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Abstract

The variance covariance matrix plays a central role in the inferential theories of high dimensional
factor models in finance and economics. Popular regularization methods of directly exploiting
sparsity are not directly applicable to many financial problems. Classical methods of estimating
the covariance matrices are based on the strict factor models, assuming independent idiosyncratic
components. This assumption, however, is restrictive in practical applications. By assuming sparse
error covariance matrix, we allow the presence of the cross-sectional correlation even after taking
out common factors, and it enables us to combine the merits of both methods. We estimate the
sparse covariance using the adaptive thresholding technique as in Cai and Liu (2011), taking into
account the fact that direct observations of the idiosyncratic components are unavailable. The
impact of high dimensionality on the covariance matrix estimation based on the factor structure is
then studied.
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sparse estimation; thresholding; cross-sectional correlation; common factors; idiosyncratic;
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1. Introduction

We consider a factor model defined as follows:
yie=b s, (1.1)

where yj;is the observed datum for the th (/=1, ..., p) assetat time =1, ..., 7; bjisa Kx
1 vector of factor loadings; f;is a K'x 1 vector of common factors, and uj;is the
idiosyncratic error component of yj. Classical factor analysis assumes that both pand Kare
fixed, while T'is allowed to grow. However, in the recent decades, both economic and
financial applications have encountered very large data sets which contain high dimensional
variables. For example, the World Bank has data for about two-hundred countries over forty
years; in portfolio allocation, the number of stocks can be in thousands and be larger or of
the same order of the sample size. In modeling housing prices in each zip code, the number
of regions can be of order thousands, yet the sample size can be 240 months or twenty years.
The covariance matrix of order several thousands is critical for understanding the co-
movement of housing prices indices over these zip codes.

Inferential theory of factor analysis relies on estimating X, the variance-covariance matrix
of the error term, and X, the variance-covariance matrix of y,= (44 ..., ypt)’. In the
literature, X = cov(y,) was traditionally estimated by the sample covariance matrix of y;
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which was always assumed to be pointwise root- 7 consistent. However, the sample
covariance matrix is an inappropriate estimator in high dimensional settings. For example,
when pis larger than 7, g, becomes singular while X is always strictly positive definite.
Even if p< 7, Fan, Fan and Lv (2008) showed that this estimator has a very slow
convergence rate under the Frobenius norm. Realizing the limitation of the sample
covariance estimator in high dimensional factor models, Fan, Fan and Lv (2008) considered
more refined estimation of Z, by incorporating the common factor structure. One of the key
assumptions they made was the cross-sectional independence among the idiosyncratic

components, which results in a diagonal matrix x,=FEu,u,. The cross-sectional
independence, however, is restrictive in many applications, as it rules out the approximate
factor structure as in Chamberlain and Rothschild (1983). In this paper, we relax this
assumption, and investigate the impact of the cross-sectional correlations of idiosyncratic
noises on the estimation of X and X, when both pand 7 are allowed to diverge. We show
that the estimated covariance matrices are still invertible with probability approaching one,

even if p> T In particular, when estimating Z~1 and }:;1, we allow pto increase much faster
than 7, say, p= O (exp(7™)), for some a € (0, 1).

Sparsity is one of the commonly used assumptions in the estimation of high dimensional
covariance matrices, which assumes that many entries of the off diagonal elements are zero,
and the number of nonzero off-diagonal entries is restricted to grow slowly. Imposing the
sparsity assumption directly on the covariance of y, however, is inappropriate for many
applications of finance and economics. In this paper we use the factor model and assume

that T, is sparse, and estimate both X, and X using the thresholding method (Bickel and
Levina (2008a), Cai and Liu (2011)) based on the estimated residuals in the factor model. It
is assumed that the factors f;are observable, as in Fama and French (1992), Fan, Fan and Lv
(2008), and many other empirical applications. We derive the convergence rates of both
estimated X and its inverse respectively under various norms which are to be defined later.
In addition, we achieve better convergence rates than those in Fan, Fan and Lv (2008).

Various approaches have been proposed to estimate a large covariance matrix: Bickel and
Levina (2008a, 2008b) constructed the estimators based on regularization and thresholding
respectively. Rothman, Levina and Zhou (2009) considered thresholding the sample
covariance matrix with more general thresholding functions. Lam and Fan (2009) proposed
penalized quasi-likelihood method to achieve both the consistency and sparsistency of the
estimation. More recently, Cai and Zhou (2010) derived the minimax rate for sparse matrix
estimation, and showed that the thresholding estimator attains this optimal rate under the
operator norm. Cai and Liu (2011) proposed a thresholding procedure which is adaptive to
the variability of individual entries, and unveiled its improved rate of convergence.

The rest of the paper is organized as follows. Section 2 provides the asymptotic theory for
estimating the error covariance matrix and its inverse. Section 3 considers estimating the
covariance matrix of y,. Section 4 extends the results to the seemingly unrelated regression
model, a set of linear equations with correlated error terms in which the covariates are
different across equations. Section 5 reports the simulation results. Finally, Section 6
concludes with discussions. All proofs are given in the appendix. Throughout the paper, we
use Amin(A) and Apmax(A) to denote the minimum and maximum eigenvalues of a matrix A.
We also denote by IIAll5 IIAll and Al the Frobenius norm, operator norm and elementwise
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norm of a matrix A respectively, defined respectively as Al = tr/2(A’A), |A|=112 (A’A),
and llAlleo = max; ;|A;]. Note that, when A is a vector, both lIAll and lAll ~are equal to the
Euclidean norm.

2. Estimation of Error Covariance Matrix

2.1. Adaptive thresholding

Consider the following approximate factor model, in which the cross-sectional correlation
among the idiosyncratic error components is allowed:

yitzb;'ft+uit7 (2.1)

where /=1, .,,pand t=1, ..., T; bjis a Kx 1 vector of factor loadings; f;isa K x 1 vector
of observable common factors, uncorrelated with v Write

B:(bl’ ceey bp)/, yt:(_ylh LI 3ypt),s ut:(ults ceey upt)ly

then model (2.1) can be written in a more compact form:

y:=Bfi+u,, (2.2)
with £uff) =0.

In practical applications, p can be thought of as the number of assets or stocks, or number of
regions in spatial and temporal problems such as home price indices or sales of drugs, and in
practice can be of the same order as, or even larger than 7. For example, an asset pricing
model may contain hundreds of assets while the sample size on daily returns is less than
several hundreds. In the estimation of the optimal portfolio allocation, it was observed by
Fan, Fan and Lv (2008) that the effect of large p on the convergence rate can be quite
severe. In contrast, the number of common factors, K, can be much smaller. For example,
the rank theory of consumer demand systems implies no more than three factors (e.g.,
Gorman (1981) and Lewbel (1991)).

The error covariance matrix

X,=cov(uy),

itself is of interest for the inferential theory of factor models. For example, the asymptotic

covariance of the least square estimator of B depends on X!, and in simulating home price
indices over a certain time horizon for mortgage based securities, a good estimate of %, is
needed. When pis close to or larger than 7, estimating X, is very challenging. Therefore,
following the literature of high dimensional covariance matrix estimation, we assume it is
sparse, i.e., many of its off-diagonal entries are zeros. Specifically, let Z, = (o) sxp Define

m, =r¥1§7x21 (o £ 0). (2.3)

J<p

The sparsity assumption puts an upper bound restriction on my7. Specifically, we assume:

Ann Stat. Author manuscript; available in PMC 2012 May 30.
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In this formulation, we even allow the number of factors K'to be large, possibly growing
with 7.

A more general treatment (e.g., Bickel and Levina (2008a) and Cai and Liu (2011)) is to
assume that the /, norm of the row vectors of X, are uniformly bounded across rows by a
slowly growing sequence, for some g € [0, 1). In contrast, the assumption we make in this
paper, i.e., g =0, has clearer economic interpretation. For example, the firm returns can be
modeled by the factor model, where uj; represents a firm’s individual shock at time £ Driven
by the industry-specific components, these shocks are correlated among the firms in the
same industry, but can be assumed to be uncorrelated across industries, since the industry-
specific components are not pervasive for the whole economy (Connor and Korajczyk
(1993)).

We estimate X, using the thresholding technique introduced and studied by Bickel and
Levina (2008a), Rothman, Levina and Zhu (2009), Cai and Liu (2011), etc, which is
summarized as follows: Suppose we observe data (Xj, ..., X7) of a px 1 vector X, which
follows a multivariate Gaussian distribution NV (0, X x). The sample covariance matrix of X is
thus given by:

1w — —
Sx:7;<xi = X)X = X)'=(5) e

Define the thresholding operator by .7 (M) = (Mj;l (|M = 9)) for any symmetric matrix M.

=7
Then .7 ;preserves the symmetry of M. Let &, =7, (S,), where w,=0(ylog p/T), Bickel
and Levina (2008a) then showed that:

—7
=, -

X

X =0,(w,m;).

In the factor models, however, we do not observe the error term directly. Hence when
estimating the error covariance matrix of a factor model, we need to construct a sample
covariance matrix based on the residuals d;; before thresholding. The residuals are obtained
using the plug-in method, by estimating the factor loadings first. Let b, be the ordinary least
square (OLS) estimator of b and

Li=yir — i;,'fn

Denote by G;= (4 ..., ﬁpt)’. We then construct the residual covariance matrix as:
T
Euz? Z ﬁ[ﬁfz(aij).

Ann Stat. Author manuscript; available in PMC 2012 May 30.



1duasnuey Joyiny vd-HIN 1duasnuey Joyiny vd-HIN

1duasnuey Joyiny vd-HIN

Fan et al.

Page 5

Note that the thresholding value w,=0(+/log p/T) in Bickel and Levina (2008a) is in fact
obtained from the rate of convergence of max;|s;;— Z x jj|. This rate changes when s;;is
replaced with the residual ;; which will be slower if the number of common factors K
increases with 7. Therefore, the thresholding value w 7used in this paper is adjusted to
account for the effect of the estimation of the residuals.

2.2. Asymptotic properties of the thresholding estimator

Bickel and Levina (2008a) used a universal constant as the thresholding value. As pointed
out by Rothman, Levina and Zhu (2009) and Cai and Liu (2011), when the variances of the
entries of the sample covariance matrix vary over a wide range, it is more desirable to use
thresholds that capture the variability of individual estimation. For this purpose, in this
paper, we apply the adaptive thresholding estimator (Cai and Liu (2011)) to estimate the
error covariance matrix, which is given by

=7 g

z, =(€r‘f ), 0 =0l ([T 2 +650,)
T

- o — (2.5)
91’,:72(14:‘:“]': —0),
=1

for some w 7to be specified later.
We impose the following assumptions:

Assumption 2.1. (1) {uz 1 I5 stationary and ergodic such that each u; has zero mean vector
and covariance matrix ¥, In addition, the strong mixing condition in Assumption 3.2 holds.

(ii) There exist constants ¢y, ¢, > 0 such that ¢, < Amin(Z1) < Amax(Z.) < &, and ¢y <
var(Ujdlp) < ¢, forall i< p, j< p.

(iii) There exist r, > 0 and by > 0, such that for any s> 0 and i< p,

P(luie|>5s) < exp(=(s/b)™). (2.6)

Condition (i) allows the idiosyncratic components to be weakly dependent. We will formally
present the strong mixing condition in the next section. In order for the main results in this
section to hold, it suffices to impose the strong mixing condition marginally on uonly.
Roughly speaking, we require the mixing coefficient

a(T)= sup |P(A)P(B)— P(A N B)|

Aeﬁ»‘f’w,Beﬁ;"

to decrease exponentially fast as 7— oo, where (ﬁ?m, #.°) are the o-algebras generated by
{u__, and {u,}, respectively.

Condition (ii) requires the nonsingularity of X, Note that Cai and Liu (2011) allowed max;
o ;to diverse when direct observations are available. Condition (ii), however, requires that
aj;should be uniformly bounded. In factor models, a uniform upper bound on the variance
of uj;is needed when we estimate the covariance matrix of y; later. This assumption is
satisfied by most of the applications of factor models. Condition (iii) requires the
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distributions of (44 ..., Up) to have exponential-type tails, which allows us to apply the

1 7
large deviation theory to thzlunujt — 07,
Assumption 2.2. There exist positive sequencesx1(p, T) = o(1), xa2(p, 7) = o(1) and ar=
o(1), and a constant M > Q, such that for all C> M,

T
1 ~
P [I?S?}))(T;Wit - u,-zI2>Ca§] < O(x1(p. T)),

P ( max |u; — ﬁ,-,|>C) < O(k2(p, T)).

i<p,t<T

This assumption allows us to apply thresholding to the estimated error covariance matrix
when direct observations are not available, without introducing too much extra estimation
error. Note that it permits a general case when the original “data” is contaminated, including
any type of estimate of the data when direct observations are not available, as well as the
case when data is subject to measurement of errors. We will show in the next section that in
a linear factor model when {ujz} < & rare estimated using the OLS estimator, the rate of

convergence a>=(K>log p)/T.

The following theorem establishes the asymptotic properties of the thresholding estimator

<7 . e
¥, , based on observations with estimation errors. Let y~'=3,"+r;", where r, and r, are
defined in Assumptions 2.1, 3.2 respectively.

Theorem 2.1. Suppose-y <1 and (log P81 = o(7). Then under Assumptions 2.1 and 2.2,
there exist C, > 0 and C, > 0 such that for’)ff aefined in (2.5) with

1
CL)T=C] ( —O§p+uT] s

we have,

T 1
P (||):u -Z < CszmT) >1-0 (?ﬂq (p, T)+k2(p, T)) . 2.7

1
In addition, if o rmr= oL), then with probability at least" ~ © (;*Kl (p. T)+k2(p. T)),

=7
/lmin(zu ) > O-S/Imin(zu)s

and

<770
IZ,) -Z'l < Cowpmy.
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Note that we derive the result (2.7) without assuming the sparsity on I, i.e., no restriction is

imposed on mz When w 7mr# o(1), (2.7) still holds, but||ff — X, || does not converge to
zero in probability. On the other hand, the condition w 7m77= o(1) is required to preserve the

. . =7 . . .
nonsingularity of X, asymptotically and to consistently estimate x;,'.

The rate of convergence also depends on the averaged estimation error of the residual terms.
We will see in the next section that when the number of common factors K'increases slowly,
the convergence rate in Theorem 2.1 is close to the minimax optimal rate as in Cai and Zhou
(2010).

3. Estimation of Covariance Matrix Using Factors

We now investigate the estimation of the covariance matrix Z in the approximate factor
model:

y;=Bf,+ll,,

where X = cov(y,). This covariance matrix is particularly of interest in many applications of
factor models as well as corresponding inferential theories. When estimating a large
dimensional covariance matrix, sparsity and banding are two commonly used assumptions
for regularization (e.g., Bickel and Levina (2008a, 2008b)). In most of the applications in
finance and economics, however, these two assumptions are inappropriate for Z. For
instance, the US housing prices in the county level are generally associated with a few
national indices, and there is no natural ordering among the counties. Hence neither the
sparsity nor banding is realistic for such a problem. On the other hand, it is natural to assume
%, sparse, after controling the common factors. Therefore, our approach combines the merits
of both the sparsity and factor structures.

Note that

X=Bcov(f;)B'+X,,.

By the Sherman-Morrison-Woodbury formula,

xl=x;! — x'Blcov(f) ' +B'E;'B] B’

When the factors are observable, one can estimate B by the least squares method: B = (by,
..., by, where,

T p
_ 1 2
b;=arg nllinT—p E E i —b;f) .

t=1 i=1

The covariance matrix cov(f,) can be estimated by the sample covariance matrix

cov(f)=T"'XX’' - T3X11'X/,

Ann Stat. Author manuscript; available in PMC 2012 May 30.
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where X = (fy, ..., f7), and 1 is a 7-dimensional column vector of ones. Therefore, by

employing the thresholding estimator ’iuy in (2.5), we obtain substitution estimators

E'y:ﬁ&)\v(f,)ﬁ#ff , (3.1)
and
g -1 __g -1 g —1__ DY S D DY |
&) =& -&)) Bleovt) +BE,) Bl BE)) . ¢2)

In practice, one may apply a common thresholding A to the correlation matrix of £, and
then use the substitution estimator similar to (3.1). When A. = 0 (no thresholding), the
resulting estimator is the sample covariance, whereas when A =1 (all off-diagonals are
thresholded), the resulting estimator is an estimator based on the strict factor model (Fan,
Fan and Lv (2008)). Thus we have created a path (indexed by A) which connects the
nonparametric estimate of covariance matrix to the parametric estimate.

The following assumptions are made.
Assumption 3.1. () {f} 1 /s Stationary and ergodic.
() {uB 1 and {f} 1 are independent.

In addition to the conditions above, we introduce the strong mixing conditions to conduct

asymptotic analysis of the least square estimates. Let .#°, and Z.” denote the o-algebras
generated by {(f; up) : —oo < t< 0} and {(f; up) : 7< t< 0o} respectively. In addition, define
the mixing coefficient

a(T)= sup |P(A)P(B) — P(AB)|.

Aeﬁi)m,Beff;"

The following strong mixing assumption enables us to apply the Bernstein’s inequality in
the technical proofs.

Assumption 3.2. There exist positive constants r, and C such that for all t€ 7,

a(t) < exp(—Ct"?).

In addition, we impose the following regularity conditions.

Assumption 3.3. (i) There exists a constant M > Q such that for all i, j and t, Ey§,<M, E ff.t<M ,
and|bjj < M.

(if) There exists a constant r3 > 0 with3ry' +r3'>1, and b, > 0 such that for any s> 0 and i <
K,

P(ful>s5) < exp(=(s/b2)"). (33)

Condition (ii) allows us to apply the Bernstein type inequality for the weakly dependent
data.

Ann Stat. Author manuscript; available in PMC 2012 May 30.
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Assumption 3.4. There exists a constant C > 0 such that Amin(cov(fy)) > C.

Assumptions 3.4 and 2.1 ensure that both Amin(cov(fy)) and}min():) are bounded away from
zero, which is needed to derive the convergence rate of I(£7 )~ - -1l below.

The following lemma verifies Assumption 2.2, which derives the rate of convergence of the
OLS estimator as well as the estimated residuals.

Lety,'=1.5r7 +1.575 415",

Lemma 3.1. Suppose K = o(p), K*(log p) = o( T) and (log p)?v271 = o( 7). Then under the
assumptions of Theorem 2.1 and Assumptions 3.1-3.4, there exists C> 0, such that

—~ K log p 1 1
P |max||b; — b;||>C =0 S+,
i<p T p T2

T 2
1 .2 CK”logp| 1 1
P[%"?Z'“ﬂ‘“ﬁ' =7 |70\t E)

=

P | max |u ’logp 1 1
1 1/r3
[iSp,EtlsT ir = li|>CK(logT) —T )—_0 (—2+—2) .

By Lemma 3.1 and Assumption 2.2, a, =K +/(log p)/T, and x1(p, T) = xa(p, T) = g2+ T2,
Therefore in the linear approximate factor model, the thresholding parameter w -defined in

Theorem 2.1 is simplified to: for some positive constant C,

log p
3.4
T (3.4)

w,=C,K

Now we can apply Theorem 2.1 to obtain the following theorem:

Theorem 3.1. Under the Assumptions of Lemma 3.1, there existC,>0 and C,>0 such that

. K*o
the adaptive thresholding estimator defined in (2.5) with w? =C, satisfies

57 ' log p 11
P(HE“ ~ Bl < Com, K | i ]=1_0(17+ﬁ)'

L log p
/fm. K

1 1
=o(1), then with probability at least’ ~ © (?+ﬁ),

=7
ﬂmin(zu ) > O-S/lmin(zu)’

Ann Stat. Author manuscript; available in PMC 2012 May 30.
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and

71 / log p
IE) -2l < Com K 22,

Remark 3.1. We briefly comment on the terms in the convergence rate above.

1. The term Kappears as an effect of using the estimated residuals to construct the
thresholding covariance estimator, which is typically small compared to pand 7'in
many applications. For instance, the famous Fama-French three-factor model
shows that K= 3 factors are adequate for the US equity market. In an empirical
study on asset returns, Bai and Ng (2002) used the monthly data which contains the
returns of 4883 stocks for sixty months. For their data set, 7= 60, p= 4883. Bai
and Ng (2002) determined K= 2 common factors.

2. Asin Bickel and Levina (2008a) and Cai and Liu (2011), my, the maximum
number of nonzero components across the rows of X,, also plays a role in the
convergence rate. Note that when K'is bounded, the convergence rate reduces to

Op (mr V(log p)/ T), the same as the minimax rate derived by Cai and Zhou (2010).

One of our main objectives is to estimate X, which is the p x p dimensional covarinace
matrix of y, assumed to be time invariant. We can achieve a better accuracy in estimating
both T and X1 by incorporating the factor structure than using the sample covariance
matrix, as shown by Fan et al (2008) in the strict factor model case. When the cross sectional
correlations among the idiosyncratic components (t44 ..., Up) are in presence, we can still
take advantage of the factor structure. This is particularly essential when direct sparsity
assumption on X is inapproriate.

Assumption 3.5. Iig71B"B-Qll = o(1) for some K x K symmetric positive definite matrix Q
such that Anin(Q) is bounded away from zero.

Assumption 3.5 requires that the factors should be pervasive, i.e., impact every individual
time series (Harding (2009)). It was imposed by Fan et al.(2008) only when they tried to
establish the asymptotic normality of the covariance estimator. However, it turns out to be
also helpful to obtain a good upper bound of II()fy)‘1 - 71, as it ensures that Amax((B

TiB) ™ = o).

Fan et al. (2008) obtained an upper bound of $7 - 2l zunder the Frobenius norm when X,
is diagonal, i.e., there was no cross-sectional correlation among the idiosyncratic errors. In
order for their upper bound to decrease to zero, f2 < Tis required. Even with this restrictive
assumption, they showed that the convergence rate is the same as the usual sample
covariance matrix of y; though the latter does not take the factor structure into account.
Alternatively, they considered the entropy loss norm, proposed by James and Stein (1961):

/2

—T _ —~T 2\! B iy =T B
53 —E”z:(l’ "W E 2 -0 1] =pAERTPET DT,

Here the factor p~/2 is used for normalization, such that IIZlly = 1. Under this norm, Fan et
al. (2008) showed that the substitution estimator has a better convergence rate than the usual
sample covariance matrix. Note that the normalization factor 5~1/2 in the definition results in
an averaged estimation error, which also cancels out the diverging dimensionality
introduced by p. In addition, for any two p x pmatrices A and Ay:

Ann Stat. Author manuscript; available in PMC 2012 May 30.
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A1 — Aolly  =p ' 2IZ72(A - A)Z1,.
<IE72(A) - AT
<A1 = Aall - Amax (E7H).

Combining with the estimated low-rank matrix Bcov(f)B’, Theorem 3.1 implies the main
theorem in this section:

Theorem 3.2. Suypposelog T= o(p). Under the assumptions of Theorem 3.1 and Assumption
3.5, we have

—~7 2 2 2 Cm2K2%log p
(17 - miy < o geenl SRRy (1)

T 2 2 o
P (nz ~ |, < w)ﬂ —0 (Lﬁl).

1.
log p 1 1
1m K| = =oU),wﬁhpﬂﬂmbﬂﬁyafkaﬁl_()(;E+§E,

=7
/lmin(z ) = O-S/lmin(zu)’

and

<71 1
IET) — 27 < Cm k22

Note that we have derived a better convergence rate of ()ff )71 than that in Fan et al.(2008).
When}be operator norm is considered, pis allowed to grow exponentially fast in 7in order
for (£7 )~ to be consistent.

We have also derived the maximum elementwise estimation I1£7 = Zlleo. This guantity
appears in risk assessment as in Fan, Zhang and Yu (2008). For any portfolio with allocation

vector w, the true portfolio variance and the estimated one are given by w’Zw and w7 w
respectively. The estimation error is bounded by

<7 =7
WE w—wEIW <|Z — Zlllwl,

where llwlly, the 4 norm of w, is the gross exposure of the portfolio.

4. Extension: Seemingly Unrelated Regression

A seemingly unrelated regression model (Kmenta and Gilbert (1970)) is a set of linear
equations in which the disturbances are correlated across equations. Specifically, we have

Yie=b St i, i < p,t < T, (4.1)

where b;and fj;are both Kj;x 1 vectors. The plinear equations (4.1) are related because their
error terms ujzare correlated, i.e., the covariance matrix

Ann Stat. Author manuscript; available in PMC 2012 May 30.
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L =(Euitjr)

is not diagonal.

Model (4.1) allows each variable y;:to have its own factors. This is important for many
applications. In financial applications, the returns of individual stock depend on common
market factors and sector-specific factors. In housing price index modeling, housing price
appreciations depend on both national factors and local economy. When f;;= f,for each /<
p, model (4.1) reduces to the approximate factor model (1.1) with common factors f;.

Under mild conditions, running OLS on each equation produces unbiased and consistent
estimator of b;separately. However, since OLS does not take into account the cross
sectional correlation among the noises, it is not efficient. Instead, statisticians obtain the best
linear unbiased estimator (BLUE) via generalized least square (GLS). Write

Yi=Oits - y) T x LXi=(E,....5), T x K;,i < p,

y: X; O 0 b
y=( ¢+ [, X=[ o . o [,B=] :
yp 0 0 XP bP
The GLS estimator of B is given by Zellner (1962):
— , =1 -1 -l , =1 -1
B, =[X'(X, ®) X] [X(X, ) Yyl “42)

where /rdenotesa 7 x T identity matrix, ® represents the Kronecker product operation, and
2., is a consistent estimator of Z .

In classical seemingly unrelated regression in which p does not grow with 7; 2, is estimated
by a two-stage procedure: (Kmenta and Gilbert (1970)): On the first stage, estimate B via
OLS, and obtain residuals

Li=yis _/l;;'fiz- (4.3)
On the second stage, estimate X, by

_ I, |
ZMZ(EU')=(? leirujt) . (4.4)

=1 pXp

In high dimensional seemingly unrelated regression in which p> 7, however, £, is not
invertible, and hence the GLS estimator (4.2) is infeasible.

By the sparsity assumption of X, we can deal with this singularity problem by using the
adaptive thresholding estimator, and produce a consistent nonsingular estimator of X,;.

T
-7 [ —~ 1 o —
x, =(ai,-1(|o-l«,»|> e,-,-wr)) ,eij=?;(uﬂu,-,—cr,y> . @5)
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To pursue this goal, we impose the following assumptions:

Assumption 4.1. For each i< p,
i. {fi}p1 /s stationary and ergodic.
ii. {ude1 and{f}p1 are independent.
Assumption 4.2. There exists positive constants C and r, such that for each i < p, the strong

mixing condition

a(r) < exp(—Cr?)

/s satisfied by (fjs up:

Assumption 4.3. There exist constants M and C> 0 such that forall i< p, j< K, t< T
" Ey2<M, |bjl < M, and E f ;<M.
il mingpAmin(cov(f) > C.

Assumption 4.4. There exists a constant ry > 0 with 3er+r2_ '>1, and bs > 0 such that for any
§>0andi,

P(firjI>s) < exp(=(s/b3)™).

These assumptions are similar to those made in Section 3, except that here they are imposed
on the sector-specific factors. The main theorem in this section is a direct application of
Theorem 2.1, which shows that the adaptive thresholding produces a consistent nonsingular
estimator of £,

Theorem 4.1. Let K= MaxX e, Kjandy;'=1.5r,+1.5¢3 " +r5"; suppose K= o(p), K*(log p)?
= o(T) and (log p)?¥371 = o( 7). Under Assumptions 2.1, 4.1-4.4, there exist constants C; >
0 and C, > 0 such that the adaptive thresholding estimator defined in (4.5) with

K’log p
w§=C 1\ = satisfies

—~T [lo 1 1
P [”Eu - Eu“ < CZmTK %]21 -0 (17+ﬁ) .

log p

1 1
/fm K =o(1), then with probability at least' ~ © (?“Lﬁ),

=7
/lmin(zu ) > O-S/Imin(zu)a

and

—~7 1 _ log p
1)) -2l < Com, K %.
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Therefore, in the case when p> 7, Theorem 4.1 enables us to efficiently estimate B via
feasible GLS:

N o -1 -1 1 -1
B7 :[x'((zf) ®l,) X] [X’((E;7) ®1l;) yl

GLS

5. Monte Carlo Experiments

In this section, we use simulation to demonstrate the rates of convergence of the estimators
37 and @y )71 that we have obtained so far. The simulation model is a modified version of
the Fama-French three-factor model described in Fan, Fan, Lv (2008). We fix the number of
factors, K= 3 and the length of time, 7=500, and let the dimensionality p gradually
increase.

The Fama-French three-factor model (Fama and French (1992)) is given by

Yir=bi1 fir+bi for+bi3 f3+utis,

which models the excess return (real rate of return minus risk-free rate) of the ith stock of a
portfolio, y;, with respect to 3 factors. The first factor is the excess return of the whole stock
market, and the weighted excess return on all NASDAQ, AMEX and NYSE stocks is a
commonly used proxy. It extends the capital assets pricing model (CAPM) by adding two
new factors- SMB (“small minus big” cap) and HML (“high minus low” book/price). These
two were added to the model after the observation that two types of stocks - small caps, and
high book value to price ratio, tend to outperform the stock market as a whole.

We separate this section into three parts, calibration, simulation and results. Similar to
Section 5 of Fan, Fan and Lv (2008), in the calibration part we want to calculate realistic
multivariate distributions from which we can generate the factor loadings B, idiosyncratic

noises {u,}"_, and the observable factors {f;}”_ . The data was obtained from the data library

of Kenneth French’s website.

5.1. Calibration

To estimate the parameters in the Fama-French model, we will use the two-year daily data
(§+ T2 from Jan 157, 2009 to Dec 31%, 2010 ( 7=500) of 30 industry portfolios.

1. Calculate the least squares estimator B of §,= BY;+ u, and take the rows of B,
namely 61 = (b1, b2, b13), .., 630 = (bs0.1, 30,2, b3 3), to calculate the sample
mean vector pgand sample covariance matrix Zg. The results are depicted in Table
1. We then create a mutlivariate normal distribution A5(pg, Zg), from which the

factor loadings {b}i_, are drawn.

For each fixed p, create the sparse matrix Z,=D+ss’ — diag{s?, ... ,sf,} in the
following way. Let 0;= §,- Bf. For /=1, ..., 30, let & denote the standard
deviation of the residuals of the #h portfolio. We find min(c ) = 0.3533, max(c)) =
1.5222, and calculate the mean and the standard deviation of the ¢s, namely & =
0.6055 and o gp=0.2621.

Let D=diag{crf, U af,}, where oy, ..., opare generated independently from the

Gamma distribution G(a., B), with mean ap and standard deviation a/28. We
match these values to ¢ = 0.6055 and o 5p = 0.2621, to get a = 5.6840 and § =
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0.1503. Further, we create a loop that only accepts the value of o;if it is between
min(o) = 0.3533 and max(o;) = 1.5222.

Create s = (s, ..., sp)’ to be a sparse vector. We set each s;~ MO0, 1) with

0.2 0.2p
probability (/5 log p. and s;= 0 otherwise. This leads to an average of o

nonzero elements per each row of the error covariance matrix.
Create a loop that generates X, multiple times until it is positive definite.

3. Assume the factors follow the vector autoregressive (VAR(1)) model f;= p + ®f g
+ g;for some 3 x 3 matrix @, where e/s are i.i.d. A3(0, Z.). We estimate @, p. and
%, from the data, and obtain cov(f). They are summarized in Table 2.

5.2. Simulation

5.3. Results

For each fixed p, we generate (by, ..., by) independently from As( Zg), and generate
{f,},T:1 and {u,}”, independently. We keep 7= 500 fixed, and gradually increase p from 20 to

t=1
600 in multiples of 20 to illustrate the rates of convergence when the number of variables

diverges with respect to the sample size.

Repeat the following steps /=200 times for each fixed p:
1. Generate {b;}\_, independently from As(g, Z5), and set B = (by, ..., bp)’.
2. Generate {u,)T_, independently from N0, Z,).

3. Generate {£.}_, independently from the VAR(1) model f;=p + ®f 1 + e,
4. Calculate y;= Bf;+ usfort=1, ..., T.

Set w,=0.10K y/log p/T to obtain the thresholding estimator (2.5) £, and the

. L 1 T — —T
sample covariance matrices cov(fy), y:ﬁzt:l(% -V -y,

We graph the convergence of $7 and $ 1o Z, the covariance matrix of y, under the
entropy-loss norm Il-lly and the elementwise norm Il-llo. We also graph the convergence of

the inverses ()f/h)‘1 and f;l to X1 under the operator norm. Note that we graph that only
for pfrom 20 to 300. Since 7 =500, for p> 500 the sample covariance matrix is singular.
Also, for pclose to 500, )fyis nearly singular, which leads to abnormally large values of the
operator norm. Lastly, we record the standard deviations of these norms.

In Figures 1-3, the dashed curves correspond to 37" and the solid curves correspond to the
sample covariance matrix )fy. Figure 1 and 2 present the averages and standard deviations of
the estimation error of both of these matrices with respect to the Z-norm and infinity norm,
respectively. Figure 3 presents the averages and estimation errors of the inverses with
respect to the operator norm. Based on the simulation results, we can make the following
observations:

1. The standard deviations of the norms are negligible when compared to their
corresponding averages.

2. Under the IIlllg;, our estimate of the covariance matrix of y, 7 performs much
better than the sample covaraince matrix 2, Note that, in the proof of Theorem 2 in
Fan, Fan, Lv(2008), it was shown that:
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HEy—ZHi:OP (IT(—;)+0P (%)w,, (g) : (5.1)

. L . . p
For a small fixed value of K; such as K = 3, the dominating term in (5.1) is O (7)
From Theorem 4.1, and given that 777= o(p*#), the dominating term in the

—~T 2 p m%log p
convergence of”z ~ iz 1s 0, (ﬁ+ T ). So, we would expect our
estimator to perform better, and the simulation results are consistent with the
theory.

3. Under the infinity norm, both estimators perform roughly the same. This is to be
expected, given that the thresholding affects mainly the elements of the covariance
matrix that are closest to 0, and the infinity norm depicts the magnitude of the
largest elementwise absolute error.

4. Under the operator norm, the inverse of our estimator, ()57)‘1 also performs
significantly better than the inverse of the sample covariance matrix.

Finally, when p> 500, the thresholding estimators Ej and 37 are still
nonsingular.

In conclusion, even after imposing Ieags restrictive assumptions on the error covariance
matrix, we still reach an estimator £ that significantly outperforms the standard sample
covariance matrix.

6. Conclusions and Discussions

We studied the rate of convergence of high dimensional covariance matrix of approximate
factor models under various norms. By assuming sparse error covariance matrix, we allow
for the presence of the cross-sectional correlation even after taking out common factors.
Since direct observations of the noises are not available, we constructed the error sample
covariance matrix first based on the estimation residuals, and then estimate the error
covariance matrix using the adaptive thresholding method.We then constructed the
covariance matrix of y;using the factor model, assuming that the factors follow a stationary
and ergodic process, but can be weakly-dependent. It was shown that after thresholding, the
estimated covariance matrices are still invertible even if p> 7, and the rate of convergence

& <7 L. .
of ()37)‘1 and (X, ) isof order O,(Km, +/log p/T), where K comes from the impact of
estimating the unobservable noise terms. This demonstrates when estimating the inverse
covariance matrix, pis allowed to be much larger than 7.

In fact, the rate of convergence in Theorem 2.1 reflects the impact of unobservable
idiosyncratic components on the thresholding method. Generally, whether it is the minimax
rate when direct observations are not available but have to be estimated is an important
question, which is left as a research direction in the future.

Moreover, this paper uses the hard-thresholding technique, which takes the form of c},-j(cr,-/) =
ajilloji > ©) for some pre-determined threshold 6. Recently, Rothman et al (2009) and
Cai and Liu (2011) studied a more general thresholding function of Antoniadis and Fan
(2001), which admits the form c},-,(e,-/) = S(o ), and also allows for soft-thresholding. It is
easy to apply the more general thresholding here as well, and the rate of convergence of the
resulting covariance matrix estimators should be straightforward to derive.
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Finally, we considered the case when common factors are observable, as in Fama and
French (1992). In some applications, the common factors are unobservable and need to be
estimated (Bai (2003)). In that case, it is still possible to consistently estimate the covariance
matrices using similar techniques as those in this paper. However, the impact of high
dimensionality on the rate of convergence comes also from the estimation error of the
unobservable factors. We plan to address this problem in a separate paper.
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APPENDIX A: PROOFS FOR SECTION 2

A.1l. Lemmas. The following lemmas are useful to be proved first, in which we consider the
operator norm IAlIZ = A pax(A’A).

Lemma A.1. Let A be an m x m random matrix, B be an m x m deterministic matrix, and

both A and B are semi-positive definite. If there exists a positive sequencelc. )., such that
for all large enough T, Amin(B) > c7= Then

P (Amin(A) = 0.5¢,) > P (A — Bl < 0.5¢,), and
P (IIA_1 -B7!|< Z A -BI) > P(|A -B| < 0.5c,).
T

Proof. For any v € R/ such that livil = 1, under the event IA - Bll < 0.5¢7,

VAV =vVBv -V (B - A)v > A1hin(B) — [|A — B||
> 0.5¢,

Hence Amin(A) = 0.5¢7
In addition, still under the event IA - Bll < 0.5¢7,
IA™" =B~ =|A"'(B - A)B|
< Amin(A)7'|A = B[ Apin(B)™!
=2¢;7'||A - BJ.
Q.E.D.

Lemma A.2. Suppose that the random variables 21, Z, both satisfy the exponential-type tail
condition: There exist i, , € (0, 1) and by, & > 0, such that~¥ s> 0,

P(Zi>s) < exp(l — (s/b;)"),i=1,2.

Then for some r3 and by > 0, and any s> 0,

P(Z\Zx]>s) < exp(1 = (s/b3)"). (A2)
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r1/(ry+ra)

Proof. We have, for any s> 0, M=(sb;2/”' /b1) b= by, and r= nnl(n + n),

P(Z\Zy|>s) < P(M|Zy|>s)+P(1Zs|>M)
<exp(l = (s/by M) )+exp(1 — (M/b2)"?)
=2 exp(1 — (s/b)").

Pick up an 13 € (0, A, and b3 > max{(r3/HY"h, (1 + log 2)/74}, then it can be shown that As)
= (s/b)" - (s/b3)"3 is increasing when s> f5. Hence A(S) > Hb3) > log 2 when s> b3, which
implies when s> b3,

P(Z\Z|>s5) < 2exp(1 = (s/b)") < exp(1 — (s/b3)").

When s< b3,

P(Z1Z5|>s) < 1 < exp(1 — (s/b3)").

Q.E.D.

Lemma A.3. Under the Assumptions of Theorem 2.1, there exists a constant C,> 0 that does
not depend on (p, T), such that when C> Cj,

T
1 log p 1
P — wuj — oi>C | —== |=0 [ |,
[BgIT;uzujt ijl T] (pZ)

i,j<p

T
1 1
P (maxl?zl:(ﬁi,ﬁj, - ui,ujt|>CaT] =0 (?Hq(p, T)) :
t=

iii.
— log p 1
P IIl_E(leO'ij—O‘,'j|>C( T+a,,) =0 ?+K1(p,T) .

i,j<p

Proof. (i) By Assumption 2.1 and Lemma A.2, v/ satisfies the exponential tail condition,
with parameter r1/3 as shown in the proof of Lemma A.2. Therefore by the Bernstein’s
inequality (Theorem 1 of Merlevéde (2009)), there exist constants Cy, &, C3, Cpand G5 >0

that only depend on by, i, and 7, such that for any /, j< p, and y~'=3r" 415",

T 2 (1-y)
1 (T s)” s (Ts) (T s
P(IT;u,,uj, oijl > s) < T exp ( c, )+exp ( 70 +exp T exp Csog 757 ))

Using Bonferroni’s method, we have
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T T

1 1

2

P(maxl E Uil — 0j|>s) < p*max P(|— E uisjs — 0ij|> ).
ijsp T 4 wjsp T4

Let 5=C v(og p)/T for some C> 0. It is not hard to check that when (log p)2¥~1 = o( 7) (by
assumption), for large enough C,

S DA _(Ts) T\ (1L
PTexp (-5 Jrrtexe |\~ m e (oo )= E)

and
22
pzexp __I's ) 1 .
Cr(14TC3) p2

This proves (i).

(ii) For some >0 such that
1 T
~ 2 2
P(I%%}XT;(M,‘[ = uir)>Ca7)=0(1(p, T)), (A2)

under the event

1T, LT 22
{Smsxi§p|fzr_lllf[t_o-ﬁl < max;<p0ii/4} ﬂ{maxigpfztzl(uiz —u;)” < Cyaz} by Cauchy-
chwarz inequality,

= max|+ Z(unup — Uitlhjr)|

l]<p

< max|7 Z(uu i) (8, = )| +2 maxi Zult(u,, 1)

1,j<p

T
1 . 2
<max7 E (ult—u,t) +2 E ut max E (i — uir)
I<p I<p =

t=1 t=1

<C as 242 /4max0'll

Since ar= o(1), when C>3/Cimaxi<,cii we have, for all large 7,

/ /5
2 [
Ca,>Ca;+2 ng)x Tii C1a7,

and
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T T
1 1 :
P(Z < Cay) 2 1-P(max |?;u§—aﬁ|>%x i /4)—P(r¥1§a})x?;(ﬁil — uy?>Chad).
By part (i) and (A.2), AZ< Cap)21- O(p 2 + xy(p, 7).

(iii) By (i) and (ii), there exists C,> 0, when C> C, the displayed inequalities in (i) and (ii)
hold. Under the event

1 T 1 T
{maxi,jSplel:lMitujt_o—ijl < C+/(log p)/T}m{maXi,jSP|thzlﬁitﬁjt_uitujt| < Ca,}, by the
triangular inequality,

T T
= 1 1 A A
max|oy; — oy < g}g}glf E Uitltjs — myl+gr}3§|7 g Wirlljs — Uity

LJsp =1 =1

< C({%21a,).

Hence the desired result follows from part (i) and part (ii) of the lemma.
Q.E.D.

Lemma A.4. Under Assumptions 2.1, 2.2,

—~ —~ 1
P(C, <minf; <max6; < C,) > 1-0 (=+ki(p, D)+ka(p, T)],
ij ij p

where
C.= 4%mi’n var(uUjr)
ij

C,=3 r;1<ax oii+4 max var(uiu;).
i<p ij

Proof. (i) Using Bernstein’s inequality and the same argument as in the proof of Lemma A.
3(i), we have, there exists C.>0, when C>C, and (log p)®¥Y~1 = o(7),

T
1 /1o 1
P ?2?';2(%,%, — 0','1')2 - Var(ui,uj,)|>C %] =0 (?) .

t=1

For some C> 0, under the event N, A;, where
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Al_{maxlorl] ~ Gyl < C({" %2 +a,))

i<pt<T

Az= {maxlTZ u; 0—11|<C\,

1
Ay= {n}aXITZ(unu,r 0)? = var(ugu;)| < C 4| 25L),
LJSP

Ar={ max |é;; — u;| < min{ % \/(20 max o) 'min var(uu)})
ij

t=1

we have, for any /, j, by adding and subtracting terms,
51‘,,‘ =l2(ﬁnﬁjt - 517)2
< Z(ul,u/, a',/) +2 max(a',/ a',/)

A 1
S—Z(un Wi U+ Z(uﬂ—uﬂ) ui+z Z(unuﬂ o) ?+0(=2L +d?)

IA

4 max|it; — u;[*(max a'ii+maX7 E uZ)+4var(u;uj)+O( w/—1°§p+—1°§p+a§)
it 1 1
t

< (2C &2+ Ca,+2 max ;) +4var(ui)+o(1),

where the O(.) and o(.) terms are uniformly in pan 7. Hence under mj.‘:]A,», for all large
enough 7, p, uniformly in /, j, we have

0;,j < 3 max o;+4 max var(u;;uj).
i<p ij

Still by adding and subtracting terms, we obtain
%Z(uirujt - O'ij)2
t
%Z(uitujt - ﬁitﬁjt)z"' %Z(ﬁitﬁjt - Eij)2+4(0'ij - b\-lj)z
%Ztlui(uﬁ - ﬁjr)z+%zbitj2,(un — ) +40+0(EL +a2)
t t

IA

IA

IA

8 max|it; — u;|>(max b\'iﬁmax% E uﬁ)+4aj+o(1).
it i J
t
Under the event N, A;, we have

46;+0(1) = min var(uju;) — C \/k’# -8 mi';lxlﬁi, - uiz|2[2C 10#+CaT+2 mlax il

> % jln var(uiy).

— 1
Hence for all large 7, p, uniformly in / /, we have 6 = 75 min;var(Ujdljp).
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Finally, by Lemma A.3 and Assumption 2.2,

1
PN A)=1-0 (;m (p, T)+x2(p, T)),

which completes the proof.
Q.E.D.
A.2. Proof of Theorem 2.1.

Proof. (i) For the operator norm, we have

P
= ~ = =12
=, =2l < max ) ol (73] = 0:6%) - o
< &

By Lemma A.3 (iii), there exists C; > 0 such that the event

, . lo
A\ =max(@; — oy < C1(y —=2+a,)
1,J<p T

, 1
occurs with probability P(41) = 1 -0 (?”‘ P, T)). Let C> 0 be such that C 1/C,>2C,
where C; is defined in Lemma A.4. Let

log p log p
w;=C( ? +ap), by =Ci(4] i +a,), then /C,w,>2b, and by Lemma A.4,

.12 . 71/2
P(mijl_n 6 “w;>2b;) ZP(n}ijij >4/C,)

> 1-0 (3+x(p. Ty+x2(p. T)).

Define the following events

A'zz{rr}yjn%/ w,>2b,)

_ 5172 12
A3_{ml_§1x00. <C/%},

where Cy/is defined in Lemma A.4. Under n?_,A;, the event [0 > w;é;j/z implies |o 1 = b,

o /2. . . ..
and the event |O-ij|<a)7‘0jj/ implies |o7jjl<b, + 4/C, w,. We thus have, uniformly in /< p, under
3 ’
Nz Ap
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5~ 2l <Z|m,1(|o-l,|>w79/2> i
j:

Mw

— ol (Tl > w A‘/2>+Z|o-,,|1<|m,|<w 6,
./: Jj=1

< ZIO‘U aill(oyl > b, )+Z|a,,|1(|a,,|<b +/Cpw,)

l Jj=1
+(b +4/C w)m,
\/_)a)m

~

I/\ I/\

By Lemmas A.3(iii) and A.4, P(NL4A) > 1 - (_+’<1(P’ T)+x2(p.T)) which proves the
result. Q.E.D.

(ii) By part (i) of the theorem, there exists some C> 0,

—~7 1
P(E, -Z.l>Cwm)=0 (?ﬂq (p, T)+k2(p, T)).

By Lemma A.1,

—~T —~7
P (Anin®) 2 0.50min(Z) > P (IE, = Eall < 0.5 (Z0)|
> 1= 0 (z+&1(p, T)+ka(p, T)).

In addition, when w 7m7= 0(1),

—~7 -1 _ _
P (u(zu ) =X <21z Cw,m,
=7 -1 _ _ —~7 —~7
>P (u(zu ) =<2 T - T, - Eull < Copm,
=7 1 _ _ —~7 —~7
>p (u(zu ) —x <2 g - zun) iy (||>:u - >:u||>CmeT)

—7
> P (I, = Zull < 0.54min(Z0) - O (+1(p, T +i(p. T))
>1-0 (p%+l<1(p, T)+k2(p, T)),

where the third inequality follows from Lemma A.1 as well.

Q.ED.

APPENDIX B: PROOFS FOR SECTION 3
B.1. Proof of Theorem 3.1.

Lemma B.1. There exists Cy > 0 such that,
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[2 j<K T

log p 1
P [kgﬁpl—Zﬁ,uanl \/ ] o (?).

1 T
Proof. (i) Let Zl:i:Tthl(fitfjt — Efufjr). We bound max ;|Z;} using Bernstein type
inequality. Lemma A.2 implies that for any 7and j< K; fifsatisfies the exponential tail
condition (3.3) with parameter r3/3. Let ;=373 +r ", where r, > 0 is the parameter in the
strong mixing condition. By Assumption 3.3, 13 < 1, and by the Bernstein inequality for
weakly dependent data in Merlevéde (2009, Theorem 1), there exist C;>0, /=1, ..., 5, for
any s>0

T 5)* T2 2 T 2 T ra(1=rg)
max P(|Z|>s) < T exp (—( g) )+exp (——S) +exp (—( ) exp ( (s “3))
ij 1

Co(14TC3) CsT Cs(log T s)™]

Using the Bonferroni inequality,

2
P( max |Z; < 7
(iSK’3$K| iil>s) < K 11}3)( P(|Z;j|>s).

Let s=C v(log T)/T  For all large enough C, since K2 = o 7),

T () (g exp (L))o ().
K exp (- cf) =0 ().

This proves part (i).

(if) By Lemma A.2, and Assumptions 2.1(iii) and 3.3(ii), Z,Ia«,, = fuu; satisfies the
exponential tail condition (2.6) for the tail parameter 2r113/(3r, + 313), as well as the strong
mixing condition with parameter r,. Hence again we can apply the Bernstein inequality for
weakly dependent data in Merlevéde (2009, Theorem 1) and the Bonferroni’s method on

Z,;, similar to (B.1) with the parameter y;'=1.5r7'+1.5¢;'+r; . It follows from

3r7 475> 1 and 375 ' +75 ' > 1 that y; < 1. Thus when 5=C V(0g P)/T for large enough C, the
term

T°s’ 5
K ——| < p77,
P eXp( C2(1+TC3))_p

and the rest terms on the right hand side of the inequality, multiplied by pKare of order
o(2). Hence when (log p)2v2~1 = o( 7) (which is implied by the Theorem’s assumption),
and K= o(p), there exists C "> 0,
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, [logp 1
P kgﬁpl—Zﬁ\tuan \/ ] o (?)- (B2)

Q.E.D.
Proof of Lemma 3.1

I Since K Vlog T=0o(VT), and Apin(E£.f,) is bounded away from zero, for large
enough 7, by Lemma B.1(i),

P (XX’ — Eff ]| < 0.50min(Efif;))
T

> P (K isl}’(l:‘:jl')s(’( I%;fn]sz - Ef;'tf]"t| < Oj/lmin(Eftf;)] (B.3)
> 1-0 (%)

Hence by Lemma A.1,

1
P (Anin(T ™' XX') > 0.5Amin () > 1 - O (Tz) (B.4)

As b= b;= (XX")"1Xu; we have |jb; — b,»||2=u;.X’(XX’)_2Xui. For C’ > 0 such that

(B.2) holds, under the event

1 /
A={ max |—Zﬁtul,| < €' |22 0 (i T71XX) > 0.5 Amn (BEL)),

]\<K l<p

we have

—~ 2
Ibi=bil" < —t—s Z( Zﬁ;m
2

K
—K - max (%karuit)
=1

IA

/lmin(Ef!ft) kSK’iSP
4KC'%log p

< —
Amin(Ef 5, ) T

1
The desired result then follows from that ©(4) =1 =0 (ﬁﬂ?).

il For C> maxx E £2, we have, by Lemma B.1(i),

1 2
P [TZ”f’” >c1<] <P

T
IS
K max |7;fkt ~Efil+K max Ef>CK |=

The result then follows from
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T
1 . 1 —~ 2
ggxi]lun — iyl < r%a;)x;antuznbi — b

and part(i).
iii. By Assumption 3.3, for any s> 0,

P(max|i|[>s) < TP(|If||>s) < TK max P(f2>s*/K)
t<T k<K

< TK exp (—(ﬁ)m).
2

When s > ¢ VK(log T)"/™ for large enough C, i.e., C"*>4b7,

P(max||f;|[>C VK(og T)"/") < T72.
t<

The result then follows from

max |u;; — = max |(b; —b;)"f;| < max|b; — b;||max||f;|l,
t<T,i<p t<T,i<p i t

and Lemma 3.1(i). Q.E.D.

Proof of Theorem 3.1 Theorem 3.1 follows immediately from Theorem 2.1 and Lemma
3.1.Q.E.D.

B.2. Proof of Theorem 3.2 Part (i). Define

D, =cov(f,) — cov(f;), C,=B—B,
E=(ll] ey llT).

We have,

== 2 "2 — ) — ,2 —~7 2 B5
X —-ZX|s <4|BD,B ||2+24||BC0V(f)CT||Z+]6||CTCOV(f)CT||Z+2||Eu - Eu“z- (B.5)

We bound the terms on the right hand side in the following lemmas.

Lemma B.2. There exists C> 0, such that
i.
2
|§>CK log T

P (||D,-| -

) =0(T7%);

CKplo o
P (||c,~||f.>—p ek )=0(T 24p7).
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Proof. (i) Similar to the proof of Lemma B.1(i), it can be shown that there exists C; > 0,
[log T
[max |_Zf" Ef,|>Cy ? ] =0(T7?).

Hence sup x max <« £ fi] < oo implies that there exists C> 0 such that
Ef,Ef>C AL | _o2
P |max ITquTZJ?z JiE fil> T (T™).

The result then follows from Lemma B.1(i) and that

D, II* < K*

maxI—Zf,t]jt E fi. fil +max|—Zﬁ,TZ]j, Ef,tE]jAZJ

(i) We have C 7= EX’(XX")™1. By Lemma B.1 (ii), there exists C" > 0 such that
[max I—ka,u,,|>C' e p] —0(p™).

Under the event

lo
maXI—anunI<C’\/ 228} 0 (Aein(T7'XX) 2 0.5 i (B}

Ic, || < 4/lrjfn(Eftf )C"*pK (log p)/T, which proves the result since A, (Ef;f,) is bounded
away from zero and AA) = 1 - 0(7‘2 + p72) due to (B.4).

Q.E.D.

Lemma B.3. There exists C> 0 such that

(I > CKlogp CK’log T

BD,B’ ||Z+||Bcov(f,)C ll> Tr ) O(T+p7%);

»_ CpK*(log p)*

P (||c,,,&>7(f)c'||2 T) O(T2+p7?).

Proof. (i) The same argument in Fan, Fan and Lv (2008), proof of Theorem 2 implies that

IB'Z™"B|| < 2llcov(f,) " I=0(1).

Ann Stat. Author manuscript; available in PMC 2012 May 30.



1duasnuey Joyiny vd-HIN 1duasnuey Joyiny vd-HIN

1duasnuey Joyiny vd-HIN

Fan et al.

Page 28

Hence
IBD, B’} =p~'tr(X""/?BD,B’L™'BD,B'’L"'/?%)
=p~'tr(D,B’X"'BD,B’X"'B)
< p!ID,B’E”'BI|; (B8)
< O(p™HID, I3
On the other hand,
IBSoV(F)C, Il; < 8T (IBXX'CL[I3+87#BX11'X'C} . (B.7)
Respectively,
IBXX'Cill; < p~!IXX'C 2| |IC,XX'B'Z™'B],
(B.8)

||BX11'X'C’T||§ < p‘l||X11’X’C'TE‘1||F||CTX11’X’B’Z‘1B|| ’
F

By Lemma B.1(i), and Ef,f, <co, AUIXX Il > TC) = O(T2) for some C> 0. Hence, Lemma B.
2 (ii) implies

P(IBXX'C,|I;>C'TK log p)=0(T 2 +p™?) (B.9)
for some C” > 0. In addition, the eigenvalues of cov(f,)=T""XX’ - T"2X11'X’ are all

bounded away from both zero and infinity with probability at least 1 — O(7-2) (implied by
Lemmas B.1(i), A.1, and Assumption 3.4). Hence for some C; > 0, with probability ast least

1- (T,

IX11U'X’|| < |ITXX'|| < T?Cq,

oyt 2 _ B.10
IBXIUX'C,IE < 0~ HIXIUX|PIC, 2. (810

The result then follows from the combination of (B.6)—(B.10), and Lemma B.2.

(ii) Straightforward calculation yields:

= 2 - 7 y—1 - 7 y—1
PlICCov(D)C Iy =tr(C cov(f)CI X grcov(f)CTZ )
< IICTC’(W(f)C;Z‘lllF
< A2 (ETHAZ (COVE)IC, |12

max max

Since licov(f)l is bounded, by Lemma B.1(i), A2,,. (Cov(f;)) is bounded with probability at
least 1 — O( 72). The result again follows from Lemma B.2(ii).

Proof of Theorem 3.2 Part (i)

a. We have
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—~T _ =7 _
=, —Zully =p " AIETAE, -Z)T

=7
< HE;}/Z(EM -ZHE | (B.11)
< ”Zu - 2"u” : Amax(z_l)

Therefore, (B.5), (B.11), Theorem 3.1 and Lemmas B.2, B.3 yield the result, with
the fact that (assuming log 7= o(p))

K log P+K2 log T+PK2 (log p)2+m§K2 log p_O pKz(log p)2+m$K2 lOg )
T TP T2 T - T2 T .

b. For the infinity norm, it is straightforward to find that

’ ’ ’ ’ ’ A(y
— Zlleo < [12C;cov(f)B’]|, +|IBD, B’[|, +[|C;.cov(f)C || +2BD, C || _+[|C, D, C, | +|IE,(BLY,||,.

By Assumption, both IIBlle and licov(f)lles are bounded uniformly in (p, K, 7). In addition,
let e;be a p-dimensional column vector whose /th component is one with the remaining
components being zeros. Then under the events

D, e < € \og /T max s b= 3" it < C 108 PI/T. IXX| < €, and maxicyll-bill < € yKTlog /T

,we have for some C’ >0,

I2C cov(f)B||, < 2max]le;C’ cov(f,)Be;]|
I"JSP

< 2r51§)XIIbL bIIIIICOV(fz)IIr?SaI}IIb Jil (B.13)

< C'K 8L,

IC, o —n}aXIe lEX’(TXX’) ejl<maXIle LEX| - IAXX) 7|

< VK max ITZf;fu,A XX (B.14)

i<K,j

< ¢ JRog PIT.

log T
IB'D, B, < K*IBIZID, ||, < C'K> ‘/%, (B.15)

IC, cov(f)C,ll, < Il.r;.i‘[’f”eiCTCOV(fI)CTej||

re 2 C'K?log (B.16)
< Iff})XHeiCT” llcov(®)]l < pr,

I2B'D,C,ll,, <2K*BlllD, [l IC,

Y (K2 /looTT), (B.17)

and
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, log T
IC.D, C, I, < KD, Il IIC, I2,=0 [KQ\/ 2 ] (8.18)

Moreover, the (/, y)th entry of ff — X, is given by

TGy > w, ) — o= ~0 TOul<0r
o — Oij, OW.

~7 _ S _
Hence =, = Zull, < maxijeploy ~ ogttw, maxijs, \/HEIJ which implies that with
probability at least 1 — O(p™2 + T°2),

=7 1
IZ, -Zll,<CK —in. (B.19)

The result then follows from the combination of (B.12)-(B.19), (B.4), and Lemmas 3.1,B.1.
Q.E.D.

B.3. Proof of Theorem 3.2 Part (ii). We first prove two technical lemmas to be used below.
Lemma B.4. () Amin(B'E,'B) > cp for some c> 0.
(i) cov(t)” +B'E;'B] " [I=0(p™").
Proof. (i) We have
Amin(B'E;'B) 2 Anin(Z; ) Amin(B'B).

It then follows from Assumption 3.5 that Anin(B’B) > ¢p for some ¢> 0 and all large p. The
result follows since IIZ,Jl is bounded away from infinity.

(ii) It follows immediately from

Amin(cov(f) ' +B'E;'B) > Amin(B'E,'B).

Q.E.D.

Lemma B.5. There exists C> 0 such that,

~ <7 = [log p 1 1)
P[”B (X,) B-BXL, B|>Cpm K — =0 F-fﬁ :
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[,\ T e c) (1 1)
P ([cov(h)™'+B' (X, ) Bl [I>=|=0 |5+
p P
ii. -
forG=[cov(f)"'+B'(X, ) Bl ,
P (||§G§'(Ef)_l||>c)=0 (L+L).
P

2 T2

g —1
Proof. (i) Let H=||B'(Zf) B - B'X,'B|.

’ e y =T -1 _ ” =7 -1 _ ’ e e -1 _
H <2|C X, 'BI+2IC(E, ) -ZHBI+IB"(Z,) -X;)BI+IC,E;'C,I+IC(E,) -Z.HC,I.

The same argument of Fan, Fan and Lv (2008) (eq. 14) implies that [|B||, =O( +/p). Therefore,
by Theorem 3.1 and Lemma B.2(ii), it is straightforward to verify the result.

(ii) Since ID 71l 2= IID A, according to Lemma B.2(i), there exists C" > 0 such that with

probability ast least 1 — O(72),||D, ||<C’K +/(log T)/T. Thus by Lemma A.1, for some C” >
01

= - - 7 ’ log T -
P (Ieov(f)™" — cov(f) ™ I<C”IID, [} > P (||DT||<C K\/gT] > 1-0(1"),

which implies

_ log T
P(Hcov(f,)_]—cov(f,)_]||<C”C’K Oi >1-0(T™). (B.20)

—~ A B .
Now let A:&)V(ft)"+B’(Z;7) B, and A=cov(f,)~'+B’Z;'B. Then part (i) and (B.20) imply
—~ o log T log p 1 1

A — Al|<C”C K,/TwmeK,/T >1-0 ;*ﬁ . (B.21)

In addition, m, K /(log p)/T=o0(1). Hence by Lemmas A.1, B.4(ii), for some C> 0,

P

-~ —~ 1 1
P (Amin(A) > Cp) > P(|JA - Al<Cp) 21 -0 | =+=],
p? T?

which implies the desired result.

(iiii) By the triangular inequality, Bl < [IC, [l +O(+/p). Hence Lemma B.2(ii) implies, for
some C> 0,
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P(Bll, < Cyp)=1- 0T 2+p72). (B.22)

g -1
In addition, since ||£, || is bounded, it then follows from Theorem 3.1 that ||(E;7) |lis
bounded with probability at least 1 — O(p~2+ 7-2). The result then follows from the fact that

_ 1 1
P(IGI>CpH=0 (;+ﬁ)
which is shown in part (ii).
Q.E.D.

To complete the proof of Theorem 3.2 Part (ii), we follow similar lines of proof as in Fan,
Fan and Lv (2008). Using the Sherman-Morrison-Woodbury formula, we have

-1
IE7) -z
. -1
-IE)
-z
g -1
HE))

— . —1__ _1,\ g 1
—xhBleovn +B'E,) Bl BE,) |
—~7 -1
+HI(Z,)
— g —1__ —lA
—x;)Blcov(t) ' +B'E, ) Bl BE| (B.23)

—~ . B
+Z; (B - B)[cov(f)'+B'(Z, ) B] B'L}!|
+l1x,' B

__ —~, <7 -1
-B)[cov(f)'+B'(Z, ) B] B'El
. —~ —~7 ~l- -1
+Z;'B([cov(H)'+B’'(Z, ) B]

— [cov() ' +B'E;'B] B/
=L+Lo+13+L4+Ls5+Lg.

The bound of L4 is given in Theorem 3.1.

__ B S
For G=[cov(f)"'+B’(X, ) B] ,then

<7l = = g -]
L<IE,) -Z'I-IBGB'E,) I (B.24)

It follows from Theorem 3.1 and Lemma B.5(iii) that
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log p 1 1
P(LQSCmTK T ]21_0(17+ﬁ)‘

The same bound can be achieved in a same way for L3. For L4, we have

142 = -
Ly <|I;'I” - B - B - B]| - [GI.
It follows from Lemmas B.2, B.5(ii), and inequality (B.22) that

K log p 1 1
P(Ls<C >1-0|=+=]|.
T p? T?

The same bound also applies to Ls. Finally,

1,2, 7~ _ 1.2, = —~_ _
Lo < IBIPIZ; ITIA™" — A7 < IBIPIZ, 17 1IA — Al - A7) - 1A,

where both A and A are defined after inequality (B.20). By Lemma B.4(ii), IA~1I = O(p™D).
Lemma B.5(ii) implies AIA™1 1 > Co™1) = O(p~2 + T72). Combining with (B.21), we obtain

log p 1 1
P L6SCmTK T >1-0 ?-f-ﬁ .

The proof is completed by combining L1 ~ Lg. Q.E.D.

APPENDIX C: PROOFS FOR SECTION 4
The proof is similar to that of Lemma 3.1. Thus we sketch it very briefly. The OLS is given

by
b=(XX) 'Xlyii < p.
The same arguments in the proof of Lemma B.1 can yield, for large enough C> 0,

— K log p 1 1
P |max|b; — bj||>C /| ———— |=0 | =+—,
i<p T p? T?

which then implies the rate of

T T
1 .0 - 21 )
rpsa})xf 21 (i — jr)° < I?SaPX”bi - byl T 21 (I

The result then follows from a straightforward application of Theorem 2.1. Q.E.D.
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Fig 1.
Averages and standard deviations of £ - Zlly: (dashed curve) and Il)fy— Yy (solid curve)
over N = 200 iterations, as a function of the dimensionality p.
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Fig 2.
Averages and standard deviations of 157 = Zlloo (dashed curve) and Il)fy— Yl (solid curve)
over N = 200 iterations, as a function of the dimensionality p.
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Fig 3.

A —1
Averages and standard deviations of II(Zy )~ = =71 (dashed curve) and |[Z, — 7| (solid
curve) over N = 200 iterations, as a function of the dimensionality p.
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Mean and covariance matrix used to generate b

1%} Ig

1.0641 0.0475 0.0218 0.0488
0.1233  0.0218 0.0945 0.0215
-0.0119 0.0488 0.0215 0.1261
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