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Abstract
Studies of sensory-motor performance, including those concerned with changes due to age,
disease or therapeutic intervention, often use measures based on jerk, the time-derivative of
acceleration, to quantify smoothness and coordination. However, results have been mixed, some
studies reporting sensitive discrimination of subtle differences, others failing to find significant
differences, even when they are obviously present. One reason for this state of affairs is that
different measures have been used with different scaling factors. These measures are sensitive to
movement amplitude and/or duration to different degrees. We show that jerk-based measures with
dimensions vary counter-intuitively with movement smoothness, whereas a dimensionless jerk-
based measure properly quantifies common deviations from smooth, coordinated movement.

Introduction
Smoothness is widely regarded as a hallmark of skilled, coordinated movement. Jerk, the
time-derivative of acceleration, has been used as an empirical measure of this quality.
However, mixed results have been reported. Studies of patients with Parkinson’s disease
(Teulings, Contreras-Vidal, Stelmach, & Adler, 1997) and Huntington’s disease (Smith,
Brandt, & Shadmehr, 2000) reported statistically significant abnormalities of jerk measures,
as expected. Less clear was a comparison of stroke patients with age-matched control
subjects by (Platz, Denzler, Kaden, & Mauritz, 1994) who reported that intra-subject
variability of jerk was statistically different for patients and controls but mean jerk was not.
In a study of patients with cerebellar dysfunction (Goldvasser, McGibbon, & Krebs, 2001)
were unable to detect significant abnormalities on the basis of jerk measures. Similarly,
(Wininger, Kim, & Craelius, 2009) were unable to detect significant differences between
stroke patients and healthy control subjects using jerk measures. This is surprising given
that, with recovery, movements made by stroke patients become progressively less
fragmented and more coordinated, as illustrated in Figure 1 (Rohrer, et al., 2002), (Rohrer,
et al., 2004).

One confound which may account for these mixed results is that the different studies applied
different jerk measures, each of which scaled differently with movement amplitude and
duration and intervals of arrest. This is an important consideration as movements made by
patients with sensory-motor dysfunction are often slower than those of unimpaired subjects.
Furthermore, they often undershoot or overshoot their target as well as have short intervals
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of no movement. Several different ways to normalize jerk-based measures have been used to
reduce dependency on those variables. The purpose of this paper is to demonstrate how
these different jerk-based measures vary with movement amplitude and especially duration;
further, we aim to clarify how jerk-based measures may be independent of duration and
amplitude, thereby quantifying what they are intended to quantify—smoothness.

Dimensions of jerk-based measures
Part of the appeal of a jerk-based measure is that maximizing smoothness has been shown to
provide a competent (albeit coarse-grained) mathematical model of coordination (Flash &
Hogan, 1985). To minimize mean-squared jerk, a motion profile must be a simple fifth-order
polynomial function relating displacement in each degree of freedom to time. The algebraic
simplicity of this form yields straightforward qualitative and quantitative characteristics of
maximally-smooth movements such as a straight path and a specific ratio of peak to mean
speed.

One important detail of this application of optimization theory is that the scaling factor of

the jerk measure is irrelevant. The function x(t)1 that minimizes the functional 
is the same for any value of the constant C. This constant may be chosen for analytical
convenience. The reason is because, in this application, the value of the jerk measure is
unimportant. What matters is that the functional based on jerk has an unambiguous
minimum and that is ensured by the quadratic form of the integrand.

The situation is quite different if a jerk-based measure is to be used to quantify the
smoothness of experimental data. In this case, the constant C plays a key role in establishing
the dimensions of the measure and, hence, how it scales with movement amplitude and
duration. Table 1 lists several different smoothness measures that have been used in the
literature, the latter two using the absolute value (rather than square) as a measure of jerk
magnitude. This list is probably incomplete; there are more ways to combine or rearrange
the basic operations measuring jerk magnitude (e.g., squaring, taking absolute value) and
accumulating this measure over a movement (e.g., integrating, averaging). Importantly, all
of these measures, even those including a normalization factor, depend on movement extent
and/or duration as reflected in their dimensions.

To be pragmatic, if movement extent and duration vary little, this dependency is of little
consequence. Even if movement extent or duration varies, for some purposes this
dependency may be advantageous and be part of an intended characterization. For example,
(Rohrer, et al., 2002) used mean-absolute-jerk normalized by peak speed in a study of sub-
acute phase and chronic-phase stroke survivors. This measure is independent of movement
extent but depends inversely on the second power of movement duration, yielding smaller
values for longer movements even when shape is invariant. However, it also exhibits a
distinctive non-monotonic variation with periods of arrest, which provided insight about the
process underlying recovery after neurological injury and its response to sensory-motor
therapy.

Nevertheless, if a measure of the shape of movement is desired—without any dependency
on duration and amplitude—that measure must be dimensionless. The integrated squared
jerk has dimensions of length squared divided by the 5th power of time, L2/T5 (see Table 1).

Hence, a dimensionless-squared-jerk measure is  where A is movement

1Notation: x is position, t is time, the overdot denotes time differentiation and subscripts 1 and 2 identify the beginning and end of
movement respectively
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amplitude or extent and D = t2 − t1 is duration. This is by no means the only way to obtain a
dimensionless measure of smoothness. Because mean speed is the ratio of movement
amplitude to duration, vmean = A/D, the jerk measure could be re-written as

 . Alternatively, any other representative speed could be used to define

a dimensionless smoothness measure, e.g. peak speed . In the
following, for clarity we confine our attention to the former measure, which has been used in
the literature (Takada, Yashiro, & Takagi, 2006; Yashiro, Nakamura, Mizumori, Yatani, &
Takada, 2004).

Performance of jerk-based measures
Given the plethora of jerk-based measures it is useful to understand how they vary with the
characteristics of typical experimental movement data that they are intended to characterize.
To that end, we constructed a series of idealized motion profiles mimicking a typical point-
to-point movement. The function we used is loosely related to a cycloidal motion.
Specifically, movements were constructed with displacement being the sum of (i) a
terminated linear ramp and (ii) a suitably-scaled sinusoid with a period equal to the
movement duration, and (iii) a suitably-scaled sinusoid with a period equal to an integer (n)
divisor of the movement duration,

where the constant b determines the fractional deviation from a smooth cycloidal movement.
With n = 1 the result is a symmetric movement with a smooth “bell-shaped” speed profile
(an offset cosine function). With n > 1 the result is a symmetric movement with a series of
“hesitations” (Figure 2).

This mathematical form was chosen primarily for analytical convenience rather than any
biological significance. Nevertheless, the motion profiles generated are qualitatively similar
to a substantial body of the published experimental movement data.

Figure 3 shows how several squared-jerk measures of smoothness vary with movement
duration D while movement amplitude A and the number of “hesitations” n remain constant.
The main point to note is that, while the several jerk measures with units (integrated squared
jerk, mean squared jerk, mean squared jerk normalized by peak speed, mean squared jerk
normalized by mean speed) differ in their precise details, all exhibit an essentially similar
variation with movement duration: as movement duration increases, all of these measures
become dramatically smaller (note that the ordinate is plotted on a logarithmic scale). In
contrast, the dimensionless squared jerk measure is completely independent of movement
duration—as intended.

How well does the dimensionless squared jerk measure reflect smoothness? Figure 4A
shows the variation of dimensionless squared jerk with the number of speed peaks in a
movement n, while movement amplitude A, duration D and the magnitude of speed
fluctuations b remain constant. As expected, the dimensionless squared jerk measure grows
with the number of peaks n. Figure 4B shows the variation of dimensionless squared jerk
with the magnitude of speed fluctuations, while movement amplitude, duration and the
number of speed peaks remain constant. Again, as expected, the dimensionless squared jerk
measure grows with the magnitude of speed fluctuations–as it should do intuitively.
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Sensitivity to arrest periods
One concern raised about any of the jerk-based measures is that, as they are computed by
integrating across an entire movement profile, they may appear to be insensitive to brief
periods of arrest. For example, pathological movements often exhibit a distinctive
fragmentation, even exhibiting intervals of complete rest (Krebs, Aisen, Volpe, & Hogan,
1999; Rohrer, et al., 2002). During those intervals, all derivatives are (approximately) zero;
hence they contribute little or nothing to an integrated measure. However, for movements of
the same extent and duration, periods of arrest are necessarily accompanied by intervals in
which the time-derivatives of movement are exaggerated—pronounced speed fluctuations
are a signature of movement fragmentation—and the jerk-based measures are especially
sensitive to those derivatives.

To investigate how arrest periods influence jerk-based measures of smoothness, we
constructed a series of idealized motion profiles composed of two identical cycloidal
movements: terminated ramp plus scaled sinusoid with period equal to ramp duration, or b =
0. Compared to the examples above, each sub-movement had half of the movement
amplitude but a different onset time. Specifically, the second submovement was initiated
after a delay of W that varied from less than the duration of one submovement to greater
than that duration so that total movement duration was Ttotal = D+W (Figure 5 shows
examples).

Figure 6 shows how several squared-jerk measures vary with movement duration as induced
by the temporal separation of the two 500 ms submovements. When the two submovements
overlap in time, all four of the measures with units (integrated squared jerk, mean squared
jerk, mean squared jerk normalized by peak speed, mean squared jerk normalized by mean
speed) exhibit a non-monotonic variation with duration. When the two submovements are
separated in time, as exemplified in the two bottom rows of Figure 5, integrated squared jerk
remains constant—the rest periods contribute nothing to the integral—while mean squared
jerk declines with total movement duration. Similarly, mean squared jerk normalized by
mean speed does not vary as separation increases while mean squared jerk normalized by
peak speed declines with total movement duration.

In contrast, the dimensionless squared jerk measure increases monotonically with the
temporal separation of the two submovements. Unlike the four measures with units, this
measure increases monotonically even when the two submovements overlap. It also
continues to increase when the two submovements are separated in time. This properly
reflects the change of movement shape with duration; as the separation of submovements
grows longer, the movement profile becomes progressively less smooth.

Measures of shape should be dimensionless
These examples show that a dimensionless jerk measure may readily be formulated to reflect
changes of movement shape, independent of amplitude and duration, yet reflective of
common departures from smoothness, including multiple speed peaks or periods of arrest.
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The dimensionless jerk measure plotted in Figure 6 was used by (Yashiro, et al., 2004) to
distinguish the effects of different mouth-guard designs on jaw movements during speech
articulation. It was also used by (Takada, et al., 2006) to discriminate between irregularities
of chewing movements induced by occlusal interference at different tooth sites. A similar
measure was successfully used by (Teulings, et al., 1997) to detect statistically significant
differences between movements of patients with Parkinson’s disease and age-matched
unimpaired subjects. (Ketcham, Seidler, Gemmert, & Stelmach, 2002) used the same
measure to quantify significant degradation of movement quality in older adults.

Dimensionless numbers are used extensively in engineering and physics. They are especially
useful to characterize essential features of physical phenomena and how they vary with size
and scale. For example, Reynolds’ number (the ratio of inertial to viscous forces) provides a
universal characterization of fluid flow, enabling identification of turbulent and laminar flow
and the transitions between these two regimes. The Froude number (the ratio of inertial to
gravitational forces) has been used to predict optimal walking speeds in different
gravitational environments (Minetti, 2001). Intuitively, smoothness is an aspect of
movement quality distinct from speed and distance and should therefore be independent of
them, i.e. should be dimensionless.

Of course, jerk-based measures are not the only way to quantify smoothness. Numerous
alternatives may be defined and many of them may be superior. For example, robust and
statistically sensitive methods to identify a sequence of submovements underlying
continuous movements have been developed (Rohrer & Hogan, 2003), (Rohrer & Hogan,
2006). However, care is required. One simple alternative is to count peaks in the speed
profile. While this may have intuitive appeal, it suffers some intrinsic weaknesses: Firstly,
the sum of two or more submovements, each with single-peaked speed profiles, may
generate spurious peaks in the composite speed profile (Rohrer & Hogan, 2003). Secondly,
this measure is completely insensitive to the presence or extent of periods of arrest. The
Movement Arrest Period Ratio (Beppu, Suda, & Tanaka, 1984) addresses the latter
weakness, but it is insensitive to fluctuations in speed that do not result in a detectable
period of arrest, even though they clearly signal a departure from the smoothness of normal,
coordinated movements.

A weakness of both of these measures is that they essentially discard much of the available
data. Measures that depend on all of a data stream are more likely to yield statistically
reliable results and quantify what they are meant to quantify: departures from smoothness.
Quantities based on the integrated magnitude of derivatives such as jerk are simple to
implement and provide an intuitively meaningful measure of shape and smoothness—
provided they are appropriately scaled to be dimensionless.
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Figure 1.
Tangential speed profiles of reaching movements made by a chronic-phase stroke survivor
at the beginning (top panel) and end (bottom panel) of sensory-motor therapy. For further
details see (Rohrer, et al., 2004).
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Figure 2.
Examples of cycloidal point-to-point movements with various degrees of smoothness: n = 5,
A = 1, D = 1, and b = [0.0, 0.3, 0.6, 0.9]. Left column: position vs. time. Right column:
tangential speed vs. time.
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Figure 3.
Variation of several measures of smoothness based on squared jerk with movement duration
while movement amplitude and shape (number of speed peaks, deviation of speed profile
from a cycloidal movement) remain constant. For graphical presentation the ordinate is
plotted on a logarithmic scale.
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Figure 4.
Variation of dimensionless squared jerk with movement smoothness. In the top panel (A)
the number of speed peaks, n, is varied while movement amplitude, duration and deviation
of the smooth cycloidal movement remain constant. In the bottom panel (B) the deviation
from a smooth cycloidal movement, b, is varied while movement amplitude, duration and
number of peaks remain constant.
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Figure 5.
Examples of point-to-point movements composed of two identical cycloidal movement
fragments with various amounts of delay between the onset of the first and second
submovements. Left column: position vs. time. Right column: tangential speed vs. time.
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Figure 6.
Variation of several measures of smoothness based on squared jerk with the total duration of
a movement composed of two identical cycloidal submovements. The four measures with
units are plotted at a common scale displayed on the left ordinate. The dimensionless
measure is plotted at a different scale displayed on the right ordinate.
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