ergodic (so transitive and aperiodic), and environments are in the
stationary distribution of P, which will also be denoted by v(e).

The population in year t is represented by a vector N; € RY := {(’11 (D),...one (K) i, i) >0}.
The superscript T will always mean transpose; here it indicates that population vectors are
column vectors. (There may be population classes early on that have 0 members; condition
(ii) above forces all classes eventually to have positive membership, and so we assume
without loss of generality that we start with all population classes occupied.) The population
structure changes according to N¢.+q = Xg;, 1 Nt, and

Ni=X_X.

Cr-1

-+ X, No. (1)

The normalized population structure N¢/(Zi N¢(i)) does not converge to a fixed limit (as it
would if the environment were constant) but it does converge in distribution.

At each stage i, we define

ZiN; (i)
%:No (i) (2)

a := limt 'og N, (i) lim#~'log
—00 1—00

A fundamental result in this area of research is the Furstenberg-Kesten Theorem Furstenberg
and Kesten (1960b), which tells us that the long-run growth rate exists and is not random.
This a is called the “stochastic growth rate”. The proof of this fact is fairly straightforward,
within the framework of modern Markov chain theory. We present a version in section 3.1
and a proof in the appendix, both for the reader's convenience and because it illustrates some
of the important basic ideas that we draw on throughout this work.

The main result of this paper is formula (40), which represents the derivative of a with
respect to an incremental change in the probability of transitioning from e to ;. If we denote
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this derivative by A, ;, then the change corresponding to shifting P in the direction of a
matrix W is a linear functional

la (P+eW
‘u(—E): Z A{’.Z’WL’.E'
de £
eeeM

We note that, while the existence of such a derivative follows from the general theory of
Peres (1992), the computable formula is new.

Counting the K2 parameters in each matrix, there are at most (MK2 + M2) parameters. While
all parameters must be nonnegative, and all elements of the population projection matrices

but the birth rates must be < 1, the only universal constraint is ZFEMP(& e) =1 (There may,
however, be further constraints imposed, as some transitions may be impossible. If we are
considering age-structured populations, the matrices are Leslie matrices, each with only 2K
— 1 potentially nonzero parameters.) The sensitivities we examine are derivatives of a with
respect to these parameters. We will define a one-dimensional family of population matrices
or environment transition matrices, and we refer to change “in the direction of” the
derivative of this family. This will be made precise in the analyses that follow.

3 Technical background

3.1 Contraction

We denote the K-dimensional column vector with 1's in all places by 1. By default we use

the L1 norm lIxIl := X |x;| when x is a vector in R¥, and write X 1l:= Z,-,H'Xiqj' when X is a
K x K matrix. Note that IIXIl = IX1ll when X is a nonnegative matrix. Our assumptions imply
that there are positive constants 7 and -, such that for any environments e, ..., e,

llog II X.,, - Xe, | < Fetmir @)
We use the Hilbert projective metric p, described in Golubitsky et al. (1975) and in section
3.1 of Seneta (1981), defined by
p(x,y) :=log lm;nl((x @ /y@) +log]ma)l((v () /x(0).

(4)

N P T. (i
This is a pseudometric on RX that is a metric on S:= {(“‘ @, x(K)":x (@) >0} and =x(i)
= 1}. The distance between two vectors is defined by the ray from the origin; that is, p(x, y)
= p(x/lIxll, y/liyll). 1t is straightforward to show — cf. Bushell (1973) — that

1 - o
5 [min {x @} +min {y O} e 2p (x.) <l v =y ll< 4 — 1

for any x, y € S. (The upper bound is shown by Bushell with respect to the Euclidean norm,
but the same argument holds for any LP norm.) Thus, convergence in the projective metric
implies that the projections onto S converge in the standard norms. It is also straightforward
to show that
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Il x |||
oy ™ (5)

max |10gﬁ| < p(x,y) +llog
y(@

I<isK

The Birkhoff contraction coefficient (cf. Seneta (1981)) is defined for nonnegative matrices
X as

7, (X) = sup p—(XM'X\').
utveS P (.\', ‘}) (6)

It is clear that tg is sub-multiplicative (that is, tg(XY) < tg(X)tg(Y)). We also have the
formula (Theorem 3.12 of Seneta (1981))

_1-eX)'?
C14p(X)1?

. XixXje .
where ¢ (X) = { e T,

7, (X)

ohterwise. %)

(This depends on the assumption that X is row-allowable. We will be applying this result
only to cases in which X is positive, so our bound on tg will be strictly less than 1.)

An immediate consequence is Lemma 3.1.

1/R
Lemma 3.1. For any fixed R, set7 := maxq__,__gReMTB(XeR "‘Xcl) . Then for any
er,....e, €M

Ty (XC,, o 'Xt’l) < kl'"’ (8)

where kq := rR=L In particular, if R is chosen so that every product Xeg, ... Xe; is positive,
thenr < 1.

We also know that for any u, ;¢ s, and v' any positive row vector,
- 77‘ -

log min M < logi < log max M .
u (i) vl u u (i)

Since the left-hand side is < 0 and the right-hand side > 0, so

llog viu —logv! u| < p(u, u).

(9)

Following Lemma 1 of Lange (1979), we define a compact subset U/ c S which is stable
under the transformations u — Xgu/llXgull for any e € M and includes the vector 1/K, as well
as all vectors of the form Xeg ... Xe1 Y/lXeg ... Xeq Yl Where ¥ € §; and a compact subset

vV c 8™ which is stable under the transformations vT — vT Xe/vT xell, and includes the vector
1T/K as well as all vectors of the form yT Xeg ... Xea/lyT Xeg .. Xeall where ¥ € S. Note that
we could take U to be any ¢y, defined to be the union of all products Xe; ... X, S. These
are a decreasing sequence of compact sets, with x, 7/, c U, whose limit ¢7__ is in general
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a fractal set, which is the support of the stationary distribution 7. For practicality we are
likely to work with a 2/ which is a finite-stage approximation to ¢7_.

Since U is a compact subset of S, its diameter A= SUP,,_,;EW‘O (u’ u) is finite. Combining this
with Lemma 3.1, there is a constant ko = kjA such that

p(XCm s Xou, X, - Xe M) gl,mp(u, u) < kym. (10)

(Cf. Theorem 2 of Lange and Holmes (1981).) Of course, the constants may be chosen so

T
that the same relation holds for the transposed matrices, with ;7 ; e <. We use then the
definition

A= max{ sup p(u, u) sup p (v, 1)} .

uueld vvell

(11)

We also define

A,, () := sup (u, u) A, (u) = sup (v, \)
uet vev (12)

Since for any positive vectors u, u’, u” we have p(u+u’, u”) < max {p(u, u”), p(u’, u"}, the
maximum of p(u, u’) among vectors in a cone is taken between extreme points of the cone,

3

we can compute A as the maximum of all distances of the form ¥ (XfR e Xey I’Xe; o Xy 1)

C!.

and distances of the form p(]XcR e Xeps 1X€,R X )

It follows (as in Lemma 2 of Lange and Holmes (1981)) that for any u, ;,c qq and
environments e, €1, ..., €q,

I1X, XXl

L X Xe,, X
O8Tx,,, X, ul -

—log <kymp (u, u)

< k:,m . (13)

X=Xy ]

The same relation holds when the matrices X are replaced by their transposes, with u”,

T
u eV

Since IIXII = IIX1ll, and 1/K is in U/, it immediately follows that if él, o ;,. are any other
environments,

Il XX, .,.Xq I Il Xchm "'vaX; "'X‘“,I I
102 m _ 10 !
X, X I X, X

X X ” S Kypmei
¢ e (14)

Ci+]
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We note that the results in Lange and Holmes (1981) depend only on the set of matrices X
being compact, not on it being finite. In section 5 and beyond we will be letting the matrices
Xe and/or the transition matrix P depend smoothly on a parameter x, which will take values
either in [—xg, Xo] or [0, Xg]. We may then choose the sets U/ and V and constants ky, ko, r
such that the properties above — in particular, the stability of 2/ and <V and the bounds (10)
and (13) — hold simultaneously for all values of the parameter.

One slightly more complicated bound is proved in the appendix.

.o 1 .
Lemma 3.2 Given v, ,, u, uc R, and constants ky, & < 7 with max|log v;/v| < k, and

max|log u;/uj| < k, we have

\’Tll \’Tll
log —— — log ——

v u vou

< 8kyk,.

(15)

This condition is satisfied if

1

ko= p(vnv) +log v Il / V11 < 5

and

1

= p (s ) Hlog 1 v 11 / Ml < 5.

3.2 Time reversal and the stationary distribution

The transition matrix for the time-reversal of P will be denoted p, and is given by

Ple)= VG),)(;, )

ve

A standard result (for example, see Theorem 6.5.1 of Grimmett and Stirzaker (2001)) tells us
that if e, ey, ..., ey, form a stationary Markov chain with transition matrix P, for a fixed m,
the reversed sequence ep, €m—1, ..., €1 is @ Markov chain with transition matrix 5. (We use
the boldface e to represent a random environment — a random variable with values in M —
and e to represent a particular environment or a realisation of a random variable e.)

As described in Lange and Holmes (1981), if e1, ey, ... forms a stationary Markov chain
with transition probabilities P, there is a unique distribution = on U x M which is stable
under the transformation (u, ey) > (XeU/1Xg,ull, €¢+1). That is, if the normalized population
structure N¢/IIN¢ll paired with eg.q is chosen from the distribution =, then the pair (Ng+1/
INg+111, eg+2) will also be in the distribution .

This Markov chain is naturally represented as an iterated function system; that is, a step in
the chain is made by choosing randomly from a collection of possible functions, and
applying it to the current position of the chain. In this case, the function is u — Xgu/llXgull,
where e is the next random environment. Time reversal is a convenient approach for

Theor Popul Biol. Author manuscript; available in PMC 2012 August 1.
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studying the asymptotic behavior of such systems, and more general random dynamical
systems. For applications, see Barnsley and Elton (1988); Elton (1990); Steinsaltz (1999).

To understand how this works, suppose we extend our Markov chain of environments
forward and backward in time to infinity: ..., e_y, e_1, g, €1, €2, .... Starting at any s,
positive or negative, moving forward we have a Markov chain with transition matrix P: eg,
€s+1y €42, -... Moving backward, es, e5—1, €5—2, ... is @ Markov chain with transition matrix
p. Choose any population vector y, ¢ 2/, and define for s > t,

U = Xe, Xe, | - Xe,up
T Xe Xe, - Xetto |l (16)

From (10), we know that for any t;, t, > m, we have the bound p(Us —t;, Us-t,) < kor™*s,
which means that (U, _,),2, is a Cauchy sequence. We may denote its limit by Us —co.

We note four important features of this backward iterated sequence:

(1 If the environments all shift one to the left, so that we start at eq41 instead of e,
the distribution remains exactly the same. Thus, the distribution of U o is the
same for any s.

(i) If we start our population Markov chain in the state (Ug —co, €1), then the next
state will be

Xe| UO -0 )
— . €|=(Ul-x, ).
(II Xe,Up-o l

Thus, the distribution of (Ug —co, €1) is a stationary distribution z for the chain.

(iii)  For each fixed t, Ug —t has the same distribution as

Ue:XEH o Xe()u()

Uo= )
T Xe Xe, 1+ Xeglto | (17)

which is a realization of the normalized population vector N¢/IINll, when it is
started at the vector ug. Thus, the population-environment Markov chain (Ny/
IN¢ll) converges in distribution to the same stationary distribution 7, no matter
what the initial condition.

(iv)  We will use frequently the fact that (Ug —, 1) may be considered an
approximate sample from the distribution zt, with an error that is bounded by

P (U()‘-ty Uoﬂvm) =p (Xeo te Xe,,MO, Xe<, T Xe,, . U-l—l,—oa)
= A‘I( (u()) Ty (Xe(, - Xe ) s

1

which is straightforward to bound (cf. section 3.1), independent of any
information about U—; —co.

The same holds true, of course, if we reverse the matrix multiplication: Starting from any
nonnegative K-dimensional row vector v}, we define the sequence of row vectors

Theor Popul Biol. Author manuscript; available in PMC 2012 August 1.
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e vh Xe, - Xeg
lOJ = e
I "()Xe, Xe |l

Then Vg ¢ converges pointwise to a vector Vg oo := limi_,c0 Vo 1. We denote the distribution
of (Vo,c0, €-1) bY #. As before,  is the stationary distribution for the Markov chain on
V x M, defined by taking (v', e_¢) at time t to (vT Xe—/IVT Xell, e_(t+1)) at time t + 1.

We also define the regular conditional distributions ng on U as follows: pick (U, e) from the
distribution =, conditioned on e being e, and take m, to be the distribution of U. We define z,
similarly. In the case of i.i.d. environments, of course, = and # would be simply products of
an independent population vector and the stationary environment with distribution v.

4 Errors and How to Bound Them

A standard approach to estimating a — and a similar approach to the derivatives that we
describe later on — is to choose a fixed starting vector ,, ¢ ¢4, simulate sequences e(i),
e1(i), ..., emi (i independently from the stationary Markov chain with transition probabilities
P(i=1,...,J),and then compute

Xcm,utxc,”,___ L0y XegiUo
1Xe,, @ Xegiiyuoll
i

~52 (10g Il Xe,, 9 Xe, 1 Xeotto | =10g | Xe,, 1y Xegtto 1) .

It is important not only to know what would be an appropriate approximation to a or its
derivatives in the sense of being asymptotically correct, but also to have rigorous bounds for
the error arising from any finite simulation procedure, such as (18). There are two sources of
error: systematic error, arising from the fact that (Xeq, Ug) is not exactly a sample from the
distribution =, and sampling error, arising from the fact that we have estimated the
expectation by averaging over a random sample.

For obtaining an unbiased estimate there is no reason the sample Markov chain realizations
should need to be independent. For instance, a standard approach would be to take a single
realization of the chain eg; eq; ey,..., and take e(i) = e, with m; = B + i for some “burn-in
time” B. The problem with this approach is that it becomes more difficult to bound the
errors; in principle, the convergence could be extremely slow for these kinds of sums. We
leave the problem of bounding errors for these cumulative simulations to a future work.

4.1 Systematic error

By “systematic error” we mean the error in our estimate of a arising from the difference
between the distribution we are aiming for and the distribution we are actually sampling
from. The quantity we are trying to estimate may be represented as a = n[F], the expectation
of a certain function F with respect to the distribution =. If we can simulate Zy,..., Z; from =,

e J
then 4/ = Z{,—ZIF (Zf) is an unbiased estimator of =[F], and will be consistent under modest
Passumptions on F and the independence of the samples. Suppose, though that what we

have are not samples from x, but samples Zf from a “similar” distribution =*. Then we can
bound the error by

Theor Popul Biol. Author manuscript; available in PMC 2012 August 1.
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J

J"ZF(ZJ*.)—;T*[F]

J=1

la —a] < +n[Fl-n=[F].

(19)

Here the first term on the right-hand side is the sampling error, and the second term is the
bias, the expected value of systematic error. The problem is that the bounds we can obtain
for the bias are likely to be crude, absent good computational tools for the distribution 7.
(And if we could compute analytically from &, we wouldn't need to be simulating).

An alternative is to couple the samples Z; from the approximate distribution =’ to exact
samples Z; from the distribution x, we can break up the error in a slightly di erent way:

w-@ < SF(Z)-nlF|+ 1 $F(2) -0 ﬁF[z]*.]
J=1 Jj=1 j=1
J J
< J-‘JEIF(ZJ-)—H[F] +J—1E‘ |F (z))-F(z) 0

Bounds for the sampling error in (19) will generally also be bounds for the first term in (20).
The second term in (20), on the other hand, which takes the place of the bias, is a random

variable, computed from the samples Zf. Its expectation is still a bound on the bias. The
crucial fact is that the last line may be computable without knowing in detail what the “true”
sample Z;j is.

A small disadvantage of this approach is that the systematic error varies with the sample. To
achieve a particular fixed error bound we need an adaptive approach, whereby we
successively extend our sequence of matrices until the error crosses the desired threshold.
We note here that this approach to estimating the systematic error in simulations is
essentially just a version of the Propp-Wilson algorithm (cf. Chapter 10 of Haggstrom
(2002)). Unlike standard applications, though, the space is continuous, so the systematic
error never reaches 0.

4.2 Sampling error

The sampling error is difficult to control with current techniques, because the distribution of
the samples is so poorly understood — the very reason why we resort to the Monte Carlo
approximation in the rst place. The best we can do for a rigorous bound is to use
Hoeffiding's inequality (see Hoeffding (1963)), relying on crude bounds on the terms in the
expectation. Hoeffding's inequality tells us that if Xy,...,X; are i.i.d. random variables such
that a < X; B almost surely, then for any z > 0,

P{BZX,-—]E[X]

>Z} < 26—2J:2/(ﬂ—a):.
(21)

This is essentially the same bound that we would estimate from the normal approximation if
the standard deviation of X were ( — a)/2. Generally we will want to fix pg, the con dence
level, and compute the corresponding z, which will be

1
20=B-a) w/fﬁlog (po/2). (22)
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Of course, the standard deviation will be smaller than this, but we do not know how much

smaller. An alternative approach then would be to use the bound 27 (z ‘/7/'5'), where 5 is the
standard deviation of the simulated samples, and z is the cumulative distribution function of
the Student t distribution with J — 1 degrees of freedom. This will be a smaller bound, in that
sense “better”, but not precisely true for finite samples, to the extent that the sample
distribution is not normal. The corresponding bound on the error, at probability level p, is

o
Ww=——=t-p,2(J = 1),
Vi " (23)

where ty(J - 1) is the p quantile of the Student T distribution with J - 1 degrees of freedom;
that is, if T has this distribution then P{T > t,(J - 1) = p.

These asymptotic bounds are perfectly conventional in Markov chain Monte Carlo analysis
(see, for example, Asmussen and Glynn (2007)), and there is no reason particularly to
eschew them in this context. They are likely to be quite accurate, and superior to the
rigorous bounds, and might also be applied to the setting where the expectations are
estimated not from independent samples, but from a single run of the environment chain.
We have nonetheless emphasised the Hoeffding-based rigorous bounds in the statements of
our theorems for three reasons: First, they are likely to be less familiar, and the reader may
require more guidance in applying them to the individual cases; second, because some
residue of skepticism must remain for the asymptotic bounds, while these results may be
applied to calculations that are otherwise analytically precise; and third, as a spur to further
thought on the best ways to bound errors rigorously in these sorts of problems.

5 Growth Rate and Sensitivity to Projection Matrices

We present here extensions of two known results. In these cases (and in later results) we
start by defining an estimator that converges to the the quantity we desire, and follow that by
bounds on the systematic and sampling errors, as well as an error bound for estimates from a
simulation estimator. We state our results on error bounds in the form “The quantity Q may
be approximated by the expectation of A, with systematic error bounded by B and sampling
error bounded by C(J, p).” This means that if Aq,..., Aj are independent realizations of A,
then the probability that the true value of Q is not in the interval J™1 ZA; + [B + C(J, p)] is no
bigger than p. When describing an adaptive bound on the systematic error, B will depend
upon the particular simulation result. Again, the sampling error may be bounded either by a
universally valid Hoeffding bound, based on known upper bounds on the samples, or by the
Student t distribution, using the standard deviation estimated from the sample, which
provides a generally much superior bound, but which can only be treated as an
approximation.

5.1 Computing a

The stochastic growth rate a is commonly estimated by numerical simulation but, as
discussed with examples by Caswell (2001), there is no general way to bound the errors in
the estimated values. The following result provides suitable bounds.

Theorem 5.1 Let ug be any fixed element of 2/, and Yy, := Xem Xem=1 ... Xe1, Where eg; e,
... form a Markov chain with transition rates P. The stochastic growth rate may be
approximated by the simulated expectation of
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Il Xe,,.. Ymuo |l

lo s
& Ytto 1 (24)

with systematic error bounded by k,,» and sampling error at level p on J samples bounded
by

togoPucy MWecr | Xere |1\ (=log p\"/?
og
© inf

e min |l Xeu || 2J (25)
When the simulated expectation is
et
we may also bound the systematic error by
%Z]: sup p(y,,, (D)1, ¥, (i) L}) < wzj‘; (Y (),
=1y uel i=1 (26)

where A, (up) is de ned as in (12) and g is defined as in (6).

5.2 Derivatives with respect to Projection Matrices

We need care in defining derivatives of a with respect to elements of the population
projection matrices. As discussed in Tuljapurkar and Horvitz (2003) we must define how the
matrix entries change, e.g., do we change fertility rates in a particular environment, or in all
possible environments? Although the main formula here is known, Tuljapurkar's (1990)
derivation did not justify a crucial exchange of limits (between taking the perturbation to
zero and time to infinity). We provide a rigorous proof (see Appendix) and of course the
error bounds here are new.

We will suppose that the matrices X, depend smoothly on a parameter ¢, so that we may
define X'a := 9Xo/9¢, and we define the base matrices to be at € = 0. In some cases, the
parametrization will be defined only for € > 0, and in those cases we will understand the
partial derivatives to be one-sided derivatives, and the limits lim;_,q will be the one-sided
likits limg 0.

Theorem 5.2 Let U and V¢ be independent random variables with distributions 7, and 7,
(the conditional stationary distributions defined in section 3.2). Then

vIx U,
a’(O):Zv‘,]E[ ¢ e J

=
ceM Ve X Ue (27)
Each term may be approximated by averaging samples of the form
V('")TXl,U(m)
ZVL, V(m)TXL U(m) ’
eeM ¢ (28)
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where Up; vOT are any fixed elements of U, <V respectively, U(”“:XéI -+ Xa, up and

VT —yTX, - X, € = &; &1,...,8m form a sample from the Markov chain P, and e = eg, e,
..., 8m form a sample from the Markov chain P. The systematic error may be bounded
uniformly by

2 (exp (4kym) — 1) |d" (0) ], (29)

while the sampling error at level p on J samples is bounded by

(—log (;)/2))”2

sup Zvc _
2J T ey viXu ~T_ -~
uet eV o ¢ v X, u

uelly €V (30)

’ v ’ -
viXu vX, u ]

Suppose the simulated expectation is

l J (V(m) (]))TX; Um )

Ve - N
TS (v () x.um ()

where
U™ (j)=Xe,(y - - Xa(jytto := Y (j) o
and
Vo (i T_r1 .7 .
(V™ () =0 Xen+++ Xer(jp =2 v Yo () -
Let

UG =Y (DU= (Y, (Du:ue U,

V)= VO (D= Yu (i) V" e V).

Then we may also bound the systematic error by

J Ty Amy¢ N\ v prm
Ve VX (Vi) XU
Ye 5 qup |nXer WU XU
L’EZ/:H J jgluEﬂ?j) v Xou (\Nm)(j))7X‘,U(nn(j)
v ev(j)
7 Ty
< Y%y (exp 2 sup p(u, U™ () +2 sup p(u, V™ ()) —1]>< sup e
eeM” j=1 ueU(j) v eV(j) ueU(j) N
)
7 1y’ —
. Xl . T
< 558 sul et (exp (24 (7, (Y () +7,(Yn (D)} = 1).
eeM  j=lueU()) h
T eV (31)
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Note that the bound (29) is given as a proportion of the unknown a...(0). It can be turned
into an explicit bound by using an upper bound on a...(0). We have the trivial bound

VT X, ul

la’ (0)] < E VeSUp— .
cem ueU v Xou
Ty (32)

We recall that A and tg may be bounded according to the formulas given in section 3.1.

It may seem surprising that the vectors U, and V. are independent. If we think of the
environments as a doubly infinite sequence with ey = e, then the vector Ug in equation (27)
depends only on the past (that is, ej with i <0) and V. depends only on the future (g with i >
0). By the Markov property, these two are independent, when conditioned on ey = e.

6 Environments and Coupling

Suppose we change the transition matrix P to a slightly different matrix P(), and want to
compare population growth along environmental sequences generated by the original and
the perturbed matrix. We expect that the perturbed environmental sequences will only
occasionally deviate from the environment that we “would have had” in the original
distribution of environments. Computing the derivative of a is then a matter of measuring
the cumulative deviations due to these changes. These may be split into two parts: First, the

process moves under P®) to a state ,, different from the state e that it would have moved to

under P. Then there is a sequence of environments following on from ,, that is different from
the sequence that would have followed from e, until the Markov chain gradually “forgets”
its starting point. The change to a new sequence of matrices induces two separate changes
on the growing population: The new sequence accumulates a difference in magnitude on its
way to stationarity; and it produces a different stationary distribution of unit vectors

depending on the starting environment _, rather than e.

In this section we examine the first effect. We fix the transition matrix P and compare the
growth of total population size when starting from environment e to the growth starting from
the stationary distribution v. A standard method for doing this is coupling. For an outline of
coupling techniques in MCMC, see Kendall (2005) and Roberts and Rosenthal (2004). We
use coupling in two ways, corresponding to the two components of the Markov chain: the
environment and the population vector.

Fix environments e and , (possibly the same). We define sequences eg, ey, ...; éo, ey ...;and
e e, ---. all three are Markov chains with transition probabilities P, but with ey = e, é(,z p
and e, having distribution v (so that (¢;) is stationary). We define the total population effect
of starting in state e rather than , as

4 o= Jim (B [log Il Xe, -+ Xe, 1] - E[log I X, -+ X__1])
(4 —00 't 0
& = lim (B [log Il Xe, -+ Xe, I - B[ log I X, -+ X, 1)
=YL
eeM (33)

This is one of the terms that will come into formula (40), the derivative of a with respect to
shifting transition probabilities from e to ..
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Note that when the environments are i.i.d. — so P(e’ ’“’) =Y. — we have

VXl
SIVIXC

lo

)

L=E

where VT has the distribution .

Computing e depends on coupling the version of the Markov chain starting at e, to another
version starting in the distribution v. We define the coupling time t to be the first time such

that e, =e,; after this time the chains follow identical trajectories. If we know the distribution
of t and of the sequences followed by the two chains from time 0 to t, we can average the
diferences in (33) to nd {. The advantage of coupling is, first, that it reduces the variability
of the estimates, and second, that we know from the simulation when the coupling time has
been achieved, which gives bounds on the error. A suitable choice is Griffeath's maximal
coupling (Griffeath, 1975) which we will apply in Pitman's (Pitman, 1976) path-
decomposition representation. (The coupling is “maximal” in the sense of making the
coupling time, and hence the variance of the estimate, as small as possible.) However we
must be careful about sampling values of t, because they may be large if the Markov chain
mixes slowly. To deal with this we overweight large coupling times that generate a large
contribution to ¢.

Beginning with a fixed environment e, the procedure is as follows:

(i) Define the sequence of vectors oy := Pl(e, -) — v(-). We also define o and o; to
be the vectors of pointwise positive and negative parts respectively. Let C(t) be a
bound on 108 Il Xe, -+~ Xe, I log [ X; -+~ X Il \yhere the e; and ¢, are any
environments. From (3) we know that 5., 7= is a possible choice for C(t).

(i) For pairs (t, €), where t is a positive integer and ex € M, define a probability
distribution

Ve if = e, 1=0;
q(t, e) =10 if e #e, 1=0:
[af_,P] (e) -af (e) otherwise.

This is the distribution of the pair (z, e;) for the maximally coupled chain.
Define

eceM

A= iZt[(t,;)C(t),
=1

and a probability distribution on W x M

(o) - a(te)ew

- A
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(iii)  Average J independent realizations of the following random variable: Let (z, eg)
be chosen from the distribution ;, on N x M, and ;0 independently from the
distribution v. From these starting states eg and éu, let (eq, ..., €, ..., €m) @nd (é(,,

ér, ém) be realizations of the coupled pair of Markov chains with
transition probabilities P, conditioned on the coupling time being t and

e,:é,: e. These realizations are generated from independent inhomogeneous
Markov chains running backward, with transition probabilities

ai, ()P (x,y)

Plei_i=xlej=y}=——-—""—,
. @P@&y)

o, ()P (%)

éi_1=xle;=y Z:E/“(Yi__] QP &Y

We extend the chain past 1, requiring elzét for t > 1, as a realization of the
Markov transition probabilities P, to obtain a total sample of predetermined
length m. The random variable is then

_ A ” Xe,,,"‘XeT"‘Xe() ”

og .
Cm "l Xe, - XeX: - X- |l

e .
T+l e, e

(Note that the realizations corresponding to T = 0 are identically 0. The
possibility of T = 0 has been included only to simplify the notation. In practice,
we are free to condition on t > 0.)

The change from g to 4 is an example of importance sampling (cf. Chapter V.1 in Asmussen
and Glynn (2007)). We oversample the values of the random variable with high t to reduce
the variability of the estimate. The importance sampling makes Z(j) a bounded random
variable, with bound A. Imagine that we had a source of perfect samples VT (j) from the
distribution 7., and define

A M VT (j) Xe, (- Xeo(p |l

caO) BIvir(Hx. _x I
GO EVTOX,_ X
m\. D

Z3j) =

Let Y(j) = Xepyg) -+ Xeggy and ¥ =X X, ) Then

AA, (1)

Z(j)-2Z(
1Z () (/)ISC(T(j))

(TB (Y () +7, (fv (j))) . o

Since E [Z] =Ce, we may use (22) to compute the bound
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le~ n‘lii @)

[ 1
P{ >2A —ﬂlog (1)()/2)] < po.

J= (35)
Lemma 6.1 The limits defining the coefficients ;e and e exist and are finite. We may
approximate g by
1 A | Xe.jy -+ Xeo(ip |l
- —log — —
J ;C TG Tl Xey - Xeoiy (36)

If 0 < pg < 1, the probability is no more than pg that the error in this estimation is larger than

1< AA, (1) , . \/17
T4CE0) (TB YD+, (Y <J>)) +24\[-5510g (po/2),

(37)
It remains to bound A. From standard Markov chain theory, for any vector v € S,
VP =+ ||< DE'. (38)
Setting setting Q := P — 1vT, a! is the e-th row of Q;, which may also be written as
(Y:=IZ(Q1>T,
where 1 is the column vector with 1 in place e and 0 elsewhere. Thus
Il a: ll< DE".
If we use the bound ¢ (¢) =k+77, then
A =X (k+27) (Il @y 1| = 1l @ I
=
Kllar | +7% ll |
s
< D¢ (k%) (39)

7 Derivatives with respect to Environmental Transitions

We are now ready to compute derivatives of a with respect to changes in the distribution of
environments, as determined by P. Complicating the notation slightly is the constraint

{P:Z;P (e’ "’) =l or each e}; thus, there can be no sense in speaking of the derivative with
respect to changes in p(g, "’) for some particular e, . Instead, we must compute directional

derivatives along the direction of some matrix W, in the plane Z;W‘,‘;:O.
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For the purposes of this result we write a(e) = a(P®)), where P() is a differentiable curve of
M x M matrices, where the parameter ¢ takes values either in a two-sided interval [—¢g, &g],
or a one-sided interval [0, gg]. Let W := 9P()/9g, an M x M matrix whose rows all sum to 0.
The perturbations are such that P®) retains the ergodicity and irreducibility of P. (The result
should be the same whether ¢ is positive or negative. If P is on the boundary of the set of
possible values, one or the other sign may be impossible. Some choices of W may be

impossible in both directions.) In the special case in which W&;FI and W(,’;.z - 1, with all
other entries 0, we are computing the derivative corresponding to a small increase in the rate

of transitioning from environment e to _, and a decrease in the rate of transitioning to .
In this section the matrices X1, ..., Xy are assumed fixed.
Theorem 7.1 The derivative of the stochastic growth rate is

VIX.X-U-
log -t

e
c.eeM (40)

s

where U, v are independent random variables with distributions 7: and , respectively.

The quantities (g may be approximated, with error bounds, according to the algorithm
described in section 6.

The other part of the expression may be approximated by averaging samples of the form

vIX XU

VaW; Jog—— &
2, v x, ||

e.2eM (41)

where

my_ Xe - Xe,Uo
< Xy - Xm0 |l

and

lT e
(m)T _ Vo Xe, -+ Xe,

e —_———
If "(7)-Xe,,, . ‘Xel Il

and e = ey, ey, ..., ey is @ Markov chain with transition matrix P, and z=g;, &, ---, &, 1S an
independent Markov chain with transition probabilities p, and ,, € 7/ and v}, € V.

The systematic error may be bounded uniformly by 2kor™Ii(vT|W|)Il, while the sampling
error at level p on J samples bounded by

~1 1/2
21 Wl | supmaxllogvTXcul(ﬂ) .
ue MeEM 2J
Tev (42)
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Suppose the simulated expectation is

J ] .
1 V(m‘c)T (]) Xixcly(mr) (])
- E E v W,z log
7 eWee B

j=lz.eem | VemaT (j) Xe |
where
U™ (j) = Xey(j) - Xe,(puo yém) (J)uo
¢ Il Xe,p - - Xe,cpmo L 1Y (o |l
and
T . Ty m) -
yomT (j)= VoXe. () Xey(j) ) Y™ ()
€ - - .
II "gXerrr(.f) o -Xel(./) ” ” V(T)WY((’m) (]) “

We may also bound the systematic error by

J SN . v .T
1Y T velWedl supp(Yg’”’(j') u, Y (j) u)+ sup p(vTYi’”’ () Xev ¥ (j)Xc)]
j=1  éeeM - T

uue Wy ey

z (m) \ m); w
<HL T vilWedl (7 (V2" )+, (XT Y ()T)). )

We note that expressions like (40) are examples of what Brémaud (1992) calls “ersatz
derivatives”. In a rather different class of applications Brémaud suggests applying maximal
coupling.

8 Discussion

Our results provide analytical formulas and simulation estimators for the derivatives of
stochastic growth rate with respect to the transition probability matrix or the population
projection matrices. We have concentrated here on the theoretical results; although this may
not be obvious, we have made considerable effort at brevity. Partly for this reason, we will
present elsewhere numerical applications of these results. We expect that our results should
carry over to integral population models (IPMs), given the strong parallels between the
stochastic ergodicity properties of IPMs and matrix models (Ellner and Rees, 2007).

Our results apply not only to stochastic structured populations but to any stochastic system
in which a Lyapunov exponent of a product of random matrices determines stability or other
dynamic properties. Examples include the net reproductive rate in epidemic models and
some models of network dynamics. An obvious application of our results is to the analysis
of optimal life histories, i.e., environment-to-projection matrix maps that maximize the
stochastic growth rate. As discussed by McNamara (1997), this optimization problem
translates into what is called an average reward problem in stochastic control theory, and so
our results may be more generally useful in such control problems.
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Appendix

Proofs of the theorems.

A.1 Proof of Lemma 3.2
We have

Zviuivjuj
ij

log——

DViliviuj
ij

T T,
log** — log*
Vou v ou

Zuivittiti+ 3, ("iuf"j“,'+",u_,"i"i)
_ i i<j

log

Dupviltiui+y, (n u,";u#"z“/"m.)
i i<j ) o

VilliV iUV Uil

ViV UV UV

< max
ij

For some choice of i, j, let

1
<%

o] < p(u,u)+ log [l / Il

o)+ flog 111/ v
(1) + rog 111/
(1) + flog 1211/

1
<3

1
<1

1
<1

(44)

Then we need to bound

‘Ca+ﬂ+(,j/+LY_(ﬁ+1§_(,4r+}"
= min{("”ﬁw}c?'*‘g.c'ﬂ*‘s+c“”‘i
Ieu+ﬁ+€y+b _ eﬁ-ﬂ) — eu+y|’ (45)

o By v
8 Froreaty

IA

where we have used the relation |log x| < max{x, 1/x} — 1.

We now use the Taylor series expansion
oAk ol
[ B
kzz(;k! (k+1)!
where |C| < max{e¥, 1}. This turns the right-hand side of (45) into
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1 :
2;E|(a+ﬂ)"

+y+0)k - (3+5)" —(a+y)
oo |k-1

223 3 e (o 6 - —ay)

k=2 lt=1

k=2

Applying the bounds (44) yields finally the upper bound in (15).

A.2 Estimating the stochastic growth rate

We prove here Theorem 5.1. The quantity we are trying to compute is

a=E[log || X.U |[], where (U,e) is selected from the distribution . (46)

Let eg, €1, €7, ... be a realization of the stationary Markov chain with transition matrix P. Let
Ym = XeXem_1 ~* Xeq- Choose 4, ¢ ¢4, and let U be a random variable with distribution

Tigg- Then a=E [log||Xe,., Y. Ull/IIY Ull], which may be approximated by
E [logllXe,., Ymuoll/II¥muoll]

If we identify systematic error with bias, this is

Errorgys=

Ell Il Xe,.. Yimito Il]_ [l N Xe,, YU IIH

0og
” Ymu() ” ” YmU "

since (YU/IIY UL, em) also has the distribution z (if Y, and U are taken to be independent,
conditioned on ep). Thus

et Yotioll X YUl
Erroryys <E ‘103 ¥ izl 1Y, 0T
IX, ull [1Xe, . Yo MH
<E| sup |log "l"”;‘ul"" — log—zsl
- m H)m"H
uuel
< ko™,

by (13). The corresponding bound on the sampling error may be computed from (22).

For a particular choice of of ey, ..., en+1 and U we can also represent the random systematic
error as

| Xe,.. Yimtio Il og|| X, YmU |
Il Yoo |l YUl

log

s

which may be bounded by the summand in (26).

A.3 Estimating sensitivities: Matrix entries

We prove here Theorem 5.2. As discussed at the end of section 3.1, we may assume that the
compact sets U and “V are stable and satisfy the bounds of section 3.1 simultaneously for all
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x'©. The stationary distributions corresponding to products of the perturbed matrices are
denoted n(®) and (€, and the corresponding regular conditional distributions are m(®) and 7

The derivative a’'(0) may be written as

) . IXOX© xOu . Xey Xe  +Xeoioll] . XXX o . Xz, Xz, +Xe,, ttoll
lime™! { lim E |log—2-z=l 0 | _ im E |log—a—z=t0 || =| lim E [log—2-—"—| - lim E |log—o——2="
€—0 n—co © ”XZ:"]“-X::;’II()H m—co g 1Xe,,_; XeyHoll m—c0 g |\X:7§J~~4X;fy:u()\| m—o0 g [1Xz) X ey woll
m
=lim lim )] as,, (€) =:lim lim A (m, €) ,
lim 1 - lim lim A
e—0m—00= e—0m—o0
where
(€) y(€) (€) (€) y(€) (€)
(©:=E ¢! [] Il Xz»o Xz»] "'Xzy Ky + - Xa,uo |l I XE(, Xal "'XEHXES - X, uo ||
as ., (€):=E|€ og - —log -
' (€) (€) (e) (€)
X XXz, Xauo | XX Xz - X w0 |

Here e, €1, ... is the stationary Markov chain with transition probabilities P, and g, &,, ... is
the reverse stationary Markov chain, with transition probabilities p.

By (13), for € > 0 sufficiently small

lasm (€)1 < € 'k~ supE [ p (X1, Xe,u)]| < 2kaCr”,
uell !

where

, T
1 ‘Xeul[ v Xgl[
C:=r  'max max < max-———, max .

eeMistzK | uelt (Xeu), vev (VIX,),

If we define

1Tx9x© ... x©
€j €it] Cj

Vi.j:=" 1Tx©Ox© ... x© I
€ ey ¢j
Xz Xz, - Xe;uo
U,"/‘IZ ] L s
T Xe Xz, - Xejuo l
then for m <n,
lasm (€)
VO, s - D'XOU (s+1,m) V(0,5 - D'XOU (s+1,n) VI XU vl X9
—ds, (€)] < €'E log = - — log = - + |log T . —log - -
V(0,5 — 1) Xz U (s+1,m) V(0,5 — 1) X; U (s+1,n) VI Xe Usitm Vi Xz,

We note by (10) that p(Us+1 m, Us+1.n) < kor™S; and for e > 0 sufficiently small and any
v eV we have
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(vTX(E)
¢ Jj
R—
12}?}‘(.’ log (\’TXe)j <2Ce.
eeM
It follows by Lemma 3.2 that
|asm (€) — asn ()| < min {16k, Cr™™*, 4k, Cr°}. (47)

Putting these together, we get, for all n > m,

Um e -Am o] < 3 lasn (@ 'g"ows_m ©) = dsn (O]

s=m+1
n

IA

Z 2k2CrS+ Z 16k3Cr”’_“+ Z 4k2Crs
s=m+1 1<s<m/2 m[2<<m

20k, C 2
2RCpmf2,

By Lemma A.1 we may exchange the order of the limits, to see that

(€) y/(€)
PR Il Xe, Xe,
a’'=lim lime E|log ) )
m—eee—=0 s=1 ” X, o Xes Xe_\,l e Xe“uO ”

€m—1

X Xe, e Xegtto ||] _E[ | XeoXe) | Xet) Xe, = Xeytto ||D
1x© ... x© Xe, -+ - Xegto ||

€m—1 €541

(48)

This limit is the same for any choice of ug, hence would also be the same if we replaced ug
by a random U, with any distribution on 2. We choose U to have the distribution me,
independent of the rest of the Markov chain. By the invariance property of the distributions

T[’
S g IXG XX Xe, | +Xey Vol IXOX©O .x© x, .X, Uyl
a =lim llme‘l ZE log em[ﬂ%,-] mc\ 5—1 0 _ 1 cm((le,,,__, me(,,] s 0
m—o0e—0 s=1 “X%}l - Xeg Xe,_; Xey Uoll ”Xt‘,,,q '“Xc\ﬂ XegXeg Uol
. m IX9Ox© x©Ou IXOx© x© x, y_y
=lim Y lime'E log—rm=l =~ | emXey_ ) Kegi Xes ,
IX) XU X9 X X, Uyl
m—e0 c—)e—0 e, " Aes Us-1 et Xeppy XesUs-1 (49)

where (Ug—1, €5) has distribution =.

For m > s > 1 define functions

(8)y(6 ©) yle)
fi(e,6) = lTXem Xe,,,)q "'Xe.,ilxef Us-
ST rx© L x© x@r ’
€] e e, Y-l

where the denominator is understood to be 1 for s = m. The summand on the right of (49)
may be written as

R _ .
ll_l:%e E[log f; (€, €) — log, £: (0,€)]. (50)

By (13),
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€ 'Ellog f. (€.6) — log. £, (0.0)] < € "kyep (XU, X, U) <2Chy
for e in a neighborhood of 0, so the Bounded Convergence Theorem turns (50) into
dlog fs
E llime"' (log f; (e, €) — log, f (0, 6))] =E _gj 0,0)].
e—0 Oe (51)
We have, by linearity of the matrix product and Il - Il
dlog f; M X Xe XUt 1K, Xey £ X Ust
o 0.0 =R T T TR XU
M XepXe Xeg Ut 1 Ko Xeyy X, Ust
_ Ko XaOo T~ e o Xa, U T ) forl<s<m-—1,
1X,,Unne
WoyUpol 0T s=m
Combining this with (49) yields the telescoping sum
, . m ]TXeI'“XqX;()U m—1 lTXe/‘"XelX;UU
d (0)= ,,}E};, E‘]E T Xe,~Xe, XeoU || ~ EA]E 17X, Xe; XU
. 17 X, +Xe X, U
= m B | 7, e o 0 |
where in the last line (U, eo) has the distribution 7. De ne VZ:=17X, --- X, /| 17X, -, |}

Then v converges in distribution to V, with distribution 7,, (conditioned on ep), and so

VIX, U vix'U,
@ (0)=limE—0 ="y Bt

moeo VX U & VIX U,
which is identical to (27).
Now we estimate the error. We use the representation
Xz - X5, Up
L
| Xz - Xz, Uo l
r o ViXe, - Xe
Ve Xe, - Xe, I

where Ug and V] are assumed to have distributions ;_and 7, respectively. Then

(m)T y’ 17(m) Zh'd
yim ‘X? Uvm 0 X
yim)T X, Um VTX‘, U

<2 (eZ/J(V.‘]("”T)+2p(UAU("”) _ 1) VX, U|

VX, U]
Ak,m VX.U|
S2(e 2 —1) TR
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by (13). This implies the uniform bound on systematic error, and the bound on sampling
error (30) follows from applying (22) to a trivial bound on the terms in the average. The
simulated bound (31) also follows directly from (52).

Lemma A.1 Let A(m, €) be a two-dimensional array of real numbers, indexed by m € N and
€ >0, with A(m, 0) := lim¢ o A(m, €) existing for each m, and A(, €) := limy_,co A(M, €)
existing for all e sufficiently small (independent of m). Suppose A satisfies

lim lim sup sup |A (m, €) — A (n, €) |=0.
M—co €l0 mn>M (53)

Then the two limits

lim limA (m, €)
10

m—o e

and

lim lim A (m, €)
el0m—co

are equal; in particular, if one exists the other exists as well.

Proof. Suppose A« := lim¢ o A(00, €) exists. Then we need to show that A« = limp_,00 A(M,
0).

Choose any 4 > 0, and choose M such that

lim sup sup |A (m, €) — A (n, €)|<6.
el0  mn>M

This means that we may find eg > 0 such that |A(m, €) — A(n, €)| <25 when 0 < e < g and
m, n < M, and such that also |A(oo, €) — A«| < 25 for all 0 < e < . It follows, in particular,
that |A(m, €) — A+| <45 when m > M and 0 < € < gp. Thus |A(m, 0) — A« <45 form > M,
and consequently |lim supm— oo A(M, 0) — A«| < 43. Since & is arbitrary, it follows that
limp_c0 A(M, 0) = As.

The converse result (starting from the assumption that limp,_,co A(m, 0) exists) follows
identically.

A.4 Estimating sensitivities: Markov environments

We derive here the formula (40) by a combination of the coupling method and importance
sampling. We use importance sampling for the actual computation, but coupling provides a
more direct path to validating the crucial exchange of limits. As in the proof of Theorem 5.2,
the error bounds are an obvious consequence of the formula (40) and the general formulas
for errors described in section 4.

Given two distributions g and g* on {1, ...,M}, we define a standard coupling between q
and g*. Suppose we are given a uniform random variable o on [0, 1]. Let M_ := {e:g.<q}}
and M, := {e:gi<q.}). Letd =2, (4 —q.) =Z..,,, (g — q.). We define three random

variables , on M, ;+ on A, and , on a4 , according to the following distributions:
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P{; :e} =min {g., q.} /(1 -9),
P{é}:e} ={g. — 4.1, /6.

Ple-=e}=lg: - el /o,

The joint distribution is irrelevant, but for definiteness we let them be independent. Then we
define the coupled pair (e, e*) to have the values

(é, é) it w>o.

(é+,;_) if w<é. (54)

Then e has distribution g, e* has distribution g*, and e = e* with probability 1 — 8. This 3 is
called the total-variation distance between q and g*.

We write E, for the expectation with respect to the distribution that makes e, ..., ey a
stationary Markov chain with transition matrix P. Define v(€) to be the stationary distribution

corresponding to P(€), and define j( to be the time-reversed chain of P(€). We define

[IXe, Xe,, | '“Xenull]_]E [1 l1Xe, Xe,,, - - Xeyull
P

g(mieu) :=E,, [lo
"0 8 X, - Xegu Xey, - Xegu

By the time-reversal property,

e Xe, - .Xemu”] _E, [1 1Xe, Xe, - - .Xemull]

gmeu) :=E,; [loc
fe [IXe, - - - Xe,, ull 1Xe, - - - Xe,,ull

For € > 0 we couple a sequence ey, ..., ey, selected from the distribution p to a sequence

e{f) ..... e\’ selected from the distribution p@ as follows: We start by choosing (eo, eff) )
according to the standard coupling of (v, v(€). Assume now that we have produced sequences
of length i, ending in ej—; and egf)]. We then produce (ei, eﬁs)) according to the standard
coupling of row ej_1 of p to row ef.f)] of pe. (To simplify the typography in some places we
use e(i) and e(©)(i) interchangeably with e; and ¢°’.)

Let & = §(€) be the maximum of the total variation distance between v and v(€), and all of the
pairs of rows. It is easy to see that there is a constant ¢ such that 6 < ce for e sufficiently

small. Define w1, wy, ... to be an i.i.d. sequence of uniform random variables on [0; 1], and
two sequences of random times as follows: Ty := Sp := —1, and

T;p1=min {t>S;:w; < 6},
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Siy1=min {f>T,'+1 :efg):e,} .
Thus, ¢!“=e, for all S < t < Tj1. Define for any 4, e 2/ the random vector
Xe(t) * * * Xe(t+m
U, := lim e(f) e(t+m) U0 ’
m—co “Xe(t) -+ Xe(t+myUoll
and define a version of g conditioned on T, and T,
[1XegXe, - - - Xe,, ull 1Xe Xe, - - - Xe,, ull
gmeuwTy,T) :=E,  |log—————"—|T,T>|-E, |log T, T>|.
7o 8 X, - Xeyul P e, Xl
Then forany u € U,
V. a(P)=d (0)=lim lim ¢ 'E ewsT,TH)].
wa (P)=d" (0) im lim € [ (m:ewsTy, To)] (55)
We also define
eO0) " A eais 1) S, e(0)Ae(l) """ A g _yYs
I1X. X, 1 Us (1 Xe0) X, X5, Us, |
v (€T, T2) :=E|log - —log |T1, T>
IXeoty X o,y Us, I IXe(r) -+ X5, Us, I

We break up these expectations into their portion overlapping three different events:

) A{Ti>m}k
(i) {T2>m=Ti}

(i) {m=Ty}

On the event {T; > m} we have g(m, e u; Tq, To) =0, and Ty — m is geometrically

distributed with parameter 3. By (13), y is bounded by korT11,

On the event {T, > m > T1}: We have e(9)(i) = e(i) fori < Ty and for S; <i<m. If S; <m,

U =X "'Xe(lrl)Um+]/||Xe(s1) "'Xe(m)UmH”

Sy e(S1)
=X X Unat /X o - Xyo Upiill
(m)

2 (e e (€)
1) ‘ “(s1)

m)

Thus we may write where

(€)

I|Xemr“/\’¢”.]7|)Xc{,)(,l,])'“Xc(e)“mU I [1 X0

ly (e:T1,T2) — g(m,eu;T1,T2)| < |E|l

XQ(Tl ,|)Xem(1-l )-uXe((,“")LlH

o —
08X -x X0 |71, T2| — E|log

. 1G]
e(Tr])Xc‘f)(;T]) vl

(m)

< 2kor™,

(€)

where; = ¢ =0, if S < m; otherwise
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(:/(E)— Xe“”(m+]) T Xem(xl,])U.s] )
”Xe'“(m+l) e Xe(e\(s]_])Usl I
U= X X5,y Usy
||X(m+l) - X )Usl ”

(51-1

On the event {T, < m}: The above approach shows that

by (€T, T2) — g (m, €usT1, T2) | < 2kar™>7", (57)

Combining these bounds, we obtain

. e T —1 , T>—1
ly(e:T1,T2) — g(m,eusT1,T2) | < kar™! 1{T,>m}+2k2rm1{715m}+2k2r . (58)

Taking the expectation with respect to the distribution of T; and T», using the fact that T,
and T, — Sq are independent with distribution geometric with parameter 3, we obtain

k 2k»
Elly(eT1,T2) — g(m, ew;T1, T2)|] < —zr’"_]6+2k26mr’"+7—‘762.
1-r rA(1-r? (59)

Since § is bounded by a constant times |e|, we may find a constant C such that (by the
triangle inequality) for all €, positive integers m, and u € U,

[E[y(eT1,T2)]-E[g (m, Ty, To)]| < E[ly (6T, T2) — g (m, e;u:T1, T) |] < C(mr’"|6|+ez).

(60)
This bound allows us to exchange the limits in (55):
a (0) =lin(1) lim e 'E [g (m, e;5T1, T>)]
e—0m—o00
:linz)e’l]E [y (&T),T2)]
€
= lim lin(l)e‘llE g (n, e;u:Ty, Tr)]
1M 00€ —>!
g IXe,, Xe,,, ~Xegl
—"EllllyxlezoEp(f, 10g ‘|X2I1171-'1‘Xe(’2|)‘ (61)

Now we apply the method of importance sampling. We may assume without loss of
generality that W (e, e") = 0 whenever P (e, ') = 0 (using the analyticity of a, and the fact
that the formula (40) is nonsingular on the nonnegative orthant). For any function

ZM™ SR,

E,, [Z(eo,....en)]=E,[Z(eo,... ,en) F (€:€0,....en)],

where F is the Radon-Nikodym derivative
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F(E;e() ----- em) _dP ( 0> --em)
::: ml Pe;eii1)
Ve 0 Pleei) -
This allows us to rewrite
(€) m—1
Veo T1 P (e ei41),  [1Xe, Xe,, , -+ Xegull

d
d' (0)=lim — Ze

m—oo

EOEP

og
P(e;,eir1) [1Xe,, = Xeyull

i=0 (62)

For any fixed m, there is an upper bound on e }(F(e ey, ..., em) —1), SO we may move the
differentiation inside the expectation, to obtain

’ — 1 d c() P‘ (ej.is1) 1 Xep Xe,,,_; = Xegul
@0 _nliglch” dele=0v i=0 Pleren) 108 Xe,,_; ~Xeull
— 1 1111 tIAe,,,X o Keyul W(epeir1) 1 o 1 XemXe,  Xeyl
_”IZ%E,) (Vey)™ |e olog X, X ol +n11_1}go Z E, P(epe,ﬂlloo IXe,, - Xq,qu (63)

The first limit is 0. To see this, rewrite it as a sum over possible values of eg:

1Xe, Xe,,; - Xe Xeull
IXe,_, - Xe, Xetdl|

(' (€)
_ [1Xe, Xe, S - Xeu| dv,
li log e en -5 B I
im [(Ve) ——le=0lo —||Xe,,,_1 X im » ——E, |log

m—00 m—o0 de
eeM eceM

dv(;f)
Since v(€) is a probability distribution, it must be that Z Je ——=0. Thus, the expression in
the limit becomes 0 if we replace the expectation by a constant independent of e. By

Lemma A.2 it follows that the limit is 0.

To compute the other limit, we sum over all possible pairs (g;, €j+1) = (2, ¢). The summand
becomes

IXe, Xe, -~ Xeyull
O—Ie,:e, €j.1=e

v(e)W(eeE|lo
Z IXe,, - - - Xeoull

e.ceM

(64)

In order to analyze this, we need to consider the distribution of ey, ..., ey, conditioned on
e;=¢ and ejy1 = e. By the Markov property, this splits into two independent Markov chains: e
= €j+1, ..., €m IS @ Markov chain of length m — i, with transition probabilities P and starting
point e, while z=e,, €j-1, ..., € is a Markov chain of length i + 1 with transition probabilities
p and starting point 3. Define two independent infinite sequences g, &, ... and egey, ...,
which are Markov chains with transitions p and P respectively, beginning in g,=z and e;;1 =

e. Define fori > 1, U; (2) := XsXe, -+ Xeu With {7 2) := 1,and V] () := 17 Xe,, -+ Xe, Xe
with V7§ (¢) := 17. Also define
Uie) 7 Vi ()

Uile)i= ——, V; (e) = — .
=T @l AT
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Since llull = 17 u for any nonnegative column vector u, the expression (63) becomes

d0) = 3 v@We,e) lim {’THI(E[IOQ\V/,-TH @ U (E)]—E[]ogViT @ Ui (é)J)}

e.eeM

=Y v(@)W(,e) hm {'. ( [10g|1V,+,(e)||] E[lo ||V (e)ll] +E log l+1(e)U (e)] [logViT (e) Ui(é)])}

2,eeM

=2 V(@ lim 3 We, e)]E[logllV (e)||]+ I v@WEe lim z E 1ogM]
eeM m—=0pc A /1 (e)Up—1(2)

(65)

In the last line we have used the fact that £ _ | W (¢, ¢) =0, which means that

- ~T
W e)E [10% Vo (o) ”] =0as well, since ¥/{ (¢) =17 is independent of e. The same
reasoning implies that if we define ViT (v) to be the version of x“/iT started in the stationary
distribution — for instance, starting from realizations of 7/ (), define V! () to be equal to

~ N ~T
7] () with probability ve — then ZeerV (&, €) E [log IV ) ||] =0, The first term on the
right-hand side of (65) may then be written as

Z v(&) W (2,e) imE |l

m—oo
c,eeM

Z v(@) W (@,e) L.
2,ceM (66)

V! (e) ||}
ogn @l
e o)l

To compute the second term, we note that U, (2) := lim,_, U; (&) eXists, with distribution .,
and p (U; (2), Uss (8)) < kor'; similarly, V7 (e) := lim; .,V (e) exists, with distribution 7,
and p (V; (), Vi1 (e)) < kor'. Thus

llogV?%., (&) Up-i (&) —logV! (&) Up—i (&) | < p(Vi(e), Vis1 (€)) < ko',

We break up the sum on the right-hand side of (65) into three pieces:

> E[logV], (€) Upoy @)~ logV (e) Upoy 2)]

O<ism—1

- Z 1E[1ogv+1 (e) Uss (&) — logV! (e) Um(é)]

0<i<m/2

. [lo +1 (€) Up-1(8) OOV,-T (@) Um— (é)]
0<i<m/2 z+1 (U (@) N Vi) Us (@)

+ > E[logVl, () Upi(@—logV/ () Up-i (@)].

m/2<i<m—1

The first sum telescopes to

E[logV],,,, (@) U (@) - logVy (¢) U (2)| =E[logV], ./ () U @)] - logk,

applying the fact that V] =17 /K, so that V] (e) U (&)= || U (&) || /K — 1/K. Applying (9), the
second and third sums are bounded by
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. 3k m/2
dorte 3 e < B
. - l1-r
0<i<m/2 m/2<i<m—1
Thus
it VI (€) Up-y (2) ,
lim "B |log—2——""——|=E V" (e) U @)
moe Vi (€ Un-i (@) (67)

completing the proof of Theorem 7.1.

Lemma A.2. For any u, ,c q7and e, e € M, if we leteg, eq, ... and e}, e}, ... be realisations
of the Markov chain P starting at eg = e and e;=e" respectively. Then

X, X e - Xgull]l kD
E logM]—]E logM < 2 (m+1)(EV ™,
ey -+ X e, X ull [ 17 (69)
o

where & and D are the constants that satisfy (38).

Proof. Using the maximal coupling, we create coupled versions of (g, e;), such that the
coupling time t satisfies

Pir>1) < |v—P (e, )| +lv - P (ex,-) || < 2DE".

Define

Xe,,l .. 'Xeﬂu v Xet oo+ Xer
Up 1= —— —, U= ————

”Xe,,,l o 'Xenu”’

Then by the bound (13),

1Xe,,, Xeoull HX‘:*H'NXeBu” 1Xe, . ~Xegtt |\Xcs+l~~Xc6uH
B [lop iz | - | lop T | < 8 log Sl - hop T
X S
B S AT N R 7]
X Xeg KXot
|1 X, Xerttll
S E[kyr™T]
m
kD n—t ¢t
<FEEE

=0
< BB (m+1)E v .

A.5 A version of the Furstenberg-Kesten Theorem

Theorem A.3 (Furstenberg-Kesten) The limit defined in (2) exists almost surely, and is
deterministic, given by (46).
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Proof. Let eq, ey,... be a stationary Markov chain with transition matrix P. If we choose
No € U, this induces a Markov chain Y; := (Ni—1/lINt411l, ;) with state space ¢ x M. We
extend the Hilbert metric to 7 x M by p((u, €), (U=, €x)) = p(U, Ux) + Liesex}-

If we define the function F : ¢ x M — R by

F (u,m) := log||X,ull,

then

loslNIl =¥ Jog 1
ogNl =3 log;

1
_ Ni—
—E]l‘)g Xe: v H

:éF(Yi).

If (Y;) were a chain on a finite space, we would invoke the law of large numbers for Markov
chains, also known as the pathwise Individual Ergodic Theorem (cf. Theorem 1.10.2 of
Norris (1998)) to see that

1
P i ] 3 oyl — ,
[lggt log|1N,||-ttht ZF (Y;) exists and equals [ F] := Z mF (),

i=1

where 7 is the unique stationary distribution. The same would be true for a positive recurrent
Markov chain on a countable state space.

On a more general state space, the pathwise ergodic theorem still holds as long as the
Markov chain is uniquely ergodic; that is, it has a unique stationary distribution = (see
Theorem 6.1 of Hernandez-Lerma and Lasserre (1998), or Chapter 6 of Walters (1982)), and
7 is ergodic.

We first show the existence of m. Choose 4, ¢ 74, and let ..., e_1, €, €1, €, ... be a
stationary Markov chain on M with transitions P, infinite in both directions (as in section
3.2). Then

P (U—l.—ns U—L—n—l) =p (Xe,l cee Xe,,,u(), Xe,l ce Xe,,,Xe,,,,l ll()) < k’.’rns

implying that (U_; _,);~, is always a Cauchy sequence, hence converges to a random
variable U_; _,, € U. Define m to be the distribution of the pair (U-1 — oo, €p).

Now, conditioned on starting at Yo = (U-1 —co, €p), the next step Yy is (XeqU-1,—cof
XegU-1,~coll €1). Notice that

XeUotcoo

=U0,~c0
1Xe U=t ~s0ll

has the same distribution as U_1 o, S0 that = is a stationary distribution for (Yy).
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It remains to show that = is uniquely ergodic. Suppose that we start the chain in an

alternative distribution .. Define Yq = (U, 1) to have distribution = and Y5= (U*,e’f) to have
distribution p. Leteq, ey, ... and e}, €5 ... be coupled versions of the environment chain,
started in e, and e] respectively. For definiteness, we say that they are independent up to the
first time t when e,=e; — and then e, ;=e;; for i > 0. Then

v <Xcm"'Xe]U )
P L = |
"X, - X U

Y: =

m

X - XeU |
—_—, €
IXes, - Xe U |

m

are both realisations of the Markov chain Y, with initial distribution of = and p respectively.
We write uy, for the distribution of ¥ We see that

oY, Y,) <kar™ " 1,mpm—,0asm — oo,
Thus, pm — = weakly. By Theorem 6.12 of Walters (1982), it follows that = is ergodic (in

fact, strong mixing). Furthermore, if p were an invariant distribution then py, = p, so the
convergence implies p = z. Therefore, x is uniquely ergodic.
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