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Background: Amyloid fibrils are protein aggregates associated with numerous neurodegenerative diseases.
Results: A theoretically consistent, two-parameter model is proposed describing very distinct amyloid fibrillization kinetics.
Conclusion:Amyloid fibril formation takes place by a generalmechanism involving supersaturation-dependent nucleation and
growth steps.
Significance: This mathematically simple model is expected to be routinely used to characterize the action of new targets for
disease therapeutics.

Associated with neurodegenerative disorders such as
Alzheimer, Parkinson, or prion diseases, the conversion of sol-
uble proteins into amyloid fibrils remains poorly understood.
Extensive “in vitro”measurements of protein aggregation kinet-
ics have been reported, but no consensus mechanism has
emerged until now. This contribution aims at overcoming this
gap by proposing a theoretically consistent crystallization-like
model (CLM) that is able to describe the classic types of amyloid
fibrillization kinetics identified in our literature survey. Amy-
loid conversion represented as a function of time is shown to
follow different curve shapes, ranging from sigmoidal to hyper-
bolic, according to the relative importance of the nucleation and
growth steps. Using the CLM, apparently unrelated data are
deconvoluted into generic mechanistic information integrating
the combined influence of seeding, nucleation, growth, and
fibril breakage events. It is notable that this complex assembly of
interdependent events is ultimately reduced to a mathemati-
cally simplemodel, whose two parameters can be determined by
little more than visual inspection. The good fitting results
obtained for all cases confirm theCLMas a good approximation
to the generalized underlying principle governing amyloid
fibrillization. A perspective is presented on possible applica-
tions of the CLM during the development of new targets for
amyloid disease therapeutics.

Amyloid fibrils are insoluble ordered structures sharing a
common cross�-sheet conformation and formed bymisassem-
bly of soluble proteins and peptides (1–3). Because these pro-
tein aggregates are associated with numerous neurodegenera-
tive diseases, a great deal of effort has been put into
understanding the mechanisms of amyloid fibril formation

(4–6). Several biophysical methods have been developed to
measure the kinetics of protein aggregation “in vitro” (7–11).
Thioflavin-T binding fluorescence (12) and turbidity measure-
ments (13) are among the most widely adopted techniques.
Despite the limitations of the classical methods (14), they pro-
vide quantitative information about the mass increase of amy-
loid fibrils with time. Typically, the progress of fibrillization is
expressed as the normalized fraction of amyloid protein con-
verted into fibrils (�); on a mass basis, � corresponds to the
quotient of the fibrilmass increase�m at a given instant divided
by the total mass of fibrils formed at the end of the assay �mT.

� �
�m

�mT
(Eq. 1)

The time-course results represented in Fig. 1 exemplify well
two types of kinetics usually observed during amyloid fibril for-
mation. The sigmoidal �(t) trend obtained for �2-microglobu-
lin (�2m)2 (15) (open symbols) is characteristic of nucleation-
dependent polymerization; an initial lag phase is followed by a
phase of rapid growth and then by a stationary phase (16, 17).
The hyperbolic shape obtained for transthyretin (closed sym-
bols) is more frequently found during seeded aggregation, i.e.
when an aliquot of solution containing preformed fibrils is
added to the amyloidogenic solution to bypass the thermody-
namically unfavorable nucleation step (8, 17, 18). Nevertheless,
as shown by this example, the absence of a lag phase is also
reported for unseeded reactions (18, 19). Between the classical
sigmoidal kinetics, showing an inflection point at �i � 0.5, and
the hyperbolic/seeded polymerization kinetics, showing no evi-
dent inflection point, there are a number of intermediate pos-
sibilities that have been comprehensively reviewed by Finke
and co-workers (4, 20). As discussed in those reviews, the
meaning of the different shapes has been interpreted over the
last 50 years according to several thermodynamic and kinetic
mechanisms. Given the complexity and variability of the pro-
tein aggregationmodels, a modular approach was recently pro-
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posed to systematically identify the mechanism that best
describes nucleation (or prepolymerization), growth (or
polymerization), and fragmentation steps (15). The available
fundamental models are in general highly specific for the amy-
loid polypeptide under study. Models containing a high num-
ber of parameters cannot fit to experimental data in a unique
way, whereas some of the theoretical elementary steps refer to
time frames that are experimentally inaccessible. Overparam-
eterization makes it hard to validate different parts of mecha-
nistically elaboratedmodels (21), which is recognized as a prob-
lem in protein aggregation modeling (22). In the pursuit of a
consensual, two-parametermodel for describing protein aggre-
gation kinetics, the 1997 Finke-Watzky mechanism for transi-
tion-metal nanocluster formation (23) was successfully applied
to a wide range of kinetic data (4, 20). In the formulation of the
Finke-Watzky model, slow continuous nucleation is followed
by autocatalytic surface growth so that the overall rate of pro-
tein concentration decrease is given by

�dC

dt
� k1C � k2C�C0 � C� (Eq. 2)

with k1 and k2 being, respectively, the nucleation and growth
average rate constants. For an initial protein concentration C0,
the solution of the ordinary differential equation can be
expressed as

C0 � C

C0
� 1 �

1 �
k1

k2C0

1 �
k1

k2C0
exp��1 �

k1

k2C0
�k2C0t� (Eq. 3)

Note that the difference (C0�C) corresponds, bymass balance,
to the instantaneousconcentrationofproteinaggregates (20).The
Finke-Watzky equation is interconvertible by algebraicmanipula-
tion into the Saitô and co-workers equation (24) and into the

equation of Fernández et al. (25), which, however, depart from
different mechanistic assumptions (see supplemental Table
S1). When the nucleation rates are very low (k13 0), Equation
2 reduces to the differential form of the logistic function, which
is commonly used to fit sigmoidal aggregation data (4, 16). Fer-
rone’s equation (26) is another example of a two-parameter
protein aggregation model available in literature that predicts
the monomer concentration to decrease with the square of
time. Although avoiding overparameterization, these models
are very useful from a practical point of view, although some
simplifying hypothesis adopted during their derivation may
lack solid biophysical basis. For example, Saitô and co-workers
(24) and Fernández et al. (25) describe elementary kinetic steps
by reaction-like rate equations that are first-order in relation to
the fractional conversion of monomers into fibrils expressed as
� and/or (1 � �). In an alternative formalism, Finke and co-
workers consider (4, 27) the fibrillar state as the autocatalytic,
polymeric form of the protein and express the elementary rate
laws as a function of the protein concentrations in the solubi-
lized and aggregated forms. Although theoretically more
appropriate, the Finke-Watzky formalism results in the para-
dox that according to Equation 2, all the dissolved protein is
expected to convert into fibrils, i.e. the expected steady-state
concentration is C∞ � 0. This is not possible in the light of the
general phase equilibrium condition and is not supported by
measurements of dissolved protein concentration after long
incubation times (18, 28, 29). Finally, the applicability of Fer-
rone’s quadratic equation is inherently limited to the early data
points corresponding to �10–20% of total monomer loss (22).

Kinetic modeling of amyloid fibrillization reactions has also
been performed using empirical equations such as linear and
exponential decay functions (30). As recently pointed out by
Auer and Kashchiev (31) while discussing the applicability of
the Avrami equation, it does not seem coincidental that such
mathematically simple models are able to describe the �(t)
dependence for a wide range of polypeptides and amyloido-
genic conditions. With the present contribution, we seek the
general principle that seems to govern the kinetics of protein
aggregation.We intend to do it in a theoretically consistent way
that does not compromise the final simplicity of the model nor
its quantitative usefulness. An infinite number of parameter
combinations producing equally good agreement with the data
should be avoided; that is to say, all the dynamic state variables
shall be condensed in a two-parameter model that can be
uniquely fit to protein aggregation kinetics. Then, the deepest
meaning of each constant should be possible to be determined
by using different types of experimental data. For this mecha-
nistic refinement to be possible, oversimplified hypothesis such
as those identified in our literature survey should also be
avoided during the derivation of the model.

THEORY

Resemblances between amyloid fibril formation and protein
crystallization have long been recognized (17). Both processes
involve the thermodynamic equilibrium between phases, an
initial assembly of macromolecules into stable nuclei (nucle-
ation step), and the subsequent formation of supramolecular
structures by the successive addition of growth units (growth or

FIGURE 1. Time-dependent normalized fluorescence signal representing
typical sigmoidal (open symbols) and hyperbolic (closed symbols) aggre-
gation kinetics of amyloid proteins during amyloidogenesis. For visual
clarity, trend lines are represented, and the time axis is normalized by the time
for 95% conversion (t95) for each case. Open symbols correspond to the exper-
imental data obtained by Xue et al. (15) using 61 �M �2m; t95 � 15.6 h. Closed
symbols represent continuous fluorescence data from Hurshman et al. (18)
obtained for 0.15 mg/ml M-TTR, which we digitized into periodic data and
normalized by the end-point signal; t95 � 23.4 s.
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elongation step). We propose now to quantitatively describe
the aggregation kinetics of amyloid proteins using fundamental
principles that are familiar to crystal growth scientists.
ThermodynamicDriving Force—Wewill start by defining the

thermodynamic driving force for amyloid fibril formation as
the variation in chemical potential �� occurring when protein
molecules in a supersaturated amyloid solution at temperature
T are transferred to a fibrillar state

�� � kT ln
a

a*
(Eq. 4)

where k is the Boltzmann constant and a and a* are the activi-
ties of supersaturated and saturated amyloid solutions. This is
analogous to the definition of supersaturation adopted in crys-
tallization from solution (32). Accurate activity coefficients are
difficult to obtain for highly nonideal concentrated solutions.
For this reason, and for mathematical simplicity, we will define
an approximate amyloid supersaturation� as a function of pro-
tein concentration C and protein solubility C*

� �
C � C*

C*
(Eq. 5)

The protein solubility corresponds to the concentration of dis-
solved protein that equilibrates the chemical potential of the
insoluble fibrillar phase. In principle, C* is independent of
the initial protein concentration and can be obtained from the
remaining concentration of the polypeptide in solution after
long reaction times (18). Nevertheless, whenmeasuring protein
aggregation in the presence of high macromolecular content
(“macromolecular crowding”), volume-excluding effects may
lead to different protein concentrations in equilibrium (33).We
will return to this issue while discussing possible deviations
from the CLM. The total amount of aggregates produced per
unit of volume of solution �mT/V is given by the difference
between the mass concentrations C0 and C*. Equation 5 can
thus be rewritten to express amyloid supersaturation as a func-
tion of the fraction of protein converted into amyloid aggre-
gates (�) and of the initial supersaturation (�0).

� �
�C0 � C*� � �C0 � C�

C*
�

�mT

VC*
�1 � �� � �0�1 � ��

(Eq. 6)

Nucleation Step—The mechanism leading to the formation
of amyloid nuclei generally includes conformational changes of
the native state (34) and different intermediate structures such
as polymorphous and oligomeric aggregates (35, 36), whose
nature and importance vary from protein to protein (4, 15).
Although all of the transitions involve energy barriers of differ-
ent magnitudes, we will consider that the rate-limiting step is
the formation of a critical-sized amyloid nucleus. This postula-
tion finds support in the well known fact that the addition of
preformed fibrils to amyloidogenic solutions (seeding) com-
pletely eliminates the lag phase and induces immediate fibril
formation. Classical nucleation theory (37, 38), based on which
numerous phase transition phenomena occurring in nature and
technology have been explained (39), will be used to estimate

the frequency at which new fibrils are created. It is admitted
that fluctuations in phase density give rise to the appearance of
embryonic formations or nuclei that reduce the bulk free
energy (due to the variation in chemical potential ��) and
increase the surface free energy (due to the creation of a fibril/
solution interface). Above a critical nucleus size, the process
spontaneously evolves in the direction of amyloid fibril forma-
tion. Recently (38), the following expression was proposed for
the critical number of monomeric peptides constituting the
amyloid nucleus

n* �
�

��2 � 1 (Eq. 7)

where � is a constant accounting for the dimensions and inter-
facial energies of the nanosized fibril. In the same work, the
nucleation rate J was expressed as a complex function of the
thermodynamic driving force for amyloid fibril formation (38).
Wewill adopt a simplified version of this relationship that takes
into account the very high supersaturation levels associated
with amyloidogenic conditions (18, 28, 29). For C/C* ratios
much higher than 10, the equilibrium concentration of fibril
nuclei is expected to increase linearly with C, greatly simplify-
ing the expression of J to a second-order rate equation

J � A�2 (Eq. 8)

with A being a �-independent kinetic factor expressed in units
of frequency per solution volume.
Growth Step—During this step, preformed fibrils grow by the

successive addition of new structural units. Due to the existence
of a preliminary fibril template, the growth (or elongation) step
is thermodynamically favored over nucleation; although both
processes co-exist during the early phases of incubation (16),
fibril elongation is expected to become increasingly predomi-
nant (40). Advanced microscopy techniques show indefinite
evidences of unidirectional (41–44) and bidirectional amyloid
fibril growth (45, 46), reportedly involving intertwining of amy-
loid filaments and protofibrils (47). Whatever the mechanisms
of assembly admitted to occur, phase transition during this step
is mostly determined by a secondary nucleation process taking
place on the surface of the protein aggregates (44, 48). There-
fore, the elongation rate G is proportional to the frequency at
which proteinmolecules leave the solution phase and reach the
fibril surface. As previously stated by us for the case of crystal
growth from solution (49–51), the attachment probability lin-
early increases with (i) supersaturation �, which drives the dif-
fusion ofmolecules toward the interface; and with (ii) the num-
ber of energetically favorable sites for integration. The later
quantity was found to be proportional to crystal size during
crystallization (49) and is here assumed to be proportional to
the length of amyloid fibrils L or, more specifically, to the num-
ber of �-sheets constituting the solid phase. We depart from a
nonactive binding mechanism, where the lateral binding of
monomers is seen as a dynamic reservoir for their subsequent
incorporation at both ends of the fibrils (52, 53) (Fig. 2). We
further assume that surface adsorption is a reversible process
followed by a fast surface diffusion step, which is not rate-lim-
iting while monomers are being recruited into the active sites.
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The simplified expression for the rate of fibril elongation is thus
given by

G �
dL

dt
� kg�L (Eq. 9)

where kg is a growth rate constant accounting for the influx of
amyloidogenic protein molecules arriving to the fibril ends and
undergoing conformational changes upon integration. For the
constant cross-section area, themass of fibrils linearly increases
with L. Therefore, size-dependent growth provides a phenom-
enological explanation for the autocatalytic nature of amyloid
protein aggregation (16, 55) and for the semiempirical evi-
dences that the elongation rate is proportional to the mass of
fibrils, directly as m-dependent growth (22) or indirectly as
�-dependent growth (24) and (C0 � C)-dependent growth (4,
20). A more subtle consequence arising from Equation 9 is that
unless specified otherwise by complementary rate laws, overall
elongation rates are affected by the total mass of fibrils present
in solution but not by their number.Wewill return to this point
during the derivation of the mathematical model and during
the discussion of its limitations.
Mathematical Model—Given the kinetics of nucleation and

growth just defined, it is important to knowhowmuch and how
fast amyloid fibrillization will take place.We will start by defin-
ing themass of polypeptide aggregates,m, in the generic case of

fibril formation using a mass of seeds m0 and taking into
account the fibril size distribution.

m � m0 � �m � a	 �
i � 0

�

niLi (Eq. 10)

In the second part of the equation, a	 is the cross-section area
multiplied by the mass density of amyloid fibrils, and it is
assumed to not change significantly with time; ni is the number
of fibrils with characteristic size Li. It follows that the rate at
whichm increases with time is given by

dm

dt
� a	 �

i � 0

� dni

dt
Li � a	 �

i � 0

� dLi

dt
ni (Eq. 11)

The first sum term accounts essentially for the formation of
new amyloid nuclei containing n* molecules (Equation 7),
which occurs at a nucleation frequency J (Equation 8). The sec-
ond sum term refers to the size-dependent elongation of fibrils
(Equation 9). Fibril breakage, although important for the final
size distribution and for pathogenic proliferation (56, 57), is not
expected by the CLM to influence the overall kinetics of m
increase.On the one hand, fragmentation increases the number
of fibrils but not their total mass, so the first sum term of Equa-
tion 11 remains constant. On the other hand, provided that the
initial mass is the same, a large number of shorter and slow
growing fibrils are expected to have the same total mass
increase per time unit as fewer and fast growing fibrils. This is due
to the condition of size-dependent growth resulting from Equa-
tion 9, which implies that the same mass of different sized seeds
will induce unvarying fibrillization kinetics. Experiments of amy-
loid fibril formation of �2m using small amounts of seeds appar-
ently confirm that short, ultrasonicated fibrils induced “essentially
the same kinetics” as less fragmented ones (58). Nevertheless, as
higher �0 fractions are used, fragmented seeds seem to promote
the initial fibrillization rates v0 (15, 52); more surprisingly, when
ultrasounds or mechanical agitation are used during incubation,
the overall conversion into amyloid fibrils (expressed in terms of
final fluorescence intensity) is markedly affected by the type of
agitation (59, 60). From these results, we suggest the existence of a
thermodynamic rather than kinetic effect associated with fibril
breakage. The effective concentration of protein in solution is
likely to be influenced by the total number of monomers remain-
ing captive on the fibril ends (Fig. 2). Thebigger the fibril fragmen-
tation, the larger the number of fibril ends, and the greater the
effect on the effective concentration in equilibrium. Although it is
important in explainingunexpected behaviors,wewill not be con-
cerned with changing thermodynamics due to fibril breakage
and/or volume-excluding effects at this stage of theCLMdevelop-
ment. Equation 11 is therefore rewritten as a function of the kinet-
ics of nucleation and growth

dm

dt
� A�2Vn*

Mr

NA
� kg��

i � 0

�

a	niLi (Eq. 12)

withMr being the molecular weight of the amyloid protein and
NA being the Avogadro constant. After recognizing that the

FIGURE 2. Schematic representation of size-dependent amyloid fibril
growth. Monomers in solution (green rectangles) diffuse into the surface of
fibrils, where they get reversibly adsorbed (yellow rectangles) and rapidly
migrate to the fibril ends. Accumulation of adsorbed molecules at the active
sites (red arrows) takes place until reaching the minimal number of monomers
required for integration and subsequent regeneration of the fibril end. For
�2m, this number was estimated from pre-steady-state kinetic measure-
ments to be �10 monomers (52). Supported by the nonactive site binding
mechanism (52, 53), we further assume that lateral migration of molecules is
not rate-limiting so that the influx of monomers directly increases with fibril
length as the attachment probability also increases. Accordingly, regenera-
tion events take place faster in long fibrils (A) than in short fibrils (B); time lapse
is represented by the blackened clock symbols on the right side. Helical repre-
sentation of amyloid fibrils is adapted from Ref. 54.
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sum term corresponds to the total mass m (Equation 10), and
expressing�m and� as a function of the extent of amyloid fibril
formation � (Equations 1 and 6), one gets

d�

dt
� ka�1 � ���kb�1 � �� � � � �0	 (Eq. 13)

where the �0-dependent constant ka gives themagnitude of the
growth step

ka � kg�0 (Eq. 14)

and kb gives the relative nucleation-to-growth magnitude

kb �
An� *Mr

NAC*kg (Eq. 15)

An average value n�* is considered for the number of molecules
constituting the amyloid nuclei. Although n* increases as ��
(and �) decreases (Equation 7), the average size of the critical
nuclei is assumed for now to be dictated by the initial supersat-
uration �0. In Equation 13, �0 corresponds to the mass fraction
of seeds (m0/�mT) and not to the initial amyloid conversion,
which is 0 for both seeded andunseeded reactions�(0)� 0. The
analytical solution of the ordinary differential Equation 13 sub-
ject to this initial condition is

� � 1 �
1

kb � �0

1 � �0
�exp�kat�1 � �0�	 � 1	 � 1

(Eq. 16)

which in the case of unseeded reactions simplifies to

� � 1 �
1

kb�exp�kat� � 1	 � 1
(Eq. 17)

This equation is a major result of our study. Some of the prac-
tical and fundamental applications arising from it will now be
discussed using experimental amyloid fibrillization kinetics
obtained from the literature. Equation 17 will be fitted to the
measured variations of � with time to determine the kinetic
constants ka and kb. In so doing, the growth and nucleation
steps will be quantitatively characterized, which is useful to
design and predict different amyloidogenic conditions. When
the rates of amyloid fibril formation are available for different
initial protein concentrations (and for different �0 values), fur-
ther fundamental insight about amyloid fibrillogenesis is
gained by disclosing themeaning of the kinetic constants at the
molecular scale. Our future work will address the cases of
seeded fibrillization kinetics (Equation 16) in more detail.

RESULTS AND DISCUSSION

The CLMwill be tested against experimental data published
by Xue et al. (15) and Hurshman et al. (18) that comprehen-
sively describe unseeded sigmoidal and hyperbolic kinetics.
Although different numerical methods can be applied to deter-
mine the model parameters ka and kb, we propose a simplified
strategy that uses the time required to reach 50%of themaximal
amplitude (t50) and the aggregation rate at that instant (v50).
The theoretical value of the product kat50 is obtained by setting
� � 0.5 in Equation 17.

kat50 � ln�1

kb
� 1� (Eq. 18)

In the same way, v50 corresponds to the derivative given by
Equation 13 for � � 0.5 and �0 � 0, with the product v50t50 also
being a sole function of kb

�50t50 �
1

4
�kb � 1�ln� 1

kb
� 1� (Eq. 19)

As shown in Fig. 3A, v50 is obtained from the slope of the exper-
imental�(t) curve at the instant t50. In a first step, the value of kb
is determined from solving Equation 19 using the measured
values of t50 and v50. The value of ka is then determined from
solving Equation 18 using t50 and the kb constant just estimated.
This two-stepmethod for determining themodel parameters is
graphically illustrated in Fig. 3B. The mechanistic similarities
suggested by Fändrich (61) when analyzing 298 amyloid aggre-

FIGURE 3. Simplified method for determining the kinetic constants ka and
kb from unseeded amyloid aggregation kinetics. A, illustrative example for
determining the time required to reach 50% completion t50 (dashed lines) and
the aggregation rate at that instant (v50) (solid lines) using the time-depen-
dent, normalized fluorescence signal measured by Xue et al. (15) for 61 �M

�2m; t50 � 15.6 h and v50 � 0.36 h�1. B, the products v50t50 (left vertical axis)
and kat50 (right vertical axis) are computed as a function of kb (log scale)
according to Equations 19 and 18, respectively (solid lines). From the kinetic
parameters determined in A, kb is firstly interpolated from the product v50t50
and then is used to interpolate the product kat50, from which ka is estimated
(dashed arrows); kb � 1.6 
 10�10 and ka � 1.44 h�1.
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gation kinetics of different polypeptides find here their under-
lying principle. The author noticed that the product of the
apparent lag time t1 and the maximum aggregation rate vmax
did not change significantly from an average value of 4.5 with
S.D. � 2.9 (31, 61). Although t1 is lower than t50, and vmax is
greater or equal to v50, the product t1vmax is expected to be close
to v50t50. The representation of Equation 19 in Fig. 3B shows
that a relatively narrow range of v50t50 values, say between 2 and
6, corresponds to kb values that varymany orders ofmagnitude,
from �10�11 to �10�4. That is to say, according to the CLM,
very different nucleation-to-growth ratios exhibited by amyloid
polypeptides correspond to nearly invariable v50t50 and t1vmax
products. The bad news is that even small experimental errors
during aggregation kinetics measurement can lead to great
uncertainty on the estimated value of kb. The values of kb asso-
ciated with the t1vmax products identified by Fändrich (61) are
much lower than 1, so in Equation 19, kb � 1� 1. By combining
Equation 18 and the simplified version of Equation 19, one finds
that ka � 4v50 for the large number of amyloid aggregation
kinetics analyzed. The simplified method illustrated in Fig. 3
was applied to more than 200 fibrillization progress curves
measured by Xue et al. (15) at concentrations of �2mmonomer
ranging from 8 to 244 �M. The selection of fitting results given
in Fig. 4A illustrates the good agreement obtained throughout
the different polymerization stages and for all concentrations.
This is especially relevant if one recalls that half-life coordinates
(t50 and v50) were the only information used to compute the
theoretical curves in their full extent. According to Equation 14,
the values of ka should increase linearly with the initial super-
saturation level �0. Mean ka values of replicate experiments are
represented in Fig. 4B as a function of the �0 values calculated
using Equation 5 and a C* estimation of 0.67 �M for �2m under
acidic conditions (62). The fact that the ka(�0) relationship is
closer to a power law function than to a linear function is not
discouraging. On the contrary, it reflects the increasing diffu-
sional limitations as the C0 increases from 8 to 244 �M. More
concentrated protein solutions result in a higher quantity of
suspended fibrils, which in turn decreases the mass transfer
rates and does not let ka increase with �0 as fast as in diluted
solutions. Concerning the determination of the constant kb, a
great variability of results was obtained for each �2m concen-
tration that was analyzed. The 95% confidence intervals for the
mean kb included the value 0 in all cases except for C0 � 43.7
�M. The difficulty in finding statistically valid kb estimations
confirms our concerns about the high sensitivity of this param-
eter, at least in the region of Fig. 3B corresponding to high
values of v50t50. The same uncertainty does not let us conclude
about the meaning of some misfit occurring when � starts to
increase using less concentrated �2m solutions (Fig. 4A). These
discrepancies, which were not reproducibly observed, may rep-
resent different nucleation rates from those considered by the
CLM or, more simply, may result from experimental base-line
variations that are more likely to occur during slower fibrilliza-
tion kinetics.
So far we have been analyzing sigmoidal aggregation kinetics

showing an initial lag phase that precedes the phase of rapid
growth. As the nucleation step becomes not so rate-limiting, i.e.
as kb increases and v50t50 decreases, the initial lag phase

becomes progressively shorter until no induction time is dis-
cernible. At the same time, the shape of the amyloid fibrilliza-
tion kinetics is expected to gradually change from sigmoidal to
hyperbolic. This is understandable from the value of amyloid
fibril conversion at the inflection point �i, which is calculated
from the condition d2�/dt2 � 0 applied to Equation 13 for
unseeded reactions (�0 � 0).

� i �
1 � 2kb

2�1 � kb�
(Eq. 20)

For low values of the nucleation-to-growth ratio, the progress
of amyloid fibrillization follows a sigmoidal shape with an
inflection point at �0 � 0.5. As kb increases, the sigmoid curves
have their inflection at lower values of � until a stage where no
inflection point is visible at all. This happens for kb  0.5 and
corresponds to the hyperbolic aggregation kinetics.
A good agreement between experimental and theoretical

results is again observed in the case of hyperbolic aggregation

FIGURE 4. Fitting the CLM to sigmoidal aggregation kinetics measured by
Xue et al. (15) at different �2m concentrations. A, theoretical kinetic curves
(lines) are calculated using Equation 17 and the ka and kb constants obtained
by the simplified method described in the legend for Fig. 3. The selection of
results covers very fast to very slow �2m fibrillization kinetics. B, influence of
the initial supersaturation level �0 on the mean ka values (symbols) deter-
mined for different protein concentrations within a 95% confidence interval
(error bars). Solid line represents a power law equation with exponent 0.503.
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kinetics of monomeric transthyretin (M-TTR) (Fig. 5A). First
estimations of ka and kb using the values of t50 and v50 were now
fine-tuned through numerical minimization of the squared
error. The parameters thus obtained are in close agreement
with those obtained using the Levenberg-Marquardt algorithm
of 
2 minimization (see supplemental Table S2). Fig. 5B shows
that the obtained values of ka and kb seem to linearly increase
with the initial supersaturation level �0 calculated using Equa-
tion 5; a value of 0.8 �g/ml was used for the M-TTR solubility
C*, which corresponds to the concentration of monomers in
solution after 1 week of reaction time (18). Although the linear
ka(�0) relationship confirms the definition of the growth rate
constant given by Equation 14, the kb(�0) data suggest that in
Equation 15, the average number ofmonomers constituting the
critical nucleus n�* increases with the initial supersaturation.
This result is apparently in contradiction with the classical
nucleation theory, which expects smaller critical nuclei as the

thermodynamic driving force increases (Equation 7). Addi-
tional statistically reliable nucleation data are, however, needed
before making more definite conclusions about the definition
of n* for amyloidogenesis. M-TTR and �2m are amyloidogenic
proteins that have rather distinct fibrillization kinetics, namely
in reaction speed and shape of the progress curve. The ability of
CLM to describe such different aggregationmechanisms is very
encouraging. Another feature clearly distinguishing the two
behaviors is the role of seeding on the acceleration of amyloid
aggregation. Although the addition of preformed aggregates of
�2mhas the typical effect of precluding the initial lag phase (15),
in the case of M-TTR, the aggregation kinetics is not acceler-
ated by seeding (18). The CLM again provides the rationale for
these observations based on the relative importance of the
nucleation step relatively to growth; the very low values of kb
estimated for �2m mean that amyloid nucleation is the rate-
limiting step. Therefore, the initial fibrillization rate v0 pre-
dicted by Equation 13 for� � 0 is also very low in the absence of
seeding. Even small amounts of seeds may represent mass frac-
tions �0 much higher than kb, which will lead to a correspond-
ingly high increase on the value of v0 and to a change of fibril-
lization kinetics from sigmoidal to hyperbolic. On the contrary,
the high values of kb obtained for M-TTR represent fast fibril-
lization rates right from the beginning of the reaction. This
occurs independently of the values of �0 that are typically well
below1.Drastic differences in the value of kbmay also configure
differentmechanisms ofM-TTR and�2m amyloid fibril forma-
tion; amorphous M-TTR aggregates identified by microscopic
analysis (18) are likely to act as nucleation promoters (63).
Instead,�2m fibrils had the long, straightmorphology typical of
low pH, low ionic strength conditions (15, 64), suggesting that
elongation is the major route for fibril formation.
At this point, the CLM is confirmed as a robust two-param-

eter model that is able to describe very distinct protein aggre-
gation kinetics and whose derivation is theoretically consistent
and not liable to oversimplified hypothesis. As shown in sup-
plemental Table S2 and supplemental Fig. S1, the CLM also
obtained the best fitting results among the two-parameter
models used to describe protein aggregation data that are not
rate-limited by any of the steps. In a subsequent stage, addi-
tional mechanistic insight into the nucleation and growth steps
should be gained by disclosing the meaning of the kinetic con-
stants ka and kb. Our preliminary study on how these constants
are affected by the initial supersaturation level seems to indicate
that modifications to the classic nucleation theory are needed
to determine the critical size of the amyloid nucleus. Concern-
ing the growth step, the condition of size-dependent growth
inherent to Equation 9 also deserves further discussion. This
condition is not easily tested by direct observation techniques,
which are known to have experimental limitations such as con-
strained assembly on the mica/glass surface and growth rate
dispersion (41–46). An indirect, yet distinctive consequence of
size-dependent growth is that fibrillization rates are affected by
the total mass of fibrils present in solution but not by their
number. Increased seeding efficiency obtained with frag-
mented (smaller) seed fibrils has, however, been observed for
�2m (15, 52) and for yeast prions (65), which is in apparent
contradiction with the size-dependent condition. Fibril break-

FIGURE 5. Fitting the CLM to hyperbolic aggregation kinetics measured
by Hurshman et al. (18) at different M-TTR concentrations. A, symbols
represent continuous fluorescence data that were digitized by us into peri-
odic data and normalized by the end-point signal. Theoretical kinetic curves
(lines) are calculated using Equation 17 and the ka and kb constants obtained
by minimization of the squared error. B, influence of the initial supersatura-
tion level �0 on the estimated ka (open symbols) and kb constants (closed
symbols).
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age induced by different agitation intensities has also been
reported to affect the end-point fluorescence signal (59, 60),
which is an indication of the total amount of fibrils produced
and, indirectly, of the protein solubility (Equation 6). Both types
of evidences are not expected by the CLM and are presumably
related with variations on the effective protein concentration
due to volume-excluding effects in fibril-crowded solutions.
Known as an important variable in the cellular environment,
macromolecular crowding and its effects are generally associ-
ated with high concentrations of spectator molecules (66). We
hypothesize that the thermodynamic concentration of protein
may also be affected in vitro by fibril breakage as an additional
source of monomer-retaining sites. Besides providing a possi-
ble explanation for masked fibrillization kinetics, changing
thermodynamic conditions may also be linked to a series of
unusual behaviors reported in literature such as the effects of
reaction volume (67), hydrophobic surface area (68), and sur-
factants (60) on amyloid fibril formation. In all cases, not only
the reaction rate is affected but also the reaction extent, which
again supports the thermodynamic hypothesis of volume-ex-
cluding effects taking place at the fibril-solution interface.
Whether the effect of fibril breakage is thermodynamic or
kinetic is important to evaluate the condition of size-dependent
growth and to establish the fundamental meaning of the con-
stant ka: (i) is it related to probabilistic interfacial collisions and
themean life time ofmonomers at the surface of amyloid fibrils,
or (ii) should it be treated as a blind kinetic constant such as
those commonly found in protein aggregationmodels that con-
sider reaction-like rate equations? Either way, sufficient exper-
imental data are available confirming a first-order dependence
of the elongation rate on the fundamental variables supersatu-
ration level and fibril mass/size, which in turn leads to a first-
order dependence of ka on the initial supersaturation level �0.
The CLM opens new perspectives on the characterization

and understanding of amyloid fibril kinetics. Development of
new targets for amyloid disease therapeutics needs this model
working together with other structural and molecular studies
(55, 69) and complemented with information on the composi-
tion of toxic nonfibrillar oligomers (36, 43). CLM allows users
to discern between the following mechanisms of inhibition: (i)
protein solubility increase evidenced by higher values of C* in
the presence of the inhibitor, thus lowering the thermodynamic
driving force for fibrillization (Equation 5); (ii) nucleation rates
decrease evidenced by lower nucleation-to-growth ratios (kb) in
the presence of the inhibitor; and (iii) blocking of fibril elonga-
tion evidenced by lower kinetic constant for growth (ka) in the
presence of inhibitor. Mechanisms that require structural
interaction between ligand and polypeptide, such as nucleation
and/or growth inhibition, offer more guarantees to work both
in vitro and in vivo. By characterizing the relative contribution
of variables, the CLM is expected to be useful for scientific
systematization during the development of new therapeutic
strategies for amyloid diseases.
In conclusion, we propose a quantitative crystallization-like

model that is able to describe the sigmoid and hyperbolic amy-
loid fibrillization kinetics commonly reported in literature. A
simplified method is presented to determine the model param-
eters using Fig. 3B and themeasured values of the time required

to reach 50% completion (t50) and the aggregation rate at the
that instant (v50). Further insights are provided into the nature
of critically sized amyloid nucleus, the influence of diffusive
limitations and fibril breakage during growth, and the role of
seeding as amyloid aggregation catalyst. It is notable that the
solid biophysical basis of the CLM does not compromise its
final simplicity. While integrating the combined influence of
seeding, nucleation, growth, and fibril breakage, Equation 17 is
seen as a good approximation of the generalized underlying
principle governing the kinetics of amyloid fibrillization. We
expect that the CLMmay be routinely used as a tool to charac-
terize quantitatively and qualitatively new targets for amyloid
disease therapeutics.
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