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Understanding ecological processes relies upon the knowledge of the dynamics of each indi-
vidual component. In the context of animal population ecology, the way animals move and
interact is of fundamental importance in explaining a variety of observed patterns. Here,
we present a theoretical investigation on the movement dynamics of interacting scent-mark-
ing animals. We study how the movement statistics of territorial animals is responsible for the
appearance of damped oscillations in the mean square displacement (MSD) of the animals.
This non-monotonicity is shown to depend on one dimensionless parameter, given by the
ratio of the correlation distance between successive steps to the size of the territory. As
that parameter increases, the time dependence of the animal’s MSD displays a transition
from monotonic, characteristic of Brownian walks, to non-monotonic, characteristic of
highly correlated walks. The results presented here represent a novel way of determining
the degree of persistence in animal movement processes within confined regions.

Keywords: animal territoriality; animal movement; correlated random walk;
anomalous diffusion
1. INTRODUCTION

To secure a habitat to forage and successfully repro-
duce, many animals display territorial behaviour by
excluding intruders from certain regions of space [1].
Depending on the species, territorial defence is accom-
plished in different modalities. One such modality,
which is common to most terrestrial mammals, is
scent-marking [2]. By depositing scent, an animal
ensures that its presence is broadcast to other individ-
uals, as scent marks, in particular, the non-volatile
components may persist in the environment and be per-
ceived as ‘fresh’ for prolonged periods. Within that
period, the so-called active scent time, animals need
to refresh their own scent to maintain an exclusive use
of their territories [3]. When a conspecific encounters
a foreign active scent mark at a given location, it recog-
nizes that location is claimed by another animal. To
avert potential costly confrontation, an intruder
responds by avoiding the areas where ‘fresh’ foreign
scent is present. When residents and intruders belong
to the same species, this response mechanism is called
conspecific avoidance. A recent theoretical study, vali-
dated with experimental observations on urban foxes,
has elucidated the role of conspecific avoidance and
scent-mediated interaction in the collective formation
of territorial patterns [4]. The study has shown that
conspecific avoidance at the level of the individual gen-
erates an exclusion process [5] at the level of the
orrespondence (luca.giuggioli@bristol.ac.uk).
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territories, making it apparent that territoriality is a
complex emergent phenomenon.

Since territories are exclusive, their dynamics are
subdiffusive and much slower than the movement rate
of an animal [4]. This disparity in movement rates has
made possible the construction of analytical expressions
describing animals moving within slowly fluctuating
territories [6], as well as a model representation of the
fine-scale dynamics of interacting territorial boundaries
[7]. In the above studies [6,7], the analysis was limited to
one dimension and, more importantly, the assumption
had been that an animal moves as a Brownian walker.
Although the representation of animal movement via
the diffusive hypothesis has been used since the 1950s
[8], there exist other more general representations of
movement statistics that reduce to the Brownian case
under appropriate limits. Two such examples are corre-
lated random walks [9–12] and Lévy walks [13,14].
Whereas the former has a long mathematical history
[15], the latter has been proposed more recently [16]
and only in the last decade has it been used as a
tool to analyse and interpret animal movement data
[17–19]; however, its use has not been immune to
criticisms [20–25]. Here, we are interested in explor-
ing the dynamics of a territorial animal in two
dimensions when its movement possesses some degree
of persistence.

Compared with a Brownian walker, a correlated
random walker possesses directional persistence, which
is well suited for animals moving within a familiar con-
fined area such as a territory. After some initial
wandering within its own territory, an animal acquires
This journal is q 2012 The Royal Society
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Figure 1. (a) Pictorial representation of the territorial random
walk model, and (b) its mean-field approximation. (a) Each
shade denotes the area where a particular animal has depos-
ited fresh scent (its territory). The white areas are
interstitial regions, where there is no fresh scent from any
animal. Territory borders move when an animal travels into
the interstitial region and leaves scent cues, thus claiming
the region for its own territory. A territory’s size will tend
to fluctuate around an average value equal to the inverse of
the population density. The black line denotes a possible
path of an animal inhabiting the light grey territory. Panel
(b) shows a schematic of the reduced analytical model, dis-
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a good knowledge of its environment. Subsequent move-
ments owing to foraging needs or for border patrolling
are more likely directed towards well-known locations,
introducing a persistence in the movement statistics.
A correlated random walk gives a good phenomenologi-
cal representation of such persistence, as the movement
is the result of short displacement distances and a selec-
tion of turning angles from a distribution peaked
around zero, which controls the degree of bias of the
walk [10]. In one dimension, the continuum limit of a
random walk governed by such a bias (only 0 and+p

‘turning angles’ are possible) has been shown to result
in a probability distribution function satisfying a tele-
grapher’s equation [15]. In dimensions higher than
one, although no continuum limit can be found that
reduces a persistent random walk exactly to the corre-
sponding higher dimensional telegrapher’s equation
[26,27], such an equation interpolates between a wave
equation and a diffusion equation, that is between bal-
listic and Brownian motion. We exploit this feature to
study the effects of persistence in the movement stat-
istics of territorial animals by using a telegrapher’s
equation within confined space. We obtain approximate
analytical solutions that represent a territorial animal
moving with a variable degree of correlation. We ana-
lyse the validity of the analytical results by comparing
them to stochastic simulations of many interacting
scent-marking animals that move as correlated
random walkers. We predict the appearance in certain
conditions of damped oscillations in the animal’s
mean square displacement (MSD), if the underlying
movement is that of a highly correlated random walker,
whereas no oscillatory dynamics exist if territorial
animals move as Brownian walkers.
played in one dimension for diagrammatic simplicity. The
borders move randomly and subdiffusively, but are joined
together by a spring whose rest distance is the average terri-
tory width. In two dimensions, the average territory size
corresponds to a rest ‘area’ enclosed by two springs along
two orthogonal axes, whose dimension is the inverse of the
population density. For circular geometry, the territory
radius fluctuates around a rest distance that encloses an
area whose dimension is the inverse of the population density.
The parameters controlling the animal movement vary
between the ballistic and the Brownian limit. In between
those two extremes, an animal moves with some degree of
persistence, e.g. as a correlated random walker.
2. MODEL

The starting point of the analysis is the reduction of
the non-Markovian problem of moving and scent-
marking animals to that of a single moving animal
within slowly fluctuating boundaries. Owing to terri-
torial exclusion, there is a time-scale disparity
between the movement of the animals, which are dif-
fusive, and the movement of the territorial
boundaries, which are subdiffusive, giving rise to an
MSD long-time dependence that increases in two
dimensions proportional to t/ln(t) [4] as function of
time t, the expected result in two-dimensional exclu-
sion dynamics [28]. To find an approximate
expression and reduce the dimensionality of the pro-
blem, it is necessary to make a type of mean-field
approximation, as adopted in Giuggioli et al. [6], and
consider one individual animal moving within a terri-
tory whose boundary shape may fluctuate but whose
area is forced around a value equal to the inverse of
the population density. We describe this forcing by
connecting the boundaries with effective springs.
These spring-like dynamics of the territory size rep-
resent two competing effects: the acquisition of new
territory by the resident animal and the neighbours’
pressure for territorial takeover. This approximation
is represented pictorially in figure 1.
J. R. Soc. Interface (2012)
In the reduced model dynamics, the mathematical
description is given by the joint probability distribution
P(X, L,t) of having an animal at location X and the
boundaries described by L, which represents either the
four-dimensional Cartesian coordinates for rectangular
territories or the three-dimensional vector for circular
territories with two coordinates related to the territorial
centroid position and one to the radius of the territory.
Furthermore, since the boundary locations move very
little during the time scale over which the walker dif-
fuses, one can invoke an adiabatic approximation [6]
and consider the joint probability distribution as P(X,
L, t) � Q(L, t)W(r, tjL), with Q(L, t) being the prob-
ability distribution of the boundaries’ location and
W(r, tjL) the probability distribution of the animal
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position for a given L. This decoupling allows us to treat
separately the dynamics of the boundaries from that of
the walker. The boundary dynamics are governed by a
Fokker–Planck equation (see equation (A 1) in appendix
A) with a time-dependent diffusion coefficient. The pres-
ence of this time dependence ensures that the MSD is not
that owing to Brownian statistics, but rather is subdiffu-
sive owing to territorial exclusion. The specific functional
dependence of w(t) is dictated by the expected and
observed territorial boundary MSD at long times.

2.1. The boundaries

In Cartesian coordinates, the probability distribution
for the boundaries being at locations L at time t is
simply the product of the probability distribution
along each axis. We have in fact that Q(L, t) ¼
Qx(L1x, L2x, t)Qy(L1y, L2y, t) with Qs(L1s, L2s, t) given
by (see appendix A)

Qsðls;Ls; tÞ ¼ H ðlsÞ
e�ðls�LsÞ2=bsðtÞ þ e�ðlsþLsÞ2=bsðtÞffiffiffiffiffiffiffiffiffiffiffiffiffiffi

pbsðtÞ
p

� e�L
2
s=csðtÞffiffiffiffiffiffiffiffiffiffiffiffiffiffi
pcsðtÞ

p ; ð2:1Þ

where ls ¼ L2s–L1s is the separation distance between
the right and left boundary along the positive direction
of the s axis, Ls ¼ (L2s þ L1s)/2 is the centroid of the
boundary locations along s, bs(t) ¼ 4(Ks/gs)f1 2

exp[22gs
Ð

0
t dsw(s)]g, cs(t) ¼ 2Ks

Ð
0
t dsw(s), and

H(y) is the Heaviside function such that H(y) ¼ 1 if
y . 0 and H(y) ¼ 0 if y , 0. Notice that the presence
of the Heaviside function and the sum of two Gaussians
centred at +Ls are the result of having required the
separation distance between two boundaries to be
always positive. The rate at which territorial boundaries
return to their average distance is represented through
gs, and the slow dynamics of the boundaries is due to
the time-dependent diffusion constant w(t), which gov-
erns how the Gaussian spreads over time through the
MSD of a single boundary as a function of time, given
by the term

Ð
0
t dsw(s). If w(t) is independent of time,

the variance of the Gaussian distributions increases lin-
early with time, and the dynamics of the boundaries is
diffusive, whereas for a time-dependent w(t), the diffu-
sion becomes anomalous.

For circular territories, we consider fluctuations both
for the centroid location and the radial extent of the ter-
ritory. To take into account the subdiffusive nature of
the fluctuations, the probability distribution for the
centroid coordinates (xc,yc) and the radius r of the
territory satisfy a Fokker–Planck equation with a
time-dependent diffusion coefficient (see appendix A),
whose solution is given by

Qðxc; yc; r; tÞ ¼ H ðrÞ e
�ðr�RÞ2=�bðtÞ þ e�ðrþRÞ2=�bðtÞffiffiffiffiffiffiffiffiffiffiffi

p�bðtÞ
p

� e�ðx
2
cþy2

c Þ=�cðtÞ

p�cðtÞ ;

ð2:2Þ

where �cðtÞ ¼ 4Kc
Ð t
0 ds wðsÞ and �bðtÞ ¼ 2ðKr=grÞ½1�

expð�2gr
Ð t
0 dswðsÞÞ�. Analogous to the rectangular
J. R. Soc. Interface (2012)
territories, the dependence on the sum of two Gaussians
in the variable r is because r � 0 and the presence of a
time dependence in w(t) makes the boundary dynamics
anomalous.
2.2. The animal

For the animal, we represent the degree of persistence in
its two-dimensional walk as it moves within a confined
area through the two parameters of the telegrapher’s
equation: the speed v and the time constant T. This
time constant is related to the time spent by an
animal moving along a straight line without turning.
It has been shown that such a random walker can be
described in the continuum limit by a radially
symmetric two-dimensional telegrapher’s equation
augmented by an inhomogeneous term [27,29]. This
inhomogeneous term decays exponentially to zero at a
rate proportional to T 21. For our purpose, we neglect
this term and we describe approximately the animal
persistence through a telegrapher’s equation with
reflecting boundary conditions at the territorial
boundaries.

In Cartesian coordinates, the animal probability
distribution W(r, tjL) for a given location L of
the boundaries is simply the product of each prob-
ability distribution along each axis and it
satisfies the telegrapher’s equation along each s-
axis, that is

@2W ðs; tÞ
@t2 þ 1

T
@W ðs; tÞ

@t
¼ v2 @

2W ðs; tÞ
@s2 : ð2:3Þ

The analytical solution of equation (2.3) along each
axis with reflecting boundaries (see appendix B)
can be expressed as the infinite series

W0ðs; tjls; 0Þ ¼ H sþ ls

2

� �
H s� ls

2

� �

� 1
ls
þ 2
ls

Xþ1

n¼1

cos 2np
s

ls

� �(

� cosðQ2n;stÞ þ
sinðQ2n;stÞ
2TQ2n;s

� �
e�t=2T

�
;

ð2:4Þ

written here for the simple case inwhich the boundary cen-
troid is the origin. The subscript 0 for W in equation (2.4)
indicates that the initial position of the animal is the origin
and the Qn,s parameters are given by

Qn;s ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
n2p2v2

l2
s

� 1
4T2

s
: ð2:5Þ

For animals moving within circular territories, we
write the two-dimensional telegrapher’s equation in
polar coordinates as

@2W ðr; u; tÞ
@t2 þ 1

T
@W ðr; u; tÞ

@t

¼ v2 @2

@r2
þ 1

r
@

@r
þ 1

r2

@2

@u2

� �
W ðr; u; tÞ; ð2:6Þ
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where, similarly to the Cartesian case, T is the average
time for which a walker keeps moving before changing
direction and v is the animal speed. The solution of
equation (2.6) with reflecting boundary conditions at
the territory boundaries can be computed exactly (see
appendix B) giving the result

W0ðr; u; tjrÞ ¼ H ðr� rÞ 1
pr2 þ

1
pr2

Xþ1

m¼1

J0ðm0mðr=rÞÞ
J2

0 ðm0mÞ

(

� cosðtV0mÞ þ
sinðtV0mÞ
2TV0m

� �
e�t=2T

�
;

ð2:7Þ

where

Vnm ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2

nmv2

r2 � 1
4T2

s
; ð2:8Þ

and with mnm the mth zero of the derivative of the nth
Bessel function of the first kind Jn(z), i.e. the values of m
satisfied by the implicit equation J 0nðmÞ ¼ 0 [30].

The ballistic regime in equations (2.4) and (2.7) is
obtained by taking the limit T !þ1, whereas the dif-
fusive regime is obtained by taking the limits T! 0
and v !þ1 such that v2T ¼ D with D representing
the animal diffusion constant. With the latter pro-
cedure in the Cartesian case 2TQn,s! 1 and the time
dependence in the series reduces to expf�t=ð2TÞ
½1�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� 4Tð2nÞ2p2D=l2

s

q
�g, whose first-order expan-

sion in T gives exp[2(2n)2p2Dt/ls
2], thus recovering

the one-dimensional expression reported in equation
(C1) of Giuggioli et al. [6]. For the polar case, in the dif-
fusive limits, the time dependence exp[2t/
(2T )][cos(tV0m) þ sin(tV0m)/(2TV0m)] simplifies to
exp(2m0m

2 Dt/r2) and equation (2.7) becomes the prob-
ability distribution of a Brownian walker confined in a
circular domain of radius r reported in Polyanin [31].
These limiting procedures, in both Cartesian and
polar geometries, are also valid in the more general
case, reported in appendix B in equations (B 10) and
(B 22), of off-centre initial conditions and off-centre
location of the territory centroid.
3. RESULTS

In exploring the parameter dependence of the animal
MSD, it is convenient to start analysing the simpler
situation corresponding to when territories are immobile,
that is the boundary diffusion constant K ¼ 0, which
corresponds to when the active scent time of a territorial
animal is infinitely large. We thus study first the time
dependence of the animal MSD for immobile boundaries
in §3.1, whereas the case with fluctuating boundaries is
dealt with in §3.2.
3.1. Damped oscillatory dependence of the
animal mean square displacement with
immobile boundaries

The general expression for the animal MSD in rectangular
confinement has been written explicitly in equation (C 1)
J. R. Soc. Interface (2012)
in appendix C. The square geometry is a simplification of
the rectangular geometry and can be easily derived from
equation (C1) by considering lx¼ ly¼ l*. When the
animal initial condition and the centroid of the territory
are placed at the origin, the MSD expression in an
immobile square territory of length l* centred at the
origin is equal to

kjxj2l ¼ l�
l�

6
þ 8l�

Xþ1

n¼1

ð�1Þn

ð2nÞ2p2

(

� cosðQ2ntÞ þ sinðQ2ntÞ
2TQ2n

� �
e�t=2T

�
; ð3:1Þ

where the symbol k...l represents an ensemble average,
that is, an average over the associated probability distri-
bution. At short times, the time-dependent term
[cos(Qnt) þ sin(Qnt)/(2TQn)]exp[2t/(2T )] reduces to
1 2 t2n2p2v2/(2l*2) giving a short time increase equal
to 2v2t2 (see appendix C for details).

In an immobile circular territory with initial
conditions centred at the origin, the MSD in equation
(C4) reduces to

kjxj2l ¼ r2

2
þ 4r2

Xþ1

m¼1

1
m2

0mJ0ðm0mÞ

� cos tV0mð Þ þ sinðtV0mÞ
2TV0m

� �
e�t=2T ; ð3:2Þ

which can be shown (see appendix C) to have the
appropriate 2v2t2 short time dependence.

The exponential term exp[2t/(2T )] present in the
convergent series of equations (3.1) and (3.2) ensures
that at long times, the MSD saturates to a constant
value since each element of the series becomes identi-
cally zero. An inspection of equations (3.1) and (3.2)
shows that the animal MSD may display oscillatory
behaviour in time when the quantities Qn or V0m,
defined, respectively, in equations (2.5) and (2.8),
are real. For a given dimensionless parameter z ¼

vT/l* or j ¼ vT/r, the suppression of the oscillatory
dependence owing to the cosine and sine terms of the
series in equation (3.1) or (3.2) increases as n or m
gets larger. As a result, the terms of the series that
contribute the most to the oscillations are the smal-
lest n and m that makes Qn or V0m real, which
occurs, respectively, when z . (4p)21 ≃ 0.08 and
when j . (2m01)

21 ≃ 0.13. These estimates are very
close to the transition values of z and j beyond
which non-monotonicity appears, determined numeri-
cally by plotting the MSD in figures 2 and 3 for,
respectively, the square and circular geometry (see
captions of the figures). The MATLAB code to plot
the analytical expressions (3.1) and (3.2) can be
found in the electronic supplementary material.

The appearance of a non-monotonic dependence in
the MSD as well as the eventual saturation have an
intuitive explanation. The parameters z and j represent
the average distance an animal would travel without
turning (the term vT ) relative to the characteristic
length l* of the available space in the square geometry
and the radius r in the circular case. In the extreme
case, when z or j are infinitely large, the movement
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Figure 2. Mean square displacement (MSD) of an animal with
varying amount of directional persistence in immobile square
boundaries. Depending on the value of the parameter z ¼ vT/
l*, by plotting equation (3.1), it is possible to observe three
qualitatively different time dependencies. For z , 0.086, the
MSD appears monotonic, whereas it displays non-monotoni-
city for z � 0.086. We distinguish two types of non-
monotonicity depending on the number of maxima above
the value at which the MSD saturates. When only one maxi-
mum is visible, using a numerical precision of 1024, we name
the time dependence as over-damped. If more than two or
more maxima are visible, we name the time dependence as
under-damped. Study of the parameter space shows that
when 0.086 � z , 0.102, the dynamics are over-damped,
whereas they are under-damped when z � 0.102. Solid line,
z ¼ 0.3; dashed line, z ¼ 0.1; dash-dotted line, z ¼ 0.05.
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Figure 3. MSD of an animal with varying amount of direc-
tional persistence in immobile circular boundaries.
Depending on the value of the parameter j ¼ vT/r, by plot-
ting equation (3.2), it is possible to observe three
qualitatively different time dependencies. For j , 0.12, the
MSD appears monotonic, whereas it displays non-monotoni-
city for j � 0.12. By using the same definition for under-
and over-damped dynamics as in figure 2, we notice that
when 0.12 � j , 0.20, the time dependence is over-damped,
whereas it is under-damped when j � 0.20. Solid line, j ¼

0.35; dashed line, j ¼ 0.18; dash-dotted line, j ¼ 0.1.
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becomes ballistic and the walker, starting at the origin,
would always return to the origin infinitely many times.
With z or j sufficiently large but finite, the chance that
a trajectory would not return to the origin would
increase over time, progressively reducing the height
of the maxima in the MSD. Eventually, the movement
would become diffusive and the probability of finding
the walker anywhere in the territory would become con-
stant. Similar reasoning applies when the animals start
off-centre, although the nature of the periodicity when z

or j are infinitely large is owing to the movement paths
being like billiard trajectories [32].

A peculiar characteristic, which is evident from the
MSD plots, is the presence of very sharp maxima in
the underdamped regime for sufficiently large values
of z and j. This feature can be readily explained in
the Cartesian case as follows. When z is in the
underdamped regime, when n is sufficiently large
Qn ≃ npz and the series in equation (3.1) can be writ-
ten as

P1
n¼1 ð�1Þnn�2fcosð2npzt=TÞ þ sinð2npzt=TÞ=

½4npzT �g. The dominant contribution in this infinite
series comes from the cosine terms, which displays
maxima at t/T ¼ (k þ 1/2)/z with k ¼ 0, 1, 2, . . . .
These values correspond to the locations of the sharp
maxima in figure 2. To understand the presence of the
apparent discontinuous derivative of the MSD at the
maxima, one needs to differentiate the cosine series
above and realize that

P1
n¼1 ð�1Þnn�1 sinð2npzt=TÞ
J. R. Soc. Interface (2012)
¼ �arctanfsinð2pzt=TÞ=½1þ cosð2pzt=TÞ�g, which
indeed has discontinuous jumps at t/T ¼ (k þ 1/2)/z
with k ¼ 0, 1, 2, . . . . A similar argument helps explain
the appearance of sharp peaks in the circular case.
When j is in the underdamped regime, when m is
sufficiently large V0m ≃ jm0m and the series in equation
(3.2) can be approximated by

P1
m¼1 m�2

0mJ�1
0 ðm0mÞ

cosð2m0mpjt=TÞ. For large m, one may approximate
[30] m0m ≃ ðm � 1=4Þp as well as the Bessel function
for large values of its argument and rewrite the series asP1

m¼1 ð�1Þmðm � 1=4Þ�3=2 cos½ðm � 1=4Þpjt=T �. This
series can be recast in terms of combination of Lerchphi
function [33] and shown to possess the first discontinu-
ous derivative at t/T ¼ j21. We have tested
numerically that indeed the location of the first maxi-
mum in the MSD follows this inverse proportionality
relation as function of j, with greater accuracy as we
increase j. Sharp troughs also seem to appear whenever
t/T ¼ kj21 with k odd, which are precisely the
non-smooth points of

P1
m¼1 ð�1Þmðm � 1=4Þ�3=2

cos½ðm � 1=4Þpjt=T �, as long as k is small enough to
be in the oscillatory regime.

3.2. Damped oscillatory dependence of the
animal mean square displacement with
fluctuating boundaries

When territorial boundaries fluctuate, the evaluation of
the animal MSD requires integration over all possible
values of the boundary locations, equivalently over all
possible values of the boundary separation ls and terri-
torial centroid Ls. For the square geometry and when
the initial territory centroid and animal position are



10 20 300

0.05

0.10

0.15

0.20

0.25

0.30

0.35

0.40

t/T

〈〈
x2  

+
 y

2 〉
〉/L

2

 

 
z = 1 K' = 0.01 g ' = 0.1 
z = 0.15 K' = 0.005 g ' = 0.01  
z = 0.1 K' = 0.01 g ' = 0.01  

−5 −4 −3 −2
0.08

0.09

0.10

0.11

0.12

0.13

0.14

log(K')

z

 

 

g ' = 0.001
g ' = 0.1
g ' = 1

(a) (b)

non-monotonic MSD

monotonic MSD
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at the origin, one obtains (see appendix C)

kkjxj2ll ¼ L2

6
þ bðtÞ

12
þ cðtÞ þ

ðþ1

0
dlZðl; tÞ

�
Xþ1

n¼1

8l2ð�1Þn

p2ð2nÞ2
cosðQ2ntÞ þ sinðQ2ntÞ

2TQ2n

� �(

� e�ð2nÞ2p2cðtÞ=4l2 þ 8ð�1Þn

pð2n � 1Þ cðtÞ cosðQ2n�1tÞ
�

þ sinðQ2n�1tÞ
2TQ2n�1

�
e�ð2n�1Þ2p2cðtÞ=4l2

�
e�t=2T ; ð3:3Þ

where the symbol kk...ll signifies that the average is
taken both over all possible animal locations as well
as territory size and locations, and with Z(l, t) ¼
2exp[2(l2 þ L2)/b(t)]cosh[2lL/b(t)]/

ffiffiffiffiffiffiffiffiffiffiffi
pbðtÞ

p
defined

from equation (2.1), and valid for either of the two
orthogonal directions.

Aside from the actual value of the diffusion constant
and spring constant present in b(t), the boundary move-
ment is controlled by the time dependence in w(t). As
animal territories undergo exclusion [4], we select
w(t) ¼ [ln(1þ t/b)]21 2 [ln(1 þ t/b)]22(t/b)(1 þ t/b)21

with b being a characteristic time. This choice causes
the MSD of the boundary to be

Ð t
0 dswðsÞ ¼

t½lnð1þ t=bÞ��1 � b, which is an increasing function of
time, starting at zero when t¼ 0 and having the same
long-time dependence as objects undergoing exclusion
in two dimensions [28]. With this version of w(t), we
plot in figure 4 the MSD dynamics for different par-
ameters, namely K 0 ¼ KT/L2, g 0 ¼ gT and z. Since
the size of the territory is now changing, z¼ vT/L rep-
resents the average distance moved without turning
relative to the average territory length L.

Similarly, for the circular geometry, one can define the
quantity Rðr; tÞ ¼ 2exp½�ðr2 þ R2Þ=�bðtÞ�cosh½2rR=
�bðtÞ�=

ffiffiffiffiffiffiffiffiffiffiffi
p�bðtÞ

p
in equation (2.2) and write, when the

initial conditions for the animal and the territory
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centre are at the origin, the animal MSD as

kkjxj2ll ¼ R2

2
þ

�bðtÞ
4
þ �cðtÞ

þ
ðþ1

0
drRðr; tÞ

Xþ1

m¼1

4r2

m2
0mJ0ðm0mÞ

�

� cosðtV0mÞ þ
sinðtV0mÞ
2TV0m

� �
e�m

2
0m�cðtÞ=4r2

� 2m1m

ðm2
1m � 1ÞJ1ðm1mÞ

�cðtÞ cos tV1mð Þ
�

þ sin tV1mð Þ
2TV1m

�
e�m

2
1m�cðtÞ=4r2

�
e�t=2T : ð3:4Þ

With the earlier-described choice of w(t), we plot the
MSD dynamics for different parameters in figure 5,
namely K 0 ¼ KT/r2, g 0 ¼ gT and j ¼ vT/R, where R
is the average territory radius.

From figures 4 and 5, one feature becomes evident. As
z or j diminishes, the walker becomes more and more
Brownian and monotonicity disappears. A comparison
between the immobile and the mobile boundary case
shows that the oscillations are also observable when
boundaries move slowly, as in the case considered here
of subdiffusing boundaries. We have wondered therefore
if the non-monotonic MSD would still be present if the
statistics of the boundary movement were to have an
MSD that increases superlinearly. Although this may
not be of direct relevance to territorial animals, since ter-
ritorial boundaries subdiffuse, we have examined whether
the analytical model still displays oscillations when the
rate of the boundary movement becomes comparable to
or larger than that of the walker. For this purpose, we
have selected a time-dependent diffusion constant w(t)
/ th21 with 1 � h , 2 and with different values of z

and j. It turns out that oscillations always appear when
z or j are sufficiently larger than K 0. The MATLAB code
to plot the analytical expressions (3.3) and (3.4) can be
found in the electronic supplementary material.
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4. COMPARISON WITH STOCHASTIC
SIMULATIONS OF TERRITORIAL
CORRELATED RANDOM WALKERS

To compare the analytical predictions of the previous
sections to the many-bodied system of territorial corre-
lated random walkers, we generalize the territorial
random walk model in Giuggioli et al. [4], so that ani-
mals move as correlated random walkers rather than
diffusive walkers. We implement stochastic simulations
of N animals whereby each animal moves as a correlated
random walker inside a square terrain of side S with per-
iodic boundary conditions. Step lengths are sampled
from an exponential distribution with mean step-
length a and turning angles sampled from a wrapped
double exponential (Laplace) distribution. In order to
model the scent depositing and conspecific avoidance,
the terrain contains an underlying grid of smaller
squares of side a, where S/a is an integer. Upon landing
on a square, a walker marks it with its own scent. This
square then becomes part of the walker’s territory. The
scent remains active for a time TAS and, in addition to
the described movement process, no walker is allowed to
move into a square that contains active scent of another
walker. Although the territory shape differs from
animal to animal, most of the territories acquire more
of a round rather than a square shape. It is natural
then to compare the stochastic simulations with the
results obtained for the circular geometry by determin-
ing the value j ¼ vT/R. A correlated random walker
possesses a correlation time t related to the turning
angle distribution f(u) via the relation [34] t ¼ 21/
ln[kcos(u)l], where k cosðuÞl ¼

Ð p
�p du cosðuÞf ðuÞ. The

average time for which an animal moves without turn-
ing in the simulation is thus T ¼ ta/v. R is taken as
the mean radius of a territory assuming that territories
are circular and have an average size S2/N. We can thus
report the output of the simulation as function of j.

The fundamental dimensionless parameter that
characterizes the territorial random walk system is
Z ¼ TASvaN/S2, where v is the velocity of a single
walker. Previous work in one dimension [4,6] has
shown that the relative rate of displacement of a
J. R. Soc. Interface (2012)
territory boundary compared with that of an animal
is solely controlled by the parameter Z. We thus
study the dynamics of the MSD of a territorial
random walker by varying not only j but also Z as
well. The results are plotted in figure 6 showing a
non-monotonic MSD when both j and Z are sufficiently
large. Compared with figure 5, the shape of the curve in
figure 6b, separating the monotonic from the non-mono-
tonic regime in parameter space, appears to be inversely
proportional. This does not come as a surprise because
preliminary results for Brownian walkers have deter-
mined that the diffusion constant of the boundaries,
here called Kcrw because the walkers are correlated,
decreases exponentially with Z [4]. In one dimension,
this exponential dependence has been shown to arise
from a similar exponential dependence in the prob-
ability of a territory to extend into interstitial range,
as opposed to shrinking further [7]. In turn, this prob-
ability turns out to be related to the first passage
time for an animal to cross its territory and thus
extend it, where possible, into previously interstitial
area [7].

The inset in figure 6a has been plotted to show that
the solid curve, corresponding to large Z and j values,
appears close to constant, whereas the other curves
show a clear increase at long times. Although we
would expect that an increase in j would generate
damped oscillations in the MSD, as j becomes too
large, the animals move so quickly that they are on
average able to re-mark all or most of their territory
boundaries before the scent decays away. In such a scen-
ario, the territories move much less. As a consequence,
there is no set of parameters for which we obtain a
strongly oscillating MSD at intermediate times and a
rapidly increasing MSD at long times.
5. CONCLUSIONS

We have considered the dynamics of territorial animals
that deposit scent in each of the locations they visit. As
scent marks persist for some time even in the absence of
the signaller, an animal is able to broadcast to other
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individuals where it has been in the recent past, and
thus claim a certain region of space as its own. Quanti-
fying the dynamics of such a system via interacting
random walkers is complicated by the intrinsic non-
Markovian nature of the processes. In that respect,
approximate models of such dynamics become useful
for data comparison and predictions. Here, we have
explored a two-dimensional one-body reduction of the
original many-body problem and we have compared
two animal movement statistics, Brownian and corre-
lated random walks. By focusing at intermediate time
scales, we predict the appearance of damped oscillations
in the animal MSD in certain regimes. Stochastic simu-
lations of territorial correlated random walkers have
confirmed that non-monotonicity may appear as the
distribution of turning angles is sufficiently narrow, or
alternatively as the correlation time is sufficiently large.

Damped oscillatory MSD dynamics owing to confine-
ment and correlations of a generic random process have
been predicted in granular materials in terms of the
stress variance as function of depth [35] and observed
in the context of charged balls constrained to move in
a circular channel [36]. Here, we predict damped oscil-
lations in the context of moving animals as function
of the movement characteristics and the size of the con-
fining region. Although non-monotonic MSDs appear
not to have been observed in the animal kingdom yet,
this may simply be owing to such processes being
ignored as noise. Furthermore, we believe that future
spatio-temporally resolved experimental data will be
routinely interpreted through models such as this one
since highly accurate tracking devices, e.g. GPS collars,
are becoming cheaper and more widespread. As the pre-
cision of these devices increases, it is important to
consider types of model where the movement statistics
are of different kinds. In that respect, we plan to
extend this model to situations where animals move
J. R. Soc. Interface (2012)
as Lévy [13] or self-avoiding walkers [37] as well as
other forms of anomalous diffusion [38].

Our theoretical investigations extend previous
studies on the characterization of correlations in
animal movement data [34,39] to scenarios for which
an animal is observed within a confined space. This is
clearly important since the reconstruction of a turning
angle distribution from the observed animal trajectory
would include the turns owing to the boundaries of
the available space. In such a scenario, it becomes
more appropriate to interpret the data in terms of a cor-
relation distance or a correlation time, which does not
include the turns associated with the reflections at
boundaries. These quantities are precisely the par-
ameters vT and T, respectively, of our telegrapher’s
equation model. The value of T may then be related
to the persistence of the animal in an unbounded
domain via the mean cosine of the distribution of
turning angles [34].

Furthermore, the appearance or otherwise of oscil-
lations in the MSD may allow one to discern more
easily the processes underlying movement data, when
data have been collected with a relatively long sampling
rate. In such a case, examining turning angles between
fixes could result in the movement looking Brownian
when the process is in fact correlated. However, the
appearance of oscillations in the MSD could help dis-
cern whether the walk is correlated in this scenario,
without needing to gather further finer-grained move-
ment data.

Since the period of oscillations is approximately
equal to vT2/L in square territories and directly related
to vT2/R in circular territories, a measurement of the
speed and turning angles when the animal is unaffected
by foreign scent boundaries may provide a novel meth-
odology to estimate the dimensions of a territory. The
presence of sharp maxima (square territories) as well
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as sharp minima (circular territories) in the oscillations
may also help in the actual model fitting of experimen-
tal observations. In summary, besides the obvious
applicability to the dynamics of territorial animals,
our study provides a useful quantitative tool to charac-
terize animal movement in confined space and offers the
opportunity to differentiate between plausible
interpretations of the underlying movement statistics.
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APPENDIX A. PROBABILITY
DISTRIBUTION OF THE RANDOMLY
FLUCTUATING BOUNDARIES

A.1. Rectangular territories

To describe the time dependence of the probability dis-
tribution Q(L,t) of the fluctuating boundary positions
L ¼ (L2x, L1x, L2y, L1y) along the x and y coordinates,
we use the two-dimensional Fokker–Planck equation

@QðL1x ;L2x ;L1y;L2y; tÞ
@t

¼ wðtÞ Kx
@2

@L2
1x
þ @2

@L2
2x

� ��

þKy
@2

@L2
1y
þ @2

@L2
2y

 !

þgx

2
@

@L2x
� @

@L1x

� �
L2x � L1x � Lx½ �

þ
gy

2
@

@L2y
� @

@L1y

� �
L2y � L1y � Ly
	 
�

� QðL1x ;L2x ;L1y;L2y; tÞ; ðA 1Þ

where w(t) is the dimensionless time-dependent diffu-
sion, K is the boundary diffusion constant, g

represents the rate with which the separation
between territory boundaries returns to the value
Ls per unit length squared, and Ls is the average
separation distance between the right and left
boundaries along the s-axis. Equation (A 1) is the
extension in two dimensions of the approximate
model used to study the dynamics of one dimension
territorial walkers [6].

When w(t) is time-independent, equation (A 1) reduces
to a diffusive process for the four boundary locations
along the s axes (s¼ x or s¼ y). The separation dis-
tance along each axis L2s � L1s is also a random
Gaussian process. When w(t) is time-dependent,
QðL1x ;L2x ;L1y;L2y; tÞ represents a Gaussian random pro-
cess whose probability broadens in time along each of the
four components proportionally to

Ð t
0 dswðsÞ [6,40]. To
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ensure that L2s � L1s always remains positive, equation
(A 1) needs to be supplemented by the boundary
conditions @QsðL1s;L2s; tÞ=@L1s�@QsðL1s;L2s; tÞ=
@L2sjL1s¼L2s

¼ 0. For a generic w(t), one can solve
equation (A 1) with the above-mentioned boundary
condition through separation of variables [6] by seeking
solutions of the partial differential equation of the form
QðL1x ; L2x ; L1y;L2y; tÞ ¼ QxðL1x ; L2x ; tÞQyðL1y;L2y; tÞ.
For initial conditions of the type QsðL2s;L1s; 0Þ ¼
dðL1s þ Ls=2ÞdðL2s � Ls=2Þ, with d(z) a Dirac delta
function, that is, dðzÞ ¼ 0 if z = 0 and

Ð1

�1
dzdðzÞ ¼ 1,

equation (A 1), when initially L2s ¼ �L1s ¼ Ls=2, is
exactly solved by the expression reported in equation
(2.1) of the main text.

A.2. Circular territories

For animal territories of circular rather than rectangu-
lar shape, we construct a Fokker–Planck equation for
the boundary, which is equivalent to (A 1). In Cartesian
coordinates, the fluctuations of the boundaries are
decomposed into a centroid location and a separation
term. In keeping with this analogy, the probability dis-
tribution is defined in terms of a centroid with
coordinates (xc, yc) and a radial extent of the territory
r. A spring force constrains the radial variations to be
around the value R and the subdiffusive nature of the
fluctuations are taken into account with the time-
dependent function w(t), giving a Fokker–Planck
equation of the form

@Qðxc; yc; r; tÞ
@t

¼ wðtÞ Kc
@2

@x2
c
þ @2

@y2
c

� ��
þKr

@2

@r2

þ
gr

2
@

@r
½r� R�

�
Qðxc; yc; r; tÞ: ðA 2Þ

Equation (A 3) is supplemented with the boundary con-
dition @Qðxc; yc; r; tÞ=@rjr¼0 ¼ 0 because r must remain
positive at all times. Similar to the case of rectangular
territories, the presence of the time-dependent diffusion
constant w(t) that multiplies the right-hand side of the
equation describes a Gaussian process whose time
dependence is subordinated to w(t). The functional
dependence of w(t) is chosen in such a way that the
boundary MSD reproduces the observed long-time
behaviour of the MSD in the territorial random
walk system. Equation (A 3) is decomposable along
each direction and thus one can straightforwardly
write the solution as the product of the dynamics for
the territory radius and the territory centroid. For
localized initial conditions of the type Q(xc, yc, r, 0) ¼
d(r 2 R)d(xc)d(yc), the exact analytical solution has
been reported in equation (2.2) of the main text.
APPENDIX B. PROBABILITY
DISTRIBUTION OF THE RANDOMLY
MOVING ANIMAL

B.1. Cartesian coordinates

Through separation of variables, equation (2.3) with
the reflective boundary condition at the territorial

http://www.bris.ac.uk/acrc/-for
http://www.bris.ac.uk/acrc/-for
http://www.bris.ac.uk/acrc/-for
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boundaries can be solved exactly. The simplest way to
proceed is to derive a probability distribution W *(s,
t) for the case when the boundaries are at position
2l/2 and l/2, where l is the length of the territory.
The final result in equation (B 10) will then be
obtained by shifting values of s and s0 by the centroid
location. By seeking solutions of the form W *(s, t) ¼
g(t)q(s) and substituting in equation (2.3) one can
write

d2gðtÞ
dt2 þ

1
T

dgðtÞ
dt
¼ a2 gðtÞ ðB 1Þ

and

v2 d2qðsÞ
ds2 ¼ a2qðsÞ; ðB 2Þ

where a2 is a real constant to be defined. The only
allowed solutions of equation (B 2) satisfying the
boundary condition and normalized to 1 are those
for which a2 , 0, i.e. if a ¼ ijaj with i ¼

ffiffiffiffiffiffiffi
�1
p

,
giving

qðsÞ ¼ B1 cos
jaj
v
s

� �
þ B2 sin

jaj
v
s

� �
: ðB 3Þ

The imposition of the boundary conditions dq(x)/
dxjx ¼+l/2 ¼ 0 requires either

B1 ¼ 0 and jaj2n�1 ¼
ð2n � 1Þpv

l

or

B2 ¼ 0 and jaj2n ¼
ð2nÞpv

l
:

Equation (B 1) has the general solution
gðtÞ ¼ CþexpðsþtÞ þ C�expðs�tÞ, where s+ ¼
�ð1=2TÞ+ iQn, with Qn ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2

n � 1=4T2
p

. Further
imposing the condition dW �ðs; t ¼ 0Þ=dt ¼ 0 one
can write the time dependence as

gðtÞ ¼ 2
1� 1=2TQn

cosðQntÞ þ sinðQntÞ
2TQn

� �
: ðB 4Þ

By making a linear superposition of all the possible
solutions satisfying the boundary and initial conditions
one can write the general solution of W*(s, t) in the
interval 2l/2, l/2 as

W �ðs; tÞ ¼ A0 þ e�t=2T
Xþ1

n¼1

A2n cosðQ2ntÞf

þ sinðQ2ntÞ
2TQ2n

�
cos 2np

s

l

� �

þ e�t=2T
Xþ1

n¼1

A2n�1 cosðQ2n�1tÞ
�

þ sinðQ2n�1tÞ
2TQ2n�1

�
sin ð2n � 1Þps

l

h i
; ðB 5Þ

where the constants An (containing the term 4TQn/
(2TQn 2 1)) need to be determined based on the
initial condition W *(s, 0) and the fact that W *(s,
t) is normalized at all times. Normalization makes
J. R. Soc. Interface (2012)
A0 ¼ 1/l, whereas the other An constants depend
explicitly on the choice of the initial conditions. We
will consider in particular the case when W *(s,
0) ¼ d(s 2 s0), where d is a Dirac delta distribution
whose representation in a finite domain can be
expressed as

W �ðs; 0Þ ¼

1
�b
js� s0j � �b=2;

0 js� s0j .
�b

2
;

8>><
>>: ðB 6Þ

in the limit �b! 0.
Equation (B 5) is a Fourier series representation of

W*(s, t) and the coefficients An can be computed via

A2n ¼
2
l

ðl=2
�l=2

ds cos 2np
s

l

� �
W �ðs; 0Þ

and

A2n�1 ¼
2
l

ðl=2
�l=2

ds sin ð2n � 1Þps

l

h i
W �ðs; 0Þ: ðB 7Þ

Using equation (B 6), the Green function becomes

W �ðs; tÞ ¼ 1
l
þ 2
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e�t=2T
Xþ1

n¼1

cos 2np
s

l

� �

� cos 2np
s0

l

� �
cosðQ2ntÞ

�

þ sinðQ2ntÞ
2TQ2n

�
þ 2
l

e�t=2T

�
Xþ1

n¼1

sin ð2n � 1Þps

l

h i

� sin ð2n � 1Þps0

l

h i
cosðQ2n�1tÞ

�

þ sinðQ2n�1tÞ
2TQ2n�1

�
; ðB 8Þ

which can also be written in the more compact form

W �ðs; tÞ ¼ 1
l
þ 1
l

Xþ1

n¼1

cos np
s� s0

l

� �h

þð�1Þn cos np
sþ s0

l

� �i

� cosðQn;stÞ þ
sinðQn;stÞ
2TQn;s

� �
e�t=2T : ðB 9Þ

By shifting the coordinates s and s0 by the amount
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equal to 2(l2s þ l1s)/2 one then obtains

Ws0ðs; tjls;LsÞ ¼ H s� Ls þ
ls

2
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� H s� Ls �
ls

2
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�
;

ðB 10Þ
with Qn,s defined in equation (2.5) of the main text and
where the subscript s0 and the symbols ls and Ls on
the left-hand side make explicit the dependence in W
on the animal initial position and boundary locations,
respectively.

Equation (B 10) when the left boundary is at the
origin has been derived in the past in Masoliver et al.
[41] and can also be found in Polyanin [31]. The simpli-
fied expression when s0 ¼ 0 and Ls ¼ 0 has been
reported in equation (2.1) of the main text.

B.2. Polar coordinates

The Green function solution of equation (2.6) with
reflective boundary condition at r ¼ r can also be
found by the method of separation of variables. By
seeking solutions of the form W(r, u, t) ¼ q(r)Q(u)g(t),
one obtains the equation

v2 q00ðrÞ
qðrÞ þ

v2

r
q0ðrÞ
qðrÞ þ

v2

r2

Q00ðuÞ
QðuÞ

¼ g00ðtÞ
gðtÞ þ

1
T

g0ðtÞ
gðtÞ ; ðB 11Þ

and separately solve the equations

d2gðtÞ
dt2 þ

1
T

dgðtÞ
dt
¼ a2gðtÞ;

d2QðuÞ
du2 ¼ vQðuÞ

and

v2r2 d2qðrÞ
dr2 þ v2r

dqðrÞ
dr
þ ½v2v� a2r2�qðrÞ ¼ 0; ðB12Þ

where the constants a2 and v need to be determined.
Since the probability distribution W ðr; u; tÞ must

be single-valued, we require that Qðuþ 2pÞ ¼ QðuÞ.
From the general form of the solution in u, i.e.
B1eg1u þ B2eg2u, one realizes that there exist solutions
only if v ¼ �n2, where n is an integer. We thus have

QðuÞ ¼ B1n cosðnuÞ þ B2n sinðnuÞ:

The radial dependence then becomes

r2 d2qðrÞ
dr2

þ r
dqðrÞ
dr
� n2 þ a2

v2
r2

� �
qðrÞ ¼ 0; ðB 13Þ
J. R. Soc. Interface (2012)
whose solution is

qðrÞ ¼ E1In
ar
v

� �
þ E2Kn

ar
v

� �
; ðB 14Þ

where In(z) and Kn(z) are, respectively, modified Bessel
functions of order n of the first and second kind [42].
Since the modified Bessel functions are monotonic increas-
ing functions, the only way to satisfy the reflective
boundary condition at r ¼ r is that a2 � 0, i.e. a ¼ ijaj.
We thus have that the radial solution is of the form

qðrÞ ¼ E1Jn
ar
v

� �
; ðB 15Þ

where Jn(z) is a Bessel function of the first kind and E2 ¼ 0
since Yn(z)/ Kn(iz) possess a divergence at r ¼ 0. For
convenience, one can define now the constant b ¼ a/v
whose units are the inverse length. To satisfy the bound-
ary condition dqðrÞ=drjr¼r ¼ 0, we then require that
J 0nðbrÞ ¼ 0, which occurs in correspondence of the zeros
of the derivative of the Bessel function J 0nðzÞ [30]. We
can thus write the general form of the radial solution as

qðrÞ ¼ E1Jn bnmrð Þ; ðB 16Þ

where bnm is the mth positive zeros of the trascendental
equation J 0nðbrÞ ¼ 0. If b ¼ 0, then a non-trivial solution
is only possible if n ¼ 0 and it gives a constant value. Sol-
ution of the time-dependent part follows the same
derivation as in the previous section, giving a constant
when b ¼ 0, and g(t) ¼ cos(tVnm) þ sin(tVnm)/

(2TVnm), where now Vnm ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b2

nmv2 � ð1=4T 2Þ
q

. The

linear superposition of all the possible solutions then gives

W ðr; u; tÞ ¼ A00 þ e�t=2T
Xþ1

n¼0

Xþ1

m¼1

AnmJnðbnmrÞ

� ½Bn1 cosðnuÞ þ Bn2 sinðnuÞ�

� cosðtVnmÞ þ
sinðtVnmÞ
2TVnm

� �
: ðB 17Þ

To determine the various constants, we first use
the fact that W(r, u, t) is normalized at all times. Comput-
ing

Ð r
0 dr r

Ð 2p
0 duW ðr; u; tÞ ¼ 1 one reduces the infinite

n-series to just the n ¼ 0 term, while all the terms in the
m-series are identically zero because

Ð r
0 dr rJ0ðb0mrÞ

¼ rJ1ðb0mrÞ=b0m ¼�r J 00ðb0mrÞ=b0m ¼ 0. For normali-
zation purposes, we thus have that A00¼ 1/(pr2).
For the other constants, we exploit the fact that
equation (B 17) is a Bessel series in r, which implies
that [30] ðr

0
dr rJnðbnprÞJnðbnmrÞ ¼ d p;m;

for all b � 0 satisfying J 0nðbrÞ ¼ 0 with dp,m a
Kronecker delta. Furthermore, since

ðr
0

dr rJ 2
nðbnprÞ ¼

r2

2
fJ 02n ðbnprÞ

þ ðb2
npr

2 � n2ÞJ 2
n ðbnprÞ=½b2

npr
2�g
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we obtain ðr
0

dr rJnðbnprÞW ðr; u; 0Þ

¼
Xþ1

n¼0

Anpðb2
npr

2 � n2ÞJ2
n ðbnprÞ

2b2
np

� ½Bn1 cosðnuÞ þ Bn2 sinðnuÞ�;

which gives us the relation

Anp ¼
2b2

np

ðb2
npr

2 � n2ÞJ2
n ðbnprÞ

ðr
0

dr rJnðbnprÞW ðr; u; 0Þ:

ðB 18Þ

Analogous to the calculations for the radial variable,
one can exploit the fact that equation (B 17) is also a
Fourier series in u. By multiplying equation (B 17) by
cos(nu) and sin(nu), one gets the n-coefficients of the
Fourier series in u as

Bn1 ¼
1
p

ð2p

0
du cosðnuÞPðr; u; 0Þ;

Bn2 ¼
1
p

ð2p

0
du sinðnuÞPðr; u; 0Þ

and B0 ¼
1

2p

ð2p

0
duPðr; u; 0Þ: ðB 19Þ

For localized initial conditions of the form W(r, u, 0)¼
f1(r)f2(u) with

f1ðrÞ ¼
1
r

1
�1
jr � r0j �

�1

2
;

0 jr � r0j .
�1

2
;

8>><
>>: ðB 20Þ

in the limit �1! 0 and

f2ðuÞ ¼

1
�a
ju� u0j �

�a

2
;

0 ju� u0j .
�a

2
;

8>><
>>: ðB 21Þ

in the limit �a! 0, one obtains the following expression:

Wr0;u0ðr;u;tjrÞ¼H ðr�rÞ 1
pr2þ

e�t=2T

pr2

Xþ1

n¼0

Xþ1

m¼1

(

Cnm
2
nmJnðmnmðr=rÞÞJnðmnmðr0=rÞÞ
ðm2

nm�n2ÞJ2
nðmnmÞ

�cos½nðu�u0Þ� cosðtVnmÞþ
sinðtVnmÞ
2TVnm

� ��
;

ðB22Þ

where Cn¼ 1 if n¼ 0 and Cn¼ 2 if n� 1, and where
the subscript r0, u0 and the symbol r make explicit
the dependence on, respectively, the initial animal pos-
ition and the radial extent of the territory. The
parameters bnm in equation (B 17) have been rewritten
in equation (B 22) as a dimensionless quantity such
that bnmr, bnmr0 and bnmr are expressed, respectively,
as mnmr/r, mnmr0/r and mnm with mnm the mth zero of
J. R. Soc. Interface (2012)
the trascendental equation J 0nðmÞ ¼ 0, and where Vnm

has been written in equation (2.8) of the main text.
Equation (B 22) and its diffusive limit coincides with
the expressions reported in Polyanin [31]. With the
initial condition r0¼ 0, the expression above reduces
to equation (2.7) reported in the main text.
APPENDIX C. ANIMAL MEAN SQUARE
DISPLACEMENT

C.1. Rectangular territories

In rectangular coordinates, the expression for
the MSD is obtained by calculating the integralÐ

L1x

L2x dx
Ð

L1y

L2y dy [(x2x0)
2þ(y2y0)

2]W(x, y, tjL), where
W ðx; y; tjLÞ ¼W ðx; tjLx ; lxÞW ðy; tjLy; lyÞ. The result-
ing expression is given by

kjx� x0j2l ¼ ðLx � x0Þ2 þ ðLy � y0Þ2 þ
l2

x

12
þ

l2
y

12

þ
Xþ1

n¼1

4ð�1Þn

ð2nÞ2p2
l2

x cos
2npðLx � x0Þ

lx

� ��

þl2
y cos

2npðLy � y0Þ
ly

� ��

� cosðQ2ntÞ þ sinðQ2ntÞ
2TQ2n

� �
e�t=2T

þ 8
Xþ1

n¼1

ð�1Þn

ð2n � 1Þ2p2

�
(
lxðLx � x0Þ sin

ð2n � 1ÞpðLx � x0Þ
lx

� �

þlyðLy � y0Þ sin
ð2n � 1ÞpðLy � y0Þ

ly

� �)

� cosðQ2n�1tÞ þ
sinðQ2n�1tÞ
2TQ2n�1

� �
e�t=2T :

ðC 1Þ

At short times, equation (C 1) can be evaluated by noti-
cing that

Pþ1
n¼1 ð�1Þn cosð2npzÞ ¼ �1=2;

Pþ1
n¼1 ð�1Þn

sin½ð2n � 1Þpz� ¼ 0 and that for 21/2 � z� 1/2, where
z¼ x0/l* or z ¼ y0/l*,

Pþ1
n¼1 ð�1Þn cosð2npzÞ=

ð2nÞ2 ¼ p2z2=4� p2=48 and
Pþ1

n¼1 ð�1Þn sin½ð2n
�1Þpz�=ð2n � 1Þ2 ¼ �p2z=4. With simple algebra, one
can then show that the MSD increases as 2v2t2. The
expression in equation (3.1) of the main text is derived
from equation (C 1) when the territories are square and
centred at the origin with the walker starting from the
origin as well.

When territorial boundaries fluctuate, to obtain
the animal MSD, one needs to integrate over Ls and
ls along the two directions. For the case of square
territories, one first multiplies equation (C 1) by
Qxðlx ;Lx ; tÞQyðly;Ly; tÞ, given in equation (2.1), and
then simplifies the resulting expression by setting
Ls ¼ L, ls ¼ l, �ls ¼ L, with L the inverse square
root of the population density, bsðtÞ ¼ bðtÞ and



Oscillatory dynamics in territorial animals L. Giuggioli et al. 1541
csðtÞ ¼ cðtÞ for s ¼ x or y. After integration over the
variable L, one can write the animal MSD as

kkjx� x0j2ll ¼ x2
0 þ y2

0 þ
L2

6
þ bðtÞ

12
þ cðtÞ

þ
ðþ1

0
dlZðl; tÞ

Xþ1

n¼1

4l2ð�1Þn

p2ð2nÞ2

(

�S2nðx0; y0Þ cosðQ2ntÞ þ sinðQ2ntÞ
2TQ2n

� �

�e�ð2nÞ2p2cðtÞ=4l2 þ 4ð�1Þn

pð2n � 1Þ

� cðtÞS2n�1ðx0; y0Þ
�

þ 2l
pð2n � 1ÞT2n�1ðx0; y0Þ

�

� cosðQ2n�1tÞ þ
sinðQ2n�1tÞ
2TQ2n�1

� �

�e�ð2n�1Þ2p2cðtÞ=4l2

)
e�t=2T ;

ðC 2Þ

wherein Z has been defined in §3.2 of the main
text, Snðx0; y0Þ ¼ cosðnpx0=lÞ þ cosðnpy0=lÞ and
T nðx0; y0Þ ¼ x0 sinðnpx0=lÞ þ y0 sinðnpy0=lÞ. In the
simpler case, when ðx0; y0Þ ¼ ð0; 0Þ, Snð0; 0Þ ¼ 2 and
T nð0; 0Þ ¼ 0 and expression (C 2) reduces to equation
(3.3), as shown in the main text.
C.2. Circular territories

The calculation of the MSD in polar coordinates is car-
ried forward by realizing that jx� x0j2 ¼ r2 þ r2

0 � 2rr0

cosðu� u0Þ, where r, r0 and u, u0 are measured
with respect to a chosen origin. Given thatÐ 2p
0 du cos½nðu�u0Þ�¼2pdn;0 and

Ð 2p
0 ducos½nðu�u0Þ�

cosðu�u0Þ¼pdn;1 one obtains

kjx�x0j2l¼
ðr

0
dr r

ð2p

0
du½r2þr2

0

�2rr0 cosðu�u0Þ�Wr0;u0ðr;u;tjrÞ

¼r2

2
þr2

0þ2e�t=2T
Xþ1

m¼1

J0ðm0mðr0=rÞÞ
r2J2

0 ðm0mÞ

�
ðr

0
drðr3þrr2

0 Þ
� �

J0 m0m
r
r

� �

� cosðtV0mÞþ
sinðtV0mÞ
2TV0m

� �

�4e�t=2T
Xþ1

m¼1

ðr
0
dr r2J1 m1m

r
r

� �� �

�m
2
1mr0J1ðm1mðr0=rÞÞ
ðm2

1m�1Þr2J2
1 ðm1mÞ

� cosðtV1mÞþ
sinðtV1mÞ
2TV1m

� �
: ðC3Þ
J. R. Soc. Interface (2012)
By repetitive use of the relations J 0nðzÞ¼
�Jnþ1ðzÞþnJnðzÞ=z;J 0nðzÞ¼Jn�1ðzÞ�nJnðzÞ=z, and
2J 0nðzÞ¼Jn�1ðzÞ�Jnþ1ðzÞ, one can show that

Ð r
0 dr r3

J0ðm0mr=rÞ ¼ ½2J2ðm0mÞ �m0mJ3ðm0mÞ�r4=m2
0m ¼

2J0ðm0mÞr4=m2
0m,

Ð r
0 dr rJ0ðm0mr=rÞ¼0,

Ð r
0 dr r2

J1ðm1mr=rÞ¼J2ðm1mÞr3=m1m and J2ðm1mÞ=J1ðm1mÞ¼
m�1

1m, thus reducing equation (C 3) to

kjx�x0j2l¼r2

2
þr2

0þ4e�t=2T
Xþ1

m¼1

r2J0ðm0mðr0=rÞÞ
m2

0mJ0ðm0mÞ

� cosðtV0mÞþ
sinðtV0mÞ
2TV0m

� �

�4e�t=2T
Xþ1

m¼1

rr0J1ðm1mðr0=rÞÞ
ðm2

1m�1ÞJ1ðm1mÞ

� cosðtV1mÞþ
sinðtV1mÞ
2TV1m

� �
: ðC4Þ

Equation (C 4) simplifies to equation (3.2) reported in
the main text, when the animal initial condition
coincides with the origin. At short times, one has that
½cosðVntÞ þ sinðVntÞ=ð2TVnÞ�exp½�t=ð2TÞ� reduces to
1� t2m2

nmp
2v2=ð2r2Þ. As with Cartesian coordinates,

one can now insert the short time expansion and
evaluate the series given that [30]

Pþ1
m¼1 J0ðm0mzÞ=

½m2
0mJ0ðm0mÞ� ¼ z2=4� 1=8 and that

Pþ1
m¼1 J1ðm1mzÞ=

½ðm2
1m � 1ÞJ1ðm1mÞ� ¼ z=2 with z ¼ r0=r. In

addition, twice differentiation with respect to z of
these two identities allows us to show that,
respectively;

Pþ1
m¼1 J0ðm0mzÞ=J0ðm0mÞ ¼ �1=2 andPþ1

m¼1 m
2
1mJ1ðm1mzÞ=½ðm2

1m � 1ÞJ1ðm1mÞ� ¼ 0. With
some simple algebra, one then deduces that the MSD in
equation (C 4) at short times grows as 2v2t2.

To find the MSD expression when boundaries fluctu-
ate, one first needs to rewrite equation (C 4) with
respect to a fixed origin, which we choose as ðxc; ycÞ,
and obtain the expression

kjx� x0j2l ¼ r2

2
þ ðx0 � xcÞ2 þ ðy0 � ycÞ2

þ 4e�t=2T
Xþ1

m¼1

r2

m2
0mJ2

0 ðm0mÞ

� J0 m0m

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðx0 � xcÞ2 þ ðy0 � ycÞ2

q
r

0
@

1
A

� cosðtV0mÞ þ
sinðtV0mÞ
2TV0m

� �

� 4e�t=2T
Xþ1

m¼1

r

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðx0 � xcÞ2 þ ðy0 � ycÞ2

q
ðm2

1m � 1ÞJ1ðm1mÞ

� J1 m1m

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðx0 � xcÞ2 þ ðy0 � ycÞ2

q
r

0
@

1
A

� cosðtV1mÞ þ
sinðtV1mÞ
2TV1m

� �
: ðC 5Þ
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Toaverage overall possible territory sizes and territory cen-
troid locations, one needs to multiply equation (C 5) by
equation (2.2) and integrate over the lengths xc, yc between
�1 andþ1 and over the length r between 0 andþ1. The
resulting expression can be simplified by changing the vari-
able of integration for the centroid location from ðxc; ycÞ to
the shifted polar coordinates xc ¼ x0 þ rccosðfcÞ and
yc ¼ y0 þ rc sinðfcÞ and performing a polar integration in
rc and wc. By using the shifted polar coordinates, one can
rewrite the weighting function exp½�ðx2

c þ y2
c Þ=

�cðtÞ�=½p�cðtÞ� in equation (2.2) as expf�½r2
0 þ r2

c � 2r0rc

cosðfc � f0Þ�=�cðtÞg =½p�cðtÞ�; where x0 and y0 have been
written, respectively, as r0 cosðf0Þ and r0 sinðf0Þ.
The integration over fc can now be simplified by recog-
nizing that

Ð 2p
0 dfcexp½+2r0rc cosðfc � f0Þ=�cðtÞ� ¼

2pI0ð2r0rc=�cðtÞÞ; where I0ðzÞ is the modified Bessel func-
tion of the first kind of order 0. Finally, integrating over
both the radius rc and the length r gives the equation

kkjx� x0j2ll ¼ r2
0 þ

R2

2
þ

�bðtÞ
4
þ �cðtÞ þ 4e�t=2T

�
ðþ1

0
drRðr; tÞr2

Xþ1

m¼1

Gmðr; r0; tÞ
m2

0mJ0ðm0mÞ

� cosðtV0mÞ þ
sinðtV0mÞ
2TV0m

� �

� 4e�t=2T
ðþ1

0
drRðr; tÞr

�
Pþ1

m¼1
Fmðr; r0; tÞ

ðm2
1m � 1ÞJ1ðm1mÞ

where Gmðr; r0; tÞ ¼ 2exp½�r2
0=�cðtÞ�

Ðþ1

0 drcrc exp½�r2
c =

�cðtÞ�I0ð2r0rc=�cðtÞÞJ0ðm0mrc=rÞ=�cðtÞ, where
Fmðr; r0; tÞ¼2 exp½�r2

0=�cðtÞ�
Ðþ1
0 drcr2

c exp½�r2
c =�cðtÞ�

I0ð2r0rc=�cðtÞÞJ1ðm1mrc=rÞ=�cðtÞ, and where Rðr; tÞ has
been defined in the main text before equation (3.4).
In the simpler case, when r0 ¼ 0; Gmðr; 0; tÞ ¼
exp½�m2

0m�cðtÞ=ð4r2Þ� and Fmðr; 0; tÞ ¼ �cðtÞm1m

exp½�m2
1m�cðtÞ=ð4r2Þ�=ð2rÞ, one obtains the expression

(3.4) reported in the main text.
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explains Lévy and Brownian movement patterns of
marine predators. Nature 465, 1066–1069. (doi:10.1038/
nature09116)

19 de Jager, M., Weissing, F. J., Herman, P. M., Nolet, B. A. &
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Lévy walk? Ecology 88, 1962–1969. (doi:10.1890/06-1769.1)

22 Plank, M. J. & Codling, E. A. 2009 Sampling rate and mis-
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38 Giuggioli, L., Sevilla, F. & Kenkre, V. M. 2009 A gener-
alized master equation approach to modelling anomalous
transport in animal movement. J. Phys. A 42, 434004.
(doi:10.1088/1751-8113/42/43/434004)

39 Nouvellet, P., Bacon, J. P. & Waxman, D. 2009 Funda-
mental insights into the random movement of animals
from a single distance-related statistic. Am. Nat. 174,
506–514. (doi:10.1086/605404)

40 Giuggioli, L., Viswanathan, G. M., Kenkre, V. M., Par-
menter, R. R. & Yates, T. L. 2007 Effects of finite
probing windows on the interpretation of the multifractal
properties of random walks. Europhys. Lett. 77, 40004.
(doi:10.1209/0295-5075/77/40004)
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