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The manner in which the superficial retinal vascular plexus (RVP) develops in neonatal
wild-type mice is relatively well documented and poses an interesting challenge to the math-
ematical modelling community. Prior to birth, astrocyte sprouting and proliferation begin
around the edge of the optic nerve head, and subsequent astrocyte migration in response
to a chemotactic gradient of platelet-derived growth factor (PDGF)-A results in the for-
mation of a dense scaffold on the surface of the inner retina. Astrocytes express a variety
of chemotactic and haptotactic proteins that subsequently induce endothelial cell sprouting
and modulate growth of the RVP. An experimentally informed, two-dimensional hybrid par-
tial differential equation-discrete model is derived to track the outward migration of
individual astrocyte and endothelial tip cells in response to the appropriate biochemical
cues. Blood perfusion is included throughout the development of the plexus, and the evolving
retinal trees are allowed to adapt and remodel by means of several biological stimuli. The
resulting wild-type in silico RVP structures are compared with corresponding experimental
whole mounts taken at various stages of development, and agreement between the respective
vascular morphologies is found to be excellent. Subsequent numerical predictions help
elucidate some of the key biological processes underlying retinal development and demon-
strate the potential of the virtual retina for the investigation of various vascular-related
diseases of the eye.
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1. INTRODUCTION

Embryogenesis, organ growth and wound healing are
characterized by the development of functional vascular
networks that are adapted to serve the metabolic require-
ments of the tissue, and the way in which such networks
evolve in both time and space is an important regulator of
tissue function. Formation of the retinal vasculature
occurs predominantly by angiogenesis and, in the case
of the post-natal mouse eye, the means by which the
superficial retinal vascular plexus (RVP) develops are
relatively well understood [1,2]. Directed movement of
endothelial cells (ECs) is coupled to the migration of an
astrocytic network that travels from the optic nerve
region towards the periphery of the retina: a process
that begins 4 to 5 days prior to the emergence of the
first angiogenic sprouts. Astrocytes express the platelet-
derived growth factor (PDGF)-A receptor (PDGFR-a),
and are induced to migrate in response to critically regu-
lated levels of PDGF-A produced by retinal ganglion cells
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(RGCs) [3,4]. Transgenic over-expression of PDGF-A
from either RGCs [4] or astrocytes [5] reduces the
extent of astrocyte migration supporting the hypothesis
that astrocyte migration is dependent on a gradient of
PDGF-A. Poorly oxygenated astrocytes are known to
produce vascular endothelial growth factor (VEGF)-A,
and this induces migration of ECs, leading to the expan-
sion of a nascent vascular network over the inner surface
of the retina. EC sprouting from the ophthalmic vein
begins around the day of birth, and a dense plexus arrives
at the retinal periphery by post-natal day 8 (P8). Blood
flow in the developing network delivers oxygen to the
migrating astrocytes, causing them to progressively
downregulate VEGF-A expression [5,6]. In addition to
its role as a chemotactic agent, VEGF-A also affects EC
viability [5], and any reduction in VEGF-A concentration
consequently leads to a reduction in EC numbers—this
manifests itself as an outward wave of vascular prun-
ing. Extensive pruning, predominantly around highly
oxygenated arteriolar segments, is a crucial feature of
long-term RVP development and maturation.

Although a number of different splice variants of
VEGF-A have been identified, we will focus here on the
role of the most widely expressed human splice variant,
This journal is q 2012 The Royal Society
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VEGF-A165, and its murine homologue, VEGF-A164,
both of which can bind to extracellular matrix (ECM)
and diffuse in the extracellular milieu. VEGF-A164 is
the major isoform responsible for the formation of the
RVP [7,8], and its role has been investigated in a
number of studies: intra-ocular injection of VEGF-A
sequestering antibodies has been found to inhibit
endothelial migration and delay plexus formation [6], as
has removal of the VEGF gradient in the retina, via
increased expression of VEGF-A in transgenic mouse
models [8,9]. Haptotactic factors, expressed on astro-
cytes, are also known to be important, as inhibition of
the ability of ECs to bind fibronectin, via intra-ocular
injection of anti-integrin ab1 antibodies, prevents EC
migration [6].

Retinal vascular development is an excellent target
for mathematical modelling, with comparisons between
experimental and simulated vasculatures posing a
rigorous test for in silico studies. Conversely, pathological
angiogenesis, which has been extensively explored by
the mathematical modelling community in the context
of tumours and wounds, often results in highly hetero-
geneous vasculatures that are more straightforward
to reproduce numerically. Such models consider a number
of important angiogenic mechanisms, including EC pro-
liferation and migration in response to both diffusible
angiogenic factors (chemotaxis) and insoluble ECM mol-
ecules (haptotaxis). The processes have primarily been
modelled using systems of nonlinear partial differential
equations (PDEs) that describe the migration of
capillaries from a parent vessel towards a solid tumour
[10–12], and a number of PDE systems incorporate a dis-
crete element to model the spatio-temporal progression of
individual endothelial tip cells and capillary loop for-
mation [12–15]. A comprehensive overview of this work
can be found in the review papers of Mantzaris et al.
[16] and Peirce [17]. The inclusion of blood perfusion in
growing capillary networks has only been considered
fairly recently [18–22], and a review of this work can be
found in Chaplain et al. [23]. Models coupling perfused
angiogenesis to the growth of the tumour itself have
also been reported [24–26]. There have been a number
of continuum PDE approaches to modelling wound heal-
ing [27–30], but very few attempts to include discrete
aspects of the angiogenic response to injury [31].

The growth and differentiation of the mammalian
retina occurs in a well-ordered and highly reproducible
manner, and the relationship between the developing
vasculature, its constituent cell types and the molecular
cues that regulate its formation is well recognized [6].
However, there have been few attempts at modelling
this fascinating developmental process. Maggelakis &
Savakis [32,33] have employed a continuum PDE
approach to investigate the interplay between VEGF,
oxygen and capillary density in pathological retinal
angiogenesis, whereas Liu et al. [34] have used a small
digitized network taken from the human retina to pre-
dict distributions of flow and oxygen partial pressure.
A numerical haemodynamic analysis has recently been
reported by Ganesan et al. [35], predicting haematocrit
and shear stress distributions in a fully developed adult
murine retinal network. However, none of these studies
consider retinal development.
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As a foundation for modelling the developing murine
retina, the authors have recently published a one-
dimensional continuum model of the superficial RVP,
focusing on the migration of astrocyte and endothelial
tip cells [36]—to our knowledge, this represents the
first attempt to model vascular plexus formation in
the retina during normal physiological development.
AmorecompletehybridPDE-discretemodellingapproach,
however, is required to adequately reproduce wild-type
retinae and go on to make predictions of RVP development
in experimental mouse models where vascular growth is
perturbed. The hybrid formulation allows for the tracking
of individual cells, visualization of blood vessel topology
and remodelling phenomena associated with in vivo retinal
perfusion. Note that, subsequent to P8, vertical sprouting
from the superficial RVP into the deeper neural retina
leads to the formation of two additional interconnected
layers. This process is not explicitly considered here,
but will be the focus of a future publication.
2. MATERIAL AND METHODS

2.1. Murine superficial retinal vascular plexus
formation in vivo

Pertinent experimental data were obtained from C57BL/
6Jmice,whichwere euthanized and, following enucleation
and fixation of the globe, retinal whole mounts prepared
as previously described [8]. Prior to euthanasia, some
animals were transcardially perfused under terminal
anaesthesia with 150 kDa FITC–dextran (Sigma-
Aldrich, UK) in order to image flowing microvascular seg-
ments at the leading edge of the expanding RVP. All
animal experimental procedures conformed to UK Home
Office Guidelines. Astrocyte nuclei were detected with
the pan-astrocytic antibody rabbit anti-Pax2 (Covance,
Leeds, UK) and ECs identified using isolectin-B4 biotin
conjugate (Griffonia simplicifolia (GSI-B4); Sigma, Gil-
lingham, UK). Rabbit anti-fibronectin and mouse anti-
GFAP-Cy3 conjugate (Sigma) were used to detect the
astrocyte network. Streptavidin-conjugated or anti-
rabbit Alexa-Fluor 488 and 633 secondary antibodies
(Invitrogen, Paisley, UK) were used as appropriate fluor-
ophores. Images were captured using a SP5 confocal
microscope (Leica Microsystems GmbH, Wetzlar,
Germany) at a range of objective magnifications.
2.2. Murine superficial retinal vascular plexus
formation in silico

Full details of the mathematical modelling approach
can be found in the electronic supplementary mate-
rials; only the key components and assumptions will
be briefly outlined here. The model was informed both
from the literature and the experiments described
in §2.1—data were collected at various developmental
stages, from embryonic day 15.5 (E15.5) to P8. The
simulated discrete RVP growth employs an exten-
sion of an established hybrid discrete-continuum
tumour-induced angiogenesis model [12], whereby dis-
crete astrocyte and endothelial tip cells migrate on a
lattice driven by random movement and gradients in
the continuum representations of diffusible, soluble



Figure 1. Initial conditions for all simulations showing 10
endothelial cells sprouts evenly spaced around the optic
nerve and the set up of underlying parent vessel manifolds.
Arterial segments are identified in black, whereas venous seg-
ments are grey.
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chemical factors (chemotaxis) and insoluble ECM
components (haptotaxis).

In order to model RVP formation, we consider a
system of eight coupled PDEs (see electronic sup-
plementary material, equations (SM1)–(SM8)) that
describe the migration of the relevant cell types (astro-
cytes, ECs), evolution of the associated chemical factors
(PDGF-A, VEGF-A) and ECM degradation by astro-
cyte and endothelial tip cell-derived matrix-degrading
enzymes. At E15, astrocyte sprouts around the central
optic nerve as well as an RGC-derived gradient of
PDGF-A are initialized in the model. The sprouts
migrate radially outwards towards the retinal periph-
ery, primarily via a chemotactic response to the
PDGF-A, which itself diffuses, decays and is bound
by astrocyte tip cells. Initially, in the absence of a func-
tional vasculature, all astrocytes produce VEGF-A and,
by P0, via a combination of diffusion and decay, a gra-
dient emerges that allows the EC sprouts at the optic
nerve head to migrate outwards over the underlying
astrocyte scaffold. Thus, the migration of the nascent
capillary structures is strongly coupled to the behaviour
of the underlying astrocytes. This interaction is further
reinforced through a feedback mechanism, whereby
VEGF-A expression is downregulated in astrocytes
that are well served by nearby functioning capillary
structures. Note that this, in turn, effectively couples
endothelial viability to local oxygen tension. In
addition, two matrix-degrading enzymes are assumed
to be produced by the astrocytes and ECs, creating
gradients in the two bound matrix components and pro-
moting migration of each respective cell type. Tip cells
of each type also have the ability to branch—the prob-
ability of which is enhanced by increasing local growth
factor concentration—encouraging the formation of
anastomoses by endothelial tip cells that encounter
either one another or pre-existing capillaries.

Anastomosis formation is crucial in allowing blood flow
to occur in the nascent vascular networks. Perfusion takes
place on the superficial plexus via interconnections that
link higher pressure arteriolar structures to lower pressure
venous vessels and it is extremely important to construct
inlet and outlet parent vessels that isolate the different
pressure systemsprior to connectionon the retinal surface.
To this end, a three-layer model was designed, with arter-
iolar and venular parent vessel manifolds positioned
in separate layers below the retinal plexus. Alternating
arteriolar and venular EC sprouts around the optic
nerve are connected to their appropriate parent manifold
beneath the RVP (figure 1; see electronic supplementary
material for further details). Erythrocytes are fed into
eacharteriolar inlet at afixedhaematocrit, and a standard
network modelling approach is used to calculate the nodal
pressure distribution and capillary flows (see electro-
nic supplementary material, equation (SM11)). The
empirical laws derived by Pries et al. [37–40] inform the
flow model throughout: our flow calculation incorporates
both an empirical in vivo viscosity law (see electronic sup-
plementary material, equation (SM12)) and a generalized
model of phase separation at bifurcations (see electronic
supplementary material, equations (SM13)–(SM16)),
whereas a dynamic feedback loop is also introduced
by allowing angioadaptation in response to a number
J. R. Soc. Interface (2012)
of flow-related stimuli (see electronic supplementary
material, equations (SM17)–(SM24)).

The resultant distribution of vessel radii, flow and hae-
matocrit all plays vital roles in determining oxygen
delivery from the vasculature to the surrounding tissue.
Blood-borne erythrocytes are assumed to dominate
oxygen delivery, carrying it into the domain from the
optic nerve inlets at a fixed (haematocrit-dependent)
concentration. The oxygen is convected downstream
and is partitioned at bifurcations in proportion to daugh-
ter vessel erythrocyte concentrations. Throughout the
simulation, oxygen is transported from each perfused
capillary element at a rate governed by the vessel surface
area and permeability. Upon entering the surrounding
tissue, the oxygen diffuses and is consumed at a fixed
rate (see electronic supplementary material, equa-
tions (SM25) and (SM26)). For realistic parameter
values, the oxygen delivery model is seen to produce
arteriolar–venular gradients in oxygen tension that
prove to be crucial to the development of the final com-
ponent of the mathematical model: capillary pruning.
The mathematical approach adopted here affords a
detailed description of the spatial retinal oxygen concen-
tration to be generated at any point in time—a key
feature of RVP development that is highly dependent
upon the evolving vascular architecture. Local oxygen
tensions have a profound impact on the spatial distri-
bution of capillary remodelling, and the model uses this
as a criterion for pruning. This is biologically consistent,
because astrocyte expression of VEGF-A—an important
EC survival factor—is downregulated in well-oxygenated
regions [5]. Hence, it is apparent that the migration model
(e.g. vascular plexus architecture), flow model (e.g.
haematocrit distribution) and oxygen transport model
(e.g. oxygen diffusibility) all have a direct impact on
the pruning process (see §5 of electronic supplementary
materials for full details of how the pruning process has
been implemented).

In summary, the simulation algorithm is briefly
outlined as follows:

(1) At E15, begin simulating the migration of astro-
cytes, and the evolution of the PDGF-A and
VEGF-A concentration profiles.
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Figure 2. Astrocyte and endothelial migration occur in parallel to retinal growth during formation of the superficial RVP.
(a) Extent of astrocyte (Pax2, red) and endothelial cells (isolectin-B4, green) migration in confocal images of immunohistochemi-
cally stained murine retinal whole mounts at various embryonic and post-natal stages (day of birth P0 ¼ E21.5). Note the retina
has been cut and flattened into a petal-like shape. Images at E15.5 and E18.5 are high-power magnifications of the optic nerve
head region, from which astrocyte and endothelial cells migration occur (Scale bar, 75mm). The P0–P8 images show a single
‘leaf’ of the flattened retina with the optic nerve head at the bottom of each (Scale bar, 120mm). White arrowheads at P0,
P3 and P8 indicate the edge of the retina; red arrowheads at E15.5, P0 and P3 indicate the extent of astrocyte migration;
white arrows at E18.5, P5 and P8 indicate remnants of the embryonic hyaloid blood vessels. (b) Quantification of retinal
radius, and extent of astrocyte and endothelial migration during formation of the superficial RVP in neonatal mice. Distances
are measured from the centre of the optic nerve; mean+ s.e.m., n � 4 at each time point.
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(2) At P0, initiate the endothelial sprouts. Simulate EC
migration, concurrently with the components in step
1, over a growth interval (typically 30 h—see §4.1).

(3) At the end of a growth interval, simulate blood flow
in the current vasculature until the network
approaches steady-state. This includes the update
of the haematocrit and vessel radii at each time
step (input haematocrit ¼ 0.45).

(4) Simulate the delivery of oxygen from the vascula-
ture to the tissue using the final distributions of
flow and radii obtained in step 3.

(5) Prune the capillary network in the light of the
relevant criteria.

(6) Resume cell migration and growth factor evolution
for the next growth interval.

(7) Repeat steps 3–6 until the end of the simulation is
reached.
J. R. Soc. Interface (2012)
3. RESULTS

3.1. Experimental observations in neonatal
wild-type (C57Bl/6J ) mice

A number of different aspects of RVP development are
highlighted in figure 2: figure 2a shows retinal whole
mounts of superficial RVP development from P0 to
P8, whereas figure 2b demonstrates that significant reti-
nal growth occurs throughout both astrocyte migration
and endothelial plexus formation. The radial extent of
the retina (measured as the distance from the centre
of the optic nerve head to the retinal edge) approxi-
mately doubles between E15.5 and P5 (mean+ s.e.m.
of 975.6+ 6.5 mm and 2189.1+ 13.1 mm, respectively),
and Pax2 immunoreactive astrocytes are observed
within the border of the optic nerve head at E15.5.
By E18.5, a dense network of Pax2 positive nuclei is
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Figure 3. Low-power (a) and high-power (b) micrographs of flat mounted, post-natal day 3 mouse retina. (a) Dual-staining with
isolectin-B4 (green) and an anti-fibronectin antibody (blue) reveals leading edge endothelial tip cells (white arrows) migrating
towards the retinal periphery (rp) guided by underlying fibronectin matrix (arrowheads). Numerous microglial cells, also stained
with isolectin-B4, are conspicuous in the avascular region of the retina (yellow arrows). (b) Dual immunolabelling of the leading
edge of the vascular plexus with isolectin-B4 (red) and transcardially administered FITC–dextran (green) reveals perfused
retinal vascular plexus (arrowheads) segments immediately behind endothelial tip cells (arrows).
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observed around the optic nerve, extending halfway
across the retinal surface (figure 2a)—astrocytes reach
the retinal periphery at P3. Formation of the superficial
RVP begins at P0, when a dense network of GSI-B4
immunoreactive ECs can be detected surrounding the
rim of the optic nerve (figure 2a). The mean+ s.e.m.
number of angiogenic sprouts at P0 was quantified as
68+ 7 (n ¼ 5). The EC plexus spreads across the reti-
nal surface, and a distinct vessel plexus architecture
becomes established by P3: this reaches approximately
halfway across the retina by P5 and the periphery
by P8. At P3, the superficial RVP is characterized by
a dense, highly branched vessel network. Differentia-
ted arterioles and venules can be seen at P3; and
by P5, a stable pattern of five pairs of alternating arter-
ioles and venules has emerged. The dense plexus is
subject to a wave of perfusion-related pruning and
remodelling, which begins near the optic nerve head
around P3, and extends radially outwards as the imma-
ture RVP approaches the retinal periphery. At P5, a
capillary free zone is evident near the optic nerve that
extends along developing arterioles: venules, in con-
trast, are not extensively pruned. By P8, pruning of
vessels is conspicuous around primary arterioles
across approximately 70 per cent of the retinal radius,
with clear vessel free zones surrounding secondary
arterioles (figure 2a).

Further experimental micrographs highlight the
most important interactions between astrocytes and
ECs during RVP formation. Although no fibronectin
immunoreactivity is detected on the retinal surface at
E15.5 (prior to astrocyte migration), the pattern of
fibronectin immunoreactivity is seen to closely match
the pattern of Pax2 immunoreactivity at both E18.5
and P3. Moreover, endothelial tip cells are seen to
extend slender filopodial processes along the fibronectin
networks produced by astrocytes (figure 3a). To inves-
tigate whether flow-mediated remodelling could play a
significant role in the pruning of the plexus during the
earliest stages of RVP development, we determined
the extent of blood flow in the plexus at P3. Perfused
J. R. Soc. Interface (2012)
vessels were detected up to the leading edge of the
plexus, excluding tip cells, implying that even the
most immature frontal periphery of the RVP contains
flowing vessels (figure 3b).
3.2. Simulation of retinal vascular plexus
development in neonatal wild-type
(C57Bl/6J ) mice

The results presented in this section comprise a simula-
tion of normal murine (wild-type) RVP development
followed by two model sensitivities that illustrate the
importance of different aspects of the developmental pro-
cess. Unless otherwise stated, all of the simulations used
the model equations and base case parameters detailed
in the electronic supplementary materials. The domain
size considered for the computational simulations is a
4.4 � 4.4 mm retinal surface—the maximum murine
retinal diameter observed experimentally up to day P20.

In figures 4 and 5, we present a variety of results from
the wild-type simulation illustrating the behaviour of
each of the different model components. The progression
of the astrocyte network as well as the associated VEGF-
A gradients provides an important mechanistic link
between the initial stages of retinal development and
the later advancement of a nutrient-rich capillary net-
work. It is apparent that the astrocyte front moves
rapidly away from the optic nerve head (figure 4a–c)
and simultaneous VEGF-A production creates an initial
travelling wavefront, with the peak concentration lying
behind the migrating astrocyte tip cells (figure 4d,e).
EC migration commences at P0, with growth largely
driven by the chemotactic response to the evolving
VEGF-A gradients. The downregulation of VEGF-A
production by astrocytes in proximity to perfused vascu-
lature is crucial in this respect, ensuring that the peak
concentration lies in advance of the migrating EC front
(figure 4f; note the dotted line indicating the extent of
EC migration). In the absence of this coupling, the
domain becomes flooded with VEGF-A, and gradients
are significantly reduced (results not shown).
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Figure 4. (a–c) Growth of the simulated retinal astrocyte network. (d– f ) Simultaneous evolution of the VEGF-A concentration
profile. Migration of astrocytes begins at E15—the snapshots shown here correspond to (a,d) E17.1, (b,e) P0.4 and (c,f ) P4.0.
( f ), Dotted line illustrates the extent of endothelial cells migration. All simulated VEGF-A concentrations are as per the colour
bar provided.

2356 Angiogenesis during retinal development M. G. Watson et al.
The simulated retinal vasculature generated from the
wild-type model, together with a variety of adjuvant
data, is presented in figure 5. Each image highlights the
behaviour of a particular model component throughout
development: from the commencement of flow at P2.7
(when the EC network was fully connected and of
an appreciable size) until the network approaches the
domain boundaries at P8. Specifically, figures show
the post-flow, steady-state distribution of capillary
architecture, haematocrit, vessel oxygen concentration,
tissue oxygen concentration and capillary pruning (i.e.
a graph displaying the position of each pruned vessel
segment, with greyscale indicating the time point at
which it was removed). The pruning graph has been
included to emphasize the extent of vessel removal,
which is less easy to discern in the capillary architecture
images themselves. A small sensitivity study determined
that perfusion of the capillary bed roughly every 30 h
(beyond P2.7) was adequate without compromising the
architecture of the final plexus.

After the first period of flow, a structured vasculature
begins to emerge from the originally homogeneous capil-
lary bed (figure 5a), with a number of the arterioles
forming dilated anastomoses with each of their neigh-
bouring veins. A striking feature of the haematocrit
distribution at this early stage is its large degree of spatial
heterogeneity (figure 5d), induced primarily by phase
separation at bifurcations. Furthermore, we note the
presence of a number of vessel segments characterized
by haematocrits exceeding 0.75, i.e. more than 66 per
cent higher than the input haematocrit. We observe
only a small degree of oxygen-induced vascular pruning
at this stage, accentuating the presence of the small
dilated arteriolar–venular loops. A spatial map high-
lighting all of the capillary segments pruned by day
P2.7 is shown in figure 5m.

For brevity, we exclude intermediate days and pro-
ceed to consider the retinal plexus at P5.2 (after the
J. R. Soc. Interface (2012)
third cycle of perfusion). The dynamic nature of capil-
lary plexus development can be immediately inferred
from a comparison between figure 5a and b. The small
dilated loops prevalent near the optic nerve head at ear-
lier times are remodelled as the vascular bed grows: the
sensitivity of the angioadaptation stimuli to changes in
the network architecture is emphasized by the emergence
of larger arteriolar–venular loops that serve to transport
blood efficiently towards peripheral regions of the
domain. An interesting consequence of this is that the
radii of arteriolar inlet segments evolve to be consistently
smaller than their venous outlet counterparts (figure 5b;
see also Ganesan et al. [35]). Unlike P2.7, the haematocrit
(figure 5e) is not as strongly correlated to the vessel
oxygen profile (figure 5h), with many of the high haema-
tocrit regions displaying low vessel oxygen
concentrations. Owing to the increased plexus size, and
the limited capacity of narrow capillaries to supply
oxygen to equatorial regions, much of the oxygen trans-
ported transmurally from vessel to tissue occurs
proximal to the arteriolar sources. Furthermore, it is
clear from the tissue oxygen profile (figure 5k) that the
majority of oxygen is supplied by the dilated anasto-
moses, with oxygen tensions dipping significantly as the
venous sinks are approached. Consequently, a large
degree of pruning of small capillaries can now be seen
to have taken place in the immediate vicinity of the
main arterioles (figure 5n).

The final time period covered by the base case
simulation ends at P7.7, and corresponding results
demonstrate the significant role played by flow and
vascular remodelling in determining the final form of
the retinal vasculature (figure 5c). The removal of
many of the smaller capillaries on either side of the
main arteriolar vessels increases their prominence as
major flow pathways, ensuring that they are retained
as the network continues to expand towards the edge
of the RGC plexus. The emergence of this highly
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structured network architecture has a large impact on
the distribution of retinal haematocrit (figure 5f ).
The regions of greatest haematocrit are found in the
vicinity of the dilated arteriolar–venular loops,
whereas lower haematocrits characterize regions lying
between the main vessels. The haematocrit increases
downstream of each bifurcation on the arteriolar side,
peaking at the retinal equator before gradually decreas-
ing towards the outlet veins. We note the correlation
with the work of Ganesan et al. [35], who observed
similar behaviour, although in a sparser, three-layered
adult murine retinal vascular network. This phenom-
enon also has an interesting impact upon the delivery
of oxygen from the vasculature to the tissue. Because
J. R. Soc. Interface (2012)
the oxygen is fed into the network at a constant con-
centration and leaves the vessels transmurally, the
absence of phase separation would cause a decreasing
gradient of vessel oxygen concentration as we move
downstream through bifurcating arteriolar trees—
starving the outer regions of the retina of oxygen. How-
ever, phase separation actually leads to an increasing
gradient of haematocrit away from the optic nerve,
with the result that peak tissue and vessel oxygen ten-
sions can occur far from the network inlets (figure
5i,l ). This reinforces the degree of vascular pruning of
small capillaries around a number of the dilated arter-
ioles, which now extends more than halfway towards
the retinal periphery (figure 5o).
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Figure 7. Detailed comparisons between in vivo and in silico capillary migration and remodelling in the developing retina. Specifi-
cally, the snapshots show (a) in silico P2.7, (b) in vivo P3, (c) in silico P5.2, (d) in vivo P5, (e) in silico P7.7 and ( f ) in vivo P8.
The colours of the in silico vessel segments correspond to the colour bar in figure 6.
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These results correlate well with experimentally
observed outcomes and provide a number of valuable
insights into the developmental process that would be
difficult to obtain experimentally. For example, the
mathematical model provides plausible predictions of
the dynamics of RVP growth, with particular regard
to the spatial and temporal evolution of VEGF-A
concentration; the importance of purported upstream-
convected and downstream-conducted angioadaptation
stimuli; the role played by phase separation in vascular
pruning and the subsequent impact on the overall
plexus architecture; the temporal variation in haemato-
crit, vessel oxygen concentration and tissue oxygen
concentration distributions throughout RVP growth.
The latter of these is particularly significant: obtaining
physiological measures from neonatal mice is challen-
ging as they do not open their eyes until around P16.
A comparison between in vivo and model data describ-
ing temporal development of the astrocyte and EC
fronts is shown in figure 6—the two sets of results are
J. R. Soc. Interface (2012)
in excellent quantitative agreement. Furthermore, in
figure 7, we also observe a qualitative similarity between
in vivo and in silico network architectures at specific
time points (note that no effort was made to explicitly
reproduce the experimental whole mount data quantitat-
ively: the capillary architectures emerged naturally from
the adopted modelling approach). Specifically, figure 7
shows images in the vicinity of the uppermost arteriole
of the wild-type simulation at P2.7, P5.2 and P7.7,
against typical arteriolar regions observed experi-
mentally at P3, P5 and P8. We note, in particular,
the similarities in the distribution and extent of
oxygen-induced capillary pruning.

Having benchmarked the mathematical model against
available experimental data from wild-type mice, some
sensitivity analyses were carried out to gain additional
insight into abnormal development. While a large
number of sensitivities have been undertaken using the
model—including sensitivity to astrocyte chemotactic
response, input haematocrit, retinal blood pressure,
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Figure 8. Snapshots at P7.7 displaying the simulated VEGF-A concentrations (a,d,g), vessel radii (b,e,h) and nodal pressures
(c,f,i) for a range of VEGF-A diffusion coefficient (Dc) values. Specifically, the values were (a–c) 0.005 (base case), (d– f )
0.05 and (g– i) 0.0005. The VEGF-A concentrations and vessel radii correspond to the appropriate colour bars in figures 5
and 6, respectively. The nodal pressures are as per the colour bar provided.
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VEGF-A isoform and capillary pruning potential—for
brevity, we present results corresponding to only the
latter two aspects of the developmental process.
3.3. Aberrant plexus formation I: VEGF-A
isoform over-expression

Variations in the diffusive properties of different VEGF-
A isoforms are well documented, and a number of
murine transgenic mouse models specifically expressing
(or over-expressing) a single isoform have been reported
[7,9,41,42]. In order to investigate the implications of
this aspect of VEGF-A isoform mis-expression on capil-
lary migration, the in silico model was run using a
VEGF-A diffusion coefficient (Dc) an order of magnitude
greater than that characterizing the wild-type case (a
numerical analogue of isoform VEGF-A120, for example).
The resulting network at P7.7 is shown in figure 8, where
we observe retarded capillary migration in comparison
with that seen in the base case—increased diffusion
produces a shallower overall VEGF-A profile and
lower concentrations at the leading edge (figure 8d
versus 8a). This result compares favourably with data
from studies describing the RVP structure in transgenic
mice [8,9], where removal of the VEGF-A gradient, by
J. R. Soc. Interface (2012)
increased VEGF-A expression, reduces the extent of
endothelial migration. In the in silico setting here, both
chemotaxis and capillary branching are impaired, result-
ing in a vascular network of irregular shape with
numerous unperfused islands of retinal tissue (figure 8e).
The impact of this irregularity is particularly emphasized
by examining the underlying nodal pressure distribution.
The wild-type network exhibits a high degree of pressure
symmetry, with alternating high-pressure arteriolar
and low-pressure venular regions fanning out from
the optic nerve head (figure 8c). However, the more irre-
gular mutant network produces an aberrant pressure
distribution (figure 8f )—the extent of the high- and
low-pressure regions varies erratically, causing some
arterioles to become compromised and constricted.
It is clear that this would have significant implications
for oxygen delivery to the retinal tissue (results
not shown).

Decreasing the VEGF-A diffusion coefficient in the
model (again by an order of magnitude) allows us to
predict the gross morphology of the RVP in mutant
mice that over-express VEGF-A isoforms having a
greater binding affinity to the ECM (VEGF-A188, for
example). Results from these simulations indicate that
there is a slower rate of EC migration owing to localized
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Figure 9. Snapshots at P7.7 displaying the simulated vessel radii (a,d), haematocrit (b,e) and vessel oxygen (c,f ) distributions in
the presence (a–c) and absence (d– f ) of capillary pruning. The vascular architecture in each simulation evolves identically, with
the exception of any occurrences of pruning in the wild-type simulation. The relevant colour bars can be found in figure 6.
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pooling of VEGF-A and a weaker (i.e. saturated) chemo-
tactic response at high VEGF-A concentrations
(figure 8g–i). It is clear that the dominant VEGF-A iso-
form has a profound effect upon retinal development
through its interaction with migrating ECs during
angiogenesis. The sensitivities suggest that the wild-
type VEGF-A diffusion coefficient is optimum in
producing a rate of plexus expansion that is most favour-
able for delivering oxygen and nutrients to the
developing retina.
3.4. Aberrant plexus formation II:
capillary pruning

The second model perturbation illustrates the benefits
of constructing a mathematical model that can be
used to conduct simple numerical experiments, and
potentially help to focus future in vivo experimentation.
Specifically, we consider simulating the development of
the RVP in a ‘numerical mutant’, where the potential
for capillary pruning is greatly reduced. Such an evalu-
ation provides useful insight into the role played by
capillary pruning, and its importance in the natural
progression of wild-type plexus development in vivo.
For ease of comparison, we perform this simulation on
a vascular network that evolves in an identical fashion
to the wild-type case—that is, at each flow period, the
vasculatures are exactly the same except for the absence
of any previously pruned segments in the wild-type net-
work. The two endpoint vasculatures at P7.7 are
presented in figures 9a,d, where it is apparent that,
despite the extensive pruning in the wild-type case
(figure 5o), the spatial distribution of dilated vessels
between the two final structures is broadly similar. In
the absence of pruning, the angioadaptation algorithm
still produces dilated arteriolar–venular loops, although
there are slightly fewer dilated secondary arterioles
(figure 9d). However, the key aspect of the sensitivity
J. R. Soc. Interface (2012)
is highlighted when considering the underlying blood
rheology and flow properties of the capillary structures.
Comparing the distributions of haematocrit (figure 9b
versus 9e) and vessel oxygen concentration (figure 9c
versus 9f ), it is clear that, in the absence of pruning,
the haematocrit is distributed far less homogeneously
in the retinal plane, with a large number of erythrocytes
remaining within dilated vessels throughout their jour-
ney owing to the increased potential for plasma
skimming at capillary junctions (i.e. red blood cells
in the main feeder vessel bypass slow-flowing side
branches such that these vessels receive predominantly
plasma). This is particularly evident in the arteriole
at the ‘4 o’clock’ position in figure 9e, where pure
plasma skimming (i.e. side branches receiving only
plasma) is observed—something that was never seen
in the wild-type simulation. As a consequence of
increased skimming, the distribution of vessel oxygen
is also highly concentrated around the dilated arteriolar
segments. From these results, we can conclude that
vascular pruning reduces the extent of phase separation
in the developing RVP, thereby preventing the build-up
of large arteriolar haematocrits and high vessel oxygen
concentrations. Rather than distributing flow from the
main arterioles among many neighbouring capillaries,
pruning of some segments induces an increased share
of blood flow to those that are poorly supplied. These
segments are then more likely to dilate and carry eryth-
rocytes as well as oxygen to more distal areas of the
superficial plexus. This is reflected in the contour plot
of figure 10, where we present the distribution of the
differences in tissue oxygen concentration between
the two simulations at P7.7 (light colour indicates
areas of the retina that were better oxygenated in the
wild-type simulation, whereas dark colour indicates
areas that were better oxygenated in the mutant).
The plot shows that the pruned network delivers
oxygen to the tissue in a more efficient manner, with
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Figure 10. Contour plot displaying the differences in tissue
oxygen concentration between the two simulations presented
in figure 9. Light-coloured regions indicate a greater concen-
tration in the wild-type simulation (figure 9(a–c)), while
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mutant simulation (figure 9(d– f)).
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lower oxygen tensions around the main arterioles and
increased tensions in venous regions. It should be
remarked that, although the endpoint vasculatures
did not evolve to be completely identical, the evidence
presented would discount this as the sole reason for
the observed differences in tissue oxygen concentration.
In summary, the model predicts that, under the influ-
ence of phase separation of plasma and red blood cells
at bifurcations, capillary pruning in the developing
murine retinal vasculature is a major factor in promot-
ing the efficient delivery of oxygen to distal regions of
the plexus.
4. DISCUSSION AND CONCLUSIONS

The spatial and temporal development of nascent capil-
lary networks plays a major role in determining tissue
patterning and function and it is important to understand
how various cellular and molecular cues interact with
migrating cells throughout angiogenic responses. The
growth and differentiation of the mammalian neural
retina—a process that depends upon the formation of a
multi-layered, interconnected vascular supply—provides
an excellent in vivo system for investigating angiogenesis
and represents an exquisitely balanced objective for
mathematical modelling.

The governing migratory mechanisms have been
considered in a previously reported one-dimensional
study of retinal angiogenesis [36]. However, this approach
was, by definition, unable to generate spatial information
for the entire retinal surface, and a more realistic two-
dimensional hybrid PDE-discrete model has been derived
here in order to track the migration of individual astro-
cyte and endothelial tip cells towards the outer retinal
boundary. The developing RVP is not an inert structure,
however, as the vascular bed adapts and remodels in
response to a variety of flow-induced metabolic and
chemical stimuli. Hence, the complex hierarchical capil-
lary architectures observed in vivo in the retina can
J. R. Soc. Interface (2012)
never be reproduced using simple migration equations
alone; perfusion-modified vessel adaptation and remodel-
ling mechanisms must be included. Indeed, the inclusion
of upstream-convected and downstream-conducted
stimuli throughout perfusion [39,40] prove to be critical
factors in reproducing simulated vasculature networks
that more closely resemble the morphological features
of those observed in the murine retina. Throughout the
modelling work, our approach has been firmly coupled
to the experimental biology, and we have attempted to
honour the underlying cellular and vascular processes
as closely as possible. The main focus of the investigation
has been to understand how the various cellular, molecu-
lar and metabolic cues regulate RVP growth and form.

In the wild-type simulation, VEGF-A produced by
migrating astrocytes exhibited a radial, wave-like pro-
file, travelling outwards into the domain from the
optic nerve. A peak in VEGF-A concentration was
seen to form between the two cell types—lagging
behind the leading edge of astrocytes, but guiding the
EC progression behind. The predicted spatial and tem-
poral evolution of the in silico VEGF-A concentration,
which thus far requires experimental verification, illus-
trates the finely balanced nature of the interaction
between retinal astrocytes and ECs. Model data con-
cerning the temporal development of the two cellular
fronts were found to be in excellent quantitative agree-
ment with the laboratory observations. A range of
wild-type data were presented highlighting the distri-
bution of capillary structure, haematocrit, vessel
oxygen concentration, tissue oxygen concentration
and areas of capillary remodelling. During retinal angio-
genesis, a structured vasculature was seen to emerge
from the originally homogeneous capillary bed, and
the dynamic nature of capillary plexus development
was vividly demonstrated. Small dilated loops prevalent
near the optic nerve head at earlier times were remo-
delled as the vascular bed grew, replaced by more
extensive arteriolar–venular loops that served to trans-
port blood efficiently towards equatorial regions of the
domain. An interesting consequence of the angio-
adaptation model was that the radii of inlet arteriolar
segments evolved naturally to be consistently smaller
than their venous counterparts. The in silico RVP
structures at various time points were compared with
data from in vivo experiments, and there was a high
degree of both qualitative and quantitative agreement.
Clearly, only a limited number of metrics has been
applied in making in vivo and in silico comparisons.
Comprehensive model validation would require signifi-
cantly more quantitative experimental measures to be
produced, such as temporal data relating to the distri-
butions of vessel density and capillary radii. Note,
that there are some minor differences between the simu-
lated and observed architectures: viz. the mathematical
model tends to predict large calibre arteries all the way
up to the growing front, whereas in vivo vessels tend to
taper off towards the periphery. This is principally due
to a slight underestimation of decay in the upstream-
convected angioadaptation stimulus coupled with an
underestimation of the maturity level required for nas-
cent vessels to remodel. The model also predicts
vascular plexuses that are slightly denser than the
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observed retinal vasculatures (cf. figure 7), and this is
mainly attributable to the fact that they are grown
discretely on an underlying distorted lattice—a slightly
increased nodal spacing may have helped optimize
the comparison.

The large degree of spatial heterogeneity in haemato-
crit within the capillary plexus was of particular note,
with some distal areas of the retina containing haemato-
crits exceeding 0.75—a considerable increase on the
input value of 0.45 and caused predominantly by
phase separation at capillary junctions. In general, reti-
nal haematocrit was predicted to increase downstream
of each bifurcation on the arteriolar side, peaking at
the retinal equator before gradually decreasing towards
the outlet veins. This result correlates well with the
recent work of Ganesan et al. [35], who used an
image-based model of a fully developed (adult mouse)
vasculature to extract a wide variety of flow-related par-
ameters. It is interesting to note that the absence of
phase separation would cause a decreasing gradient
of vessel oxygen concentration as blood moved down-
stream through bifurcating arteriolar trees—starving
the outer regions of the retina of oxygen. However,
phase separation actually leads to an increasing gradi-
ent of haematocrit away from the optic nerve, with
the beneficial result that peak tissue and vessel
oxygen tensions can manifest themselves far away
from the arteriolar inlets. This novel result strongly
suggests phase separation at bifurcations as having a
key role in determining the developing network archi-
tecture, particularly with regard to the pruning of
capillaries distal to the optic nerve.

It is known that isoforms of VEGF-A have different
molecular weights and a varying ability to bind heparin
residues in the ECM and diffuse freely [43–46]. More-
over, removal of the VEGF gradient in the retina via
increased VEGF-A expression in transgenic mouse
models also reduces the extent of EC migration [7–9].
In order to investigate this aspect of the developmental
process, a model sensitivity was executed to study
the importance of the specific VEGF-A isoform over-
expressed in the mouse eye. Enhanced VEGF-A
diffusion resulted in a shallower overall concentration
profile and lower concentrations at the leading edge,
impairing both chemotaxis and capillary branching.
Consequently, a highly irregular vascular network
developed with numerous unperfused islands of retinal
tissue, an aberrant distribution of pressure, compro-
mised arteriolar inlets and, furthermore, poor oxygen
delivery. Our results clearly demonstrate that the domi-
nant VEGF-A isoform (VEGF-A164 in mouse or
VEGF-A165 in human) has a profound effect upon reti-
nal development through its interaction with migrating
ECs during angiogenesis. Further to this, however, we
also predict that the maintenance of an appropriate dis-
tribution of pressure in the retinal network depends
crucially on the regularity of the overall architecture.
Hence, irregular retinal network development and
abnormal pressure distributions are excellent targets
for future experimental verification.

Vascular pruning in the vicinity of arterioles is wide-
spread in the developing superficial plexus, extending
outwards from the optic nerve around P3 and reaching
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across 70 per cent of the retinal radius by P8. This
phenomenon was incorporated into the mathematical
model by assuming that a fundamental trigger for EC
apoptosis is the occurrence of a large local tissue
oxygen tension. A comparison was made between the
development of the wild-type vasculature and a numeri-
cal mutant with reduced potential for capillary pruning.
Although the angioadaptation algorithm resulted in simi-
lar endpoint capillary radii distributions, profound
differences were observed in the corresponding haemato-
crit and oxygen distributions. In the absence of pruning,
erythrocytes were distributed in a highly heterogeneous
manner with large concentrations around the main
dilated loops and low concentrations in all other regions.
A further comparison between the tissue oxygen distri-
butions led to the hypothesis that the removal of vessel
segments around primary and secondary arterioles actu-
ally increases the efficiency of oxygen delivery to distal
regions of the developing superficial plexus. Again a
target for future experimental verification, this result pre-
dicts that the extensive vascular pruning occurring
throughout RVP development optimizes the network
for nutrient delivery.

A major advantage in studying the retinal vasculature
is that it provides a capillary system that can be observed
with relative clarity both in vivo and post-mortem and,
as a complete understanding of the developing retinal
circulation is still lacking, it provides an excellent target
for both theoretical and in silico studies. The hierarchical
structure of the RVP poses a rigorous test of any angio-
genesis model—such patterning is generally absent
in the context of tumour-induced angiogenesis, for
example—and it would appear that rather complex per-
fusion-related stimuli hold the key to understanding
how these structures develop in vivo. It is hoped that
the model developed here could serve as a useful starting
point for future research in this area, particularly with a
view towards a better understanding of pathological
ocular conditions.
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