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Abstract

In regression problems where covariates can be naturally grouped, the group Lasso is an attractive
method for variable selection since it respects the grouping structure in the data. We study the
selection and estimation properties of the group Lasso in high-dimensional settings when the
number of groups exceeds the sample size. We provide sufficient conditions under which the
group Lasso selects a model whose dimension is comparable with the underlying model with high
probability and is estimation consistent. However, the group Lasso is, in general, not selection
consistent and also tends to select groups that are not important in the model. To improve the
selection results, we propose an adaptive group Lasso method which is a generalization of the
adaptive Lasso and requires an initial estimator. We show that the adaptive group Lasso is
consistent in group selection under certain conditions if the group Lasso is used as the initial
estimator.

Keywords
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consistency

1. Introduction

Consider the linear regression model with p groups of covariates
P i
Yi= ) XyBite, i=l,....m,
k=1

where Yj is the response variable, ¢ is the error term, Xy is a dx x 1 covariate vector
representing the kth group and S is the corresponding di % 1 vector of regression
coefficients. For such a model, the group Lasso (Antoniadis and Fan (2001), Yuan and Lin
(2006)) is an attractive method for variable selection since it respects the grouping structure
in the covariates. This method is a natural extension of the Lasso (Tibshirani (1996)), in
which an ¢,-norm of the coefficients associated with a group of variables is used as a
component in the penalty function. However, the group Lasso is, in general, not selection
consistent and tends to select more groups than there are in the model. To improve the
selection results, we consider an adaptive group Lasso method which is a generalization of
the adaptive Lasso (Zou (2006)). We provide sufficient conditions under which the adaptive
group Lasso is selection consistent if the group Lasso is used as the initial estimator.



1duasnuey Joyiny vd-HIN 1duasnuey Joyiny vd-HIN

1duasnuey Joyiny vd-HIN

WEI and HUANG

Page 2

The need to select groups of variables arises in many statistical modeling problems and
applications. For example, in multifactor analysis of variance, a factor with multiple levels
can be represented by a group of dummy variables. In nonparametric additive regression,
each component can be expressed as a linear combination of a set of basis functions. In both
cases, the selection of important factors or nonparametric components amounts to the
selection of groups of variables. Several recent papers have considered group selection using
penalized methods. In addition to the group Lasso, Yuan and Lin (2006) have proposed the
group Lars and group non-negative garrote methods. Kim, Kim and Kim (2006) considered
the group Lasso in the context of generalized linear models. Zhao, Rocha and Yu (2008)
proposed a composite absolute penalty for group selection, which can be considered a
generalization of the group Lasso. Meier, van de Geer and BihImann (2008) studied the
group Lasso for logistic regression. Huang, Ma, Xie and Zhang (2008) proposed a group
bridge method that can be used for simultaneous group and individual variable selection.

There has been much work on the penalized methods for variable selection and estimation
with high-dimensional data. Several approaches have been proposed, including the least
absolute shrinkage and selection operator (Lasso, Tibshirani (1996)), the smoothly clipped
absolute deviation (SCAD) penalty (Fan and Li (2001), Fan and Peng (2004)), the elastic net
(Enet) penalty (Zou and Hastie (2006)) and the minimum concave penalty (Zhang (2007)).
Much progress has been made in understanding the statistical properties of these methods in
both fixed p and p > n settings. In particular, several recent studies considered the Lasso
with regard to its variable selection, estimation and prediction properties; see, for example,
Knight and Fu (2001), Greenshtein and Ritov (2004), Meinshausen and Buhlmann (2006),
Zhao and Yu (2006), Huang, Ma and Zhang (2006), van de Geer (2008) and Zhang and
Huang (2008), among others. All of these studies are concerned with the Lasso for
individual variable selection.

In this article, we study the asymptotic properties of the group Lasso and the adaptive group
Lasso in high-dimensional settings when p >> n. We generalize the results concerning the
Lasso obtained in Zhang and Huang (2008) to the group Lasso. We show that, under a
generalized sparsity condition and the sparse Riesz condition, as well as certain regularity
conditions, the group Lasso selects a model whose dimension has the same order as the
underlying model, selects all groups whose ¢,-norms are of greater order than the bias of the
selected model and is estimation consistent. In addition, under a narrow-sense sparsity
condition (see page 1371) and using the group Lasso as the initial estimator, the adaptive
group Lasso can correctly select important groups with high probability.

Our theoretical and simulation results suggest the following one-step approach to group
selection in high-dimensional settings. First, we use the group Lasso to obtain an initial
estimator and reduce the dimension of the problem. We then use the adaptive group Lasso to
select the final set of groups of variables. Since the computation of the adaptive group Lasso
estimator can be carried out using the same algorithm and program for the group Lasso, the
computational cost of this one-step approach is approximately twice that of a single group
Lasso computation. This approach, iteratively using the group Lasso twice, follows the idea
of the adaptive Lasso (Zou (2006)) and a proposal by Biihimann and Meier (2008) in the
context of individual variable selection.

The rest of the paper is organized as follows. In Section 2, we state the results on the
selection, bias of the selected model and convergent rate of the group Lasso estimator. In
Section 3, we describe the selection and estimation consistency results concerning the
adaptive group Lasso. In Section 4, we use simulation to compare the group Lasso and
adaptive group Lasso. Proofs are given in Section 5. Concluding remarks are given in
Section 6.
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2. The asymptotic properties of the group Lasso

LetY =(Yy, ..., Yp) and X = (Xy, ..., Xp), where Xy is the n x dy covariate submatrix
corresponding to the kth group. For a given penalty level 1 > 0, the group Lasso estimator of

B=(B,. ... ,ﬁ'p)' is

- 1 2
B=argmin=(Y — XB)T(Y = XB)+A > |||,
F2 AZ; ol 2.1)

’

where B=(6,.....5,).

We consider the model selection and estimation properties of 4 under a generalized sparsity
condition (GSC) of the model and a sparse Riesz condition (SRC) on the covariate matrix.
These two conditions were first formulated in the study of the Lasso estimator (Zhang and
Huang (2008)). The GSC assumes that for some 71 > 0, there exists an Ag C {1, ..., p} such
that ZyeagllBill2 < 71, where || - ||, denotes the £,-norm. Without loss of generality, let Ag =
{g+1,...,p} The GSCis then

P
2 el < m.

k=g+1 (22)

The number of truly important groups is thus g. A more rigid way to describe sparsity is to
assume 71 = 0, that is,

||pkHz:0, k=q+1,...,p. (2.3)

This is a special case of the GSC and we call it the narrow-sense sparsity condition (NSC).
In practice, the GSC is a more realistic formulation of a sparse model. However, the NSC
can often be considered a reasonable approximation to the GSC, especially when 71 is
smaller than the noise level associated with model fitting.

The SRC controls the range of eigenvalues of the submatrix. For A C {1,..., p}, we define

Xa = Xk, k € A) and ZM:XAXA /. Note that X is an n x Zeady matrix. The design matrix
X satisfies the sparse Riesz condition (SRC) with rank g" and spectrum bounds 0 < ¢« < ¢*
<ooif

ol

*

< 2 <" VAwithg'=|A|=#{k:k € A}and v € R%rk.
””"”z (2.4)

Let A = {k: ||Al]2 > 0, 1 <k < p}, which is the set of indices of the groups selected by the
group Lasso. An important quantity is the cardinality of A, defined as
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7= A1 =#{k|[Be]| >0.1 <k < p), (2.5)

which determines the dimension of the selected model. If g = O(q), then the selected model
has dimension comparable to the underlying model. Following Zhang and Huang (2008), we
also consider two measures of the selected model. The first measures the error of the
selected model:

a=|\a - Pxpl

2’ (2.6)

where P is the projection matrix from R" to the linear span of the set of selected groups and |
= Iyxp Is the identity matrix. Thus, w? is the sum of squares of the mean vector not
accounted for by the selected model. To measure the important groups missing in the
selected model, we define

B

1/2
. :0}] ‘

We now describe several quantities that will be useful in describing the main results. Let dg

| Xl

kgAo 2.7)

P
= maxy<k<p Ak, dp = Ming<y<p di, d = da/dy and NFZk:]dk. Define

« 2 1/2
ne* \d.m 12 nc'n; / _c
— ] . n=nW= -

r=n (ﬂl):(
,ld],q 112(]1,(] Cy (2.8)

where 772 = maxa cag Il Zkea XkBll2,

M1=M1(/l)=2+4r‘2+4 %}’24—4{1?, (2.9)
Ms = Ma()=2(1+4r3+2dc+4V2d(1+ V) Very+iedc?), (2.10)
M3 = My(D)=2(1+42+4 Vde(1+2 V140)ry+3r3+2de(7+47)). ©.11)

Let Anp=20 \/ 8(1+co)dad*q*cnc*log(Na V an), where ¢y > 0 and a, > 0, satisfying pda/(Ng v
an) 1t ~ 0, and Jg = inf{4: M1q +1 < q*}, where inf @ = co. We also consider the
constraint

A 2 max{do, A p}- (2.12)
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For large p, the lower bound here is allowed to be 4, , = 26[8(1+Cg)dad?g*cnc” log(Ng)1*/2
with a, = 0; for fixed p, a, — 00 is required.
We assume the following basic condition.

(C1) Theerrorsey, ..., &, are independent and identically distributed as N (0, ¢2).

Suppose that g > 1 and that (C1), the GSC (2.2) and SRC (2.4) are satisfied. Let ¢, @ and {»
be defined as in (2.5), (2.6) and (2.7), respectively, for the model A selected by the group
Lasso from (2.1). Let M1, M5 and M3 be defined as in (2.9), (2.10) and (2.11), respectively.
If the constraint (2.12) is satisfied, then the following assertions hold with probability
converging to 1:

T < #k: |LZ§,(”7>0 ork ¢ Ao} < M1 (g,
— 2
o= “(1 - P)Xﬁ”2 < My()BX),

G=2 [P, =01 <

con

where B,(A):((/lzd,z,q)/(nc*))1/2-

Remark 2.1—The condition g > 1 is not necessary since it is only used to express
quantities in terms of ratios in (2.8) and Theorem 2.1. If g = 0, we use rlzqznc* \/d_am [(Adp)
and r3g=nc"n3/(A*dy) to recover My, My and Mz in (2.9), (2.10), (2.11), respectively, giving
the results § < 4nc* \Jduny /Ady, @* < 84 \Jdudpny /3 and £2=0.

Remark 2.2—If 7, =01in (2.2),thenr; =r, =0 and
M =2+4dc, Ma=2(142dc+dc”),  Ma=3(1+2dc(7+47)),

all of which depend only on d and c. This suggests that the relative sizes of the groups affect
the selection results. Since d > 1, the most favorable case is d = 1, that is, when the groups
have equal sizes.

Remark 2.3—Ifdy = -- =dp =1, the group Lasso simplifies to the Lasso and Theorem
2.1 is a direct generalization of Theorem 1 on the selection properties of the Lasso obtained
by Zhang and Huang (2008). In particular, when dy = - - - = dp = 1, rq, rp, My, M, M3 are the
same as the constants in Theorem 1 of Zhang and Huang (2008).

Remark 2.4—A more general definition of the group Lasso is

p
F=argminz (¥ - XB) (Y - X+d Y BRig0'"
B & (2.13)
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where Ry is a dy x di positive definite matrix. This is useful when certain relationships
among the coefficients need be specified. By the Cholesky decomposition, there exists a

matrix Qy such that R;=d, Q;,Qk. Let §* = Qgp, and X,’j:XkQ,j‘. Then, (2.13)becomes

P
E*: arg I%in(y - X*ﬂ*),(Y - X*ﬂ*)ﬁiz Jd_’“ﬁ“z
k=1

P ;o 12
The GSC for (2.13) is Zk=q+l(ﬁkaQkﬁk) <, The SRC can be assumed for X - Q71,
where X - 07'=(X; QII, . -»X])Q;l)-

Immediately, from Theorem 2.1, we have the following corollary.

Corollary 2.1

Theorem 2.2

Suppose that the conditions of Theorem 2.1 hold and 2 satisfies the constraint (2.12). Then,

with probability converging to one, all groups with Hﬁl\l[i >M3(2)gA* [(c.c*n?) are selected.

From Theorem 2.1 and Corollary 2.1, the group Lasso possesses similar properties to the
Lasso in terms of sparsity and bias (Zhang and Huang (2008)). In particular, the group Lasso
selects a model whose dimension has the same order as the underlying model. Furthermore,
all of the groups with coefficients whose ¢,-norms are greater than the threshold given in
Corollary 2.1 are selected with high probability.

Let {c, o, 1, Iy, Co, d} be fixed and 1 < g < n < p — o0, Suppose that the conditions in
Theorem 2.1 hold. Then, with probability converging to 1, we have

1 cori+r? gA
, < (20 /M 10g(Ny)q+(rs+ \JdM ©)By )+ entn Vit

-8, < — -
NCy CyC n

and
||XE— Xﬁ”ﬁ < 20 [M1log(N)g+2rs+ NAM13)B,.

Theorem 2.2 is stated for a general A that satisfies (2.12). The following result is an
immediate corollary of Theorem 2.2.

Corollary 2.2

Let =20 \/ 8(1+cy)dud?q*cc"nlog(Ny) with a fixed ¢, > co. Suppose that all of the
conditions in Theorem 2.2 hold. We then have

|IB- 5|, =0p(ValogN) /) and  |[XB - Xp||, =0, (Valoga).

Bernoulli (Andover). Author manuscript; available in PMC 2011 November 7.
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This corollary follows by substituting the given A value into the expressions in the results of
Theorem 2.2.

3. Selection consistency of the adaptive group Lasso

As shown in the previous section, the group Lasso has excellent selection and estimation
properties. However, there is room for improvement, particularly with regard to selection.
Although the group Lasso selects a model whose dimension is comparable to that of the
underlying model, the simulation results reported in Yuan and Lin (2006) and those reported
below suggest that it tends to select more groups than there are in the underlying model. To
correct the tendency of overselection by the group Lasso, we generalize the idea of the
adaptive Lasso (Zou (2006)) for individual variable selection to the present problem of
group selection.

Consider a general group Lasso criterion with a weighted penalty term,

P
%(Y = XBY (Y = Xp)+ 1) wi i Bl
k=1 (3.1)

where w is the weight associated with the kth group. The 4, = Aw can be regarded as the
penalty level corresponding to the kth group. For different groups, the penalty level Ay can be
different. If we can have lower penalty for groups with large coefficients and higher penalty
for groups with small coefficients (in the £, sense), then we expect to be able to improve
variable selection accuracy and reduce estimation bias. One way to obtain the information
about whether a group has large or small coefficients is by using a consistent initial
estimator.

Suppose that an initial estimate ﬂ~ is available. A simple approach to determining the weight
is to use the initial estimator. Consider

1

(2

k=1,..., p-
2 (3.2)

Wi=

Thus, for each group, its penalty is proportional to the inverse of the norm of . This choice
of the penalty level for each group is a natural generalization of the adaptive Lasso (Zou
(2006)). In particular, when each group only contains a single variable, (3.2) simplifies to
the adaptive Lasso penalty.

Let a=max, . [1Bell, and fp=min, el we say that an initial estimator £ is consistent at
zero with rate rp if ry maxyeag [1Bkll2 = Op(1), where r, — ©0 as n — o, and there exists a

constant & > 0 such that for any & > 0, P(min, . Bell, >€564)>1 = & for n sufficiently large.

In addition to (C1), we assume the following conditions:
(C2) theinitial estimator/? is consistent at zero with rate r, — ©o;

(C3) _
Vda(logg) 2d)%q Lo Nndlegp-9) &

Vb, ’ n(),% ’ Ar, " rbyNdy

Bernoulli (Andover). Author manuscript; available in PMC 2011 November 7.
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(C4) 3
all of the eigenvalues of £-.c.c are bounded away from zero and infinity.

Condition (C2) assumes that an initial zero-consistent estimator exists. It is the most critical
one and is generally difficult to establish. It assumes that we can consistently differentiate
between important and non-important groups. For fixed p and d, the ordinary least-squares
estimator can be used as the initial estimator. However, when p > n, the least-squares
estimator is no longer feasible. By Theorems 2.1 and 2.2, the group Lasso estimator / is

consistent at zero with rate 4/n/(glog(Ny)). Condition (C3) restricts the numbers of important
and non-important groups, as well as variables within the groups. It also places constraints
on the penalty parameter and the £,-norm of the smallest important group. Condition (C4)

assumes that the eigenvalues of Zmr are finite and bounded away from zero. This is

070

reasonable since the number of important groups is small in a sparse model. This condition
ensures that the true model is identifiable.

Define

P
B'=arg min %(Y = X8 (v = XB+ 2 [l Vet
= (3.3)

If (C1)—(C4) and NSC (2.3) are satisfied, then

P(

B

#0,k ¢ Ao,

B

q:O,ker)—> 1.

2

Therefore, the adaptive group Lasso is selection consistent if the conditions stated in
Theorem 2.1 hold.

If we use / as the initial estimator, then (C3) can be changed to (C3)”

Vd.(logg) Ad%q Vdglog(p — @)log(Ny) (daq)*"* \Jlog(Ny)
-0 — 0 — -0

o , , \ - 0.
\/ﬁ@b nﬂﬁ A 9], \/ild},

We often have £ = n” for some 0 < & < 1/2. In this case, the number of non-important groups
can be as large as exp(n?%/(q log g)) with the number of important groups satisfying g° log
g/n — 0, assuming that g, and the number of variables within the groups are finite.

Corollary 3.1

Let the initial estimator ﬂ~ = /5, where £ is the group Lasso estimator. Suppose that the NSC
(2.3) holds and that (C1), (C2), (C3)" and (C4) are satisfied. We then have

P( #0,k ¢ Ao,

B:

5.

=0,k € Ag) - 1.

2

Bernoulli (Andover). Author manuscript; available in PMC 2011 November 7.
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This corollary follows directly from Theorem 3.1. It shows that the iterated group Lasso
procedure that uses a combination of the group Lasso and the adaptive group Lasso is
selection consistent.

Suppose that the conditions in Theorem 2.2 hold and that &, > t,, for some constant t, > 0. If

A~ 0(n?) for some 0 < a < 1/2, then
;‘l'_’
\/q+7] =0,(v9).

_ g, 7| q =
2_o,,[ 1.5 _op(\/;). IXB" - XB||2 ~0
Theorem 3.2 implies that for the adaptive group Lasso, given a zero-consistent initial
estimator, we can reduce a high-dimensional problem to a lower-dimensional one. The
convergence rate is improved, compared with that of the group Lasso, by choosing an
appropriate penalty parameter A.

4. Simulation studies

Example 1

Example 2

In this section, we use simulation to evaluate the finite sample performance of the group
Lasso and the adaptive group Lasso. Let A = A/||Bllo, if [IBdll2 > 0; if ||Bll2 = 0, then A, = oo,

ﬁ,ﬁ:o. We can thus drop the corresponding covariates Xy from the model and only consider

the groups with ’@’ ) >0_ After a scale transformation, we can directly apply the group least
angle regression algorithm (Yuan and Lin (2006)) to compute the adaptive group Lasso
estimator 4. The penalty parameters for the group Lasso and the adaptive group Lasso are
selected using the BIC criterion (Schwarz (1978)).

We consider two scenarios of simulation models. In the first scenario, the group sizes are
equal; in the second, the group sizes vary. For every scenario, we consider the cases p < n
and p > n. In all of the examples, the sample size is n = 200.

In this example, there are 10 groups, each consisting of 5 covariates. The covariate vector is
X=(Xg,--+, X10), where Xj = (X5(j-1)+1, ---, X5(j-1)+5), 1 <] < 10. To generate X, we first
simulate 50 random variables, Ry, ..., Rsg, independently from N(0,1). Then, Z;, j = 1,..., 10,
are simulated from a multivariate normal distribution with with mean zero and cov(Zj;, Zj7)
= 0.601 712l The covariates Xy, ..., Xsp are generated as

Zj+Rs(j-iy+k

V2

Xs(j_,')Jr]\: 1<j<10,1<k<5.

0 _,
The random error & ~ N(0,3%). The response variable Y is generated from ZkZIXLﬁHE,
where 1 =(0.5,1,15,2,25),,=(2,2,2,2,2),p3=---=$10=(0,0,0, 0, 0).

In this example, the number of groups is p = 10. Each group consists of 5 covariates. The
covariates are generated the same way as in Example 1. However, the regression coefficients

Bernoulli (Andover). Author manuscript; available in PMC 2011 November 7.
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B1=(05,1,151,05), fo=(1,1,1,1,1), fz= (-1, 0, 1,2, 1.5), B4 = (~1.5,1,0.5,0.5,0.5),
Ps=-=p10=(0,0,0,0,0).

In this example, the number of groups p = 210 is bigger than the sample size n. Each group
consists of 5 covariates. The covariates are generated the same way as in Example 1.
However, the regression coefficients 1 = (0.5, 1, 1.5, 1, 0.5), > = (1,1,1,1,1), f3=(-1,0, 1,
2, 1.5), ﬁ4 = (_1.5, 1,0.5, 0.5, 0.5), ,BS = =ﬁ210 = (0, 0,0,0, O)

In this example, the group sizes differ across groups. There are 5 groups with size 5 and 5
groups with size 3. The covariate vector is X = (Xy, ..., X10), where Xj = (X5(j-1)+1, ---,
Xg(j-1)+5), 1 <] <5, and Xj = (X3(j-6)+26, ---» X3(j—6)+28), 6 < j < 10. In order to generate X,
we first simulate 40 random variables Ry, ..., R4o, independently from N(0,1). Then, Z;, j =
1, ..., 10 are simulated with a normal distribution with mean zero and cov(Zj, Zjp) =

0.6li1 =12l The covariates X1, ..., X4q are generated as

Zi+Rs(j-i)+ .
ng_mk:%;", 1<j<51<k<5,

Zi+R3(i_6)425+ .
X3(j—6)+25+k:—1_“\//;($‘is 6Sjs 10,1 <k <3.

10
The random error & ~ N(0,32). The response variable Y is generated from Zkzlxkﬁﬁe,
where 1 =(0.5,1,15,2,25),5,=(2,0,0,2,2), f3=--=p5=(0,0,0,0,0), fs = (-1, -2,
_3)1 ﬁ? = :ﬁlo = (0, 01 O)

In this example, the number of groups is p = 10 and the group sizes differ across groups. The
data are generated the same way as in Example 4. However, the regression coefficients 8 =
(05,1,15,2,25),,=(2,2,2,2,2),835=(-1,0,1, 2, 3), B4 =(-1.5,2,0,0,0), p5 = (0, 0, 0,
0,0), f6=(2,-2,1), 87=(0,-3,15), Bg= (15,15, 2), Bg = (-2, =2, =2), 10 = (0, 0, 0).

In this example, the number of groups p = 210 and the group sizes differ across groups. The
data are generated the same way as in Example 4. However, the regression coefficients 4, =
(05/1,15,2,25),5,=(2,2,2,2,2),53=(-1,0,1,2,3), 84 =(-15,2,0,0,0), fs=- - - =
$100=1(0,0,0,0,0), B101 = (2, =2, 1), f102 = (0, =3, 1.5), B103 = (-1.5, 1.5, 2), B104 = (-2,
=2,-2), fros =" =P210=(0, 0, 0).

The results are given in Table 1, based on 400 replications. The columns in the table include
the average number of groups selected with standard error in parentheses, the median
number (‘med’) of groups selected with the 25% and 75% quantiles of the number of
selected groups in parentheses, model error (‘ME’), percentage of occasion on which correct
groups are included in the selected model (‘% incl’) and percentage of occasions on which
the exactly correct groups are selected (‘% sel’), with standard error in parentheses.

Several observations can be made from Table 1. First, in all six examples, the adaptive
group Lasso performs better than the group Lasso in terms of model error and the percentage
of correctly selected models. The group Lasso which gives the initial estimator for the
adaptive group Lasso includes the correct groups with high probability. And the
improvement is considerable for models with different group sizes. Second, the results from
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models with equal group sizes (Examples 1, 2 and 3) are better than those from models with
different group sizes (Examples 4, 5 and 6). Finally, when the dimension of the model
increases, the performance of both methods becomes worse. This is to be expected since
selection in models with a larger number of groups is more difficult.

5. Concluding remarks

6. Proofs

We have studied the asymptotic selection and estimation properties of the group Lasso and
adaptive group Lasso in ‘large p, small n’ linear regression models. For the adaptive group
Lasso to be selection consistent, the initial estimator should possess two properties: (a) it
does not miss important groups and variables; (b) it is estimation consistent, although it may
not be group-selection or variable-selection consistent. Under the conditions stated in
Theorem 2.1, the group Lasso is shown to satisfy these two requirements. Thus, the iterated
group Lasso procedure, which uses the group Lasso to achieve dimension reduction and
generate the initial estimates and then uses the adaptive group Lasso to achieve selection
consistency, is an appealing approach to group selection in high-dimensional settings.

We first introduce some notation which will be used in proofs. Let

(ke [Bel| >0, < p} € Ay € XY = XBy=A B/ [Bel| ) U 11, - a). set Ag = {1, ..., pPA,
Az = A]_\Ao, Ag=A1NAg A5 = Az\Ao and Ag=ArN th. Thus, we have Ar=Az3UA4 AzN
Ay = d, As = AsUAg and AsNAg = @. Let |Ai| = ZkEAi dk! N(Ai) = #{k: ke Ai}, i=1,...,6
and g1 = N(A7).

Proof of Theorem 2.1

The basic idea used in this proof follows the proof of the rate consistency of the Lasso in
Zhang and Huang (2008). However, there are many differences in technical details, for
example, in the characterization of the solution via the Karush-Kuhn-Tucker (KKT)
conditions, in the constraint needed for the penalty level and in the use of maximal
inequalities.

The proof consists of three steps. Step 1 proves some inequalities related to q;, w and .
Step 2 translates the results of Step 1 into upper bounds for d, @ and {,. Step 3 completes the
proof by showing the probability of the event in Step 2 converging to 1. The details of the
complete proof are available from the website www.stat.uiowa.edu/techrep. We will sketch
the proof in the following.

If £ is a solution of (2.1), then, by the KKT condition, X, (Y - XB)=A ‘/“'_kﬁk/“gk”(lvyﬁk”g >0
and —4 Vi < X,(Y - XB) < A \/d_kv“ﬁkllz =0, We then have

-1 — el -1,
1154, /n=B,, _:BA,)"'ZH Zl’lﬁ“3+ZIIX4418/n’ (6.1)

"Zzzﬁ-ﬁ _n22121_11212ﬁ-4: <€, _X;:E_ZZIZI_IIS"I +Z:121_11X;18’ (6.2)
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where
S 3 =Sty wrS%,) » St=ANi st k=X, (Y=XB)/ (AN, C, =(Cyy - C, ) » Co=A Nl 1(|[Bi] |, =0)e v
, all the elements of matrix Edyx1 equal 1, k; € A; and Z,‘J'XA,-X‘/ /n,

Step 1—Define
-1/2 .
VU:::]I QA/'lSAJ/v;’ j=1’3’4’ we=(I = P-*I)XM’BAA' k=2, ....6,

where Qp,j is the matrix representing the selection of variables in A, from A;. Define
-1 ., -1
u=X,, Z“ 0,54 /n—wf [XA1 Z” Q154 /m— w| ». From (6.1) and (6.2), we have
, , -1 , -1,
Via(Viz+Vig) < SAJ QAJ,] Z“ leﬁ/&z +SA4 Q.ul Z” XA[ g/n+ \/d_u/leEA4 Hﬁ"HQ and

H“’-?”i <B (C, X, &~ sz ZI_:SAI +Z2I ZIIIX;I €). Then, under GSC,

) 1/2
Ld,N(A
)(ﬁ) oA+ A4,

ne.(|A1])

.|

> 6.3)

Step 2—Define B>=A%d},q/(nc*(|A1])) and B3=1%dy,q/(nc.(|Aol V |A1]). In this step, we
consider the event |u',s|2 < (A4 v db)B§ /(dqd ). Suppose that the set A; contains all large S
# 0. From (6.3), ||V14H§ < Bi+4~d,ipy+4 Vdn, By+4dB3, 50 we have

nc*(|A]) A2d,q 4% .q
(g1 - 9" < g+— 4~d, A +4 M+ .
NP =T ag, M e 0AD ™ ne AL 60

For general Ag, let Cg = c*(|Asg|)/cx(|A1| U |Ag|). From (6.3),

> B}
[lwal|; < ;—1 (7'+ng+ Vd(1+~/Cs)n:Br+2 \/d_um] +%dC5B§.

(6.5)
2 > 12 _ 2
From Zhang and Huang (2008), H‘“2 , 2 ( LBAS I 2(”6*5) M) and IXaxBaollo 72 + ||
Xnsfaslla < o + (nc*(|A5|))1/2||ﬁA5||2. By the Cauchy-Schwarz inequality, then, we have
w4 w172 2 B2 2 1/2 5
2 | (1+C (|A°|)) +21m S50, d(,,lm+1]2( A dag ) gt ETI% .
3 ne.s c.(JAq]) 31 4 ne,(|Aq]) 2ne.(lA]) 4 (6.6)

where ¢x 5 = c«(|A1 U Asg|).
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Step 3—Letting c«(|An|) = ¢+, ¢*(|Am|) = c* for N(Ap) < g*, we have

. c 2 (A Vdp)APd,
<NAIUAs)<qg", lug < —m.
4 q Ad,nc(JA)) ©.7)

We have ¢ = Cs = c*(|As|)/c«(|A1| V |As]) = c*/cx and Cx 5 = Cx (|A1 U As|) = c«. From (6.4),

2 )
wa||, < MhBy, nc,

~ 2 2
, S M Vs ”2 < M3B7 when (2.12) is

(6.5) and (6.6), (q1 — @) +q < My, |
satisfied. Define

, 1=
X, XX)'S, - P)XB

max & — =

et | XX)TIS, - (- POXB],

*
X, = max
" |Al=m

|Uvu | (6.8)

for|Al=q;=m=0, §A=(§AI v S ) where S 4, =41y, Usy, lUagll2 = 1. Let

0,=X*(X'X,)”", where X!=1/dcX.. For agiven A, let Vij=(0....,0,1,0, ..., 0) be the |A] x
1 vector with the jth element in the Ith group being 1. Then, by (6.8),

10, Vil .o, Vel
lo. .,

4 Q_4 v[j
12, Viill,

*
X, < maxmax
|[Al=m L j

&

£(I-P)XB |}

+|||<1 “P)Xp

n

If we define Qmoz{(U, 8)3.1’:;1 <o \/8(1+C())V2((mdb) vV db)log(Nd V a,)¥m > mo}7 then

(X, 8) € Quy = li'el” < (x,2<(A1] V dp)A2dp/(4danc™) For N(Ay) > mg > 0. By the definition
P Z d

of x?, it is less than the maximum of \ m s © normal variables with mean 0 and

p

variance o2 V2, plus the maximum of( m ) normal variables with mean 0 and variance 2. It
follows that P{(X, &) € Qmy} — 1 when (6.7) holds. This completes the sketch of the proof
of Theorem 2.1.

Proof of Theorem 2.2

Consider the case when {c”, cx, ry, Iy, Co,0, d} are fixed. The required configurations in
Theorem 2.1 then become

,.’.’ 1 ’_2 {7
* q- 2 294~
Mig+1<q’, <1 P 2T
19 9 n c*n (& c* n (6.9)

Let A = {Kk: [|fillz > 0 or k & Ag}. Define vy = Xa; (8%, — Bay) and 81=X, (¥ = XB). we

. 2~ ’ ’ o)
By =Bl B =B, @1=v(XB =X, B, +&) = [[v1]|; and

2
then have ||"1H2 2 cun
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o = maxk.“EkH2>0 4 ‘/d_"ﬁk/l@”z”w:/w“. Therefore,

1], < 7]2+|]P,418||2+/l VdaN(A1)/(nc.). Since HPAJEH2 < 20 yN(A)og(Na) with probability

converging to 1 under the normality assumption,
X - ﬁ)”2 < 2m+||P, &]|,+4 VdaN(AD)/(ne2). W then have

il -
. — B < (12+20 \[N(A)log(Ny)+ VdM,TB,).
[A;:‘}W ” ] T yfnc. T Afncs o (6.10)

Since Ay C Ao, by the second inequality in (6.9), #{k € Ao:||||,>/n} < rig/c* ~ O(g). By
the SRC and the third inequality in (6.9),

2Bl >am < 37 ixso<t|B > a/m 1/ ne.) < R e g

Zkgaoiwkllil{“ﬁ"||2 <A/n} < r%q/lz/(c*"%. From (6.10), we then have

< —(7"'m+(h+ VdAM¢)B))+ e \/n'l
UXﬂ X8|, < 20 FTToR0VGT7+ 2 s N1

This completes the proof of Theorem 2.2.

Proof of Theorem 3.1

Let T=B —B. W=Xg/ Vn, V)= [(ei —xu)* = )]+ " D Jdifjus+B]|, and

— . ’ P ~
w=min, (e — Xu) (6 = Xu)+ > A diluc+Be, where i = 5L, By the KKT
conditions, if there exists 0 such that

A Vit ) = Wo==S . /Vn ]|, < [|Bel|, fork € 4G, 610

“Cp /<Y, (i) =W, <C, [V,

Ag/ 1{

(6.12)

then ||Bll; Z0 fork=1,...,qand ||l =0fork=q +1, ..., p.

From (6.11) and (6.12), (Vi) = Z W= IZ‘ e and

() 0

. — 2 1/2
nu, )—W, = X I-P )e—n" S,. .
.4(,‘16( \z )~ W ot % 104, “—acac %o, Define the events

070
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Ej={n'?

(%o, | < VAl -2 s ,(>|] ke A,

Ex=tr 2|, (1~ P, )e) |] < 2cull, =S, 2

s, >|| ke A,

-104 4

where (-)x denotes the dy-dimensional subvector of the vector (-) corresponding to the kth
group. We then have P(||Al> # 0, k € Ag, and ||fll. = 0, k & Ag) = P (E1 N Ey) and

P(E, N Ez)=1— P(ES U ES) > 1 — P(ES) — P(ES).

First, we consider P(E<). Define R=(||/[;" < c16;'.k € A), where ¢y is a constant.,
P(ES)=P(ES N R)+P(ES N RY) < P(ES N R)+P(R°). By (C2), P(R®) — 0. Let

q
Ny=) di71 < <7, be the eigenvalues of ZA;,AG and yy, ..., yNg be the associated

-1
. . . S ..
eigenvectors. The jth element in the Ith group of vector Z_mv Yis

0

WA
”IFZ, e (715 i), By the Cauchy-Schwarz inequality,

2 -2 2 -2 2
uj; <7 Z ,ST Nq(Zk:I’lkdk). Therefore,

”ul\Hz < dit’ g d (A, 6, .

=N “S a5

sl

If we define

12!

_ ' 12Uy _
v, _\/;701,—11 crr] qu, /le s My =n XAss,g{‘()—n XX@,(I_PA;)S’ C/xg—{maxka{)

AGAH
, then P(E7) < P(C,.) By L emmas 1 and 2 of Huang, Ma and Zhang (2008),
c 2 . . 12,
P(C,) <K (dalogg)'?/ v, where K is a constant, k(dalogq) 2 Ve = O'from (C3). We then
have P(E{NR) — 0,P(E{) —» 0

Next, we consider P(E3). Similarly as above, define D={|[5k|];| >rn k € Ao} N R,
P(ES) < P(ES N D)+P(D°) By (C2), P(DS) — 0.

N, n R N, 12 0= 1 .
lZI:}Zi:](XA())ij(Xz\B)”ull < lelluz/nl <71 q°dy ¢, 0, where uj is the Ith element of

-1
vector Z Acag Sa “. If we define v, =n" V235, dy — Py lq‘cf/z/lqﬁ?,, , Cag = {maxkea é)
&ill2 > Vag}, then P(Q°) < P(CAQ) P(Cag < K (da log(p — Q))”z/vAo K (da log(p — @))Y“/vA
— 0 from (C3). We then have P(E5 n D) — 0, P(E5) — 0. This completes the proof of
Theorem 3.1.

Proof of Theorem 3.2

If we let A = {k: ||Adll> > 0, k 1,..., p}, then ZA = 0, the dimension of our problem
(3.1) is reduced to d, ¢ < q” and AC Ap. By the defmltlon of %, we have

Vi
Bl +JZ Tl

Hz (6.13)

i

o T
N+ —
Al BBl <3
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n'=1

)_

AGAHB H

(6.14)

12 —~ 1/- ,
Ifwelet6 Z ('3" ﬁ«)andD Z 1, then

/2

5 5./2- (Ds)é-—n <0 so[]aﬂ

+. By (6.13) and (6.14),

”Ds” - 257" <0, By the triangle inequality, ||

Sallo < 164 — Dellz + [|Dell2. Thus, ||6;||2 <

Let D; be the ith column of D. E(||De][3)=0>t(D' D)=0F. Then, with probability

2 ~ 2 — 2
[, < 60 Miq/(ne.)+(ANda/Ebune.)) 12+|B, — B[ /2

converging to 1,

Thus, for / = n“ for some 0 < & < 1/2, with probability converging to 1,

_gll < \/60’ M, l] dy (3)— ~O( 2)
Al2 Cy n (Ehgb(‘*) n

< Vnc*

and l[X;E; - Hl, ~ O(Va). This completes the proof of Theorem 3.2.
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