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ABSTRACT Genetic selection is a major force shaping life on earth. In classical genetic theory, response to selection is the product of
the strength of selection and the additive genetic variance in a trait. The additive genetic variance reflects a population’s intrinsic
potential to respond to selection. The ordinary additive genetic variance, however, ignores the social organization of life. With social
interactions among individuals, individual trait values may depend on genes in others, a phenomenon known as indirect genetic
effects. Models accounting for indirect genetic effects, however, lack a general definition of heritable variation. Here | propose
a general definition of the heritable variation that determines the potential of a population to respond to selection. This generalizes
the concept of heritable variance to any inheritance model and level of organization. The result shows that heritable variance de-
termining potential response to selection is the variance among individuals in the heritable quantity that determines the population
mean trait value, rather than the usual additive genetic component of phenotypic variance. It follows, therefore, that heritable variance
may exceed phenotypic variance among individuals, which is impossible in classical theory. This work also provides a measure of the
utilization of heritable variation for response to selection and integrates two well-known models of maternal genetic effects. The result
shows that relatedness between the focal individual and the individuals affecting its fitness is a key determinant of the utilization of

heritable variance for response to selection.

G ENETIC selection is both a major force shaping life and
the principal human tool to improve agricultural pop-
ulations. In nature, differences in fitness among individuals
lead to the evolution of adaptive traits (Haldane 1932;
Wright 1937), and in agriculture, breeders improve their
populations by selecting the best individuals as parents of
the next generation (Lush 1937). Populations respond to
selection only if they contain heritable variation, meaning
that individuals differ in the effects they transmit to their
offspring. In classical quantitative genetics, heritable variation
equals the additive genetic variance (Fisher 1918; Haldane
1932; Wright 1937; Robertson 1966; Price 1970). The heri-
table variation reflects the potential of a population to re-
spond to selection (Robertson 1966; Price 1970; Lande and
Arnold 1983), which is important for adaptive evolution in
nature and for genetic improvement in agriculture. A clear
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definition of heritable variation allows one to investigate the
mechanisms maintaining heritable variation in nature and to
optimize artificial selection schemes in agriculture.

Here I propose a general definition of the heritable
variation that determines the potential of a population to
respond to genetic selection. Thus, throughout this work,
“heritable variation” refers to the quantity that determines
the intrinsic potential of a population to respond to genetic
selection. The remainder of this Introduction summarizes
the classical definition of heritable variation and discusses
its limitations. Subsequently, I generalize the definition of
heritable variation.

In classical quantitative genetics, heritable variation
follows from partitioning individual trait values, 2, into a her-
itable component, A, and a nonheritable residual, e:

z=A+e D

(Fisher 1918; Haldane 1932; Wright 1937; Falconer and
Mackay 1996; Lynch and Walsh 1998). The A is the additive
genetic value, or breeding value, which is the sum of the
average effects of the alleles carried by the individual,
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including the average contributions arising from dominance
and/or epistasis (Fisher 1918; Falconer and Mackay 1996;
Lynch and Walsh 1998). The residual, e, includes all non-
heritable components, which may originate from nonaddi-
tive genetic effects and the environment. The heritable
variation is defined as the variance of the breeding values
among individuals, o2, which is known as the additive ge-
netic variance. (Note that additive genetic variance excludes
transient effects transmitted to offspring, such as additive-
by-additive epistatic effects). The additive genetic variance
is a component of phenotypic variance (Fisher 1918; Falconer
and Mackay 1996; Lynch and Walsh 1998),

2

o; = (712\ + 03. 2

Response to selection, Az,, is the additive genetic change
in mean trait value from one generation to the next and
depends on both the selection process and the additive ge-
netic variance. Although the common expressions for re-
sponse to selection differ between the fields of evolutionary
quantitative genetics and artificial breeding, they are equiv-
alent when traits and fitness follow a multivariate normal
distribution (Appendix A). In evolutionary quantitative genet-
ics, response is expressed as the product of the selection gra-
dient, B, and the additive genetic variance,

Azp = BO‘% (3a)
(Robertson 1966; Price 1970; Rausher 1992; Rice 2004),
where 3 is the regression coefficient of an individual’s rela-
tive fitness on its breeding value. (For this work, it suffices to
consider a single trait and discrete generations.) In artificial
breeding, response is expressed as the product of the inten-
sity of selection, ., the accuracy of selection, p, and the
additive genetic standard deviation (Falconer and Mackay
1996),

AZp = 1po,. (3b)
The accuracy of selection is the correlation between an
individual’s value for the selection criterion and its breeding
value. The intensity of selection is the selection differential
expressed in standard deviation units. (The symbol 1 is used
here rather than the usual i, to avoid confusion with the
index for the focal individual).

In accordance with current belief, Equations 3a and 3b
show that additive genetic standard deviation, o, deter-
mines the potential of a population to respond to selection.
In Equation 3b, intensity and accuracy of selection are stan-
dardized, scale free, parameters that depend on the breed-
ing design; neither intensity nor accuracy includes any
information on heritable variation in the trait. The additive
genetic standard deviation, by contrast, expresses the heri-
table differences in the population in trait units and reflects
the intrinsic potential of a population to respond to selec-
tion. Equation 3a may suggest that o, rather than oy, is the
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relevant parameter. The selection gradient, however, is not
scale free. A full separation of selection and heritable varia-
tion follows from expressing Equation 3a as

Azp = (Boa)op,

where Boy is the standardized selection gradient, which
expresses the selection differential in o5 units and is scale
free. Hence, this expression also identifies o4 as the relevant
parameter.

The above shows that a variance partitioning perspective
(Equations 1 and 2) and a response to selection perspective
(Equations 3a and 3b) yield the same result; both identify
additive genetic standard deviation as the relevant param-
eter. In classical theory, therefore, the heritable variation
that determines potential response to selection follows from
partitioning the phenotypic variance into additive genetic
and remaining components. Because additive genetic vari-
ance is a component of phenotypic variance, it cannot
exceed phenotypic variance (Equation 2). In the classical
perspective, therefore, phenotypic variance restricts a pop-
ulation’s potential to respond to selection.

While the classical quantitative genetic model has in-
creased our understanding of inheritance and response to
selection tremendously, it overlooks part of the heritable
effects that may contribute to response. Specifically, it states
that the heritable effects on the focal individual’s trait value
originate solely from the focal individual itself, disregarding
the social organization of life (Dawkins 1982; Frank 1998;
West-Eberhard 2003). It ignores the effects of an individu-
al’s genes on trait values of others, known as indirect genetic
or associative effects (Griffing 1967; Kirkpatrick and Lande
1989; Moore et al. 1997; Wolf et al. 1998; McAdam et al.
2002; Muir 2005; Wilson et al. 2009; Chenoweth et al
2010; McGlothlin et al. 2010). There is growing evidence
that such indirect genetic effects are widespread (Frank
2007). Individual fitness, for example, depends on number
and quality of offspring, which are affected not only by the
genes in the focal individual, but also by those in its mate.
Conspecifics often compete for access to mates, making in-
dividual fitness dependent on genes in competitors. Many
species, moreover, live in groups or colonies, where individ-
ual trait values may depend on genes in group mates. Al-
though indirect genetic effects are often associated with
behavioral interactions, such as interference competition
(e.g., Wilson et al. 2009) or social learning, they may also
work via the environment through effects on resources or
exposure to infectious disease. Not only animals, but also
microorganisms and plants exhibit numerous social interac-
tions, both in agriculture and in nature (Crespi 2001; Frank
2007; Griffin et al. 2004; Muir 2005; West et al. 2006; Karban
2008).

The phenomenon that trait values depend on multiple
individuals is not restricted to indirect genetic effects. Some
traits cannot be attributed to single individuals, but emerge
only at a higher level of organization, such as growth rate of



a colony in social insects (Wheeler 1933) or the number of
prey caught by a hunting pack. For such cases, current quan-
titative genetic theory does not provide a measure of heri-
table variation. Nevertheless, the individuals involved are
members of the same population, and response to selection
is the result of changes in a single gene pool, which suggests
that it should be possible to define heritable variation also
for such cases.

An example of an emergent trait in agriculture is the
output of a farm, which may depend on different types of
individuals. In pig production, for example, the meat pro-
duced per sow is the product of the number of offspring of
that sow and average meat yield of her offspring (see
example below). Hence, the heritable variation in meat yield
per sow will depend on both genes for reproduction in the
sow and genes for growth rate in her offspring. While meat
yield per sow is not a fundamental biological parameter, the
heritable variation in this parameter does reflect the
potential for genetic improvement of pork production,
which is highly relevant to breeders. Moreover, a comparison
of realized rates of improvement to the heritable variation
provides a measure of efficiency of breeding schemes.
Hence, a definition of heritable variation for output param-
eters of production systems is relevant for breeders.

The importance of social organization is recognized in the
biological sciences (Frank 2007), and appropriate quantita-
tive genetic models of inheritance have been developed
(Hamilton 1964; Griffing 1981; Moore et al. 1997). Genetic
models accounting for indirect genetic effects, however, have
yielded complex expressions for response to selection, involv-
ing multiple genetic variances and covariances (Griffing
1981; Kirkpatrick and Lande 1989; Moore et al. 1997; Wolf
et al. 1998; McAdam et al. 2002; Muir 2005; Bijma and Wade
2008; Wilson et al. 2009; McGlothlin et al. 2010). In contrast
to Equations 3a and 3b, those expressions do not partition the
response into a parameter describing selection and a parame-
ter reflecting heritable variation. Hence, while those expres-
sions have identified important factors in response to
selection, they do not reveal the intrinsic potential of a pop-
ulation to respond to selection or provide a measure of the
utilization of that potential.

A more general definition of heritable variation has been
proposed for the special case of populations structured into
groups of equal size, with a single category of individuals
(Bijma et al. 2007). The expression for response to selection
in Bijma et al. (2007), however, does not distinguish herita-
ble variation from selection and does not connect heritable
variation to common expressions for response such as Equa-
tions 3a and 3b. Ellen et al. (2007) show that response in
artificial sib selection schemes, with social interactions
among pen mates, can be expressed in terms of Equation
3b (see also Wade et al. 2010). In none of those cases,
however, has heritable variation been connected to the se-
lection gradient expression for response to selection (Equa-
tion 3b), and heritable variation has not been defined for
emergent traits. Thus there are special cases indicating that

a general definition of heritable variation may exist, but it
has not yet been identified.

In the following, I propose a general definition of the
heritable variation that determines a population’s potential
to respond to selection. The result will have the same simple
form as the classical expressions (Equations 3a and 3b),
separating selection from heritable variation, but will reveal
that heritable variation is not restricted by the phenotypic
variation among population members. I provide an approach
to derive this heritable variation, which can be applied to
any level of organization. Application of this approach is
illustrated using examples for natural and agricultural pop-
ulations and is used to integrate two common models of
maternal genetic effects.

Heritable Variation

Individual trait values can always be partitioned into
a heritable component and a nonheritable residual, using
the method of least squares (Fisher 1918; Lynch and Walsh
1998). The heritable component may arise not only from the
focal individual’s own genes, but also from genes in its con-
specifics. We can, therefore, represent an individual’s trait
value, g;, as the sum of all heritable effects, ZjAk?j, and
a nonheritable residual, e;,

5= Axj+ei 4
J

where i denotes the focal individual, j the individual con-
tributing the heritable effect Ay to the focal individual’s trait
value, and k indexes the different categories of heritable
effects underlying individual trait values. The summation
is over all individuals affecting the focal individual’s trait
value, including j = i, in which case k indicates direct effects
and Ay; the classical (direct) additive genetic effect due to
the focal individual’s own genes. In the following, it is as-
sumed that the population structure remains the same over
time, so that Equation 4 applies also in subsequent gener-
ations. (Note that this assumption is not required in the
classical prediction of response to selection.)

For example, juvenile growth rate in a mammal may be
modeled as the sum of a heritable direct effect of the focal
individual’s genes, a heritable maternal effect of its mother’s
genes, and a nonheritable residual (Willham 1963). Then, j =
1 denotes the focal individual, j = 2 its mother, k = 1 refers to
direct genetic effects, k = 2 to maternal genetic effects, and
the trait value is given by 2z; = Adirect,i + Amaternalmother(i) 1 €i
(See Example 4 below for a treatment of maternal effects.)

In general, the 3 ; Ay; in Equation 4 is the best predictor
of z; from the focal individual’s own genes (j = i) and the
genes in its population members, defined using least squares
(Fisher 1918). Each Ay is the sum of the so-called average
effects of the genes in individual j on z; (Fisher 1918; Lynch
and Walsh 1998). k indexes average effects of genes by
category, for example direct vs. maternal effects, whereas j
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indexes the individuals carrying the genes. Thus Ay; is the
additive genetic effect of the genes for category k in individ-
ual j and is expressed in the phenotype of individual i. In
total, the > Ay; includes the direct average effects of genes
in i and the indirect average effects of the genes in all pop-
ulation members that affect z;.

Equation 4 does not imply additive gene action. Irre-
spective of the mode of inheritance, one can always partition
the resulting phenotype into heritable effects that are
additive by construction, using the method of least squares
(Fisher 1918). This is fundamental to quantitative genetics
(Lynch and Walsh 1998).

By virtue of least squares, e; = 0 in Equation 4, so that the
mean trait value equals z = > _ A. Response to selection, i.e.,
the change in mean trait value due to a change in gene
frequencies, therefore equals

AZA =AY A, (5)
k

which is determined by the genes passed on to the next
generation. From the Robertson-Price theorem (Robertson
1966; Price 1970), the change in mean trait value ascribable
to_selection equals the covariance with relative fitness,
A > A = Cov(d 1 Ari,Wi). Because an individual passes
on its own genes, which may differ in part from the genes
affecting its trait value, this covariance is between an indi-
vidual’s relative fitness, w;, and the (direct and indirect)
average effects of its own genes; hence it includes A,
rather than the Ay; that affects the trait value of i. With
a maternal effect, for example, Ax; refers to the genes for
maternal effect carried by i, whereas the trait value of i
depends on Aj mother(i), Which refers to the genes for mater-
nal effect in its mother. The distinction between the herita-
ble components of an individual’s trait value and the
heritable effects that an individual passes on to the next
generation is central to this work.

It follows from A >, Ax = Cov(>_; Axs,wi) that an indi-
vidual’s value for response to selection is measured by the
average effects of its own genes, summed over all heritable
categories underlying individual trait values,

H;i =Y A, (6)
k

so that Az, = AH. Since H; reflects an individual’s value for
response to selection, it has been called the “total breeding
value” by Bijma et al. (2007), and I use that term in the
remainder of this article. H; is entirely a heritable property
of individual i, irrespective of whether or not Ay; is a com-
ponent of z;. With a maternal effect, for example, H; is the
sum of the direct and maternal breeding value of i, H; =
Adirecti + Amaternal i» €ven though the maternal breeding value
of i does not contribute to ;. (Hence, i may be a male.)
Finally, from the definition of a selection gradient,
Bwy = Cov(w,H)/of, response to selection is
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A%A = BW,H 0'12_1, (73)

where

of = Var( > A). (7b)

k

Bwu is the regression coefficient of an individual’s relative
fitness on the summed average effects of its own genes, and
the heritable variation, o2, is the variance among individu-
als in the summed average effects of their own genes. Thus,
in contrast to phenotypic variance, o cannot contain cova-
riances between individuals. Equation 7a has the same form
as Equation 3a, but is not restricted to classical average
effects of genes. Note that the selection gradient in Equation
7a differs from the classical selection gradient, which is dis-
cussed further in the section on utilization of heritable var-
iation below.

While Equations 7a and 7b have been derived for
individual trait values, they apply also to traits that cannot
be attributed to a single individual, such as the number of
prey caught by a hunting pack. In that case, the i index is
omitted from z; in Equation 4, but the }; A; still specifies
the heritable effects on the trait.

Equation 7a predicts the ultimate response attributable to
a selection. When social interactions act across generations,
this response may not surface immediately in the next
generation. Maternal effects, for example, result in time lags
in the response, causing populations to continue evolving
after selection ceases and creating dynamic patterns over
time (Kirkpatrick and Lande 1989). Equation 7a, however,
predicts the permanent response due to the allele frequency
change created by a selection, after transient effects have
decayed away (see Example 4); it is not intended to capture
transient effects. Hence, the heritable variance in Equation
7b reflects the potential of a population for a permanent
genetic change in trait value due to selection.

The expression for response to selection common in
breeding, Equation 3b, can be generalized in the same
way. Consider selection for a criterion x. Response to selec-
tion follows from regressing H on x, Azy = AH = By x(Xs—X),
where By, is the regression coefficient of H on x, and (x;—X)
is the selection differential. Substituting By, = Cov(H,x)/
Var(x), using (Xs—X) = w0y, and multiplying both numerator
and denominator by oy, yield

Azp = poy. (70)
Just as Equation 2b, this expression is an approximation
when H and x do not follow a bivariate normal distribution.

Equations 7a and 7c are generalizations of Equations 3a
and 3b. They have the same simple form, separating selection
from heritable variation, but capture the full heritable
variation in a trait, including the component originating from
effects of genes on trait values of others. The generality of the
derivation suggests that Equation 7a applies to any trait and
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level of organization. The classical expression appears as
a special case, obtained when trait values depend on direct
genetic effects only. This work, therefore, shows that the
classical expressions for heritable variation and response to
selection can be generalized to include traits affected by
genes in multiple individuals, which have so far been treated
as special cases (Griffing 1981; Kirkpatrick and Lande 1989;
Moore et al. 1997; Wolf et al. 1998; McAdam et al. 2002;
Muir 2005; Bijma and Wade 2008; Wilson et al. 2009;
McGlothlin et al. 2010).

Equation 7b represents a general definition of the
heritable variation that determines a population’s potential
to respond to selection, o2, which is the variance among
individuals in the average effects of their genes, summed
over all heritable categories underlying individual trait val-
ues. The selection gradient, B, y, in turn, expresses the ex-
tent to which selection acts on this full heritable variation.
The following shows examples of application of Equations
7a-7c, followed by a section on mechanisms determining
the selection gradient.

Examples

The following examples serve to illustrate the meaning of
Equations 7a-7c and demonstrate their application; they are
not intended to accurately capture all biological detail of the
cases considered. Example 4 also integrates the maternal-
effect model of Willham (1963) with that of Falconer
(1965) and Kirkpatrick and Lande (1989).

Example 1—interactions among trees

In Figure 1la, the trait value of focal tree 1 depends on the
direct genetic effect of the focal tree itself and the indirect
genetic effects of its neighbors, trees 2-5, 2z =
stzlAk j=Ap1+ Z]'S:ZAS j +e1, where k = D refers to direct

Figure 1 (A and B) Heritable variation with
interactions among trees. Phenotypic variance’:
phenotypic variance for a population with un-
related neighbors.

Total breeding value: Hy = Ap, +4 4y,
H fatiam e 2 _ 22 2
Heritable variation: oj; = L +{‘§t}'/,m +1607;,

Gradient: 3, = Cov{w, A, +445)/ o5

genetic effects, and k = S to indirect genetic effects (“social
effects”) (after Muir 2005). When trees are unrelated, phe-
notypic variance equals 2 = o3 + 403, + 07, so that the
additive genetic component of phenotypic variance equals
Vara(z) = 03 +403,. When each tree has four neighbors,
this model applies to all trees and response to selection
equals Az, = AAp + 4AAs.

The total breeding value of the focal tree equals its total
heritable effect, summed over all heritable categories
(Figure 1b). Since each tree has four neighbors, this is the
direct genetic effect of the focal individual on its own trait
value plus its total indirect genetic effect on the trait values
of its four neighbors, H; = Ap; + 4As;. Hence, response to
selection equals the change in mean total breeding value of
the population, Azx = AH. The heritable variation available
for response to selection equals the variance in H among
individuals, o3 = 0%+ 80a,, + 1603 . of; differs from the
additive genetic component of phenotypic variance,
02 # Vara(z). This difference arises because H is entirely
a genetic property of the focal individual, whereas the focal
individual’s trait value depends on multiple individuals.
Comparison of ¢ and Vara(z) clearly shows that indirect
genetic effects contribute substantially more to the heritable
variance that determines potential response to selection
(160‘%‘5) than to phenotypic variance (40%5).

The selection gradient is the regression coefficient of an
individual’s relative fitness on its total breeding value,
B,.u = Cov [w,Ap + 4Ag]/o%, and response to selection fol-
lows from Equations 7a—7c. The B u depends not only on
the selection process, but also on relatedness between inter-
acting trees (Equations 8a-8d below).

Example 2—adult body weight in the African wild dog

The African wild dog (Lycaon pictus) is a social carnivore
living in packs of approximately seven adults. Only the
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dominant female usually breeds, while subordinates help to
raise the pups. Packs hunt collectively, but the alpha female
usually stays behind to guard her pups. The hunters share
the prey with the pups and their mother. Adult body weight
ranges from 18 to 28 kg, and relatedness among pack mem-
bers averages ~0.3 (Creel and Creel 2002).

On the basis of the social organization, an individual’s
adult body weight may depend on a direct genetic effect
of its own, Ap;, a maternal genetic effect of its mother,
Awmmother(i)> and the indirect genetic effects its pack mates,
> i-1Asj, where j denotes an adult pack member, n adult
pack size excluding the alpha female, and S indirect effects,

5= Akj=Api+Avmother) + D Asj+ e
j j=1n

Maternal effects may, for example, relate to the maternal
care and milk provided by the mother, whereas indirect
effects of pack mates may relate to their hunting success and
willingness to share prey.

The additive genetic component of phenotypic variance
equals Vars (z) = Var(Ap; + Am mother(i) T Zj:l,n Agj). Using
a relatedness of 0.5 between mother and offspring and of
0.3 between pack members yields

Vary(z) = Var(Ap)
+ Cov(Ap,Am) + Var(Am)
+ 0.6n Cov(Ap,As) + 0.6n Cov(Am,As)
+ (0.3n2% 4 0.7n) Var(Ag).

From the genetic mean trait value, it follows that
response to selection equals AZy = A[Ap + Ay + n Ag). Thus
the total breeding value equals

H;i =Y Api=Ap;+Aw;+nAs;.
k

The heritable variance determining the population’s poten-
tial to respond to selection, therefore, equals,

0% = Var(Ap)
+ 2 Cov(Ap,Am) + Var(Aym)
+ 2n Cov(Ap,Ag) + 2n Cov(Am,As) + n? Var(As) .

Comparison of the expressions for Vara(z) and o clearly

shows that indirect genetic effects of pack mates contribute
substantially more to heritable variation for response than
to additive genetic variance: n? Var(As) = 49 Var(As) >
(0.3n2 + 0.7n) Var(As) = 19.6 Var(Ag).

Estimated genetic parameters for direct, maternal, and
indirect effects on adult body weight in the African wild
dog are not available. An indication of the difference
between o2 and Var (z) may, however, come from domestic
pigs for which estimates have been published, yielding
Var(Ap)/Var(z) = 0.21 and Var(Ag)/Var(z) = 0.007 (Bergsma
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et al. 2008). Estimates for maternal effects are commonly
~Var(Ay)/Var(z) = 0.04 in domestic pigs (Johnson et al
2002). Using these values, genetic covariances of zero, and
a pack size of 7 yields 03 /02 = 0.59, whereas Var (z)/o2 =
0.39, and ordinary heritability, h* = ¢% /o = 0.21. This sug-
gests that the heritable variation for response to selection may
be ~50% greater than the additive genetic component of
phenotypic variance, and ~180% greater than the ordinary
(direct) additive genetic variance. This number is probably
conservative, since social interactions are much more critical
in African wild dogs than in domestic pigs. No unaided pair of
wild dogs has, for example, been observed to raise pups (Creel
and Creel 2002), whereas nursing sows are usually kept in-
dividually in pig herds. Moreover, there is clear opportunity
for heritable variance to exceed phenotypic variance. For
packs of 14 adults and genetic parameters as above, for ex-
ample, 02 /02 = 1.62. The selection gradient for this example
is a complex expression and is not given here, but follows
from Equation 10 below.

Example 3—genetic improvement in pig breeding

Livestock genetic improvement aims to increase the effi-
ciency of food production for human consumption. The
prospects for genetic improvement are reflected by the
heritable standard deviation in output parameters of agri-
cultural production systems. Consider, for example, a sow
line in an integrated pork production system. (In pig
breeding, the mothers of fattening pigs come from a breed-
ing line specialized for reproduction traits, known as a sow
line, whereas the fathers come from a line specialized for
growth traits.) Because farm size is usually measured by the
number of sows, interest is in the total amount of meat
produced from a sow, which is the product of offspring
number (n) and offspring meat yield (y),

Zz=ny.

Offspring number is genetically determined by the sow,
whereas offspring meat yield has both a direct and a mater-
nal genetic component (Rothschild and Ruvinsky 1998).
Meat yield per sow, therefore, is an emergent trait that can-
not be attributed to a single individual.

Linearization at the current average trait values, using
a first-order bivariate Taylor series, yields

zZ~ny-+Yy n+ constant.

Thus response due to selection in the sow line equals
A2y =1 (1A4y, + Ady, ) +7 Ad,

where D and M indicate direct and maternal effects on meat
yield, respectively, and the } indicates that the sow line con-
tributes only half of the genes in the fattening pigs. (The
other half comes from the father, who comes from another
breeding line.) Thus the heritable quantity determining the



response in fattening pigs due to selection in the sow line
equals

H; =n(Ay, i +Ayi) +Y Anis

and response equals AH. Because individuals transmit their
own genes to the next generation, H; refer to genes in a sin-
gle individual, even though meat yield depends on multiple
individuals (the sow and her offspring). Heritable variation
equals the variance in H;,

1
Zﬁz Var(Ay,) + 12 Cov(Ay,,Ay, ) + i Var(Ay,)
+ 7y Cov(Ay,,An) + 21y Cov(Ay,,,An)

+ 372Var(An)7

2
OH

where variances and covariances are ordinary additive
genetic (co)variances. Finally, response to selection equals
Az, = ipoy, where the accuracy, p, is the correlation be-
tween the selection criterion and the H-values in the candi-
dates for selection, which measures the quality of the
selection criterion.

With an additive genetic relatedness of 0.5 between
mother and offspring, the additive genetic component of
phenotypic variance equals

Vary (z) = i Var(Ay, ) + i Cov(Ay,,Ay,,)
+ A2 Var(Ay,) + 1y Cov(Ay,,An)
+ 20y Cov(Ay,,An) +¥* Var(Ay),

which differs from . Hence, also this example illustrates
that partitioning phenotypic variance into an additive ge-
netic and residual component may not yield the heritable
variance for response to selection, as already observed by
Willham (1963).

Example 4—maternal effects and time dynamics
of response

Kirkpatrick and Lande (1989) showed that maternal inher-
itance creates time lags in response to selection, causing
dynamic response patterns over time. The following illustrates
that Equation 7b provides the heritable variance also for such
traits. This heritable variation refers to the ultimate response
attributable to a selection, excluding transient effects and tem-
porary dynamics. As a second objective, this example integra-
tes the maternal-effect model of Willham (1963) with that
Falconer (1965) and Kirkpatrick and Lande (1989).

Following Falconer (1965), Kirkpatrick and Lande
(1989) considered a maternal effect that is a simple linear
regression on maternal trait value,

zi=Ai+e+m Zmother(i)’

where g; is the trait value of individual i, A; the ordinary
direct breeding value of i, e; the (direct) environmental com-

ponent of z;, m the partial regression coefficient of offspring
trait value on maternal trait value, with |m| <1, and 2 mother(i)
the trait value of the mother of i. As above, the o2 follows
from identifying the heritable component of the trait mean
and treating this as a property of a single individual. Re-
peatedly substituting zmomer() Dy the expression for z; ig-
noring nongenetic effects, and assuming that genetic
parameters remain constant over time yield

Zr; = A + mA +m?A +m3A + ..

mother(i) gr-mother(i) gr-gr-mother (i)

—Zy = A+mA+mPA+mPA+ ...

i

SH = .
! 1-m

lim A;(1+m+m?+m+.. +mh) =
n— oo

Thus the heritable standard deviation determining potential
response to selection equals

This result shows that positive feedback of maternal trait
value on offspring trait value (m > 0) increases the heritable
variation available for response to selection.

Whether m > 0 increases the actual response to selection
will depend also on the selection process. Falconer (1965)
and Kirkpatrick and Lande (1989) considered direct selec-
tion on offspring trait value,

w; = Bt Zi,

where B, is the ordinary gradient of individual fitness on
individual trait value in generation t. The standardized total
gradient in generation t follows from regression of H; on w;.
Using Cov(A, z) = 203 /(2—m) and a mother-offspring relat-
edness of 0.5 yields

_ 2Br oy
Bw,H(t) OH = (2 _ m)

This result shows that positive feedback of maternal trait
value on offspring trait value (m > 0) increases the strength
of direct selection. The denominator of this expression ac-
tually equals 2(1—r;motherm), indicating that a mother—
offspring relatedness >0.5 inflates the effect of feedback
(i.e., m # 0) on the strength of selection. This occurs, for
example, when mating is preferentially between kin.

The ultimate response due to selection in generation ¢,
excluding transient effects and temporary dynamics, equals

Bw,H(t) 0-12—11 giving

2,02

AZp o (t) = A
A (6) 2—m)(1—-m)

This result shows that m > 0 increases response to direct

selection, which is partly due to increased heritable varia-

tion and partly due to increased strength of selection. This
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Figure 2 Evolution of mean trait value with a maternal effect. Selection
starts at generation 2 for both populations. The selection gradients are
the same for both populations and are randomly sampled from a uniform
distribution between 0 and 0.4. For the population indicated with solid
circles, selection ceases in generation 5 (85 = 0) and continues in gener-
ation 6. The dotted line is the difference in mean trait value between both
populations and represents the response of the selection in generation
5 for the population indicated with open circles. Response initially fluctu-
ates due to transient effects, but stabilizes at a value of 0.0289. Inputs are
03 =0.3,02 =1, m=-0.4, and Bs = 0.162 for the population indicated
with open circles. Predicted response equals AZa o (5) = 2x0.162x0.3/
(2.4x1.4) = 0.0289, which is identical to the stabilized value.

expression is identical to the result of repeatedly applying
Equation 3 of Kirkpatrick and Lande (1989) to remove tran-
sient effects (Appendix B). Figure 2 illustrates that the re-
sponse of a single selection in generation t asymptotes to
this value, irrespective of selection in later generations.

The relationship between Willham’s and Falconer’s models:
In the main results of this work, I have used Willham’s
(1963) maternal-effects model to illustrate the meaning of
expressions. Willham’s model ignores the time dynamics
of response, but predicts the same asymptotic response as
Falconer’s (1965) model. Both models are well known and
widely used (Lynch and Walsh 1998) and are related as
follows (using W63 and F65 to indicate parameters referring
to Willham’s model and Falconer’s model, respectively):

Ap.we3 = Ares,

m
A =A
MWe63 = AFes 7

Ares
H = Apwes +Amwes = T—m

2 _ 2
OAp,W63 = UAF655
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2 m
OApy,W63 = OA F65 1-m

2
2 _ 2 m
OAn,W63 = UA F65 7(1—m)2’
2
g
2 _ 2 2 _ OAFes
Ol = O, w63 + 20A5, W63 + 04, wes = 1-m)?

Depending on the sign of m, Falconer’s model corresponds
to a direct-maternal genetic correlation of either +1 or -1 in
Willham’s model. When individual fitness is determined by
individual trait value, w; = Bgz;, then the standardized total
selection gradient is given by

2 2
B, . oy = B"ADAwss + (3/2)0a5, w63 + OX, wes B O A F65
wiH OH on (1-0.5m)
and the permanent response to selection by
2
2B 0} pes

3
. 2 2
AZp w0 = Bloa, wes + 5 Ao, W63 OayW63) = 2-m@1-m)

Utilization of Heritable Variation

As shown above, the standardized selection gradient of
relative fitness on total breeding value, B, you, measures
the utilization of heritable variation. This standardized gra-
dient differs from the classical gradient of individual fitness
on individual trait value. Previous work on indirect genetic
effects has shown that relatedness between individuals and
selection between groups rather than individuals may con-
siderably increase response to selection (Griffing 1967,
1976, 1977; Wade 1977; Muir 1996, 2005; Craig and Muir
1996). This suggests that relatedness and multilevel selec-
tion are important determinants of B, yon. The following
first illustrates the effects of relatedness and multilevel se-
lection on B,, zou in populations structured into groups, and
subsequently considers the general case.

Natural selection

Consider a population structured into a large number of
groups of n individuals each, where indirect genetic effects
of group mates affect individual trait values,

n
5 =Api+ Y Asj+ei,
=2

as in Example 1. Moreover, suppose that selection is a func-
tion of individual trait value and the summed trait values of
all n — 1 group mates,



wi=B(z+8 ) %)

n—1

The g represents the degree of between-group selection rel-
ative to individual selection; it is the ratio of the selection
gradient on the summed trait values of group mates over the
selection gradient on individual trait value. A g = O repre-
sents individual selection, and a g = 1 full between-group
selection (Bijma and Wade 2008). Combining Equation 15
of Bijma and Wade (2008) with Equation 7a, using r to
denote additive genetic relatedness between group mem-
bers, yields the following expressions for the standardized
total selection gradient. For individual selection with unre-
lated group members (g, r = 0),

0-12813 + (n - 1)0ADS

B. (8a)

oy =
BW,H H oH

For individual selection (g = 0) with related group mem-
bers, r € [0---1],

T'O'% +(1- T‘) [0-12\[) + (Tl - 1)0-ADS}

OH

B.  (8b)

BW,HGH =

For multilevel selection, g € [0---1], with unrelated group
members (r = 0),

gof + (1= g)lox, + (n— 1)oay)
oH

B, (8c)

BW,HUH =

and for multilevel selection with related group members,

BWﬁHO-H
g +r+(n—2)grlof + (1 —g)(1 —r)[ox, + (n— 1)oay] 8

OH

(8d)

In those expressions, (riD is the variance of direct genetic

effects, oa,, the covariance between direct and indirect ge-
netic effects, and B the ordinary selection gradient.

The effects of relatedness and/or multilevel selection on
the utilization of heritable variation follow from the partial
derivatives of B, you with respect to g or r. For example, the
partial derivative of Equation 8b with respect to r equals

8(BW,HO-H)

S = (= 1)oa, + (n=1)%%,.

This derivative takes positive values whenever

OAg
)

TAp > —(n— 1)0A
D

where r,, is the genetic correlation between direct and in-
direct genetic effects. This condition will probably be satis-
fied in most cases, except when group sizes are small,
indirect genetic effects have little variance and are strongly
negatively correlated with direct genetic effects. For exam-

1.0

Pry e
0.8 - =
=r ///
0.6 - g,/’ -
-7 g=0
//
0.4 - s
e
V4
0.2 - 4
0.0 - '
( 0.6

0.2 - » and/or g

Figure 3 The effect of between-group selection (g) and/or relatedness (r)
on the accuracy of selection (p, ). Solid line: r =0, g € [0---1]. Dotted line:
re[0---1], g = 0. Dashed line: g =r € [0---1]. Input values are n = 8,

o =1, 62 =02, 3 =h% =03, and ra,, = re, = —0.6. Details of

calculations are in Appendix C.

ple, when n = 4, oa, =1, and o, = 0.3, relatedness
increases the standardized total gradient when ra,,>—0.9.

Because Equation 8d is symmetric with respect to g and r,
the effect of between-group selection on B, oy may seem
to be identical to that of relatedness. However, at the same
overall strength of selection, stronger between-group selec-
tion reduces the ordinary selection gradient 8, which in turn
reduces B,, you. This issue is investigated further in the next
section.

Artificial selection

With artificial selection, the accuracy reflects the utilization
of heritable variation by the breeder. (The intensity of
selection merely reflects the overall strength of selection.)
The above case may be investigated in the context of
artificial selection by replacing fitness by a selection index
of its own trait value and the summed trait values of group
mates,

IiZZi-i-gZZj.
n—1

The accuracy of this index equals

lgtr+(n—2)grlof+(1—g)(1—r)[ox, + (1= 1)oay]
PLH= o1 OH :
©)

Note that the second term in the numerator may take
negative values when direct and indirect genetic effects are
negatively correlated, whereas the first term is always
positive. In the denominator, the o] increases with related-
ness between group mates and particularly with the degree
of between-group selection (Appendix C).

Figure 3 shows that accuracy increases much more with
relatedness than with between-group selection. This occurs
because an increase in g strongly increases the o in
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Equation 9. This is the same phenomenon as the reducing
effect of between-group selection on the magnitude of the
ordinary selection gradient, mentioned above. In most cases,
therefore, relatedness can contribute more to the utilization
of heritable variation than multilevel selection.

Generalization

The above considered the special case where population
members interact within groups. The following investigates
whether general statements about the utilization of herita-
ble variance can be made.

Since any trait can be decomposed into additive effects
using the method of least squares, this decomposition can be
applied also to fitness,

Wi = E AW“]” + eW17
T

where j' denotes the individual contributing the jth heritable
effect, A, ;, to the focal individual’s fitness, [ indexes the
different categories of heritable effects on fitness, and the
summation is over all individuals affecting the focal individ-
ual’s fitness, including the focal individual itself. (For mul-
tilevel selection in group-structured populations, the
relationship between the elements of w; and the selection
parameters is given in Equation 11 and Table 2 of Bijma and
Wade 2008). Because heritable effects on fitness may have
a different origin from those on trait values, the indexing in
the fitness model, j’ and [, differs from that in the trait model
( and k, Equation 4). From the Robertson-Price theorem,
response to selection equals Az, = Cov(H;, w;). Substituting
H; by Equation 6, and using Cov(A A, ;) = iy Cov(Ax,Aw,),
yields

AZy =) > 1y Cov(Ar, Aw,), (10)
l

k

where ry; is the additive genetic relatedness between the
focal individual and j’, and Cov(Ax,Ay,) is the ordinary ad-
ditive genetic covariance (i.e., within individuals) between
the kth heritable component of the trait value and the Ith
heritable component of fitness.

Equation 10 reveals two points of interest. First, response
to selection depends on relatedness between the focal
individual and the individuals affecting its fitness, ry, not
on relatedness with the individuals affecting its trait value,
rij. This makes sense in the light of the Robertson—Price
equation. (Of course, those individuals may partly or en-
tirely be the same.) Second, when relatedness r;; takes pos-
itive values, the direction of response in a component of the
trait value is the same as the sign of the within-individual
covariance of that trait component with fitness. In other
words, if ry > 0, then the response AA; originating from
the Ith fitness component is positive when Cov(Ay,Ay,) is
positive and negative when Cov(Ax,Ay,) is negative. Con-
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versely, when r; < 0, then the response AA; originating
from the Ith fitness component is negative when
Cov(Ax,Ay,) is positive and positive when Cov(Ay,Ay,) is
negative. [Negative relatedness may occur because related-
ness is a measure of correlation, which is zero on average by
definition. It merely means that both individuals have below
average additive genetic similarity (Powell et al. 2010).]
Hence, this result shows that relatedness works to change
trait values in the direction of increased fitness, suggesting
that relatedness between the focal individual and the indi-
viduals affecting its fitness causes an adaptive response to
selection. This result agrees with the observation of Bijma
(2010), who showed that relatedness contributes to a posi-
tive response in fitness when individuals interact.

Discussion

In this work a definition has been proposed of the heritable
variance that determines the potential of a population to
respond to selection. In this definition, heritable variance
equals the variance among individuals in the heritable
quantity that determines the mean trait value of the popula-
tion, rather than the additive genetic component of pheno-
typic variance. This definition encompasses both traits
affected by the focal individual’s genes only, in which case
heritable variance equals the ordinary additive genetic vari-
ance and traits depending on heritable effects originating from
multiple individuals. This work, therefore, generalizes the
classical definition of heritable variance and the usual quanti-
tative genetic expressions for response to selection to cases
where trait values depend on genes in multiple individuals.

Because individuals transmit the genes they carry them-
selves, the heritable variance relevant for response to
selection may differ from the additive genetic component
of phenotypic variance, which may originate in part from
genes in others. As a consequence, the heritable variance in
traits that depend on genes in multiple individuals is not
limited to phenotypic variance, which is a fundamental
difference from classical theory (Fisher 1918; Lynch and
Walsh 1998). For such traits, heritable variance may exceed
the phenotypic variance among population members and
has no theoretical upper bound. This result implies that
social organization may allow populations to evolve faster
by natural or artificial selection.

The partitioning of response to selection into contribu-
tions from heritable variation and selection facilitates re-
search aiming to identify the mechanisms that determine the
utilization of heritable variation by natural or artificial
selection. The standardized total selection gradient, B,,3; on,
is a scale-free measure of the utilization of heritable variation.
The B,y differs from the classical selection gradient of indi-
vidual fitness on individual trait value and depends on relat-
edness between individuals and the levels of selection.
Equation 10 shows that positive relatedness causes trait values
to respond in the direction of increased fitness.

A partitioning of response into contributions from heri-
table variation and selection is also useful for breeders.



Breeders want to know how much genetic improvement is
possible in principle and to be able to assess the quality of
their breeding programs. The heritable variation, as defined
in Equation 7b, reflects the genetic improvement that is
possible in principle. An efficient breeding scheme generates
~1 unit oy response per generation. While heritable varia-
tion is a biological property of the population that is outside
the breeder’s control, accuracy of selection depends on the
breeding design and can be optimized. Hence, accuracy is an
important quality criterion for a breeding scheme. This work
has generalized the definition of accuracy, to include traits
affected by genes in multiple individuals.

The definition of heritable variance provided here also
explains in a natural way why certain heritable traits cannot
respond to selection. Consider, for example, the rank of
racing horses. The mean rank cannot respond to selection,
because it is fully determined by the number of competitors.
With eight competitors, for example, the mean rank is
always 4.5. Racing ability nevertheless shows additive
genetic variance (Langlois 1980). While it is obvious that
rank cannot respond to selection, this case violates the or-
dinary quantitative genetic expression for response to selec-
tion (Equation 3). Equation 7b, however, reveals that
heritable variance in rank is zero. This occurs because a 1-
unit increase in an individual’s rank always decreases the
average rank of its n — 1 competitors by an exact amount
of —1/(n—1). The variance in indirect genetic effects, there-
fore, equals 1/(n—1)* times the variance in direct genetic
effects, and the correlation between direct and indirect ge-
netic effects equals —1. Substitution into Equation 7b shows
that heritable variance equals zero: 0 = 0% - 2(n—1)o3 /
(n—1) + (nfl)zal%‘D (n—1)* = 0. While the mean rank can-
not respond to selection, the model allows for response
to selection in the underlying direct and indirect genetic
effects; individuals can, for example, become more competi-
tive. Wilson et al. (2011) applied a similar approach to genet-
ically analyze dyadic interactions in Scottish deer. This
approach may also be used to genetically analyze fitness in
populations where mean fitness cannot respond to selection
because population size is limited by the carrying capacity of
the environment, which is very common.
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Appendix A

This Appendix shows that the common expressions for re-
sponse to selection used in evolutionary genetics and artificial
breeding are equivalent under multivariate normality (Equa-
tions 3a and 3b). Consider artificial selection for a criterion,
say x, so that individual fitness is determined entirely by in-
dividual x. Thus the effect of breeding value for the trait on
individual fitness must arise entirely via x. Moreover, under
multivariate normality, regressions are linear and represent
conditional expectations (Stuard and Ord 2004). Thus the
regression coefficient of fitness on breeding value, B,, 5, must
equal the product of the regression coefficient of the selection
criterion on breeding value, B, », and the regression coeffi-
cient of fitness on the selection criterion, B,, .,

BWA = Bx,A Bw,x-

Next, in Equation 3b, Azx = wpoa, the intensity of selection
is the ratio of the selection differential over the standard
deviation of the selection criterion (Falconer and Mackay
1996); v = S,/ox. From the Robertson-Price theorem, the
selection differential equals the covariance with relative fit-
ness, S, = Cov(w,x), giving .= Cov(w,x)/ox. Moreover,
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into Equation 3b yields AZx = ipoa=((Cov(w,x)/oy)
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(CovA,x)/oaoy))oa = ((Cov(w,x)/o2)(Cov(A,x)/03%))o% =
BuwxBxa0i = B, 0%, which is Equation 3a.

Appendix B

This Appendix shows that the expression for response to
selection derived in Example 4 is identical to the response
from repeatedly applying Equation 3 of Kirkpatrick and
Lande (1989),

AZ, = Cov(A, 2)B; + mAZ—1 +ma2(B, — Bi—1)- (B1)

The last term in this expression is the phenotypic effect of
the selection differential in the mothers on the trait value
of their offspring and is therefore transient. The second term
is partly transient because it includes mAzZ._o+
mo2(B,_1—PB¢_o)- The first term reflects the change in breed-
ing value and is permanent. Interest is in the ultimate re-
sponse ascribable to selection in generation t, Aza « (t), after
transient effects and temporary dynamics have decayed
away. The Az « (t) follows from the difference in the ulti-
mate mean trait value between a population where selection
ceases after generation t and a population where selection
ceases after generation t — 1,



n n
Azp o (t) = lim > (A% |Brae =0) = > (AZ|Broe—1 = 0)|.
T=t—1 T=t—1

(B2)

From Equation B1, the series of responses when selection
ceases after generation t is

Aze = B,Cov(A,2) + m [Az—1 + (B — Be-1) Ug}
AZ 1 = m(Az, — B, 02)
AZeyp = mAziyq

Aziin = mAZein-1.

The series of responses when selection ceases after gener-
ation t—1 is
Aét =0+ m[Ait_l - Btfl()'g}
Ait+1 = mAit

AEH_Z = mA§t+1

AZin = MAZen-1.

Calculating Equation B2 yields Azy  (t) = lim B,Cov(A,z)
(1+m+m?+md+..4+m"), giving "

AZp o (t) = 4Bt(i°f(2’ z)

Substituting Cov(A, z) = 202 /(2—m) yields

2[3:0,%,

AZp (1) = 2-m—m)

which is identical to the result presented in Example 4.

Appendix C

This Appendix provides background information on Figure 3.
Direct and indirect additive genetic (co)variances follow
from 0% = h} o} , 04, = h} o}, and o, = ra,0a,0ns. To-
tal heritable variance equals of = 0% +2(n—1)oa,+
(n—2)?c3,. Phenotypic variance equals o2 =0} +
(n—1)op, 4+ r(n—1)[204, + (n—2)0% ]. The variance of the
index equals o? = 02 + 2(n—1)g Cov(z;,2)+ g2(n—1)[o2+
(n—2) Cov(zi, )], in which Cov(z;,2;) denotes the pheno-
typic covariance among group mates, which equals
Cov(z;,2)) =20pys+(n—2)03 41 [0F, + 2(n—2)0oay + (1°—
3n+ 3)o3 ]. Substitution of the input values given in the
Figure 3 legend into these expressions and using Equation

9 of the main text produces Figure 3.
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