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Response to a Pure Tone in a Nonlinear Mechanical-Electrical-Acoustical
Model of the Cochlea
Julien Meaud†* and Karl Grosh†‡
†Department of Mechanical Engineering and ‡Department of Biomedical Engineering, University of Michigan, Ann Arbor, Michigan
ABSTRACT In this article, a nonlinear mathematical model is developed based on the physiology of the cochlea of the guinea
pig. The three-dimensional intracochlear fluid dynamics are coupled to a micromechanical model of the organ of Corti and to
electrical potentials in the cochlear ducts and outer hair cells (OHC). OHC somatic electromotility is modeled by linearized piezo-
electric relations whereas the OHC hair-bundle mechanoelectrical transduction current is modeled as a nonlinear function of the
hair-bundle deflection. The steady-state response of the cochlea to a single tone is simulated in the frequency domain using an
alternating frequency time scheme. Compressive nonlinearity, harmonic distortion, and DC shift on the basilar membrane (BM),
tectorial membrane (TM), and OHC potentials are predicted using a single set of parameters. The predictions of the model are
verified by comparing simulations to available in vivo experimental data for basal cochlear mechanics. In particular, the model
predicts more amplification on the reticular lamina (RL) side of the cochlear partition than on the BM, which replicates recent
measurements. Moreover, small harmonic distortion and DC shifts are predicted on the BM, whereas more significant harmonic
distortion and DC shifts are predicted in the RL and TM displacements and in the OHC potentials.
INTRODUCTION
The mammalian cochlea exhibits a compressive nonline-
arity that extends the dynamic range of hearing. An active
feedback mechanism, called the cochlear amplifier and
driven by outer hair cell (OHC) motility, selectively
amplifies the basilar membrane (BM) vibrations. The BM
is highly sensitive and sharply tuned close to its character-
istic frequency (CF) in response to a low-level acoustic
stimulus and is less sensitive and less sharply tuned in
response to more intense acoustic stimuli (1–4). Nonline-
arity and frequency selectivity of OHC extracellular and
intracellular electrical potentials (5,6) have also been ob-
served. In addition to this compressive nonlinearity,
moderate even- and odd-order harmonic distortion have
been measured, both in the BM displacement or velocity
(4,7,8) and in the intracochlear fluid pressure (9). A DC shift
has been recorded in the OHC transmembrane potential (5)
and in the organ of Corti mechanics (10–12) (moderate at
the base and more dramatic at the apex (12)). The objective
of this article is to develop a comprehensive mathematical
model that simultaneously predicts the different characteris-
tics of the nonlinear steady state response of the base of the
cochlea to a single tone (frequency selectivity, compressive
nonlinearity, harmonic distortion, and DC shift).

Two different mechanisms have been proposed to
underlie nonlinear cochlear amplification (13): somatic
electromotility (14,15) and hair-bundle (HB) motility (16).
We have recently predicted using a linear model of the
cochlea (17) that amplification is primarily due to somatic
electromotility at the base of the cochlea. The main source
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of nonlinearity in the cochlea has been hypothesized to be
the saturating nonlinearity of the transduction current (18)
that depolarizes the OHC and drives electromotility. In the
model developed here, HB motility is neglected and somatic
electromotility is explicitly modeled and coupled to non-
linear HB mechanoelectrical transduction.

The BM response to a single tone has been predicted
by many mathematical models of the cochlea (reviewed in
de Boer (19)). However, most previous cochlear models
have made some simplifications that limit their predictive
capability. For example, some of them are based on highly
simplified one- or two-dimensional models of the intraco-
chlear fluids (18,20–22), have reduced the cochlear partition
to a single degree of freedom (20,23,24) or have neglected
the effect of structural longitudinal coupling. However,
three-dimensional fluid effects (25), the complex mode of
deformation of the cochlear partition (26,27), and longitu-
dinal coupling in the BM or TM mechanics (28–30) have
been shown to be important for cochlear mechanics. Further-
more, most cochlear models do not explicitly couple
electrical potentials to the mechanical vibrations or use
phenomenological assumptions in their description of OHC
activity (regarding the magnitude or phase of the electrome-
chanical OHC force). Comprehensive nonlinear models that
include all the details mentioned above are still needed. A
linear mechanical-electrical-acoustical model of the cochlea
has been developed by Ramamoorthy et al. (31) and Meaud
and Grosh (28). This model couples the three-dimensional
fluid dynamics to explicit models of the micromechanics of
the organ of Corti and of the electrical domain of the cochlea
(to represent the potentials in the scalae of the cochlea and the
intracellular OHC potential).

In this article a nonlinear physiologically based mathe-
matical model of the cochlea is developed by extending
doi: 10.1016/j.bpj.2012.02.026
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the previously developed linear model (28,31). The different
aspects of the nonlinear response of the cochlea to a single
tone are predicted using a single set of parameters. The
validity of our cochlear model is tested by comparing its
predictions to available in vivo measurements of the
response of the cochlea to acoustic stimulation.
FIGURE 2 Open probability of the MET channel, P0, as a function of the

HB deflection, uhb/rl, at the 16 kHz BP modeled as a first-order Boltzmann

function. The slope of the probability function is given by P0(1P0
)/(DX). The

open probability is equal to 0.5 when uhb/rl ¼ X0. To predict even-order

harmonic distortion and a DC shift toward the scala vestibuli, we chose

the resting probability, Ps
0, to be different from 0.5, using a nonzero value

for X0 (so that the second derivative of the probability with respect to the

HB displacement is nonzero when uhb/rl ¼ 0).
METHODS

Micromechanical model

As described in previously developed linear models (28,31), the fluid

domain of the cochlea is modeled by a box geometry with a three-dimen-

sional representation of the intracochlear fluid pressure coupled to a micro-

mechanical model of the organ of Corti (Fig. 1). As in our previous work

(28), structural longitudinal coupling is included in the BM and TM

mechanics. The radial dependence of the BM displacement is assumed to

be similar to the experimental data from Cooper (32) and is integrated

out to reduce the BM deformation to one degree of freedom at each cross

section (31). The HB deflection relative to the RL, uhb/rl, is a linear function

of the BM, TM shear, and TM bending displacements. The HB rotation

relative to the reticular lamina (RL), qhb/rl, is then given by

qhb=rl ¼ uhb=rl
Lhb

;

where Lhb is the length of the HB.
Nonlinear transduction channel model

The transduction channel is modeled as a nonlinear two-state channel,

based on the gating spring theory of HB mechanotransduction (33). The

open probability of the channel, P0, is modeled by a first-order Boltzmann

function of the HB rotation relative to the RL, qhb/rl (see Fig. 2),

P0

�
qhb=rl

� ¼ 1

1þ exp

�
� Lhb qhb=rl � X0

DX

�; (1)
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FIGURE 1 Micromechanical model of a cross section of the cochlear

partition (modified from Meaud and Grosh (17)). There are three structural

degrees of freedom at each cross section: the BM displacement and the

displacements of the TM bending and shearing modes. Due to the kinematic

assumptions of the model (31), the displacement of the reticular lamina

(RL) in the direction perpendicular to the RL is the same as the displace-

ment of the TM bending mode. The fluid pressure is coupled to the BM

displacement. More details can be found in Ramamoorthy et al. (31).
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where X0 and DX are constant displacements and Lhb is the length of the

HB. Based on the gating-spring theory (33), DX is given by

DX ¼ fgs g

kB T
; (2)

where fgs is the single channel gating force in the tip link direction (given by

fgs ¼ kgs d, where kgs is the gating spring stiffness and d is gating swing), kB
is the Boltzmann constant, T is the temperature and g is the geometrical

gain factor, that relates the displacement of the HB in a direction perpendic-

ular to the HB to its displacement along the tip link direction (33). The

transduction channel conductance, Ghb(qhb/rl), is assumed to be propor-

tional to the open probability of the channel,

Ghb

�
qhb=rl

� ¼ Gmax
hb P0

�
qhb=rl

�
; (3)

where Gmax
hb is the maximum saturating conductance of the HB (34). Note

that in this model we do not solve for the steady-state operating point of

the cochlea in the absence of stimuli but only for the change from the oper-

ating point. We chose the resting probability of the transduction channel,

Ps
0, to be 0.4 so as to predict DC shifts and second-order harmonic distor-

tions that are similar to experimental data (see Fig. 2).

The difference between the potential in the scalia media, Vsm, and the

intracellular OHC potential, Vohc, is defined as DVhb. The value DVhb can

be written as

DVhbðtÞ ¼ DV0
hb þ DfhbðtÞ; (4)

where DV0
hb is the resting value of the potential difference and Dfhb(t) is the

perturbation from its resting value at time t. In the time domain, the current

flowing through apical end of the OHC, Ia, is given by

IaðtÞ ¼ Ghb

�
qhb=rl

�
DVhbðtÞ þ Ca

dDfhbðtÞ
dt

; (5)

where Ca is the apical OHC capacitance. The perturbation in the apical

OHC current, ia, from its resting value, is given by the equation
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iaðtÞ ¼ Ghbð0ÞDfhbðtÞ þ Ca

dDfhbðtÞ
d t

þ �
Ghb

�
qhb=rl

�ðtÞ � Ghbð0Þ
� � DV0

hb

þ �
Ghb

�
qhb=rl

�ðtÞ � Ghbð0Þ
�
DfhbðtÞ;

(6)

where Ghbð0Þ ¼ Ps
0 G

max
a is the resting value of the HB conductance. In the

results from simulations shown in this article, the last term in Eq. 6,

�
Ghb

�
qhb=rl

�ðtÞ � Ghbð0Þ
�
DfhbðtÞ;

was not included (because we found that it does not have a significant effect

on the results). In this model, the effects of channel gating on the HB force

(nonlinear gating compliance (33)) and of adaptation of the transduction

current (35) are neglected (in contrast to our previous work (17)).
OHC somatic electromechanical force and
piezoelectric current

OHC somatic electromotility is modeled using a time domain version of the

linear piezoelectric model that was used in Ramamoorthy et al. (31). The

perturbations in the somatic electromechanical force, fohc, and current,

iohc, from their resting values can be written as

iohcðtÞ ¼ GmDfohcðtÞ þ Cm

dDfohcðtÞ
d t

� e3
dDucompohc ðtÞ

d t
; (7)

fohcðtÞ ¼ Kohc u
comp
ohc ðtÞ þ e3DfohcðtÞ; (8)
where Dfohc is the perturbation in the OHC transmembrane potential away

from its resting value (difference between the perturbation in the OHC

extracellular potential and the perturbation in the extracellular potential),

ucompohc the OHC compression, e3 is the electromechanical coupling coeffi-

cient, Gm is the basolateral conductance of the OHC, and Cm is its capaci-

tance. The parameters of the model (such as the HB conductance (34)), the

OHC somatic electromechanical coupling coefficient (15), or the OHC

basolateral capacitance and conductance (36)) are based on biophysical

single cell measurements (see the Supporting Material).
Nonlinear finite element formulation

The equations governing the dynamics of the cochlea are discretized using

Bubnov-Galerkin finite elements methods (37,38). In the time domain, the

equations governing the nonlinear dynamics of the cochlea have the matri-

cial form

M€dþ C _dþKdþ nlðdÞ ¼ F; (9)

where M, C, and K are the mass, damping, and stiffness matrices, respec-

tively; d is the vector of the degrees of freedom (displacement of the BM,

TM shearing and TM bending modes, fluid pressures, and potentials); nl(d)

is a vector that is a nonlinear function of the vector d (due to the nonline-

arity of HB mechanoelectrical transduction); and F is the external force

vector (due to the vibrations of the stapes). In this model, the middle ear

is not explicitly modeled (in contrast to cochlear models such as Liu and

Neely (39)). However, the frequency dependence of the stapes vibrations

is taken into account, as described in the Supporting Material.

The nonlinear equation, Eq. 9, is transformed into a set of frequency

domain equations given by
�
K� imu0 C� ðmu0Þ2M

�
Dm þ NLm½dðtÞ� ¼ Fm;

m ¼ 0;.;þN;
(10)

where m is the index that identifies the harmonic component (m ¼ 0 corre-

spond to the DC component, m¼ 1 to the fundamental, m¼ 2 to the second

harmonic,.), the Fourier components of any variable x are denoted as Xm,

and u0 is the radian frequency of the stimulus. An iterative alternating

frequency/time scheme (40), similar to the method used by Nobili and

Mammano (18), is used. Only a finite number of Fourier components, Nh,

is used for the computation, so that Nh nonlinear systems have to be solved.

At each iteration of the algorithm, the inverse Fourier transform is applied

to this estimate of the harmonic components of the solutions so as to

compute the nonlinear forcing terms in the time domain, nl(t). The Fourier

component of the nonlinear forcing term, NLm, is then computed by

applying the Fourier transform to the transduction current. The algorithm

is described in more detail in the Supporting Material.
RESULTS

In this section, the nonlinear stationary response of the
cochlea in response to a single tone is simulated using a single
set of parameters and the model presented in the Methods.
Fundamental of the BM displacement at basal
locations

The magnitude of the fundamental of the BM displacement
relative to the stapes is plotted as a function of frequency at
the 16 kHz best place (BP) in Fig. 3 a. The model predic-
tions are in good agreement with the measured magnitude
of the BM gain to acoustic stimulation by Zheng et al.
(41). At low intensity, the response is highly sensitive and
sharply tuned to 16 kHz, the characteristic frequency
(CF). As the intensity of the stimulation is increased, the
response peak shifts to a lower frequency and the response
is less sharply tuned and less sensitive, as seen in the exper-
imental data. At frequencies significantly lower than the CF,
the response is linear because the gain is independent of the
intensity of the stimulus.

The dependence of the magnitude of BM response on the
intensity of stimulation at CF (16 kHz) is quantitatively
analyzed and compared to experimental data from Zheng
et al. (41) and Cooper (4) in Fig. 3 c. In contrast to both
sets of experimental data that show nonlinearity from the
lowest intensity (10 dB SPL) to the highest measured inten-
sity (100 dB SPL), the model predicts a linear BM response
at very low intensity (up to ~30 dB SPL) and a compressive
nonlinearity from 30 dB to 120 dB SPL. The BM response is
predicted to exhibit a linear dependence on sound intensity
above 120 dB SPL. At moderate intensity, the slope of the
curve (the rate of growth (8)) is lower than in experimental
data (0.06 dB/dB compared to 0.45 dB/dB in the data from
Cooper and 0.2 dB/dB in the data from Zheng et al. (41)),
which indicates a more compressive response. Moreover,
the magnitude of the displacement at moderate intensity is
higher than in the experimental data.
Biophysical Journal 102(6) 1237–1246
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FIGURE 3 Fundamental of the BM displacement at the 16 kHz BP in

response to a single tone. (a) Magnitude of the gain at the 16 kHz BP in

response to a single tone, plotted as a function of frequency and normalized

to the maximum gain at 4 dB SPL. (b) Phase of the fundamental of the BM

displacement (relative to the stapes) at the 16 kHz BP in response to a single

tone, plotted as a function of frequency. (a and b, solid lines) Model predic-

tions (for a 4 dB SPL, 54 dB SPL, and 104 dB SPL stimulation. (Dashed

lines) Experimental data from Cooper (4) (for 10 dB SPL, 50 dB SPL,

and 100 dB SPL sounds. (c) Magnitude of the BM displacement as a func-

tion of the intensity of stimulation at 16 kHz. (Solid line) Model predictions.

(Dotted-dashed line) Data from Cooper (4). (Thick dashed line) Data from

Zheng et al. (41).
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FIGURE 4 Magnitude of the fundamental, harmonic distortion compo-
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In the plot of the phase of the BM displacement relative to
the stapes as a function of frequency (shown in Fig. 3 b), the
slope of the phase curve at CF becomes less steep and the
value of the phase lag at CF becomes slightly lower when
the intensity of stimulation is increased (the phase lag is
2.35 cycles at 4 dB SPL and 2.2 cycles at 104 dB SPL).
As can be seen from the figure, the predicted and measured
values of the phase at CF and of the slope of the phase at CF
are similar. Compared to the experimental data, the phase
accumulation at frequencies higher than CF is predicted to
be higher (~7 cycles at the lowest intensity) than in the
measurements (~3 cycles). However, the difference between
our predictions and the measurements could be due to 2p
phase ambiguity at high frequency (3). Overall, the predic-
tions of the phase of the BM match commonly observed
trends in measurements of the BM response to acoustic
stimulation (2,4,41).
nents and DC shift of the BM displacement at the 16 kHz BP: (a) as a func-

tion of frequency for a 64 dB SPL single tone, (b) as a function of frequency

for a 94 dB tone, (c) as a function of the intensity of stimulation for a

8.0 kHz single tone, and (d) as a function of the intensity of stimulation

for a 16 kHz single tone. (Thick solid line) Fundamental. (Thin dashed

line) Second harmonic. (Thin solid line) Third harmonic. (Thick dashed

line) DC shift.
Harmonic distortion and DC shift on the BM
at basal locations

Harmonic distortion (4,7,8,11), as well as small DC shifts
(11), have been reported in the BM response to acoustic
Biophysical Journal 102(6) 1237–1246
stimulation at the base of the cochlea. The DC shift in the
BM displacement represents a change in the baseline posi-
tion of the BM (compared to its resting position in the
absence of a stimulus) during dynamic loading. In the
model, the nonlinearity of the MET channel generates
odd-order harmonic distortion. The generation of even-
order distortion and of a DC shift requires the operating
point of the MET channel to be noncentered around zero
(X0 is not zero in Eq. 1, see Fig. 2). A nonzero value of X0

is consistent with the data from Frank and Kössl (42) who
showed that the effect of acoustical and electrical biases
on distortion product otoacoustic emissions could be ex-
plained by a small asymmetric position of the OHC resting
probability.

The magnitudes of the fundamental, second harmonic
and third harmonic and of the DC shift in the BM displace-
ment in response to a single tone are plotted as a function
of the stimulus frequency in Fig. 4, a and b, at the
16 kHz best place for an intensity of stimulation of 64 dB
SPL (Fig. 4 a) and 94 dB SPL (Fig. 4 b). At 64 dB SPL,
the peak frequency of the fundamental is ~15.7 kHz. The
second harmonic exhibits two peaks (at a stimulus
frequency of 16 kHz close to CF and at a stimulus frequency
close of 8.1 kHz close to CF/2) whereas the third harmonic
exhibits three peaks (for stimulus frequencies close to CF,
CF/2, and CF/3). Note that at 94 dB SPL the peak of the
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FIGURE 5 Fundamental and DC shift on the BM (solid lines), TM

bending mode (dashed lines), and TM shearing mode (dotted dashed lines).

(a) Magnitudes of the fundamental at 4 dB SPL (thick lines) and 94 dB SPL

(thin lines) as a function of frequency. (b) DC shifts at 4 dB SPL (thick

lines) and 94 dB SPL (thin lines).
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second harmonic close to CF/2 has a higher magnitude than
the peak close to CF. These model predictions are in good
qualitative agreement with the experimental data for the
second harmonic from Cooper at the base of the guinea
pig cochlea (4). As seen in our predictions, Cooper observed
two peaks in the frequency response of the second harmonic
for stimulus frequencies close to CF and CF/2. The number
of peaks for the third harmonic is not clear in the experi-
mental data, possibly due to the lower level of the third
harmonic and to the noisiness of the data for the third
harmonic.

The dependence of the magnitudes of the fundamental,
DC shift, and harmonic distortion components on the inten-
sity of stimulation is analyzed in Fig. 4, c and d, at the
16 kHz BP. At this location, for a fundamental frequency
of 8 kHz (Fig. 4 c), the response of the fundamental is linear
whereas the second and third harmonics exhibit an expan-
sive nonlinearity at moderate intensities (with a slope of
2 dB/dB for the second harmonic and 3 dB/dB for the third
harmonic, as would be seen in a simple single degree of
freedom nonlinear system). When the intensity of the stim-
ulus is further raised, the magnitude of the second harmonic
decreases (which could be due to suppression of this compo-
nent by the fundamental) and the growth rate of the third
harmonic is lower than at low intensity. As observed exper-
imentally (4), the magnitude of the second harmonic
relative to the fundamental is predicted to be high for a stim-
ulus frequency equal to CF/2: the second harmonic compo-
nent is within 15 dB of the fundamental at 94 dB SPL;
Cooper (4) measured a second harmonic within 11 dB of
the fundamental at 60 dB SPL. The magnitude of the second
harmonic relative to the fundamental is lower for a 16 kHz
stimulus frequency, as it is predicted to be within 30 dB
of the fundamental at 60 dB SPL (Fig. 4 d). For a 16 kHz
stimulus frequency, the second and third harmonics are
also predicted to have a growth rate of 2 dB/dB and 3 dB/dB
at low intensity of stimulation. Above ~60 dB SPL, the
third harmonic grows very slowly with respect to the inten-
sity of stimulation, and the magnitude of the second
harmonic decreases. In the data from Cooper (4), for stim-
ulus frequencies close to the CF, the second and third
harmonics are above the noise floor only for moderate and
high SPLs and grow slowly as the level of stimulation is
increased.

As observed in Cooper and Rhode (11), the model predicts
a small DC shift of the BM toward the scala vestibuli, with
a magnitude lower than the fundamental and higher than
the second harmonic at CF (Fig. 4, a, b, and d). At CF, the
DC shift is predicted to be very small at low intensity of stim-
ulation (with a magnitude of 10�1 nm at 30 dB SPL) and is
below the noise floor in experimental measurements (11).
The DC shifts increases with a growth rate of 2 dB/dB as
the intensity of stimulation is raised from 4 dB to 50 dB
SPL. At 100 dB SPL the magnitude of the DC shift is
~1 nm compared to 7 nm for the fundamental. At CF/2 the
magnitude of the DC shift is below the magnitude of the
second harmonic except above 100 dB SPL.
Organ of Corti micromechanics: large vibrations
and DC shifts of the TM bending mode

As described in the Methods, this cochlear model has
degrees of freedom for the BM, TM bending, and TM
shearing modes at each cross section. The predictions for
the fundamental in the BM, TM shearing, and TM bending
modes are shown in Fig. 5 a at the 16 kHz BP. At low
intensity of stimulation (4 dB SPL), the three degrees of
freedom are approximately tuned to the same frequency,
the CF. The magnitude of the TM shear displacement is
~0.7 dB higher than the magnitude of the BM displacement
whereas the displacement of the TM bending mode has
a magnitude that is 9 dB higher than the displacement of
the BM. At higher intensity of stimulation (94 dB SPL),
the three modes are approximately tuned to the same
frequency and the magnitudes of the three modes are within
2 dB of each other. In addition to the different magnitude of
the fundamental of the BM and TM bending modes, the DC
shifts of these modes are also predicted to have different
magnitudes, as shown in Fig. 5 b. At high intensity of stimu-
lation (94 dB SPL), the magnitude of the DC shift reaches
~1.6 nm on the BM, <10�2 nm on the TM shearing mode,
and ~11 nm on the TM bending mode. The relative magni-
tude of the DC shift is much higher on the TM bending
mode than on the BM: the DC shift in the TM bending
displacement is within 2 dB of the fundamental of the TM
bending displacement, whereas the DC shift in the BM
displacement is 18 dB lower than the fundamental of the
BM displacement.
Biophysical Journal 102(6) 1237–1246
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OHC intracellular and extracellular potential

Because of the coupling between the mechanical and elec-
trical domains in this mechanical-electrical-acoustical
model of the cochlea, the magnitude and phase of the intra-
cellular and extracellular OHC potentials are predictions of
the model that can be compared to in vivo experimental
measurements (5,6) to validate the model. The extracellular
and intracellular potentials exhibit a similar frequency
tuning as the BM, as shown in Fig. 6, a and b. At low inten-
sity, the intracellular potential, and to a lesser extent the
extracellular potential, are sharply tuned. As the intensity
of stimulation is increased, the potentials have a lower
quality factor (Q10dB), and are tuned to a lower frequency.
At moderate intensity (34 dB SPL in Fig. 6 b), the intracel-
lular and extracellular potentials have slightly lower Q10dB

values than the BM (with a quality factor, Q10dB, of 7.0
for the intracellular potential, 6.6 for the extracellular poten-
tial, and 7.3 for the BM), as observed by Fridberger et al. (6).
The peak frequencies are 16.1 kHz for the intracellular
potential and for the BM displacement and 15.9 kHz for
the extracellular potential. In contrast to our predictions,
Fridberger et al. (6) observed that the extracellular potential
was tuned to a slightly higher frequency than the BM. These
difference might be due to the three-dimensional architec-
ture (24) of the organ of Corti that has not been taken into
account in our model.

The phase of the extracellular potential relative to the BM
is plotted in Fig. 6 c. The predictions are consistent with the
measurements from Fridberger et al. (6). Well below the CF,
the phase difference is approximately constant (~155�) and
independent of the intensity of stimulation. Just below CF,
the phase lead of the potential relative to the BM decreases
at low intensity of stimulation (up to 64 dB SPL). Above the
CF, there are rapid changes in the phase difference, as seen
in the experiment.
a b

c

d e
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As seen in Fig. 6, d and e, the OHC intracellular and
extracellular potentials are also predicted to exhibit
a compressive nonlinearity at CF. Note the excellent agree-
ment between our predictions and the data from Kössl and
Russell (5) and Fridberger et al. (6) for the extracellular
potential. The magnitude of the intracellular potential is pre-
dicted to be higher than the extracellular value. The pre-
dicted value is ~5 times higher than measured in Kössl
and Russell (5). However, this measurement might underes-
timate the physiological value of the potential, as the
piercing of the OHC with a microelectrode could cause
a leakage current that would reduce the intracellular poten-
tial (see discussion in Meaud and Grosh (17)). Nonnegli-
gible DC shifts (similar to the values of the fundamental)
are predicted in the intracellular and extracellular potential
(Fig. 6, d and e), at high intensity. The intracellular and
extracellular values are predicted to be 3.5 mV and
0.7 mV, respectively, for a 100 dB SPL stimulus (similar
to the measured values of 5 mVand 2 mV (5), respectively).
Comparison of harmonic distortion of the OHC
transmembrane potential and of the BM and TM
bending displacements

For a stimulus frequency that matches the CF (Fig. 7 a), the
relative magnitudes of the second harmonic (normalized to
the fundamental) of the OHC transmembrane potential and
BM displacement are similar (within ~30 dB of the funda-
mental at 60 dB SPL) whereas the relative magnitude of
the second harmonic of the TM bending mode is lower
(within 45 dB of the fundamental at 60 dB SPL). However,
for a stimulus frequency that matches CF/2 (Fig. 7 b), the
second harmonic component is within 15 dB of the funda-
mental at 90 dB SPL (as shown in Fig. 4) whereas the
second harmonic in the TM bending displacement is within
FIGURE 6 Intracellular and extracellular OHC

potential. (a) As a function of the frequency for

a 4 dB SPL and a 94 dB SPL single tone. (b)

Normalized magnitude of the intracellular and

extracellular potentials and of the BM displace-

ment. (c) Phase difference between the extracel-

lular potential and the BM displacement. (d)

Model predictions for the fundamental and DC

shift at CF in the extracellular potential as a func-

tion of intensity, compared to experimental data

from Fridberger et al. (6) and Kössl and Russell

(5) (e) Fundamental and DC shift at CF in the

intracellular potential as a function of intensity,

compared to the data from Kössl and Russell (5).
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FIGURE 7 Magnitude of the second harmonic of the BM displacement,

TM bending displacement, and OHC transmembrane potential, relative to

the fundamental, at the 16 kHz best place: (a) for a 16 kHz stimulus

frequency and (b) for a 8 kHz stimulus frequency.
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1 dB of the fundamental and the OHC transmembrane
potential is ~7 dB higher than the fundamental.
DISCUSSION

Compressive nonlinearity at the base of the
cochlea

In this model, deflection of the HB causes a transduction
current (Eq. 6) and thereby alters the OHC transmembrane
potential. The transmembrane potential is then converted
into an electromechanical somatic force (Eq. 8) that
amplifies the vibrations of the organ of Corti in response
to low level sounds. As recently observed by Chen et al.
(27), amplification is predicted to be more pronounced on
the RL (and TM bending mode) than on the BM. Because
of the saturating nonlinearity of the MET channel (Eq. 1)
a compressive nonlinearity is observed in the OHC poten-
tials and in the BM and TM displacements.

As in other models of the cochlea (18,39), the nonline-
arity of the somatic force with respect to the voltage (43)
has been neglected. However previous models were based
on a low RC cutoff frequency due to the basolateral imped-
ance of the OHC (44). Here the recent measurements of
Johnson et al. (36) were used to set the values of the baso-
lateral conductance, Gm, and capacitance, Cm (see Table
S1 in the Supporting Material). Despite a significantly
higher RC cutoff frequency (36) than previously reported
(44), the transmembrane potential is predicted to be rela-
tively small during acoustic stimulation (the fundamental
and DC shifts are <~5 mV even at the highest intensity of
stimulation). The electromechanical force is approximately
a linear function of the voltage over a 100-mV transmem-
brane potential range (15). Therefore neglecting the nonlin-
earity of the somatic force and current with respect to the
voltage is a valid approximation.
In our model (as in many other models (18,23)) the BM is
predicted to respond linearly at low levels (up to ~30 dB
SPL or to BMdisplacements of ~1 nm) and to exhibit a highly
compressive nonlinearity at moderate levels and up to 120 dB
SPL. However, in some sensitive experimental data (2,4,41),
the BM responds nonlinearly even at the lowest intensity of
stimulation (even forBMdisplacements<0.1 nm).Moreover,
the growth rate measured in the BM response of the guinea
pig at moderate intensity (4,41) is higher than in our predic-
tions. However, note that there are significant differences
regarding the response at moderate intensity between the
two sets of experimental data shown in Fig. 3 c and that the
rate of growth predicted by our model is similar to the values
reported by Rhode (8) in the most sensitive chinchillae. The
proximity of the cochlea system to a Hopf bifurcation has
been proposed to explain the nonlinear behavior at low levels
seen in measurements (45). Other potential explanations for
the nonlinearity at low levels includes a higher value of the
single channel gating force, fgs, than used here (causing
saturation of the MET channels for lower HB deflection
than in our model), or a significantly higher magnitude of
the HB deflection relative to the BM displacement than pre-
dicted by the micromechanical model of the organ of Corti.
Apical cochlear mechanics

The model parameters have been tuned to predict the
response of the cochlea at locations in the basal turn and up
to the 5 kHz best place. Because of the complexity of the
model, the choice of parameters that result in reasonable
responses at more apical locations is challenging. With the
parameters used here, the response at the most apical loca-
tions is linear, as there is no amplification and harmonic
distortion and the DC shift are small (see Fig. S3 in the Sup-
porting Material). There are contradictory experimental data
for apical cochlear mechanics, as some studies found no
amplification and a negative feedback (46) whereas others
found limited amplification with significant harmonic distor-
tion and DC shift (47). A large DC shift in the Hensen’s cell
region of the organ of Corti has beenmeasured byCooper and
Dong (12) at the apex of the cochlea (~100 nm at 100 dB SPL
for a 0.5 kHz CF). Our model predicts a similar DC shift on
theTMbending displacement for the 6.5 kHzCFbut thevalue
predicted at the most apical locations is very low (10�2 nm).
Other mechanisms, not included in our model, such as HB
motility, coiling of the cochlear ducts (48), or changes in
the mode of deformation of the organ of Corti a low frequen-
cies (49), might play an important role at apical locations and
might be needed to model apical cochlear mechanics.
Generation and amplification of harmonic
distortion at the base of the cochlea

The model predictions for the intensity and frequency
dependence of harmonic distortion on the BM are in good
Biophysical Journal 102(6) 1237–1246



1244 Meaud and Grosh
qualitative agreement with the in vivo data from Cooper (4).
The highest distortion component is the second harmonic,
which is prominent in the response to stimulus frequencies
close to CF and close to CF/2. The level of distortion both
on the BM and in the OHC transmembrane potential relative
to the fundamental are low at CF and more significant at
CF/2. Moreover, for stimulus frequencies close to CF/2,
the TM bending displacement and OHC potential are pre-
dicted to be more distorted than the BM.

The peak of the second-harmonic component for a stim-
ulus frequency of F0 equal to CF/2 is due to what Cooper has
called ‘‘amplified distortion’’ (4). This peak results from
the amplification of the second harmonic (because the
frequency of the 2F0 component matches the CF of the loca-
tion for a tone of frequency F0 ¼ CF/2). The peak of ampli-
fied distortion has also been observed in the BM response of
the chinchilla (8) and in pressure measurements in the gerbil
(9). In our cochlear model, amplification is due to somatic
electromotility while filtering is due to the micromechanics
of the organ of Corti. Although the prediction of the funda-
mental close to CF depends mostly on the amplification,
nonlinearity, and filtering at CF, the predictions of the
second harmonic for stimulus frequencies close to CF/2
depends simultaneously on all these factors at CF/2 (for
the generation of the distortion) and at CF (for the amplifi-
cation of the distortion). Because of this dependence on
many factors, the prediction of the magnitude of the distor-
tion at CF/2 is a good test of the model.

Indeed, as discussed in How et al. (50) where a phenome-
nological model is used, cochlear models that predict
reasonable fundamental in response to a single tone do not
necessarily predict accurate harmonic distortion. Harmonic
distortion has been previously predicted in cochlear models
(18,21,23). However, predictions for a CF/2 stimulus
frequency were not shown in Nobili and Mammano (18)
and Chadwick (21), and predictions in Lim and Steele
(23) do not exhibit two peaks in the second-harmonic
response. The predictions shown here emphasize that this
model, and in particular the filtering by the micromechani-
cal model of the organ of Corti, are consistent with the
measurements of distortion in the cochlea (4). Cochlear
models that rely on another mechanism for amplification
and filtering (such as HB motility at the base of the cochlea
in Reichenbach and Hudspeth (22)) could be tested by
comparing the predictions of harmonic distortion to experi-
mental data.
DC shifts at the base of the cochlea

Despite the observation of significant DC shifts in the OHC
potentials in response to high levels sounds (5), the DC
shifts that have been measured on the BM are small (11)
at the base of the cochlea. In the model, the noncentering
of the nonlinearity of the MET channel around the operating
point (see Fig. 2) results in the generation of a significant
Biophysical Journal 102(6) 1237–1246
DC shift in the OHC intracellular and extracellular potential
(see Fig. 6). However, using the same set of parameters, the
level of the DC shift on the BM is predicted to be low
(~0.7 nm for a CF of 25 kHz; see Fig. S3) at the most basal
locations, which is similar to measurements (a DC shift
of <1 nm toward to the scala vestibuli for a 100 dB SPL
sound at the 30 kHz best place (11)). The reason for the
low DC shift on the BM is that the somatic electromechan-
ical force pushes both on the stiff BM and on the more
compliant RL and TM bending mode. Hence the DC shift
in the OHC potential results in small DC shifts on the BM
and more significant DC shifts on the RL and TM bending
mode (see Fig. 5, b and d, and Fig. 7 b).
CONCLUSIONS

The model developed here couples the somatic electrome-
chanical force and the nonlinear HB mechanoelectrical
transduction current to a micromechanical model of the
organ of Corti embedded in a three-dimensional model of
the intracochlear fluids. Using a single set of parameters,
this physiologically based approach results in reasonable
predictions of the major characteristics of the nonlinear
response of the base of the cochlea to a pure tone: compres-
sive nonlinearity, harmonic distortion, and DC shifts in
the displacements of the BM, TM, and in the electrical
potentials. If in vivo recording techniques of the macrome-
chanical and micromechanical response of the cochlea to
acoustic stimulation continue to improve (such as Chen
et al. (27)), some predictions of the model that have not
been tested due to lack of experimental measurements
(such as the significant DC shifts on the RL and TM) could
be used to further test this theoretical model.
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