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Abstract

Most theories of soft matter elasticity assume that the local strain in a sample after deformation is
identical everywhere and equal to the macroscopic strain, or equivalently that the deformation is
affine. We discuss the elasticity of hydrogels of crosslinked polymers with special attention to
affine and non-affine theories of elasticity. Experimental procedures to measure non-affine
deformations are also described. Entropic theories, which account for gel elasticity based on
stretching out individual polymer chains, predict affine deformations. In contrast, simulations of
network deformation that result in bending of the stiff constituent filaments generally predict non-
affine behavior. Results from experiments show significant non-affine deformation in hydrogels
even when they are formed by flexible polymers for which bending would appear to be negligible
compared to stretching. However, this finding is not necessarily an experimental proof of the non-
affine model for elasticity. We emphasize the insights gained from experiments using confocal
rheoscope and show that, in addition to filament bending, sample micro-inhomogeneity can be a
significant alternative source of non-affine deformation.

l. INTRODUCTION

Hydrogels are an important subclass of materials composed of three dimensional polymer
networks swollen in water. A jelly is a hydrogel of polysaccharides [1]; contact lenses are
hydrogels of silicone [2]; and cells in the human body are connected by hydrogels of
collagen [3]. These hydrogels have mechanical properties common to both fluids and solids,
i.e., they are viscoelastic. The water in hydrogels makes them macroscopically
incompressible and enables gels to “flow” like fluids; the polymer network structures
provide mechanical support for the gels. It should not be surprising that the microscopic
properties of polymers and the structure of polymer networks affect the elastic properties of
hydrogels. Increased polymer concentration and crosslinker concentration, for example, can
lead to enhancements in gel elasticity. The hydrophobicity of polymers can also be tuned to
regulate hydrogel elasticity by changing pH [4] or temperature [5]. In fact, as a result of this
tunable elasticity, hydrogels are widely applied in the food industry [1], environment control
[6], medical instrumentation [2, 7], and medicine [4, 5, 7]. Thus, an understanding of the
physical mechanisms affecting elasticity of hydrogels is useful.

The elastic behavior of most hydrogels of synthetic polymers such as polyethylene glycol
(PEG) and polyacrylamide (PA) is similar to that of rubber-like materials. Their elasticity
can be understood on the basis of the classic theory of rubber elasticity [8]. Hydrogels
composed of biological polymers such as actin, collagen and fibrin, however, exhibit unique
rheological properties such as strain-stiffening [9-12] and negative normal stress [13-15],
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which are not observed in rubber-like materials. These unique mechanical properties may
have biological significance, but a mechanistic understanding of these is beyond the scope
of classic rubber elasticity theory [10, 16].

Ultimately, the elasticity of biopolymer gels originates from the resistance of polymers to
stretching and bending deformations. Generally polymer stretching produces affine
deformation of the gels, whereas polymer bending can give rise to non-affine deformation.
affine deformation implies a mechanical response with uniformly distributed strain, v, i.e.,
the local microscopic strain is identical to the global macroscopic strain applied to the
material. This idea is depicted by the schematic in Fig. 1, which shows a cross-section of
polymer gel under shear. The grey circles along the vertical dashed line indicate the position
of tracer beads entrapped in a gel under no external loading. When a shear force is applied
on the top surface of the gel, the circles move as the gel deforms. If the gel were to deform
affinely, the tracer beads would displace to new positions given by green circles, all of
which lie along the oblique dashed line. However, if the gel deforms non-affinely, as real
gels are wont to do, then the tracer beads displace to new positions in random, denoted by
the red circles. The non-affine deviation, -, is defined as the deviation of a tracer bead from
its affine position, i.e., the distance between its respective red and green circles.

Two types of theoretical models account for the elasticity of biological polymer gels [10,
16-18]. Both approaches are successful in predicting strain-stiffening and negative normal
stress, i.e., the characteristic mechanical properties of biological gels. The first model is an
affine model. Similar to the classical theory for rubber elasticity, it treats the biological
filaments as entropic springs and assumes affine deformation, i.e., that strain is uniformly
distributed in the polymer networks. According to this model, strain-stiffening of polymer
networks originates from the nonlinear force extension curve of individual biopolymers
[10,16]. The other theoretical approach is the so-called non-affine model in which enthalpic
deformation of stiff filaments is the dominant contribution to elasticity. It predicts non-affine
deformation due to bending and reorganization of the polymer filaments. Strain-stiffening in
the non-affine model originates from network reorganization that leads to a transition from
filament bending to filament stretching [17, 18]. Experimental verification of these two
models, however, is currently lacking.

One possible way to check the validity of these two types of theoretical models is to
measure the non-affine deformation in biological gels. With reflectance and fluorescence
confocal microscopes it is just now becoming possible to resolve individual polymer
filaments in semi-flexible polymer networks [19-21]. Looking forward, by combining these
microscopy techniques with rheometers or alternative loading devices, one can, in principle,
generate an experimental apparatus required for probing non-affine deformations of
individual polymers in semiflexible gels. Herein we will briefly review currently available
theories on elasticity of hydrogels, experimental methods to detect non-affine deformations,
and possible sources of non-affinity in polymer gels.

II. ELASTICITY OF HYDROGELS

The elasticity of hydrogels can be characterized by rheological measurements using
commercially available rheometers. During a typical oscillatory measurement using a strain-
controlled rheometer, the rheometer imposes an sinusoidal oscillatory shear strain on the
sample of the form ¥ = ysimwi), and the shear stress, o, required to generate such a
deformation is measured. For a linear viscoelastic material, the resulting stress is also a
sinusoidal function with a phase shift, ¢, i.e., o= ggsin(wt+ ¢). The material elasticity, the
shear elastic modulus (G, is calculated from the part of stress that is in phase with strain,
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shear loss modulus (G”): G =_35’”¢. For crosslinked polymer networks, G “is often much
larger than G ", i.e., the elastic response of the gel dominates. For materials with nonlinear
elasticity, stress does not increase linearly with strain, and therefore, the measured shear
stress signal is not a simple sinusoidal function. Higher-order harmonics appear in the stress
signal due to the nonlinear relationship between stress and strain. An alternative method to
measure non-linear elasticity is to impose a constant level of stress (or strain) and then
superimpose a low-amplitude oscillatory deformation to obtain the so-called differential
modulus, K {y,w), of the material in its strained state [11, 12]. For linear materials, K “is
independent of the degree of pre-stress but is a function of pre-stress or pre-strain for non-
linear materials. K () is generally more strongly dependent on strain than is G(), which
integrates the viscoelastic response over the entire deformation cycle.

Most synthetic polymer networks, such as polyacrylamide, polyethylene glycol, and
polyvinyl alcohol are composed of flexible polymer chains similar to the polymers in
rubber. The elasticity of such synthetic polymer gels also share some characteristics of
rubber elasticity. For example, to generate a sinusoidal shear strain, the required stress is
also a sine function, as shown for a sample polyacrylamide (PA) gel with bisacrylamide as
crosslinker in Fig. 2(a)-(i). In this case, the G “of the synthetic polymer gel is constant over a
large range of strain. In Fig. 2(b), G “of a sample PA gel is measured as a function of shear
strain. G “remains constant with increasing shear strain (data shown for = 0.01 -0.4);
indeed, in this experiment, G “remains constant as strain was increased from y = 0.01 up to
1.2 before the test failed due to detachment of the gel from the rheometer plates [22]. At
larger strains, beyond this linear elastic regime and beyond our experimental limit, nonlinear
elasticity is expected in synthetic polymer gels similar to that observed in rubber-like
materials at large deformations. G “of synthetic polymer gels is also predicted to depend on
crosslinker concentration, ¢, and temperature, 7, i.e., G = ckgT[23]. kgis the Boltzmann
constant. Measured dependences along these lines are shown in Fig. 2(c) and (d) where G~
for PA gels increases linearly with cand 7, respectively.

The G “for biopolymer hydrogels, however, differs significantly from that of PA gels. As
illustrated in Fig. 2(a)-(ii), the stress required to generate a relatively large amplitude
sinusoidal strain in fibrin gel, the major component of blood clots, is no longer a sine
function. Higher-order harmonics are seen in the stress response signal, indicating the
nonlinear relationship between shear stress and shear strain. Instead of being a constant, the
G’ of biological polymer gels often increases with increasing strain (Fig. 2(b)). For example,
the elastic modulus of a fibrin gel can increase about 20 times from 45 Pa to 800 Pa, when
the strain increases from y» = 0.01 to 0.8 [24]. Such an increase in elastic modulus with
increasing strain is referred to as strain-stiffening. Strain-stiffening is a universal behavior
for crosslinked gels of semi-flexible biological polymers. Besides fibrin, gels made of F-
actin, vimentin and collagen also exhibit strong strain-stiffening [10]. The strain-stiffening
of biopolymer gels has potential biological significance; for example, they can protect
tissues cells from extremely large deformations [25]. This nonlinear elasticity in biopolymer
networks is better characterized by analyzing the stress-strain curves obtained by large
amplitude oscillatory shear (LAOS) tests [26].

Besides strain-stiffening, negative normal stresses are also observed in biopolymer gels
composed of rodlike or semiflexible filaments [13, 14]. When subject to shear deformation,
these biopolymer gels tend to pull the shearing surfaces toward each other. This inward
pulling force is referred to as the negative normal stress [13]. In contrast, a gel formed by
flexible polymer chains such as polyacrylamide has negligible normal stress at small

Soft Matter. Author manuscript; available in PMC 2013 January 01.



1duasnuey Joyiny vd-HIN 1duasnuey Joyiny vd-HIN

1duasnuey Joyiny vd-HIN

Wen et al.

Page 4

deformation. At large strain, PA gels, like simple synthetic elastomers, generates positive
normal stress, which tends to push the shearing surfaces away from each other. The
magnitude of positive normal stress in PA gels is much smaller than the shear stress [13].
However, the magnitude of negative normal stress in biopolymer gels is comparable to the
shear stress and increases nonlinearly with the increasing strain [13, 14]. Under certain
conditions, the magnitude of negative normal stress may even be larger than the magnitude
of the applied shear stress [14, 15, 27].

There is also significant influence of crosslinks on the macroscopic mechanical properties of
hydrogels. Broadly, gels can have two types of crosslinks. Gels can be crosslinked
physically wherein polymer chains are held together through attractive forces arising from
chain entanglements, electrostatics, or van der Waals attractions [28, 29]; or gels can be
chemically crosslinked (e.g., polyacrylamide, polystyrene, etc.) wherein crosslinks are
covalently bonded to the polymer chains [28, 30, 33]. Physically crosslinked are generally
weaker than chemically crosslinked gels, are more likely to rearrange under shear, and often
tend to yield under increasing strain [28, 29]. Chemically crosslinked gels have
comparatively higher moduli, are composed of individual polymer filaments that have
largely lost their distinguishability, and deform by bending or stretching out polymer
filament sections between static crosslink junctions, rather than by release or movement of
crosslinks [31].

The crosslink situation in bio-polymer gels is even more complex. Gels that yield
irreversibly are considered to have chemical crosslinks, be they covalently bonded or formed
by branching filaments. In addition, bio-polymer filaments may be composed of bundles of
smaller fibril units that are laterally stacked [33, 47] and held together by multivalent
counterions [32, 47]. These electrostatic forces, while being sufficiently strong to give the
polymer filaments mechanical rigidity, permit the fibrils to slide against each other under
external deformation. Such fibril bundles tend to align in the direction of loading, often
irreversibly under sufficiently high strains.

Ill. AFFINE MODEL OF ELASTICITY

Affine deformation is one of the fundamental assumptions in the classical rubber elasticity
theories. Following this assumption, each polymer strand is stretched to a strain which is the
same as the strain applied over the whole sample; thus the network elasticity originates in
the resistance of individual polymers to stretching [16, 23]. With the affine assumption, the
elasticity of rubber is derived from the entropic elasticity of each individual polymer [23].
Using the affine assumption that each crosslinker displaces affinely under external load,
phantom network models by Flory [34] and Guth [35] derive network elasticity from the
decrease in network configurational entropy.

Using the affine assumption, both the linear elasticity and nonlinear strain-stiffening in
hydrogels can be understood on the single molecule level as a direct consequence of the
mechanical response of worm-like-chains (WLC) [10, 16, 36]. Within this approach, the
end-to-end distance of the WLC, i.e., R, in the crosslinked network is set to be the average
distance between crosslinkers, L. L is the average contour length of polymer segments
between two neighboring crosslinkers [16, 36]. Thermal agitations lead to transverse
undulations, which cause the distance between the ends of a WLC to be smaller than the
polymer length, i.e., R < L [10, 16, 23]. Stretching a WLC, in other words, increasing R, is
equivalent to pulling out the extra contour length and leads to a decrease in conformational
entropy of the polymer [10, 16, 23]. The force to keep the end-to-end distance of a WLC at
Ris [37]
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where /, is the persistence length quantifying the stiffness of a polymer. When /, <<'L, a
polymer is flexible; when /, >> L, a polymer is stiff. Most biological polymers are
semiflexible polymer with /, ~ L. The relationship between /,and L also determines mean-
square end-to-end distance of a free WLC as:

(R)=21,L[1 -1,/ (1~ %), @

When a network deforms affinely, each polymer is stretched to the same amount so that the
end-to-end distance increases by an amount 8 R = y L. The stress-strain relation and hence
the differential elastic modulus K “of the gel, is then determined by the force-extension of a
single WLC as

. dodF
K =45
dy dR ®

For a flexible polymer, \/{R?*)=2/,L. The end-to-end distance R, and hence L, are much
smaller than the contour length, L, of the WLC due to the small /,. Therefore, the stretching
deformation 8§ R =y L. is much smaller than L for strains up to a few hundred percent, and
Eqg. 1 gives Fo R, i.e., the force recquired to stretch a flexible WLC depends linearly on the
extension for a very wide range of strain. According to Eq. 3, the linear part of the force-
extension of single WLC gives rise to the linear elasticity of flexible polymer networks, i.e.
K= do/dy is a constant.

For semi-flexible polymers, Ris comparable to the polymer length, because /,and L are
comparable. Thus, Fis no longer a linear function of R but diverges as 1/(1 — R/L)2. The
relationship between Fand R for semiflexible polymers has been determined experimentally
as dF/dR o F312 [37]. This nonlinear force extension results in the strain-stiffening of
semiflexible polymer gels [10, 16]. Following Eq. 3, the affine model predicts a nonlinear
elasticity as Ko ¢3/2. This strain dependence of elastic modulus is confirmed by
experiments on actin gels [11]. Similar strain-stiffening behavior has also been observed in
gels of intermediate filaments, and fibrin protofibrils [10].

In addition to the entropic nonlinear elasticity of thermally undulating polymers, effects such
as mechanical stretching and compression of stiff polymer segments between crosslinkers
can also contribute to the elasticity of semiflexible and stiff polymer networks [36]. Such an
affine mechanical stretching model can account for the elasticity of gels made of actin
bundles and thick fibrin fibers [11]. The stretched filaments oriented away from the
direction of shear produce a downward force, which gives rise to negative normal stress in
the biopolymer gels [13].

IV. NON-AFFINE DEFORMATION AND GEL ELASTICITY

In spite of its successes in capturing the essence of both linear elasticity of flexible polymer

gels and strain-stiffening of semiflexible polymer gels, the affine assumption is simplistic. In
affine models, for example, interactions between polymers are ignored so that each polymer
deforms independently without affecting their neighbors. Such a deformation can only occur
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under ideal conditions [38]. In reality, all material deformations are expected to be non-
affine on some length-scale. Indeed, non-affine deformation has been observed in many
materials, including foams, synthetic polymer gels, and biological materials [22, 24, 36,
38-41].

A. Origins of non-affine deformation

Many factors lead to non-affine deformation in hydrogels. Inhomogeneities can play a major
role in the degree of non-affinity in polymer gels. Didonna and Lubensky demonstrated
theoretically [38] that variations in local elasticity lead to spatially correlated non-affine
deformation in random, elastic media. The magnitude of this non-affinity was predicted to
be proportional to the variance in local elastic moduli [38]. Experiments [22] indicate that
network inhomogeneities formed during sample preparation are a major source of non-
affinity in flexible polymer gels like PA gels. Fig. 3 is a schematic of some common
network imperfections that can lead to inhomogeneities flexible polymer gels: (a) closed
loops of polymer chain, wherein a crosslinking unit is attached to the ends of the same
polymer chain instead of connecting two chains together, (b) dangling polymer chain ends,
(c) crosslinks reacting among themselves instead of with polymer chains, and (d) polymer
chain entanglements that tend to slip under external loading [42]. Inhomogeneity in
crosslink and polymer concentrations may also occur during polymerization. The size of the
inhomogeneities can range anywhere from tens of nanometers to a micrometer [43] which
determines the non-affinity length-scale, i.e., the length-scale above which the gels deform
affinely.

Inhomogeneities are not restricted to flexible polymer gels only. Non-affine deformation of
collagen networks in porcine skin under compression is also attributed to the presence of
inhomogeneities. Deformations larger than the average size of these inhomogeneities are
seen to be essentially affine [44].

Experimentally, observed deformations in a polymer gel under external load can be affine or
non-affine depending on the length-scale examined [45]. Different polymer gel classes have
different “important” length-scales, viz., persistence length of the constituent polymers, end-
to-end length of filaments, mesh-size, etc. For an isotropic, crosslinked polymer network,
there is an intrinsic non-affine length-scale, A = /{///;)Y3 [36, 46], depending on gel

morphology. Here /. is the length of polymer chain between crosslinks, 4,= \/W isa
measure of the natural bending length of the filaments, and x and u are the bending and
stretching modulus of the polymer chain, respectively. When modeling a filament as an
elastic cylinder, /5 is approximately the filament radius. The a nity/non-affinity of network
deformation depends on the relationship between filament length £ and y. At large /A (i.e.,
I/ >1), when the network is highly crosslinked, network deformation is affine. Conversely,
for a loosely crosslinked network, #/A is small (i.e., /A < 1) and deformation is non-affine.
Increasing either the polymer chain density or the crosslink concentration can effectively
decrease /, thereby decreasing y [36] and causing the network deformation to transit from a
bending dominated non-affine regime to a stretching dominated affine regime. Also,
biopolymer filaments can bundle together under certain conditions, e.g., pH [47] and shear
[14]. Formation of bundles changes the value of /,, and hence, the mode of deformation in
the locality of the bundles. Of course, a polymer network with filament bundles randomly
interspersed must be inhomogeneous on the length-scale of the filament bundles. The non-
affinity measure is also affected by the amount of strain applied: under extensional forces,
non-affinity has been measured to increase with increasing strain [48], and under shear, non-
affinity decreases as strain increases [24]. As examples of such non-affinity, Fig. 4(a) plots
the mean square of non-affine deviation, —; from affine displacement position (see Fig. 1),
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ie., <WI>2 as a function of applied strain, y for polymer gel samples of PA (7.5%
acrylamide, 0.03% bis) [22] and fibrin (2.5 mg/ml, pH=7.4) [24]. /,is 3 A'in PA gels and
500 nm in fibrin gels shown here. The measured non-affinity increases with the increasing
stiffness of the constituent polymer filaments.

Simulations of 2D athermal networks of rigid rods [17] mimic gels consisting of stiff
polymer filaments. Under shear, such a system exhibit filament-bending at low strains, and
network rearrangements under high strains, both causing non-affine deformations. Network
rearrangements were observed in collagenous tissue, albeit under uniaxial extension [48],
especially when loaded perpendicular to the natural occuring alignment of collagen fibers;
here, the stiff fibers reoriented en masse to align with the direction of extension. Such non-
affine bending and rearrangement in (non-covalently bonded) stiff collagen filaments that
form the underlying substrate have been shown to have profound effects on the shape,
proliferation and motility of mammalian cells [49].

There are yet other sources of non-affine deformation. The effect of network connectivity on
elasticity and non-affinity has been investigated by Broedersz, et a/. [50] using a lattice-
based model of stiff rods with variable connectivity. In addition, loading history [48], pre-
shear conditions [51], and gelation kinetics [22], also have influence on gel morphology and
hence non-affinity measures.

B. Gel elasticity due to non-affine deformation

Over the years, there has been continued effort in determining the consequence of non-
affinity in polymer gels. Rubinstein proposed a model based on microscopic non-affine
deformations to account for the nonlinear elasticity of polymer networks. In an entangled
network, each polymer is confined within a tube-like region due to the steric interaction with
its neighbors [52]. Within the tube, the polymer deforms non-affinely by changing its
conformation. The effect of steric interaction between neighboring polymers is then
considered as the confining potential imposed by such a tube. Therefore, besides the
conformational entropy, this confinement also alters the effective elasticity of a polymer [45,
53]. Rubinstein and Panyukov found that the size of the confining tube, and hence the
confining potential changes non-affinely with external deformation [45]. As a result of such
a non-affinely varying confining potential, Rubinstein, ef a/. [45] demonstrated that the
microscopic non-affine deformation leads to a nonlinear stress-strain relation similar to the
empirical Mooney-Rivlin relation for flexible polymer networks at large deformations.

For semi-flexible and stiff polymer networks, in addition to the confining tubes, the finite
stiffness of polymers should be considered. In these networks, such as a highly crosslinked
isotropic network of actin, a single polymer of length, /, can be crosslinked multiple times,
say n, such that the average length of the polymer segments between crosslinkers is L= I/n.
The deformation of segments that belong to a single actin filament should be correlated due
to the bending rigidity of the filament. The ratio of effective spring constant for filament-
stretching to the spring constant for filament-bending, which is proportional to /,/L,
determines the details of network deformation [36, 54]. When L. >> /,, as in a sparsely
crosslinked network, it is much easier to stretch a filament than to bend it. In contrast, if L,
<< I, as in stiff filament networks or highly crosslinked semiflexible polymer networks,
stretching a filament is much harder than bending one. Filament bending causes “floppy
modes” in the network [54], which give rise to the network elasticity and the non-affine
network deformation [54, 55]. The network elasticity due to bending deformations of
indvidual polymers is inherently linear [11, 56]. Rather than the nonlinear stretching of
filaments, geometric effects such as the transition from filament bending/buckling
dominated non-affine network deformation to a stretching dominated affine deformation
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give rise to the strain-stiffening [17, 18, 57]. For sufficiently large strains, however,
filament-buckling may even lead to a decrease in elasticity of actin gels [58]; this decrease is
reversible in that the filaments will unbuckle when the strain is released. When L and /,are
comparable, both affine filament stretching and non-affine filament bending contribute to
network deformations [46, 55].

Non-affine deformation models also predict negative normal stress in biopolymer gels from
filament stretching and buckling [15, 18]. As strain increases the magnitude of negative
normal stress may become larger than the shear stress due to the buckling of filaments at
large strains [14, 15, 27].

V. EXPERIMENTS TO DETECT NON-AFFINE DEFORMATIONS

An experimental setup ideal for investigating non-affinity in polymer gels consists of a
mechanical loading apparatus coupled to an imaging device that can visualize the gel under
external load. Although most existing theories consider the problem of non-affinity under
shear, the non-affinity question is pertinent for a variety of loading techniques, e.g.,
extensional [48], compressive [44] or shear [22, 24, 51]. Piezo-electric micromanipulators
are becoming increasingly popular for loading purposes, but any vice-like loading device is
sufficient for applying uniaxial and biaxial forces. Rheometers are an excellent choice for
applying tangential loads while also permitting rigorous characterization of viscoelastic
properties of polymer hydrogels [22, 24]. Light-scattering techniques [48] can be useful to
probe ensemble-averaged behavior of gels under external loading. Also, confocal [22, 51,
59] and polarized light microscopes [60] are popular choices for quantifying non-affinity at
sub-micron length-scales.

A. Optical Shear Cell

An optical shear cell along with a confocal microscope was used by Liu, ef a/. [51] to
measure non-affinity in F-actin gels with scruin crosslinks. The shear cell consisted of a
fixed upper plate and a moveable lower plate, the lower plate being a cover-slip controlled
by a piezo-electric actuator for shear strains up to = 0.3 and by a micrometer for larger
strains, as illustrated in Fig. 4(b). The two plates were separated by 100 zm. crosslink
concentration was varied by changing actin (monomer) to scruin (crosslink) ratio. The effect
of polymer filament length on non-affinity was investigated by the use of the capping
protein gelsolin. Macro-rheology and micro-rheology measurements were used to
characterize the mechanical characteristics of the crosslinked polymer gels.

0.5 um polystyrene (PS) tracer beads were embedded in the actin gels and tracked under
shear using a confocal microscope. One advantage of using tracer beads to probe non-
affinity is the ease with which one can study the problem at different length-scales. The size
of the tracer particles determine the non-affinity length-scale investigated. There is an
implicit assumption of course, that the deformations of the tracer particles reflect the non-
affine deformation of the gels under study. To ensure that is indeed the case, one must take
the coupling efficiency of the tracer particles with the polymer networks into consideration.
There may be incomplete coupling of the tracer beads with the network, and the network
morphology immediately surrounding the tracer beads may also be affected by the presence
of the tracer beads [61, 62].

Two measures of non-affinity were used in this study [51]. The first is a two-point non-
affinity measure which is length-scale dependent:

N =(rA¢%) /7, @
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where ris the distance between a tracer-bead pair, Ay is the angle of deviation between
them under shear, y is the applied strain. Measurements corroborate the physical picture
supposed in the paper that, for a weakly crosslinked gel, M ~ /-3, is approximately
independent of the bead separation. For a densely crosslinked gel, however, there is a weak
power-law dependence of ron At M) ~ /26, for the gel with the highest concentration of
crosslinks. Overall, the magnitude of A7) decreases as crosslink density is increased. This is
due to the decrease in network elasticity, which results in decreased energy-cost for local
strain fluctuations.

The second non-affinity measure, Sis a scalar quantity that is useful in comparing non-
affinity in polymer gels with different degrees of crosslinking:

S=(A7 - A7) 7. (5)
Here, o7 is the deviation of a tracer bead from its affine displacement position under shear.

By systematically varying the filament length, / and crosslinker density, Liu, et a/. found
that the non-affinity, measured using both M) and S, decreases as /A increases. At large /
A, §~3 um2, and strain-stiffening is observed in the actin networks. When /1 <4, S
increases to approximately 10 zm2, and there is no strain-stiffening in the network. Low S
values suggest that network deformation is dominated by affine stretching of actin filaments,
and that the strain-stiffening has an entropic origin. The high measures of Sare interpreted
as the result of non-affine network deformation due to filament bending. Taken together, a
transition from affine to non-affine deformation is observed as /A is decreased in this set of
experiments, consistent with predictions of Head, et a/. in [36].

Liu, et al. were also able to characterize the mechanical properties of soft actin gels using
micro-rheology measurements, which derives the viscoelasticity of soft materials from the
thermal motion of tracer beads. To acquire meaningful micro-rheology data, the material has
to be soft enough so that thermal motion of tracer beads are detectable. This thermal motion
can also lead to fluctuations in the tracer beads around its affine deformation location and
thus contribute to the measured non-affine network deformation. There is no such
comparison of the magnitude of thermal motion with the non-affine deformations in actin
networks, however.

B. Rheoscope

A rheoscope interfaces a rheometer with an inverted microscope that enables visualization
of the deformation resulting from the external stress applied by the rheometer. Such a setup
was used by Wen, et al. [24] to quantify shear deformation in semi-flexible polymer gels by
measuring the displacements of fluorescently labeled micron-sized PS tracer beads
entrapped in 2.5 mg/ml fibrin gels at pH7.4. The fibrin is polymerized from fibrinogen, in
the presence of thrombin, both fibrinogen and thrombin having been extracted from blood
plasma. At this concentration and pH, fibrin gels consist of semi-flexible bundles (/, ~500
nm) of fibrin filaments which form an isotropic 3D network. The mesh-size, & of the
network is on the order of 200 nm, which means that the gel forms a semi-flexible polymer
network, since /,/§ ~ 1. Accordingly, the gels exhibit dramatic strain-stiffening behavior as
well as significant negative normal stresses, both characteristic of semi-flexible polymer
gels. Optically transparent fibrin gels are polymerized in the rheometer /n situ, such that gels
can establish good contact with the rheometer plates, minimizing slippage. Macroscopic
rheological behavior of the gels is characterized; fibrin gels exhibit marked strain-stiffening
and negative normal stresses that decreases quadratically with strain.
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A rough schematic of the experimental set-up is given in Fig. 4(c). Under fluorescence
illumination, the location of the tracer beads in fibrin gel can be accurately determined in the
xy plane with sub-pixel accuracy from the well-defined spatial maxima of their point-spread
functions. The zlocation of the tracer beads are mapped by mounting the microscope
objective on a piezo-electric actuator. A unitless non-affine parameter, S, is defined as

N 2
1 di —Zyy
I g 6
7 N ( %y ) ’ ©

i=1

where Nis the number of tracer beads tracked, d/is the displacement of the i-th tracerbead
under an external strain , and z;is the zdistance of the /~th bead from the fixed lower plate.
The Sdefined here is the ratio between the non-affine to affine displacements, averaged over
all tracked tracer beads.

It is seen that the measured non-affinity is low (S< 0.1) and decreases further with
increasing strain. Also noteworthy is the fact that the strain at which non-affinity starts to
decrease coincides with the onset of strain-stiffening behavior in these gels. The asymmetric
force-elongation behavior in semi-flexible gels, which result from the imbalance of bending-
to-stretching forces in the filaments, was considered [24] to be the origin of negative normal
stresses as well as strain-stiffening in crosslinked semi-flexible polymer networks [10,
13,14]. However, due to the poor spatial resolution of displacements along the z axis, these
measurements most likely underestimate the nonaffinity in fibrin gel deformation.

C. Confocal Rheoscope

A confocal rheoscope couples a confocal microscope with a commercial rheometer, as
shown in Fig. 4(c), which together, can apply stress to the sample confined between the
rheometer plates and detect the resulting deformation in the sample [22, 59, 63]. Such a
setup was used by Basu, ef al. [22] to study non-affine shear deformation in polyacrylamide
(PA) gels. PA gels consist of flexible chains of poly(acrylamide) that are crosslinked with
bisacrylamide. The gels were embedded with ~1 pum fluorescent PS tracer beads, the
centroids of which were tracked before and under shear. Displacements of the tracer beads
were regarded as a measure of the local deformations in PA gels. Affine displacements of
beads are calculated from the bead locations and the applied strain; the non-affine deviation,
= (see Fig. 1) is calculated as the difference between the measured bead displacement and
the calculated affine displacement. The main findings were that the mean-square non-affine

2
deviation, <WI > of tracer particles in the flexible polymer gels scales linearly with the
square of the applied strain, y, viz.,

o = <|71|2> <y’ ™

This result was predicted by Didonna, ef a/. [38] for random elastic solids. Contrary to
theoretical predictions, however, there was no dependence of the measured non-affinity on
either polymer chain density or crosslinker concentrations. Rather, the non-affinity measures
were dominated by the spatial inhomogeneities inherent in PA gels [43]. PA gels are widely
used as model flexible polymer gels that are optically clear and spatially uniform in
macroscopic length-scales, but microscopic inhomogeneities 200 nm are posited to cause
non-affine shear deformations. Reaction kinetics, which can influence the size of the
inhomogeneities formed during sample preparation, are seen to affect non-affinity measures
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[22]. The structural inhomogeneities results in heterogeneities in microscopic elasticity in
PA gels. Following the lines of Didonna theory [38], the magnitude of fluctuations in
microscopic elasticity is estimated to be as much as 7 times larger than the macroscopic
ela;tzicity [22]. Note that A is related to the non-affinity measure, Sdefined in Eq. 5as S=
A/,

Compared to an optical shear cell setup, the confocal rheoscope has the advantage of
simultaneously performing rheological measurements and confocal microscopy. Using such
a setup, Schmoller, et al. [63] observed that cyclic shear results in structural changes in the
bundled actin networks, which give rise to strain-hardening of semi-flexible polymer gels.

D. Light microscopy on compressed gels

Non-affine deformation in porcine skin under compression was measured by Hepworth, et
al. [44] using a combination of micromanipulation device and microscopy. Porcine skin can
be viewed roughly as a network of collagen fibers interspersed in a softer protein matrix. In
this paper, /n vitro porcine skin was subjected to uniaxial compression that allowed
unhindered lateral expansion (Fig. 4(d)). The reorientation process of the fibers in the skin
tissue was studied using an optical microscope. The angle of reorientation of the tissue fibers
was compared using an affine deformation model. The experiment found that skin tissues
underwent constant-volume compression up to 15% compression. For compressions greater
than 15%, the amount of lateral expansion under compression was noted to depend on the
initial fiber orientation in the samples. At micro-meter lengthscales, the fiber reorientations
were non-affine with large variations in reorientation angles. It was noted that the tissue
samples were composed of heterogeneous components, viz., affinetwork of thick collagen
fiber bundles was interspersed in a softer, fluid-filled matrix of proteins with differential
deformation under load that lead to non-affine deformation. However, the samples were
more or less uniform over millimeter length-scales, meaning that deformations were
approximately affine at such length-scales.

Huyghe, et al. [64] investigated bovine intervertibral discs under compression, using
confocal microscopy. Intervertibral discs consist of fluid-filled extra-cellular matrix (ECM)
that, in turn, is composed of collagen fibers and proteoglycans (PG). Charge carried by
proteoglycans lead to a difference in osmotic pressure between the collagenous tissue and
the surrounding fluid, causing the tissue to swell. (Normally, this swelling is constrained by
vertibral discs.) The intervertibral discs were thinly sliced, fluorescently labeled,
compressed, and studied using digital image correlation techniuges while under
compression. Dead cells trapped in the ECM were also labelled. Each sample was placed in
a salt bath at physiological osmotic conditions, covered by a dialysis membrane, and then
filled with a solution of polyethylene glycol on the top. The compression force was a result
of the osmotic pressure difference between the sample and PEG solution; the resultant
pressure on the sample was varied by varying PEG concentration. Measurements show that
tissue deformation under external load is found to be highly non-affine, with strain fields
around discontinuities like entrapped dead cells, being particularly inhomogeneous. In
addition, significant normal strains are detected between collagen fibrils under external
loading.

E. Non-affine measurements on gels under uniaxial and biaxial stretching

A custom-built biaxial stretching apparatus coupled with a Small Angle Light Scattering
(SALS) set-up was used by Gilbert, et al. [48] to quantify non-affine deformation under
uniaxial and biaxial stretching, as shown in Fig. 4(e). The set-up was used to study 100 pm-
thick samples of porcine small intestinal submucosa (SIS). SIS consist of collagen fiber
scaffolds that can be useful for tissue remodeling [65]. Unlike the isotropic filament
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networks that have been considered so far, collagen fibers in SIS have a preferred direction
(PD) of orientation[39]. Samples were strained both along the preferred orientation direction
and perpendicular to it. The stretching device consisted of a system of pulleys that were
rotated using stepper motors. An unpolarized HeNe laser beam was incident on the strained
sample; the light scattered off it was detected using a CCD camera. The angular distribution
of the strained collagen fibers was measured from the light scattering pattern. The
correlation, /2 to the affine model prediction was defined as:

MSE
r=l- varR, (6)’ ®)

where MSE is the mean square deviation in the experimentally measured statistical fiber
distribution, R(6), from the affine prediction, and varis variance. Results indicate that
biaxial stretching is affine with a high index of correlation (/2 > 0.98). Under uniaxial
stretch, however, fiber reorientation is significantly less than that predicted by the affine
deformation model. Along PD, 2 progressively decreased to 0.67 with increasing strain.
When stretched perpendicular to PD, fibers reoriented such that the PD changed by as much
as 70° to the initial PD to align with the direction of loading, with /2 as low as 0.3.

Thomopoulos, et a/.[66] study the effect of collagen gel polymerization under uniaxial and
biaxial loading constraints on cardiac fibroblast-populated collagen I gels. Titanium oxide
dots embedded in the gels were tracked under deformation, using confocal reflectance
microscopy. Gels synthesized under uniaxial constraints showed high degrees of
anisotropies, both structural (collagen fibers aligned in the constrained direction) and
mechanical (strains in the constrained direction were much lower than strain in the
unconstrained direction). The high degree of mechanical anisotropy however, was
incommensurate with the degree of structural anisotropy, and could not be not sufficiently
explained by theoretical models that can adequately relate gel structure with mechanical
behavor in unconstrained gels. Gels synthesized under biaxial loading constraints were
found to be both structurally and mechanically isotropic.

Direct imaging of collagen gels using confocal microscopy with [59, 67] and without [21]
external load is useful to study mechanical properties of semi-flexible polymer networks.
Collagen gels are a popular choice for this purpose- its fibers have high albedo which allows
confocal reflectance microscopy [21, 67] of the gels, bypassing the need of fluorescent
labelling. Reflectance confocal microscopy of collagen gels under stretching was used by
Vader, et al. [67] to study alignment of the fibers in collagen gels. Their findings indicate
strong fiber alignment with growing strain in both crosslinked and uncrosslinked collagen
gels. While such alignment is irreversible in uncrosslinked gels, it is completely reversible in
crosslinked ones. This indicates that network rearrangements are not irreversible or plastic
deformations; rather high correlation between fiber alignment and strain-stiffening in the
gels point towards network rearrangements as being inherent to non-linear elasticity.

VI. CONCLUSIONS

Numerous recent theoretical and experimental studies have addressed the origin of elasticity
of hydrogels, in particular the strain-stiffening of semiflexible biopolymer gels [10, 16, 36].
Assuming affine network deformation, various entropic models derive gel elasticity from the
mechanics of individual filaments comprising the gel. Another class of non-affine models
account for the gel elasticity from the bending of semi-flexible or stiff filaments, and predict
non-affine network deformation. Network rearrangements under external load have also
been shown, both theoretically [17, 40, 45] and experimentally [48], to be an additional
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source of non-affinity. We also discussed currently available experiments on non-affine
deformations in hydrogels.

Results from various experiments show significant non-affine deformation in both (flexible)
synthetic hydrogels and (semi-flexible) bio-polymer gels. The length scale of non-affine
deformation, quantified from displacements of fluorescence markers, ranges from 0.1
micrometer to a few micrometers. Due to the difference in their definition of non-affinity,
numbers obtained from different experimental techniques are not always directly
comparable. The non-affinity in flexible PA gels is, however, measurably smaller than that
in gels made of semi-flexible fibrin fibers (See Fig. 4(a)). Also, several qualitative
conclusions can be drawn from the experiments. The non-affinity in semi-flexible actin
networks is determined by network parameters such as crosslinker density and filament
length: decreasing crosslinker density, or shortening filament length leads to higher non-
affinity in actin gels [36, 51].

Non-affine deformations in polyacrylamide gels are analyzed under the lines of a recent
theory of random elastic media [22]. As a flexible polymer network, the effects of filament
bending that are proposed to cause non-affine deformation should be negligible in PA gels.
Instead, the unexpectedly high measures of non-affinity in PA gels appear to arise from
inhomogeneities that get locked into the gels during sample preparation. Such
inhomogeneities have been measured using different experimental techniques like X-ray and
neutron scattering. Information on the size of inhomogeneities in gels gleaned from the
scattering methods, non-affinity measurements from confocal rheoscope, and theoretical
studies on random elastic media, all taken together, allow us to estimate the local
fluctuations in elasticity in seemingly homogeneous polymeric hydrogels like PA gels.
Inhomogeneities, a major contributing factor to non-affine deformation, exist not only in
synthetic polyacrylamide gels, but also in bio-polymer gels such collagen [44] and fibrin
[47].

In summary, non-affine deformation in polymeric hydrogels may be the result of such
penomena as filament bending, entropic extension of worm-like chains, or network
rearrangements, or even a combination of these; a picture that is further complicated by the
ubiquitous presence of network inhomogeneities. Given this complexity, we believe that a
more appropriate way to test the validity of the theoretical models is to characterize the
deformation of individual constituent polymers as part of a globally deforming gel. It is also
imperative that one accounts for static inhomogeneities and their effect on non-affinity in
theoretical models, if one wishes to capture the behavior of real-world polymer gels through
theoretical modeling. Lastly, non-affinity may very well be a time-dependent phenomenon.
To date, most works, both theoretical and experimental, have studied the non-affinity
problem from a static point of view. To gain better insight into the different relaxation
mechanisms in polymer gels, it may be beneficial to explore the non-affinity question, both
theoretically and experimentally, from a time-dependent perspective.
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FIG. 1.
INustration of affine and non-affine shear deformation of polymer gels with entrapped tracer

beads. The non-affine deviation, -; is defined as the difference between the real
displacement and affine displacement of a tracer bead. This figure is adopted from [22].
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Mechanical properties of hydrogels. (a) Stress vs. strain of (i) PA and (ii) fibrin gels. (b)
Elastic modulus vs. strain of PA gels, fibrin and collagen gels. (c) G’ vs. crosslink
concentration in PA gels with 7.5% (w/v) and 12% (w/v) acrylamide. (d) G’ as a function of
temperature in a crosslinked PA gel (7.5% acrylamide and 0.09% bis).
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Inhomogeneities in crosslinked polymer gels.
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(a) Mean square non-affine deviation, <WI > as a function of applied strain, y in PA
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gel(7.5% acrylamide, 0.03% bisacrylamide) and fibrin gel (2.5 mg/ml fibrinogen) samples.
Illustrations of (b) optical shear cell, (c) confocal rheoscope, (d) video microscopy setup on

gel under compression, and (e) light scattering on gel under biaxial stretching.
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