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Abstract. For analytical studies on the dynamics of gene expression, gene expression control and
cellular interactions, the nematode Caenorhabditis elegans [C. elegans] is at present one of the
best suited models [1–4]. In this organism the genetic map and sequence is known [5], moreover
the constancy of its lineage tree allows a complete description of cellular clones giving rise to
embryos. These characteristics have fostered detailed studies on several aspects of development
for this organism. Quantitative studies of cellular movement, through time lapse cinematography of
gastrulation, allows the description of cellular migrations giving rise to the final embryonic structure.
In perspective, these studies coupled with: genetic analysis, patterns of gene expression obtained
through molecular techniques or other methods, open up the possibility of dynamical studies at the
organismic scale. This possibility implies, first of all, a study of partitioning of space, and raise
several problems in order to define basic conceptual tools to be used in such studies. One of the
main problems to handle in this respect is the definition of embryonic structure in a quantitative way.
We will show that this aspect is a more general case of distance geometry approaches, as defined
in protein folding studies. In this paper we discuss measures of the complexity for embryonal body
plans, at the end of grastrulation. These can be applied to studies on the dynamics of gene expression
and phylogenetic studies with further experiments or simulations.
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1. Introduction

Organisms which belong to different Phyla have been known to develop through a
strict constant pattern of space partitioning of the fertilized egg with constant cells
and nuclei number – cytogeny, eutely1 –. Species that have been shown to follow
this pattern of development, and whose binary trees of replication – partitioning –
are known with more or less precision, belong to Phyla as different as Nematoda,
Anellida, and Mollusca – Spiralians [6] –.

This phenomenon has been described in details several times during the last
century. Early work on the subject has been done in 1890–1901 by A.L. Treadwell
[7] using the anellid Podarke obscura Verril [P. obscura]. More recently detailed
descriptions and discussions have been pursued by Bezem and Raven [8] and
Raven and Bezem [9] using gastropods. But the experimental system which is
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better known is the nematode C. elegans, following the seeding work of Sulston
and coworkers [2].

These studies have spread the widely held belief of a fundamental difference in
the mechanism of development for these species and Phyla, from other Metazoa.
Recent evidence, both on C. elegans and on other nematodes, seems to dismiss this
view [10–15]. This issue raise further problems in the definition of cellular beha-
viour during early stages of development and, far from dismissing interest in C.
elegans as a model system, it implies an even increased importance for this model.
In fact, if the constant behaviour observed in this species is only apparent, and due
to an increase in precision of a mechanism spread to all Metazoa, development
of these nematodes should be anyhow due to regulatory mechanisms, as in higher
Phyla. But this implies that the well known precision is possible in a total volume
of about 105 µm3, and is becoming apparently more loose in those species with
larger size and cell number [15]. This makes it an even more wonderful problem
to understand for obvious biotechnological and general purposes, and especially
for the implications of the role played by chemical noise and chemical instabil-
ities at small scales, in respect of the well known and generally acceptd, strong
deterministic behaviour shown by this species. From a more general point of view
it must be further considered that the partitioning described above is in general
characteristic of a certain organism, also in those cases where a strict correlation
with the stereotyped lineage does not exist, but this is not a strict rule. It is anyhow
often possible to correlate portions of the volume of the egg into the perspective
areas of body plan of embryos.

The time frame of development that we will make reference to in what follows
is the period up to the end of gastrulation. Gastrulation, in all Metazoa, is the layout
of the initial body plan. During this period cells derived from the egg give rise to
cell sheets that establish the fundamental shape of the embryo (neuro-ectoderm,
mesoderm, endoderm). Later development stem from this initial subdivision usu-
ally with further enrichment of the basic structure. From a Biological perspective
an understanding of mechanisms involved in this process is important per se but
also fundamental for several issues still largely debated. To date only 35 different
basic body plans are known in the animal kingdom, and these are almost all known
to be derived from the Cambrian radiation (540 million years ago), with no new
body types introduced by later evolution [6].

From a biological point of view the important issue is how the genetic back-
ground of a certain species, and consequent gene expression, is able to drive this
process, and determine the final structure. Moreover it is important from the evolu-
tionary point of view, to understand how body plans can change, giving rise to new
species, and further, how different paths of subdivision and rearrangements can
give rise to similar final morphologies. This general problem has an overwhelming
complexity, involving a wide set of particulars about local cellular interactions.
We will not discuss this problem here globally. A general view would make the
discussion fall into full fledged fields of taxonomic studies, such as Paleonthology,
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Cladistic and Phenetics. Even if some of the aspects discussed here will actually get
concepts and draw conclusions pertaining to such fields, we will focus our discus-
sion on those aspects which can at present be rationalized on a quantitative basis,
with a further restriction on those organisms where the total volume is constant up
to hatching. Finally our discussion will be limited to the spatial arrangement and
distribution of cells, as we will show this problem is already difficult enough.

For what concern the theoretical aspects, in recent years the issue of complexity
in biological systems, and the way it emerges through evolution, has been debated
at length in Molecular Biology, Evolution Theory and Dynamical Systems Theory.
In Biology the measures proposed, in order to define complexity of an organism,
have been derived from different lines of theoretical and experimental consider-
ations. Among those defined experimentally so far we find: DNA complexity –
which has been defined in turn in several different ways as: Shannon’s coding
complexity, genome size, number of unique coding sequences, C0t values, etc.
–, body complexity – defined as body mass, number of cell types, body height,
generation time, etc. – [16–18]. Concerning the emergence of complexity in Biolo-
gical Systems through evolution, this has also been debated at length in Dynamical
Systems Theory, at the molecular level [19, 20], or through the comparison of
biological complexity with the richness of behaviour shown in spatially extended
systems away from equilibrium [17, 21].

Aside from the case of DNA or proteins, or in the case of spatially extended
chemical reactions in which the theoretical counterpart has been used in order
to define complexity in several instances, a measure of the intricacies of body
plans, and tissues, in animals, which ultimately arise from the patterns of gene
expression, has been lacking. In this respect it is also worth mentioning the recent
publication of monographs dealing with body plan complexity during evolution
[16], or from the point of view of theoretical morphology studies [22], in which a
formal definition of biological complexity has not been attempted.

In this paper we discuss general issues raised by development, and in order
to be able to give a detailed account of a system, we will limit our discussion to
gastrulation. This process is in fact simple enough to be treated fairly, at the same
time it is complex enough to overlap all the important aspects that need to be kept
into account, in a description at the organismic scale, at least in those Phyla for
which cell numbers are low. In the following paragraphs we will discuss similarities
between this process and protein folding.

2. Materials and Methods

2.1. EXPERIMENTAL DATA

The examples of normal C. elegans embryos used in this paper have already been
discussed by Schnabel et al. [10], in particular those considered here are embryos
#1, #2, #5. Because of slight variability in cell replication synchrony, cell counts
for the three embryos at the end of gastrulation where respectively: 383, 368,
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Figure 1. Initial four cells stage of a C. elegans embryo. From top left going clockwise we
find cells named: ABa, ABp, P2, EMS. Cell AB has already gone through an a − p division,
in following subdivisions the binary tree of cellular replication will show a similar scheme.
The relative constancy of the morphology allows a unique definition of the binary tree and
orientation of embryos. The anterior part of the embryo is defined on the side where the ABa
cell is – left side of the picture shown –, same considerations for the top and bottom sides –
top of the picture corresponding to the top of the embryo –.

372 [10]. The experimental data acquisition, through time-lapse cinematography,
where carried out with the C. elegans wild type strain N2 Bristol cultivated under
standard culture conditions [1, 4]. Embryos were grown at a temperature of 25 ◦C,
as previously described [10]. Data were collected by visual analysis of time-lapse
cinematography recordings starting from the four cells stage ABa, ABp, EMS, P2
–. Microscopy was performed using a microscope equipped with Normarsky op-
tics and a video-camera as described [10]. Data have been collected manually by
video manipulation and visual screening. Cellular positions obtained are given as
nuclear positions. For this study we make use of three data sets which represent the
complete collection of all the cellular position, and cell tagging, of three embryos
at the end of gastrulation, as described below.

Data obtained have the folowing format: cell name, time of data collection and
three coordinates for the positions (x, y, z). The (x, y) data are taken in VGA video
coordinates. They are given as integers and correspond to about 0.1µm per picture
units. The (z) data (depths at the microscope), are given as focal levels (from 1 to
25). These correspond to 1µm per focus level, with a variability of ±10%. The
precision for the (x, y) data is thus 10× higher than for the z axis.

For this study we have renormalised the data assuming that the length of the
major axis of the embryo has a length of 1.0 – corresponding to about 55µm –. In
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this way variations in the size of different eggs are eliminated, thus measures are
given in md, fractions of the major diameter.

2.2. SIMULATIONS AND DATA ANALYSIS

Computations have been done using programs written mostly in C, with few ad-
ditions of Fortran 77 and Fortran 90. Compilers used have been those for the
IBM AIX environment, versions 3.2.5 and 4.2, and the C/C++ GNU compilers
for Linux, RedHat distribution 5.2 and 6.1. For some of the plots code has been
recompiled and run on Silicon Graphics Octane machines. Displays have been
done with public domain utilities such as the HDF data format from N.C.S.A. at
the University of Illinois. The colour codings used for cellular 12 cells stage are as
defined in previous work [10], unless mentioned otherwise.

3. Gastrulation in C. elegans

Gastrulation, as defined by embryologists, is both the initial fundamental body
plan setting, in terms of spatial rearrangement of the initial egg’s volume, and the
subsequent formation, in specific cells or cellular clusters depending on the system
considered, of an expression pattern in terms of genes activated-inactivated.

As we have discussed in the introduction, two major modes of development
have been described so far, a constant mode, in which every portion of the initial
space is strictly determined as in C. elegans both in spatial position and differ-
entiative pattern; and a variable mode in which volume subdivisions and cellular
determinants are less strict – i.e. Amphibians, or the nematode Enoplus brevis
[13] –. The body plan setting, and the process of gastrulation itself, is the relative
movement of one portion of the cells inside the cell mass – engulfing, invagination
–, and the final setting of three main sheets. An external sheet of cells making
the neuro-ectoderm, an internal sheet the endoderm, and a middle sheet the meso-
derm. These three sheets will give rise respectively mostly to: nervous cells-skin,
intestine, muscle and choelom (when present). In the case of C. elegans the first
division of the egg gives rise to two cells, defined by embryologists as: AB and P1.
Siblings derived from the AB cells – ABa and ABp in Figure 1 – will give rise to the
external structures while the descendants of cell P1 – EMS and P2 cells in Figure
1 – will give rise to the internal constituents. This is achieved through a mixing of
movements due to cell replications – with a slide of cells because of the resulting
increase in total diameter –, and active cellular movements during intermitotic
times. Moreover the binary tree of cell replication in C. elegans is desynchronised
with the left part – corresponding to cells derived from AB – replicating faster than
the right half. At the end of gastrulation the total cells are about 380, making about
256 cells from the AB descendants and 128 cells for the P1. This allows a larger
surface for the former and facilitate engulfing of the latter.
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Figure 2. Schematic representation of the binary tree. In the figure the tree lays on branches
which show approximately the variation in volume taking place at every cell division. The
classical scheme is reported clockwise from center bottom – dark line –. Numbers on the left
horizontal line show replications, while those on the right show cell numbers at every level.

The seeding work done by Sulston and coworkers [2] has set the definition of the
lineage, following partially historical aspects for name definition of major initial
clones, and partially a rationale based on the identification of directions during
cellular divisions – anterior a, posterior p, left l, right r, dorsal d, ventral v –.
Thus, once the main initial cell divisions are defined – i.e. four cells stage, with
cells ABa, ABp, EMS, P2, see Figure 1 –, the rest of the binary tree is defined with
the addition of few further codes for main clones – C, D, P3, P4 –, and following
again a directional scheme at birth.

In this way the name attributed to a cell carries information about its history in
terms of location at birth during cellular divisions. For example cell ABalappaaa,
staring from cell AB, has gone through eight divisions, and has been the anterior
sister in five divisions, the left in one, and the posterior in two.

In Figure 1 a picture of the C. elegans egg is shown at the level of four cells.
In this animal typically the four cells stage derives from three cellular divisions
the first with a cleavage perpendicular to the major axis of the embryo, and the
second and third tilted in respect to it with an a − p bias. As is evident from the
picture, cellular divisions at this stage are unequal, giving rise to cells with slight
different volumes, and recognizable for their typical morphology. This implies the
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Figure 3. Computer reconstruction of a normal embryo at the end of gastrulation. The colours
used for sub clones are as described in Schnabel et al. [10], the clustering of colours implies
the absence of mixing between cells which belong to different sub clones, see §5. On the left
panel we show the full reconstruction, while on the right we show the empty structure made
by the AB∗ clone, using a unique colour code. This is made by cells derived from the AB cell
only, the P1∗ cells are located inside this structure at the end of the process, and will give rise
to the internal structures of the embryo2.

first important aspect of the model for our discussion: a simple ordering principle
for cells in the embryo is possible on a morphological basis. This has allowed in
the past the detailed definition of the system.

4. Definition of Cell Threads

The way the cell division pattern of the embryo has been defined allows a study in
terms of the structure of the binary tree of replication. In the case of C. elegans,
and of any other embryo alike, a study of distribution in three dimensions of cells
is basically a study on distributions inside a confined volume of tagged spheres. In
this case the tagging and final positions are reproducible. At the end of the process,
once the cells have been recognized univocally it is thus possible to represent the
embryo as a thread, similar to the thread of a protein, linking cells on an ideal
line, like a string of pearls. With this reference we can study rearrangements and
structure similarly to protein chains.

In Figure 2 we have reported a simplified scheme of space partitioning during
cellular divisions. The circle shown in the picture gives an idea in which way cells
divide volume wise, and shows the definitions used by embryologists. At the end of
the period considered here cells on the right, derived from P1, have gone through 7
replications, while cells on the left will have done 8. Distribution of names follows
the scheme proposed by Sulston et al. [2] going clockwise from clone ABala∗.

The thread that we define is thus an ideal line connecting all nuclei at their
positions, and going as one of the circles in Figure 3 counterclockwise from the
most anterior cell defined – i.e. ABalaaaala –. This line will correspond, at the end
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Figure 4. Contour map of embryo #1. All N2 distances have been calculated based on the
measured cellular positions, N = 383. The plot has been done colour coding distances after
normalization to 1.0 for the maximum distance (a − p maximum length). The scale on the
right correspond thus to fractions of the major diameter (md). The dark diagonal imply slight
displacement of siblings in respect to the positions of the ancestors.

of gastrulation, to one of the circles in Figure 3, and will be the half circle at the
level of 8 divisions for clone AB∗, and 7 divisions for P1∗. Twisting, stretching
and folding of this ideal thread in space depend on cellular movements during the
process, and is a trace of the dynamics.

Cells inside embryos are obviously quite different from atoms or amino acids
in a protein, the ‘chain’ that we consider here does not have a physical base. This
implies that the structural situation discussed here is more general in respect of
protein folding studies because an important constrain is removed. At the same
time the definition that we assume is the most natural and follows from the history
of cells. Thus positioning ideally cells along the thread sequentially, imply that
both the sequence of cellular names and positions follows an arbitrary pattern, but
this pattern has good biological motivations and is repeatable. In this way we can
achieve a unique description.
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Figure 5. Computer reconstruction of the main subdivision shown in the previous Figure
4, embryo #1. The three major sub clones have been colour coded and plotted using fake
spheres centered at the nuclei position. Blue cells represent the anterior cap structure, magenta
spheres the middle sleeve, azure spheres the interior part. The all embryo has been tilted
counterclockwise for display purposes.

It is worth to emphasize that this experimental setup allows the computer re-
constructions of full embryos, for what concern nuclear positions, with a kind
of representation similar to those used for Molecular Dynamics [MD] studies. In
Figure 3 we show an example of an embryo reconstructed in three dimensions
using fake spheres centered at the nuclear positions of its cells.

5. Contour Map and Contact Map

The first possibility in order to study distributions is to build contour maps and
contact maps. In the first instance, once all the di,j distances, between cells i and j
have been calculated, one can build a plot as the one shown in Figure 4.

This result shows several important points. The clustering along the diagonal,
of values which are among the shortest for the used scale, imply that cognate cells
stay in close contact. This is partially obvious, because of the physical nature of
cell division. Moreover, there is a clear subdivision of the structure in squared
blocks. There are two main interruptions at the level of 130 and 260 cells. These
three structures in the embryo make: a cap, a middle sleeve and an inner part, as
shown in Figure 5. As we have discussed previously the inner cells are all derived
from cell P1, the main subdivision between inside-outside is around the level of
260 cells, as discussed above. Further, there is a clear depiction of smaller clusters,
up to the level of small groups of cells – groups of 2–4–8 cells –. There is also a
tendency to show triangular patterns, this implies a structure for the embryo, seen
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Figure 6. Anterior-Posterior map for embryo #1. This plot has been obtained through a meas-
ure of �xi,j given the measured spatial coordinates along the major axis, grey levels in the
plot represent respectively positive or negative values for the measure. The triangular shape of
the squared regions shows that cells, which are close relatives – sisters and cousins – have a
tendency to have an a − p distribution.

as the distribution of cells along a thread, as short sticks. These, made of two-four
cells – daughters and cousins –, have a strong anterior-posterior bias.

This fact is shown clearly in Figure 6. In this case we have modified the value
of the plotted colour code such that every di,j is –1 if the calculated difference of
positions along the x axis�xi,j : = (xi−xj ) < 0.0 and 1 otherwise. The triangular
patterns of the plot emphasize the structure discussed, particularly evident for the
middle sleeve cells.

In order to define contact maps we must set some cutoff. For this purpose we
rely on the calculation of the pair-distribution [23] for the cells. In our case the
definition for g(r) correspond to the form used in MD computer simulations,

g(r) = V

N2
〈
∑
i

∑
j 	=i
δ(r − ri,j )〉 (1)



C. ELEGANS COMPLEXITY 267

Figure 7. Pairs distribution for cells in embryo #1. In the inlet we show the distribution of
the normalized distances r as fraction of 1.0md . The main plot shows the same distribution
normalized against the average number of spheres in the same interval in an ideal situation in
which all cells are identical and have a density ρ = 0.85. See text for further explanations.

Where V is the volume, N is the total number of particles-cells and r positions.
In our case the measure does not obviously have the statistical character that it
acquires in MD, being the result of a single measure of all positions. Thus we

have calculated first the bin distribution of the
(N

2
)

/2 distances normalized against
N itself. This gives the plot reported in the inlet in Figure 7. After this we have
further normalized against an idealized distribution of spheres in space, taking as a
reference an ideal gas at a density ρ. This is given by

g(r + 1

2
δr) = n(bin)

4πρ
3.0 [(r + δr)3 − r3] (2)

where n(bin) is one of the bins of the distribution, and the ρ = 0.85 is that for the
Lennard-Jones liquid near the triple point. The final result is thus the main plot in
Figure 7.

In the case of Biological systems, a general definition of ρ should perhaps imply
the study of a particularly regular situation, such as for example taking measures
of Drosophila compounds eyes, or some other instance of a particularly regular
tissue. But to our knowledge this is the first attempt of a quantitative rationalization
of Biological tissue structures with these methods, we had thus to rely on other
means.

If one assume a diameter of 1.0 unit for the major diameter of the embryo –
1.0md –, and renormalize all positions accordingly, then the distribution of neigh-
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Figure 8. Distributions of the number of neighbours, cell by cell, considering different cutoffs.
The cutoff distances chosen for plots are those obtained from the previous figure. The means
go from 5.48 to 73.4 as shown. The three qualitative blocks, into which the plot can be
subdivided visually, correspond to the areas defined in Figures 4 and 5, because of different
cellular mean diameter and general structure.

bours q per cell are those shown in Figure 8 for distances which correspond to
peaks in the pair distribution, Figure 7. The number of cells that on average corres-
pond to the first five peaks are respectively: 5.48, 12.42, 18.7, 26.8, 73.4. The first
peak, with a small average of neighbours, is due to the boundaries of the system and
to the particular positions for smaller cells, sitting as a cell sheet on the outside. It
must be noticed that during gastrulation, and in subsequent steps, g(r) is changing
during time at every round of replication.

In order to evaluate complexity we have then calculated contact maps using
the measures that define different sets of neighbours. The procedure of calculating
cells within a certain neighbourhood can be done in different ways. It is possible to
calculate a fixed set of neighbours for every cell which are the closest or evaluate
the neighbours within a certain cutoff distance. Because of variations in the number
of neighbours for a certain cutoff we have considered the mean neighbourhood q
for every cell at a certain cutoff. Then we have set at every intersection (i, j ) a
value of 1 if, for every cell i, cell j is among the closest q cells, and 0 otherwise.
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Figure 9. Contact map for embryo #1. The cutoff used has been 0.14178 md , which corres-
pond to a mean of 18.7 contacts per cell – rounded to q = 19 –. In the plot the initial 12
major clones are considered, as defined in Schnabel et al. [10]. In order to avoid confusion
between cells and clones, the symbol ∗ is used in order to indicate all the cells derived from
a certain progenitor. The plot has been done, as in the case of the contour plot shown above,
not considering variations in volume among cells, thus plot areas are not proportional to cell
volumes but to cell numbers generated by the clones.

With this procedure the resulting contact map can be slightly asymmetric because
of local differences in distances. For those measures in which the symmetry of the
matrix is important – i.e. the evaluation of spanning trees – the contact map has
been instead built by calculating neighbours only for the right upper half of the
matrix and then flipping data to the lower left half – i.e. by considering for every i
cell those cells in q for which j > i –. In this way a fully symmetric contact matrix
is obtained, but in this case the amount of neighbours q per cell is a variable. An
example obtained for a cutoff of 0.14178 md with a fixed q = 19, is reported in
Figure 9. In the plot we report, colour coded, the subdivision of cells into twelve
major clones, as defined in Schnabel et al. [10], both for clones definitions and
colour codes.

The distribution of contacts is characteristic of the structure of C. elegans, and
being built on the binary tree of division is dependent on the clonal history of
every cell. The structure obtained is thus typical both of the dynamical aspects of
gastrulation – cellular divisions and movements –, and of the final positions.
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Figure 10. The plot report a simplified expression map for C. elegans embryos – edge colour-
ing of the full distance matrix using the known fates –. It must be noticed that, in respect of
the binary tree, this plot has been defined as constant [4]. All fates of daughters, of first and
second generation, are known and defined. Colour codes are fake codes which correspond to
the different possible combinations of descendants fates of a certain cell. The colour attributed
at a certain intersection correspond to combinations (products) of such codes. In order to
distinguish better different values, a discontinuous colour coding has been adopted.

In the case in which one construct a perfectly symmetric matrix, the picture
shown in Figure 9 is the result of an underlying graph ! made of a vertex set V! :=
{v1, v2, . . . , vN }, of nodes represented by the position of cells, and an edge set
E! := {ei,j , i 	= j} whose elements are the couples defined by the neighbourhood
qi . The plot of Figure 9 becomes in such a case the adjacency matrix A! of such a
graph.

It is worth noticing that any row-column switch operation will leave the under-
lying contact graph intact aside from name attributions of the nodes-cells. This
implies a generalization in respect of protein structures, because the lack of a
backbone allows any possible change.

Before discussing complexity we introduce a final twist related to the gene-
expression pattern for the cells. In Biological terms, to understand molecular de-
terminants of structure, we must establish possible correlations with patterns of
gene expression – i.e. topology of protein signal sources, nuclei –. The construction
of an embryo implies the correct expression of a certain genetic pattern in the
correct location, in order to give rise to a fully functional structure. This means
that the positions we have measured are correlated with a certain set of expressed
genes. The level of development at the end of gastrulation is that in which relat-
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Figure 11. Edge colouring of the adjacency matrix for the contact graph. While the colouring
shown above in Figure 9 correspond to an edge colouring derived from a clonal subdivision of
the binary tree, in this plot colour codes are derived from a formalization of the differentiative
potential. This plot has been obtained as that reported in Figure 10, with a cutoff of 0.14178
md , corresponding to a mean neighbourhood of q = 19. There is no simple obvious pattern
in the definition of edge colours.

ive positions are basically final, some further movement and replication occurs,
shrinking the embryos into a tube, but at the stage of about 380 cells the main
body plan, and interrelations among clones in three dimensions, are fixed. In sub-
sequent time steps cells replicate mostly once or twice, with a few exceptions, and
give rise to final cell types: neural cells, muscle, cell death . . .. In order to get a
formal code we have attributed to the main differentiation patterns: (Hypodermis,
Muscle, Neuron, Pharynx, Intestine, Death, Mitosis) a numerical code. It should be
considered that similar patterns could be obtained experimentally with Molecular
Biology techniques.

We have then summed codes corresponding to daughter cells of the cell con-
sidered, depending on their destiny, and plotted a further product of codes at in-
tersections dfi,j of a differentiation-fate map. Results, colour coded, are reported
in Figures 10 and 11, identical colours correspond to identical combinations of
differentiative destiny of every cells couple dfi,j considered. Given a certain gene,
or a set of them, correlations with positions can be established for further study. The
example shown above is only a pictorial view, based on the known fates of cells,
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for discussion purposes related to complexity – see Wood [4] for the complete list
of fates used as source here –.

The resulting matrix structure, when considering only a certain cutoff as in
Figure 11, is obviously the edges colouring for the underlying graph discussed
above. In particular in this scheme every edge colour dfi,j is a function of vertex
colours vc,i and vc,j , and in reality cell-cell interactions defined as inductions in
embryology, are the reciprocal influences between cells which determine a certain
vertex colour, which is thus the result of a function of the colours of connected
vertices – i.e. local interactions –.

6. Complexity of embryos

As is often the case, also in this instance complexity measures are difficult to
define, and depends from which side one wants to tackle the problem. As with
most complex systems there are several definitions one can draw concepts and
measures from, moreover, the intricacies of early development allows definitions
from different points of view.

6.1. RELATIVE CONTACT ORDER

A simple definition, dependent on the chain type model discussed above, is the
measure of relative order [rCO]. In protein structure studies rCO has been defined
as the average sequence distance between all pairs of contacting residues normal-
ized by the total sequence length [24].

rCO = 1

N ·Q
Q∑
�Si,j (3)

Where N is the total number of residues of a protein – number of cells in our
case –, Q is the total number of contacts and �Si,j is the sequence separation
in residues – binary replication tree separation, as considered here –, between
contacting residues i and j . Results are reported in Figure 12.

The measure is shown increasing the number of contacts by increasing dmax –
the maximum cutoff distance considered –. Typically for proteins rCO starts from
values around 0.0747 up to a maximum of about 0.215 [24, 25]. For comparison we
have done the same calculation on an embryo in which positions have been shuffled
randomly. Results are reported on the top curve of the plot of Figure 12. This
can be taken as a maximum for this measure, at about 0.340, because of physical
constraints, due to the presence of a backbone, likely no protein can have such
value. For the embryos considered this measure move towards this value increasing
the number of contacts. For 27 contacts – i.e. Figure 12 – measures are { 0.200;
0.195; 0.195} for the normal embryos of this study, and { 0.325–0.318} for the
random one. With this cutoff, methods and measure the complexity of C. elegans
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Figure 12. In the figure we report measures of relative contact order rCO with a variable
number of neighbours, for the three embryos considered. On the abscissa we report the number
of neighbours, while on the ordinate the corresponding value for the rCO calculated. The
picture shows three overlapping plots corresponding to the three embryos considered in this
study, the line above is the same measure done on one of the embryos after random shuffling
of positions.

embryos is around that of proteins such as Twitchin and muscle acylphosphatase
[25].

The definition of rCO can be used also in a slightly different way, but with the
same aim. The frequency of sequence separation, of contacts along the thread of
cells defined by the binary tree, as defined in the contact map, can be used as a
measure of distribution complexity. We rely thus implicitly on the graph structure
that the contact map imply. If we consider for example the map reported in Figure 9,
it is possible to describe embryos complexity on the base of this matrix in two ways.
In one case we can consider the distribution of contacts on the map as characteristic
of a certain embryo, in the second case we can take the more general view in
defining the complexity of the graph itself, aside from the tagging of its verticles.

6.2. CONTACTS DISTRIBUTION

In the first instance, similarly to the measure of the rCO, we can take as a measure
the frequency of distances defined by contacts within a certain cutoff. This is sim-
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Figure 13. Renormalised curves for probability distributions of neighbours in normal em-
bryos, considering 27 contacts. On the abscissa we report generation distances (binary
generation tree distances) – �Si,j –, on the ordinate probabilities. Because of slight dif-
ferences in cell number – see Materials and Methods –, curves have been rescaled, after
computation, for comparison. Running averages for every distribution – 12 points averages
– are reported in the plot, labelled according to embryos considered, and shifted vertically.

ilar to the definition of the neighbourhood for Cellular Automata [CA] or Coupled
Maps Lattices [CML]. While in CA and CML the neighbourhood is obviously fixed
in this case it has a statistical nature. The contact map of a typical neighbourhood
as defined in CA and CML, with a regular attribution of vertex tags, would be
represented as a set of lines parallel to the main diagonal, aside for few points.
Thus, as above, being N the total number of cells and q the number of contacts
considered – neighbourhood size –, we have evaluated the frequency for the various
cell to cell distances �Si,j (q), normalized against the total contacts

p(�Si,j (q)) =
∑
�Si,j (q)

N∑
i,j=1

�Si,j (q)

(4)

for every (i, j ) couple considered. This count is naturally more frequent for small
differences going as

p(�Si,j (q)) = −�Si,j + (N − 1)

N · q (5)

for a random distribution of N elements with q contacts, against which data have
been further renormalised. This operation gives an idea of regularities in the un-
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Figure 14. Variations in the profiles, as defined in Figure 13 by changing the number of
neighbours considered in the case of embryo #1, neighbours were: 27, 81, 162, 382. Running
averages – 12 points – have been reported from top to bottom of the plot as �Si,j (q) against
p. Curves have been shifted vertically for clarity, original data are at the bottom of the plot.
The horizontal line represent the curve for 382 neighbours.

derlying structure. For the normal embryos considered profiles are reported in
Figure 13. These represent the variation in distribution probabilities, in respect of
a random shuffling, of finding a certain cell away a distance �Si,j , from any cell i
along the binary tree.

The plot shows several regularities. The main chance is that of finding a close
relative – sisters, cousins – as a neighbour, and this has been already shown in
Figures 4 and 9. Moreover, there is a regular increase in probabilities at multiple
distances of findings a neighbour there for any cell considered at random. This
behaviour results from the fact discussed above – see Figure 6 – of a stick structure,
made of cell threads which are made of siblings. This reminds of the contact map
that one could construct for a regular CML scheme or for a CA, where neighbour
sets are defined through a repetitive pattern.

Aside from the first class mostly with neighbours at a distance from �Si,j = 1
to �Si,j = 12, the other peaks of the distribution – i.e. in the case of embryo #1 –
are at values

�Si,j = {31, 59, 85, 112, 139, 158, 189, 223, 247, 298} (6)

with a mean difference of about 30 cells. Thus, aside from the closest neighbours,
the structure has six major peaks and four minor ones, making it quasi-two dimen-
sional for contact frequencies. In Figure 14 we have also reported the profile of
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Figure 15. Profiles for Sc(q), as defined in equation 7, with different neighbourhood sizes.
Values shown are for embryo #1, and for q := { 1, 12, 19, 27, 81, 162, 382}.

frequencies increasing the number of neighbours considered from 27 up to 162.
Increasing the cutoff influences smear off as expected.

Following this train of thought one step further it is possible to investigate how
changes in position can influence this distribution. This can be done by measur-
ing the distribution itself in terms of complexity. To do so we have evaluated the
complexity, for a fixed amount of neighbours q, as

Sc(q) = −∑
p�Si,j (q)lnp�Si,j (q)

ln(q)
(7)

This measure gives results reported in Figure 15 for different q. With this tool it
is possible to implement annealing procedures in order to find the simplest possible
embryo, i.e. an embryo with an extremely regular structure and a low value for
Sc(q). We have done a preliminary investigation of this possibility in two ways.
First we have systematically switched positions between two cells i and j , for

all possible
(N

2
)

/2 couples. In this case the complexity calculated using formula

7 is mostly increasing after a change, only a small fraction of positions can be
exchanged with a gain in regularity. The resulting landscape is very rugged.
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Figure 16. Simple embryos obtained through random searches. In every case shown above
two cells have been exchanged in positions at every move. Cells have been chosen in such a
way that the second cell of the exchange was always a neighbour, with q = 27, of the first
choice. A certain move m has been accepted if Sc(q, m+1) < Sc(q, m). Runs have been done
respectively for 1.5 × 105 moves for the panel above, and for 3.0 × 105 moves for the second
and third panel. The left panels show the final contact maps obtained, while the right panels
show the distribution of contacts as in Figure 13.

Then we have performed a random search for regular embryos through local
moves only – i.e. changing positions for neighbouring cells – accepting outcomes
only for smaller Sc(q) [26]. Some results are reported in Figure 16.

The embryos obtained in this way shows increasing clustering of regular spa-
cing for contacts, with contacts distributions becoming progressively of lower mean
dimensionality in respect of real embryos.

6.3. GRAPH COMPLEXITY

A different approach is that of considering the structure of the graph underlying
the contact map – adjacency matrix – of embryos. While labelling is formally
arbitrary, graph structure is not. Thus we can make use of those properties which
are not dependent on graph labels – vertex attributes – and rely only on the graph
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Figure 17. Number of spanning trees for graphs defined with a variable number of neighbours
for embryo #1, at the end of gastrulation (383 cells). In the plot we report on abscissa the
valency of the graphs while on the ordinate we report the number of trees by plotting only the
value of the exponent, on base 10, of resulting complexity measure – number of spanning trees
–. The lower curve, labelled with empty circles, represent the complexity for complete graphs
– kn, of valency n – calculated theoretically, (if ! is complete with n vertices K! = n(n−2)).
The filled dots represent the number of trees for a graph with 383 vertices and a variable
number of neighbours – valency –. The horizontal line on the top of the graph shows the
number of trees for a k383 graph – i.e. a complete graph with 383 vertices: 1.5803E+984 –. To
avoid overflow all measures have been done keeping track of exponents on base 10.

structure such as graph spectral properties and graphy complexity. In Graph Theory
the complexity K! of a graph ! is defined as the number of spanning trees of !.

In order to do the calculation, given the adjacency matrix A(q) – contact map for
a certain neighbourhood q –, we have set an incidence matrix D!(q) and calculated
the augmented adjacency matrix A!ug(q) through the product

D!(q)× D!T (q) (8)

where D!T (q) is the transpose. Then the number of spanning trees of graph !(q) is
the absolute value of the determinant | det | of any (N−1)×(N−1) sub matrix of
A!ug(q) [27]. In this way we have calculated the complexity for a variable amount
of neighbours q for embryo #1, results are reported in Figure 17.

7. Discussion

The data and results presented here are an initial formalization of the problem
of structure getting in Biological systems, at the organismic level and in an ex-
perimental situation. With means currently available it is now possible to build a
rationale for the organization of data, in order to give detailed accounts of em-
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bryonic structures and the way they emerge during development and evolution, in
a quantitative way.

The final goal of this work has been the build up of a conceptual thread, con-
necting information stored into DNA to the structure and expression patterns in
tissues. The problem arises as such because both for descriptive purposes and for
manipulation, the level that one must work on is usually that at the DNA sequence
level. Moreover, DNA is mostly the base for information storage and retrieval,
setting the limits of levels above, and defining a species in genetic terms. But the
way in which changes at the DNA level reflect on the organization above is not
trivial. Biological systems are in fact a multilevel interaction network:

– The DNA sequence determine both the structure of proteins and the level
of their expression through interaction with its local environment. We can
wrap in this level both those aspects related to DNA structure, sequence and
regulation and RNA-protein structures – i.e. folding –.

– The next level is that of interactions, within a cell and among cells, of gene
products and other molecules which give rise to sets of highly interconnec-
ted reactions pathways which regulate, and originate from, the level defined
above. This level is typically that of spatially extended chemical systems,
polimerization and growth phenomena, chemical instabilities, oscillations, bio-
chemical networks. . ..

– Finally the two levels just mentioned, particularly during development but also
in adult life, generate and are influenced by the structures formed by cell-cell
interactions, cell movement, segregation and selection of shared informations
through the cell membrane and membrane proteins, space rearrangements and
space partitioning.

The first important point to consider is that all the levels above are interconnec-
ted in a two way fashion. Every change at the bottom is reflected at the top, and
vice versa. Differently stated the interconnection between parts is tight. Moreover,
even knowing the fact that the sequence of DNA is fundamental in setting what
is possible for the system and what is not, by determining structure and presence-
absence of components, most of the behaviour observed is emergent behaviour,
i.e. behaviour that results from the dynamical aspects of the system, and by the
interactions between constituents given some time and space.

Also for the conceptual tools there is a reflection back and forth of similar
aspects. As we have shown, for the definition of embryos, we can rely on theories
which have been used for the study of protein folding or for MD studies, and this
can, and has been, done also for the intermediate level of biochemical and genetic
networks. This is partially obvious because of the nature of theories, but partially
it is not so. A global picture of such phenomena imply in fact handling a set
of interconnected non-linearities. And this gives rise to theoretical models where
the richness of behaviour is overwhelmingly complex [28–31]. With these points
in mind, we have followed the path of rationalizing first the complexity present
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in a relatively simple experimental situation, before introducing simulations and
modeling.

Moreover, problems discussed here have two further facets in methodology,
depending on the main immediate goals experimentally. The importance of theor-
etical aspects is in fact quite different if we want to describe and compare existing
experimental systems – different living forms –, or if we want to tackle the problem
of prediction of manipulations at the genetic level. In the first case the request from
theory is much less daunting, while instead in the second case theory is funda-
mental. For description it is necessary to go into details first, patterns observed have
to deal with particulars related to a certain organism and can be quite specific. For
prediction of manipulation the dynamical aspects, emerging behaviour or generic
chemical instabilities are instead fundamental, and this is a much more complex
game.

For what concern description the Nematode C. elegans, as a species, can be
defined morphologically and biochemically by maps reported in Figures 4, 9 and
11, even if the fate maps shown are only partial examples. This description can be
correlated with the known genomic sequence and biochemical pathways.

Though this description is not complete for several reasons. The variability
shown in contact maps and profiles of contact frequencies – Figure 15 –, would
require the study of a larger set of embryos. Moreover the final point that we have
studied so far is the end point of a story. The next natural steps in the description
are going to be a study on the correlations between Figures 4 and 10, and a de-
tailed account of how the structures described here are achieved, i.e. a dynamical
description. At the same time tools defined here set the base for such study.

While at the level of sequences – both for DNA, RNA or proteins – the problem
has been sized up quite extensively, the reflections that changes in sequences cause
on the level of tissue structure and gene expression patterns, when considering
these aspects connected, has not been treated in a formalized way until now, also
because a lot of biochemistry of these phenomena is still unknown. We have shown
here that some formalisms can be introduced and is now possible to correlate
in a quantitative way events at quite different dimensional and temporal scales.
Thus in perspective it is now possible to establish correlations among the different
levels that must be connected for a full study: DNA sequences (including RNA and
proteins), Genetics and Metabolic Networks (i.e. interactions among biochemical
constituents), Cell-Cell interactions (i.e. cell division, space partitioning, structure
building, gene expression patterning).

As far as complexity goes, results obtained have shown that we are dealing with
a set of problems which are for certain aspects defined, while for others there is
an extension in respect of problems treated extensively so far – i.e. folding –. The
rational definition of a species such as C. elegans can be done including: genomic
information, structural information about biochemical components – DNA, RNA,
proteins –, the definition of a binary tree of replication, and a structural graph which
include vertex colouring. Theoretically some of this information is redundant, a full
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knowledge on genomic information and on dynamical rules should be sufficient to
build the all story, but the well-known problems going one step up dimensionally
– i.e. folding – tell a different story that goes without comments.

The rationalization presented here can cover all the species in which the binary
tree of replication is known with enough precision, together with the differentiative
fate, it is thus possible to rationalize comparisons among species both morpholo-
gically and in terms of gene expression, knowing enough details. These two aspects
given together – definition of maps of Figures 9–11 – open up a pandora’s box of
combinatorial possibilities theoretically. The absence of a backbone, as in proteins,
is in fact increasing possibilities to a full combinatory of the system. At the same
time this does not mean functionality for the obtained organism, or other limits
such as constraints in cell migrations. We have already pointed out that the known
body plans to date are only 35 [6].

Finally, this analysis has been done only on general body plan settings, but it
can be extended to any other structure in which enough information is available,
so also in subsequent steps of development it is easy to envision the application
of this approach to morphological subsets. Thus, while the combinatorics for what
concern body plans is apparently strongly restricted, this could be not the case
taking a more general point of view. Further, the study of other species and of early
mutants, could shred light on the boundaries that we are dealing with and build
enough momentum to allow, on the long run, predictive capabilities for genetic
manipulations, and experimental testing of different outcomes.
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Notes

1. Strictly speaking the terms cytogeny and eutely refers respectively to the story of the generated
cells and to the constancy in nuclei number. While cytogeny and eutely are identical in C.
elegans during the period of development considered here, this is not always the case during
the adult life, being that some cell lineages can give rise to syncytia with slightly different nuclei
number. Moreover, these differences can be stronger in other species of nematodes [15]. It must
be considered, however, that in several instances in the literature eutely is taken as synonymous
of cell number, as is often the case.

2. In the paper, we make sometimes use of the symbols AB∗ or P1∗ to imply all the descendants
of that cell. This is done in order to avoid confusion between the cell itself – i.e. P1 – and the
cell clone to which it gives rise by replication P1∗.
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