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ABSTRACT
The specificity of regulatory protein binding to DNA is due

to a complementarity between the sequence of reaction centres on
the protein and the base pair sequence in the specific DNA site
allowing the formation of a number of specific noncovalent bonds
between the interacting entities. In the present communication
the thermodynamic and kinetic aspects of these interactions are
considered. The extent of binding specificity is shown to in-
crease with an increase of the bond stability constants and with
an increase in the number of ligand reaction centres. Kinetic
analysis is carried out assuming that association process is ve-
ry fast and that dissociation of nonspecific complexes is a rate-
limiting step in the recognition of a specific binding site on
DNA. The calculations show that a ligand can recognize its spe-
cific binding site on DNA within a reasonably limited time in-
terval if the number of its reaction centres and the correspon-
ding stability constants are strongly limited.

INTRODUCTION
At the present stage of investigation of the processes of ge-

ne activity regulation it is important to find out the mechanisms
responsible for the binding specificity of regulatory proteins
for their target sites on DNA and to estimate the thermodynamic
and kinetic parameters of the binding processes. In the early mo-
dels for the protein-DNA recognition it was supposed that the
conformation of regulatory sites on DNA differs from that of the
other DNA sites and that regulatory proteins recognize these dif-
ferences1l3. It was also supposed that the binding of a protein
to DNA leads to local unwinding of the DNA helix at the specific
binding site4. Now it is well established that the control sites
oni DNA have no special conformational Properties and that the
three principal types of regulatory proteins- repressors, RNA-po-
lymerases and restrictases are able to recognize specific nucleo-
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tide sequences in double helical DNA without disrupture of the

DNA structure5 9. Therefore, it seems plausible that the recog-
nition is based on the direct correspondence between the sequen-
ce of AT- and GC-specific reaction centres on the protein sur-
face and base pair sequence in the corresponding control site on

DNA. The most advantageous conditions for protein binding are
realized when the seouence of specific protein reaction centres
is strictly complementary to the base pair sequence at the cont-
rol site on DNA (Fig.1).

If the protein binds to the site partially overlapped with
the specific binding site the association constant is reduced
due to a loss of a certain number of specific contacts. The mo-
del presented in Fig.1 has been used to calculate the adsorption
isotherms for multisite ligands each covering several consecutive
residues on a heteropolymerl13 and to consider stereoch$i 1
aspects of specific binding of regulatory proteins to DNA "

In the present paper we shall consider thermodynamic and ki-
netic aspects of the recognition problem, formulate the criteria

allowing to evaluate the extent of ligand binding specificity and
estimate the time needed for a ligand to find its specific bind-
ing site.
ThIkLODYNAiICS OF 6PEJIFIC BINDING

Suppose the ligand is two-component i.e. it contains L4 AT-

I~IIK
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Fig.1. A schematic representation of binding reactions of
a protein with its specific binding site on DNA and with a site
shifted from the specific binding site by i = 2 base pairs. K0and
KL are the corresponding equilibrium association constants. O(pen
and full circles symbolize AT and GC base pairs. Vertical bars
represent the protein reaction centres.
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-pair specific reaction centres and La GC-specific centres. The

exchanges AT A; TA and GC ** CG will be supposed to have no in-
fluence on the binding constant. (The results can be easily ex-
tended to the case when AT A TA, GC -A CG upon binding). To take
into account the effects due to the physical dimensions of the
regulatory protein molecule we shall suppose the ligand to cover
and make inaccessible for binding t successive base pairs of DNA.
Specificity and stability of the ligand-DNA complex is due to for-

mation of a number of bonds between the ligand reaction centres
and the bases. Let the sequence of AT and GC base pairs in the
specific binding site be strictly complementary to the sequence
of reaction centres of the ligand (although in real systems it is
not always so). Let us consider an ensemble of the DNA molecules
with a given oase pair sequence being in thermodynamic equilibri-
um with the ligand. Every DNA molecule contains a specific ligand
binding site surrounded by long sections with a random base pair
sequence:

N1 X N2
specific site

Let N1 and N2 be the numbers of oase pairs in these sec-
tions ( N»>>L, N2>>L ). For accurate recognition the specific
base pair sequence ought to be unique within the polymer. This
implies that the specific sequence should oe sufficiently long so
that the probability of finding the same sequence in the rest of
the polymer would be negligible. This is equivalent to the requi-
rement that

LI L2
(N, t N2) xi X2 2cK<<1

where X(X2) is the probability of finding an AT (GC) pair
in the random sequence sections of the polymer ( X1 + X2 =1).
Analogous condition in the case of "four-letter recognition" is:

(N1 +N ) fin XA 1. (2)
ots
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here X4,XaI X3 and x4 are the probabilities of finding
the AT, TA, GC and CG base pairs, correspondingly ( Z XCL = 1),

at a given site on DNA. L,L2,L3 and Lq are the numbers of
AT-, TA-, GC_ and CG-specific reaction centers of the ligand. The

inequalities (1) and (2) establish certain relationships between
the length of the polymer and the number of ligand reaction cen-

tres allowing to consider the specific ligand oinding site as be-

ing unique on the polymer. 'These relationships permit one to com-

pare the recognition capacities of two- and four-component ligands
in terms of economy of genetic material. Let the frequency of all

types of' base pairs in the DNA sequences lying outside the speci-
fic binding site be the same and let L1= L2 =L/2 for a two-

-comfponent ligand and L4=L =L3=L,=L//4 for a four-component
ligand. then (1) and (2) turn into:

(Ni + NO) (112JL<< i (3)

(Ni +N2MA/)L<c i

Froma these relations one can conclude that the number of ligand

reaction centres, L, which satisfies the condition (4) is appro-
ximately twice as small as compared with the value found from the

condition (3). This means that a four-letter recognition code is

more econolli.c than a two-letter code.
The thermiiodynamic properties of binding are fully described

by the grand partition function17
: NSxzw (5)

Here A\ is the absolute activity of the ligand, Zav is a canoni-
cal partition function for a polymer (of a given base pair sequen-
ce) with cj ligand molecules adsorbed. If the sequences of N, and

N, base pairs are random, the mean number of the bound ligand
wolecules per base pair, r, is:

N1+N2+ZX a en A

Here the angular brackets stand for the averaging over all pos-

sible base pair sequences outside the specific site. The specific
site sequence remains fixed.

As far as the concentration of regulatory proteins in the cell

is s;all the activity \ in (6) can be replaced by the free li-
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gand concentration m, and only the first terms of the power series

expansion of are essential. Such an approximation leads to:

eim :F =->_ <K> + E, <K; + Ko0(7r-.o'~' NNtNZ +N1 o<111<X
where <K> is the mean equilibrium constant for the binding of
a ligand to nonspecific DNA sections. Averaging is carried out
over all possible base pair sequences lying outside the specific
binding site.}Kc> is the mean association constant of the ligand

with a site shifted from the specific binding site by t base
pairs. If itl < this site is partially overlapped with the

specific binding site (see Fig.1). Ko is the binding constant of
the ligand to the specific6 binding site. ilhe probability of find-

ing the ligand in the bound state at the specific bindidg site is

Ko
(N+N2-2NC --1)<K> + K<K:> + Ko (8)

0-%1;1X
The R value can be regarded as a measure of selectivity of li-

gand binding. To calculate R one must evaluate K , < K > and

<K;>.
EVALUATION 01 BIIDING CONSTANT K0.

The constant KD can be represented as a sum of statistical

weights of various ligand adsorption states. Any adsorption state
is specified by the indication of those reaction centres which are
bound to DNA base pairs and of those which are not. Let the varia-

ble Q; specifies the state of the i-th ligand reaction centre:

Q;= 1 if the i-th centre is bound, and t0= 0 if it is not.
T2he ligand reaction centres can forrm the oonds either independent-

ly of each other or can interact with DNA base pairs in a coopera-
tive manner. In the latter case we shall suppose the state of a

reaction centre to depend on the states of its two nearest neigh-

bours. Let the reaction centres form an uphyphenated sequence
of length L = Li + La . The constant Ko is calculated as
a partition function for a finite two-state Ising lattice 8s

Kc-l- 1 + exp( F(RT) ) (9)

Here aFG) is the free energy of the adsorption state speci-
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fied by a given set {6} = ( es.2 -.L) . The summation is car-
ried out over all possible G; = 0,1. The unity is subtracted
to eliminate the state in which all ligand reaction centres are
nonbonded ( Giijs iC is L ). Since any state of a ligand reac-
tion centre can be correlated with the states of its two nearest
neighbours, the free energy of a ligand-polymer complex can be
expressed as:

~Fe(0 -Z: U~9j + VE (0 (10)~J2
where Uj = RTen s'j3 is the free energy change accompanying
the formation of a bond between the J-th ligand reaction centre
and DNA base pair, provided that the j-th reaction centre lies
at the interior of an uninterrupted sequence of bonded reaction
centres, S' is the corresponding stability constant. V=-4Rten 6
is the free energy change associated with the formation of a
boundary between adjacent stretches of bonded and nonbonded li-
gand reaction cntres ( V 0). The free energy change V takes
into account so-called "strain energy" arising on the boundaries
between bonded and nonbonded ligand reaction contres. The const-
ant 6 is the cooperativity parameter ( 6 = I stands for the
absence of cooperativity, i.e. independent binding of reaction
centres; 6-.'O stands for the high cooperativity of binding,
i.e. "all-or-none' binding).

From Eq (9) and Eq (10) it follows that

{O1 j.2

which can be represented in a matrix form:

Ko -=-I + ( i) 1) (fnn< (St (o12)
where Vi

EM4l. Sf'J (13)

Si)= S. or ' S depending on whether the j-th reaction
centre is specific to AT or to (GJ pair. In a special case of only
one type ot reaction centres ( si": S ) Eq(12) takes the follow-
ing form:
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K0:-1±(4,IJM ( ) (14)
I'rom Eqs (13) auL (14) by matrix algebra methods one finds that

L L*L -

KC- X+X2-+ 2S (- )x -XX15

where X, and X2 are the eigenvalues of the matrix ih:

XX2l -_ (2 iS-{)a+LIS6 (16)

In the case of independent reaction centres ( 6- 1) this gives:
Ko=(s +i)-1 ( ~)

In the opposite case of high cooperativity ( ff-0) Eq (15) gives:
K - L (18)

Such all-or-none type of binding can be due not only to a high
cooperativity of binding reaction ( s - 0) but also can take
place if the stability constant S s 1 (in that case Eq (17) re-
duces to Eq (18).
EVALUATION OF BINDING CONSTANT <K > AND < Ki

The binding constant for a random base pair sequence DNA 4. K >

can be calculated by averaging (9) over all possible base sequen-
ces. It can be found that

<K> =-+ <11)( < j>)(< LL' (19)
where

I { v \
<Hi> = < Lj)$ 2 (20)

with < S i > =< S > if the i-th reaction centre is AT-specific
and < ')> = ( S; if the j-th reaction centre is GC-specific.
The average stability constant < S > is given by

<S&'£ Xxs, (21)

where S.,p is the stability constant of a contact between the
A. -type reaction centre of the li6and and ,' -type base pair of
DNA. X is the fraction of 'a -type base pairs in the DNA parts

with a random base pair sequence. A value S ,- < 1 ( oL#A ) is
assigned for a repulsion between the ligand reaction centre of
type oc and DNA base pair of type F@. For the binding of one-
-component ligand one finds that
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-.L-4 -L-1
<K.> 24LXL- 1+<S>lli( -6) - (22)

where -i()
X =S 2

4 S> (23)

2or a two-component ligand <K > depends on the distribution pat-
tern of AT and GC-specific reaction centres along the ligand. How-
ever, very simple expressions for <K > can be obtained in the li-

miting cases of noncooperative ( 6 1) and highly cooperative
( 6 - 0) binding mechanisms:

<K> .t<5; +{> S2+t- 1 j (independent binding)
< S> L4 <S2> La (all-or-none binding)

Further consideration will be carried out for these two limiting
cases.
To evaluate the average association constant of a ligand with a
site partially overlapped with the specific binding site one should
take into account that in this case the ligand reaction centres
can be divided into two groups depending on whether they interact
with base sequences lying beyond the specific binding site or form
specific contacts with bases at the specific binding si-te. The cont-
ribution of the latter type of reaction centres to the overall
binding free energy can easily be evaluated for any specified se-
quence of ligand reaction centres. Let the ligand be shifted by i
( LI < ) base pairs from the specific binding site and let

%,LgL) denote the number of coincidences of the ligand reaction
centres of type od ( o= 1,2) with base pairs of type A (p=
=1,2) at the specific binding site. Here O4 = 1,2 stands for
the AT and GC=specific reaction centres, respectively; A =1,2
stands for AT and GC base pairs. The numbers L) can readi-
ly be calculated for any given arrangement of reaction centres
along the ligand and for any li<( . For example, from Fig.1
we can find that for ;=ac211W(=O C2(= 2, 2 =1
and ° t24(= 2. With Cy,t;L) being calculated <KL> is given by

<K,'> +J,C,pL)~ ()(K). = tsv "i)°(s1i-(F1.) ( j) 2.S24)k

x < gd+ 1 '° < S?+ i >L ^1; r2 25
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for the noncooperative binding case (0' = I ) and

q#I()A~l4aV1',I?~'AL % ,~ L1 qI11'~)-,~12 L22epj).q,2(
(KL>-S1 Sj

) o2 SaO-(S1>k (26);Se 2 SZ q2< Si> q t*(<Y-, t)9t

for the binding in an all-or-none manner.
THIB ESTIMATION OF THE EXTENT OF LIGAND BINDING SPEIFICITY.

As is seen from Eqs(8) and (24)-(26) the extent of binding
specificity exhibited by a ligand at low limit of binding increas-
es with the increase of S4 and S. . Let us consider the binding
of an one-component ligand carrying an uninterrupted sequence of
AT-specific reaction centres ( L1= L=-d, L2 = 0). In this case

Z (=LO-L;1 for I I L ; %(i) =0 for II L ;> L (L) =J2,6)=%2(t)=0
and

(S +1) -1
(S+L- (+j-S4-j>L -a(L-1.(S+ 1 + (Nj N2-2L+2)(<S * {>-1 2 (+{ sA>-(L

(27)
If the binding proceeds in an all-or-none manner (either 6 0

or S >> 1) R is given by the relation (28):

SL+(N +N2-2L+2) <SL>L - 2 5<S>-$>LS(28>)
which for 0O (strong repulsion) reduces to

"NU.L)_XL (29)
+ (Mi + N2 -2-L +2)xL + 2 -x

The extent of binding specificity strongly depends on the number
of ligand reaction centres. For example, if N4-'N2 = 1°6. X =0.5
and X = L, then Rmax 1073 for L = 10 and TZMAx '

c 0.25 for L = 20. As L tends to infinity Rma,*R..,=(4-x)/(I+X)
This implies that the extent of specificity for the binding of

one-component ligand is strongly linmited and cannot exceed
(i-x)/(A+x). In Fig.2 the dependences of R on S are shown for
the binding of one- and two-component ligands to a two-component
DNA. Calculations are carried out for N'11+2 = 106, XI = X =
- 0.5 and for L ranging from 10 to 30. For the purpose of a
comparison in Vig.2 the curves are also shown for the binding of
four-component ligand to a four-component DNA. In these calcula-
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Fig.2. The extent of binding specificity, R , versus the
stability constant S for various values of L . (- -) -
one-component ligand; (--) - two-component ligand; ( ) -
four-component ligand. The total number of ligand reaction cent-
res is indicated by each curve.

tions we assumed that = 1/4, L& = L/4 and =S=
= 4 S d~ S6 where OttX = 1 2,3,4. Similar assumptions
were made in the case of two-component ligand binding.

It should be noted that in the case of binding of a two-(four)-
-comuponent ligand the probability of binding to DNA sites partial-
ly overlapped with the specific binding site depends on the ar-

rangement of reaction centres along the ligand. this dependence,
however, can be neglected in the most practical cases. Clearly,
the probability of ligand binding to DNA sites overlapping with

the specific binding site takes the greatest value in the case of

binding of one-component ligand with an uninterrupted sequence
of reaction centres. Indeed, shifting such a ligand from the spe-
cific binding site by one base pair may lead to a loss of only
one specific contact, while in the case of binding of a two-com-
ponent ligand such a shift results in the loss of several speci-
fic contacts. As a consequence, the probability of binding of two-
or four-component ligand to DNA sites partially overlapped with
the specific binding site is mauch lower than the probability of
nonspecific binding:
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(31)O <K.> <(N+INj)K>
o. lIle.X

(In the case of binding of an one-component ligand these probabi-
lities can be comparable).

Fig.3 shows that the accuracy of recognition of a specific

site within a heterogeneous DNA strongly depends on the polymer
length.

From Eqs.(8) and (24)-(25) it follows that the greatest extent

of binding specificity is achieved if 41(L) and ( )
take their lowest values. This means that for optimal recognition

the sequence of ligand reaction centres must belong to a class of

uncorrelated sequences. For such sequences the condition (31) is

always fullfilled.
The extent of binding specificity exhibited by two- or four-

-component ligands can be calculated with a good accuracy from the

relation: ,,

-(N,+N,zJ<K> + Ko
In the case of binding of a two-component
by Eq.(24). For the four-component ligand

(32)
ligand <K> is given
case the analog of Eq.

1.1 10

-5
3-10
2-165
*1.10 -

100

Fig.3. The binding specificity R of a two-component ligand
versus the stability constant s for various values of L/(N1+N2).
The total nmber of ligand reaction centres L = 20.
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(24) is 4 L>

5 o(-t ^ 6=01K><4 L.,L 6=O(33)

where <S,C
As is seen in Fig.4, the R value is higher the lower are

the stability constants for unfavourable contacts } (C I,8).
Earlier12 we have suggested a criterium allowing one to estimate
the extent of binding specificity exhibited by a ligand

1O
(^+N2)<}t>;1 ~~~~~~~(34)

If the probability of ligand binding to DNA sites overlapped
with the specific binding site is negligible in comparison with
the probability of nonspecific binding (See Ineq.(31)) the con-
dition (34) is equivalent to the requirement that R > 1/2. The
quantitative estimations of the parameters for which R 1/2
can be obtained from Figs.2 and 3.
For N N+ a = 106 Xc4 _ 1/4 SA. = 30 and 9",zp =0(OC ,Is
a four-component ligand provides P = 1/2 if L = I10. A twio-
component ligand must have 20 reaction centres to manifest the
same extent of binding specificity under these conditions. In

R
0.5 -

0.4 0.0
Q15

0.3 1.0

0.2 2.0 3D
5.0

0.1
O "

20 40 60 80 100

Fig.4. The dependences of R on S calculated for the binding
of a two-coimponent ligand. Curves are shown for various values of
stability constant Sl = s (o. ;#,6) . Calculations are carried out
for N1 + N2 = 10' and L = 20.
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the case of binding of an one-component ligand R = 1/2 cannot
be achieved even with S and L. In real regulatory
proteins the lattice of reaction centres appears to be a two-
component one for stereochemical reasons but &T TA and GC *

CG upon binding16.
KINETICS OF SPECIFIC COMPLEX FORNATION.

In previous section it is demonstrated that specificity of
binding increases with the increase of L and s values. How-
ever, the increase in specificity is accompanied by an increase
in the strength of ligand binding to nonspecific binding sites
as well. Nonspecific binding competes with specific binding and
plays an important role in the kinetics of ligand binding to a

specific binding site. In the context of recognition problem
the dissociation rate of nonspecific complexes is of particular
importance. As is well known the regulatory protein - DNA asso-
ciation process is very fast19'20. Dissociation from nonspecific
binding sites is a much slower process21 Clearly, the time
needed for a protein to find its specific binding site on DNA
should be reasonably limited. If a regulatory protein searches
out its specific binding site on DNA by random collisions coupled
with a series of association and dissociation processes then
strong constraints must be imposed on the dissociation rate of
nonspecific complexes.

Let there be many nonspecific adsorption sites n= ,nj dif-
fering in the magnitude of dissociation rates for the li-
gand. And let there also be nfl< n specific sites (such as
operators) with a much longer release time MCL*V>> . The ligand
molecules will then tend to be accumulated in these most favour-
able adsorption sites. The kinetics of association and disso-
ciation processes at a low level of binding is described by the

following equations:

dtP Ji k rnj FPo-- F/C

JdEt = kn PO - P */
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with Po (0)=1, pi (0) = 0, p (0) = 0

Here Pj is the probability of finding a ligand in a free state,
p and Pj refer to the probabilities of finding the ligand

complexed with the specific operator site and the nonspecific
j-th site, respectively PG + ZF ),4- P*.I

We suggest that the rate-limiting step of association pro-
cess (in specific as well as in nonspecific binding) is diffu-
sion controlled with the characteristic rate constants (k ) of
about 108 1010 M_1 sec1. The first two equations in (35) de-
scribe relatively fast processes, while the last equation cor-

responds to the slowest process kn" Il/V'(<kn- i t ; There-

fore after a short transition period the fast variables attain
their stationary values

PJ-v-knJe v pP I_ - P k£nJ

and then change slowly with P
dPI n (j P*) P*/t« (36)
dt I{*kn't{T)iL

Here the mean releasing time <Mt7>=L-rn); . The solution
of the Eq. (36) is:

P Rntttkn<f>+i (1- C)

kn -
seareCh is kn <r > V

If the lifetime of a specific complex is much longer than all

other relevant times *-* O J)then equation (37) reduces
to _t/

p = i e aL (38)
where n )

This result has a clear physical meaning. Before the finding a
specific binding site on DNA a ligand must visit nearly all

n/n' nonspecific binding sites. Each trial on average
proceeds during the time length wnich can be represented as a
sum of two characteristic times: the time 4/Kn needed for
a ligand to encounter a binding site on DNA and the average time
for the release of the ligand from a nonspecific binding site.
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The probability of dissociation of a ligand-polymr complex
is dependent on the elementary rate constant, V , associated
with the disruption of a single ligand-polymer bond and on the

thermodynamic probability of a state in which all bonds except
one are disrupted. So the mean dissociation time for non-speci-
fic ligand-polymer complexes is

<c
K K (40)(fc>- I K(i)>T> V LS (

Here K is the statistical weight for all states of the li-
gand-polyxmer complex with a given binding site, K(M) is the stO-
tistical weight for those states in which only one specific li-
gand-polymer bond remains intact. 6 c I is the cooperati-
vity parameter associated with the ligand reaction centres. The
relation (40) is obtained with assumption that the rates of for-
mation and disruption of particular ligand-polymer bonds are
sufficiently great with respect to the characteristic dissocia-
tion rate of the complex so that various adsorption states of
the ligand are equilibrated.

In order to determine the intrinsic second-order rate cons-
tant k for the binding of a protein to DNA one needs to use
very dilute solutions in which the association process between
the protein and DNA is a rate-limiting step ( 1/kn >) <t> ).
The rate of association of lac repressor to lac operator was
measured by Riggs et al9 in very dilute solutions containing
about 10o12 M of each reactant. If 1/kn >A <C> under the
experimental conditions then Eq.(39) predicts that kinetics of
specific site selection should be relatively independent of
DNA length. Very recently Goeddel et al20 have found that rates
of association of lac repressor to synthetic operators of about
20 base pairs long (k = 2109 NI sec at 0.05 MI KCl and
k = 1-109 MN1 sec1 at 0.20 M KCl)are very close to the corres-

ponding values determined by Riggs et al19 from the binding of
the repressor to 0 80dlac DNA carrying the lac operator and
about 50000 base pairs of non operator DNA (k = 7.109 MN sec1
at 0.05MI KCl and k = 3.108 M71sec-1 at 0.20 MI KCl). Since kn
is about 350 sec under the conditions of this experiment
(0.05 M KCl), this may indicate that <T) 6 3510-3 sec, al-
though other explanations are possible. On the other hand, the
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rate of dissociation of unspecific comjlexes can be estimated

from the experimentallJy determined1992 922 values for equilib-
rium constants 0 = 1013 X 1 and <K> = 106 M 1 and the
rate- of dissociation of repressor-operator complex 4/,t=
6-104 se0C. Assuming that the rates of association are of the
same order of magnitude for the binding of the repressor to the

operator and nonoperator DNA, one can find that (Mt> - 104sec.
Approximately the same estimate for <T.> can be obtained
from the kinetics observations of Jobe et al23 showing that on

adding of chicken blood DNA with a concentration of 1.1-10 5 M
base pairs there is a decrease in the rate of association of
lac repressor to the operator from 7.109 M1 sec 1 to an apparent
rate of 1.2 109 M16 sec .*This indicates that the weak binding
to non-operator DNA interferes with the search of lac repressor
for the operator. Applying Eq (39) one can find from these data
<t> 104 sec at an ionic strength of 0.05 M. The rate com-

petition observations of Lin andRiggs22 are consistent with this
estimate and further demonstrate that <t> depends on source
of nonoperator DNA and ionic strength of solution. The experi-
mentally determined value for the rate of association of lac
repressor to lac operator at low ionic strengths is about 70
times greater than that estimated from the von Smeluchowski's
theory for a difusion-limited reaction. However, the reaction
appears to be diffusion controlled since in 20% sucrose its
rate is diminished by a factor of two as would be expected
from the change in viscosity.19 Several mechanisms were sugges-
ted which could accelerate the search of repressor for its ope-
rator. In the first of these models19'24 the long range electro-
static interactions between the repressor and operator DNA was
considered as a rate-enhancing mechanism. However, Richter and
Eigen24 have estimated that electrostatic attraction alone is
not sufficient to explain the high rapidity of the binding
reaction. In the second model19'24 it is assumed that unspeci-
fic binding of repressor to DNA is accompanied by linear diffu-
sion ("sliding") of the repressor along the DNA chain. This
would increase the effective range of the specific binding site
thereby increasing the chance for the represser to find the
operator. Another mechanism for the searching process through
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direct transfer of the repressor from site to site on the DNA
without dissociation to free ligand was suggested by von Hippel
et al25. Although the origin for the high rapidity of the bind-
ing reaction is not yet established, the prediction of the last
model that the association rate should strongly decrease for
small DNA fragments is not supported by kinetics measurements
of Goeddel et al.20 The "sliding" model is considered in detail
by a number of investigators.2629 In our present paper the pos-
sibility for a linear diffusion is not taken into account since
we are mainly interested in the limiting case when dissociation
from unspecific binding sites is a rate - determining step in
the formation of specific protein - DNA complexes. From the
point of view of our multipoint attachment model there is no
reason to believe that a time needed for one step in the ran-
dom walk along the DNA is much shorter than the dissociation
to free ligand. Clearly the disrapture of all specific bonds
between ligand and DNA is required to make possible sliding as
well as three-dimensional diffusion of a ligand.

If the total number of nonspecific binding sites is suffi-
ciently large one can neglect i/Kn as compared with <t:>
and set in Eq. (59) t n <,t> Under these conditions
the rate of specific site selection depends on the DNA length
and is proportional to the ratio of unspecific binding sites to
specific sites. This type of kinetics was observed by Hinkle
and Chamberlin30 for the promoter sites recognition by RNA poly-
merase on T7 phage DNA. These authors have found that at DNA
concentrations as low as 2,6 10'10 M and at enzyme/DNA ratios
ranged from 0.05 to 0.25 the binding reaction between RNA poly-
merase and tight binding sites on T7 DNA exhibits pseudo first-
-order kinetics with an apparent rate constant of 310o2 sec .

They have concluded that the rate-determining step in the for-
mation of specific RNA polymerase-DNA complexes is the release

of the enzyme from nonspecific binding sites on DNA.
This mechanism reflects probably the real situation in vivo

since in E.coli cells there are several molecules of lac repres-
sor and RNA polymerase (- 10) per chromosome. This indicates
that concentrations of reactants in bacterial cell ( io2 X
base pairs for DNA and -' 108 M for lac repressor) are much
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higher than those used in the kinetics experiments of Riggs et

al.9 showing that one can neglect I/Kn as compared with (tS>
From Eqs (39) and (40) one can estimate which constraints

should be imposed on parameters L and s for effective recogni-
tion by a protein of specific binding sites on DNA. It seems

clear that tsearch in Eq.(38) must be reasonably limited, e.g.

tsearch < 100 sec. It has already been mentioned that for ac-

curate recognition of a specific binding site on DNA molecule
containing 106 base pairs a two-component ligand should have
the number of reaction centres L , equal to 20 or more. If one
tak:es in Eq.(39-40) L = 20, N1 -N2= 106 6 = 1, the sta-
bility constant S must be less than 4 even when V = 10 3
sec 1, which is the highest possible value for the elementary
rate constant. The analysis of binding equilibria for this case
( S = 4, L = 20) shows that such weak bonds provide rather low
extent of binding specificity. Indoed , from (25) and (27) it
follows that R-j 3-10`2 thereby indicating that only about
three per cent of the ligand molecules is complexed at the spe-
cific binding sites under these conditions. On the other hand
the comparative study of influence of the single base pair sub-
stitutions in the lac-operator on the lac-repressor binding has
shown that any substitution reduces the binding constant under
physiological conditions by about 30 times.31 This may indicate
that the magnitude of stability constant s agrees with the
energy of a hydrogen bond formation ( U , 2 kcal/mole) provid-
ed that the repressor reaction centres act independently of
each other. An analogous estimate of the binding energy per a
reaction centre is obtained for the binding of AT-specific an-
tibiotic distamycin which may serve as the simplest model for
the repressor32 . Electrostatic interactions play an important
role in the binding of regulatory proteins to DNA. A general
way for evaluation of the electrostatic component of the binding
from the experimental dependences of binding constant on the
ionic strength has been developed recently by Record et a133.
Quantitative dependences of the association rate on the ionic

26strength in "sliding" model were derived by Berg & Blomberg.
In the framework of our model the electrostatic interactions
can be incorporated by introducing a set of stability constants
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which characterize the interactions between positively charged
residues on the protein surface and negatively charged DNA
phosphate groups. It can be shown that electrostatic interac-
tion included equally in specific as well as in nonspecific
binding constants will not have marked influence on our estimates.

The kinetic constraints are so strong that the existence of
long multisite ligands (L'20) exhibiting a high extent of
binding specificity(PR --4/2) seems to be unrealistic. The oppo-
site requirements imposed by formula (34), (38), (39) and (40)
can be reconciled if a long multisite ligand is divided into
several small parts which upon binding may act to some extent
independently. The loosely coupled oligomeric structure of re-
gulatory proteins meets these requirements and may serve as a
factor favouring the solution of these kinetic and the equilib-
rium problems.
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