
Mechanical Buckling of Arterioles in Collateral Development

Qin Liu and Hai-Chao Han
Department of Mechanical Engineering, University of Texas at San Antonio

Abstract
Collateral arterioles enlarge in both diameter and length, and develop corkscrew-like tortuous
patterns during remodeling. Recent studies showed that artery buckling could lead to tortuosity.
The objective of this study was to determine arteriole critical buckling pressure and buckling
pattern during arteriole remodeling. Arterioles were modeled as elastic cylindrical vessels with an
elastic matrix support and underwent axial and radial growth. Our results demonstrated that
arteriole critical buckling pressure decreased with increasing axial growth ratio and radius growth
ratio, but increased with increasing wall thickness. Arteriole buckling mode number increased
(wave length decreased) with increasing axial growth ratio, but decreased with increasing radius
growth ratio and wall thickness. Our study suggests that axial growth in arterioles makes them
prone to buckling and that buckling leads to tortuous collaterals. These results shed light on the
mechanism of collateral arteriole tortuosity.
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1. Introduction
Vessel tortuosity often occurs during arteriogenesis, the growth of preexisting arterioles.
Arterioles develop into tortuous collateral arteries after occlusion of a major artery.
“Corkscrew” collaterals have been reported in coronary and peripheral arteries (Schaper and
Buschmann 1999; Cai et al. 2003; Shireman and Quinones 2005). Tortuosity increases the
flow resistance in collateral arterioles (Heil and Schaper 2004; Eitenmuller et al. 2006).
Tortuosity may also activate platelets and consequently induce thrombosis in microvessels
(Liu et al. 2008; Chesnutt and Han 2011). On the other hand, an increase in capillary
tortuosity could increase the interface area of capillary to tissue, thus promoting muscle
tissue oxygenation (Goldman and Popel 2000; Charifi et al. 2004). Arterioles around tumor
cells often develop tortuous shapes, and the tortuosity level has been associated with the
malignancy of tumors (Bullitt et al. 2005; Pries et al. 2009; Vakoc et al. 2009). Therefore, it
is important to understand the relationship between microvessel development and tortuosity.
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Tortuous vessels are also often observed in medium to large arteries and veins in humans
and animals (Han 2012), and are often associated with hypertension, aging, and
atherosclerosis (Smedby and Bergstrand 1996; Del Corso et al. 1998; Pancera et al. 2000;
Hiroki et al. 2002; Thore et al. 2007; Han 2012). Genetic defects and other pathologic
changes such as degenerative vascular diseases have also been linked to artery tortuosity
(Dobrin et al. 1988; Wagenseil et al. 2005; Callewaert et al. 2008). While it is speculated
that arterial growth may lead to tortuosity, the physical mechanisms and the quantitative
relation remain unclear.

Collateral arteriole growth begins with a rapid onset of proliferation leading to outward
remodeling in seven days after the occlusion, which is followed by extensive remodeling
(Ito et al. 1997). During the development of collateral arterioles, smaller vessels regress, and
larger ones increase in diameter. However, the enlargement in diameter is often limited. In
optimal conditions, 35 – 40% of the maximal flow can be recovered by collateral arteries
(Lazarous et al. 1996; Ito et al. 1997). Though creating an arterio-venous shunt may
completely restore the maximal collateral flow (Eitenmuller et al. 2006), it is hard to achieve
clinically. One possible reason for the incomplete recovery of blood flow could be the
tortuosity of collateral arterioles. However, how tortuosity is generated in collateral
arterioles and its relationship to arteriole remodeling remain unclear.

Recent studies have shown that arteries may lose stability and buckle when their lumen
pressure is elevated or axial tension is reduced (Han 2007; Han 2009; Lee et al. 2012).
Artery buckling causes arteries to deform into tortuous shapes, starting with a small lateral
deflection and developing into a large deflection if the pressure continues to increase. In
vivo experiments showed that rabbit carotid arteries under reduced axial tension adapted
over time and became permanently tortuous (Jackson et al. 2005), suggesting that buckling
could lead to tortuosity. However, the effects of growth on arterial mechanical stability and
buckling behavior have not been investigated.

Therefore, the objective of this study was to determine arteriole critical buckling pressure
and buckling pattern change due to axial and radial growth and remodeling using model
simulations.

2. Methods
2.1. Buckling equation

Arterioles were modeled as nonlinear elastic circular cylinders surrounded by soft tissues.
The tissues were modeled as linear elastic matrices. Accordingly, arteriole buckling pressure
pcr was determined using the artery buckling equation given by (Han 2009):

(1)

where N is the axial force, Ri is the lumen radius, EI is the cross sectional bending rigidity,
ks is the Young’s modulus of the surrounding matrix, l is the vessel length, and n is the
buckling wave mode number. N was determined by the transmural pressure p and the strain.
The bending rigidity EI is a function of arteriole cross sectional dimensions and the strain
components as given in detail previously (see appendix in (Han 2011)). EI is also affected
by the lumen pressure and axial stretch ratio since the strain components are functions of
pressure and axial stretch ratio. The critical pressure pcr of an arteriole with given Ri, l, and
ks, was determined following the iteration steps decreased previously (Han 2009). Briefly,
for each assumed wave number n, the buckling pressure was determined through iterations
using Equation 1. The process was repeated for a range of n values (>1. The corresponding
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pcr value first decreases and then increases with increasing n). The actual critical buckling
pressure was determined by finding the n value that gave the minimum pcr value (Han
2009).

2.2. Determination of arteriole wall material constants
The mechanical behavior of arteriolar walls was characterized by Fung’s exponential strain
energy function (Fung 1993):

(2)

where b0 – b6 are the material constants, and K is a Lagrangian multiplier for
incompressibility. Eθ, Ez, and Er are the Green strain components in the circumferential,
axial, and radial directions, which all refer to the zero-stress state. By solving the
equilibrium equation for a cylindrical arteriole under axial load and internal pressure, the
internal pressure p and axial force N in the vessel were expressed as (Fung 1990; Humphrey
2002; Han 2008; Han 2009):

(3)

wherein Ri and Re are the inner and outer radii, respectively. The material constants b0 – b6
were determined by fitting Eq. (3) to a previously reported pressure-diameter relation of cat
mesenteric arterioles incorporating the initial dimensions (outer/inner radius and wall
thickness t) (Gore 1974). Residual strain was not measured in this previous study (Gore
1974). However, since our previous studies have shown that residual strain (opening angle)
had little effect on the critical pressure (Han 2009; Liu and Han 2012), the residual strain in
the arteriole was neglected in current simulations (opening angle = 180°). We also assumed
that the arterioles were free to expand in the mesentery, and thus the axial force was N
=πr2p. Using a custom code in Matlab (Lee et al. 2012; Liu and Han 2012), we obtained b1
= 2.0, b2 = 0.001, b3 = 2.0, b4 = 0.2555, b5 = 0.001, b6 = 1.996, and b0= 38.949 kPa.

2.3. Arteriole parameters and simulation conditions
In our simulations, arteriole length l was assumed to be 10 mm, with the initial lumen radius
Ri = 50 μm and outer radius Re = 60 μm. The arteriole was pre-stretched axially at a stretch
ratio of 1.5. The stiffness of supporting matrix was ks = 5 kPa, unless otherwise specified.

To describe the growth of arterioles, we defined growth ratio as the percentage of dimension
change due to growth from the original length under no-load condition. Collateral arterioles
elongate while enlarging radially (outward remodeling). So we examined arterioles with
combinations of axial growth ratios and radial growth ratios. The axial growth ratios were
examined in the range of 0 to 30% (Herzog et al. 2002). Since arteriolar wall cross section
area might decrease (hypotrophic), increase (hypertrophic), or remain the same (eutrophic)
(Mulvany 1999), both lumen diameter and wall thickness (thus the outer diameter) changes
were examined. The lumen diameter and wall thickness were assumed to increase up to 2-
fold and 2.5-fold, respectively, following a previous experimental observation (Herzog et al.
2002).

Arteriole buckling was simulated first for axial growth alone and then for combined axial
and radial growth.
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3. Results
3.1. Effect of axial growth on arteriole critical buckling

Simulations showed that axial growth of arterioles reduced the critical buckling pressure.
For an arteriole (Ri = 50 μm, t = 10 μm, and l = 10mm) within a surrounding matrix of
stiffness ks = 5 kPa, when the axial growth ratio increased from 0 to 30% while the lumen
radius and wall thickness remained unchanged, the critical buckling pressure decreased from
51.0 to 22.2 mmHg (■, Fig. 1a). Accordingly, the buckling wave mode number increased
from the 23rd to the 33rd mode (■, Fig. 1b). The wave length decreased from 435 to 303
μm. These results indicate that at a higher axial growth ratio the arteriole more easily
buckled and became more tortuous. Figure 1c illustrates the first seven wave mode shapes
for arteriole buckling.

3.2. Effect of supporting tissue stiffness on arteriole critical buckling
The stiffness of the surrounding matrix affects the critical buckling pressure and buckling
mode. Arterioles without supporting tissue (ks = 0) buckle into the base mode (n = 1) under
increasing lumen pressure. However, with supporting tissue (ks = 0.5, 1 and 5 kPa),
arterioles buckled into higher order mode shapes (Fig. 1b) and at higher critical pressures
(Fig. 1a). Stronger supporting tissue (ks = 5) led to higher critical buckling pressures and
higher wave shape modes in arterioles with the same axial growth ratio. For example, for the
arteriole with the lumen radius 50 μm, wall thickness 10 μm, and length 10 mm, at axial
growth ratio 10%, the critical buckling pressures were 15.3, 18.9, and 38.2 mmHg, and the
corresponding wave modes were 18, 20, and 26 for ks = 0.5, 1, and 5 kPa, respectively.

3.3. Effect of arteriole radius growth on critical buckling
Radius growth of arterioles also reduced the critical pressure. For an arteriole maintaining a
constant thickness, both the critical pressure and buckling wave number decreased with
increasing radius growth ratio (Fig. 2). For example, at a given wall thickness t = 20 μm and
axial growth ratio 10%, when arteriolar radius growth ratio increased from 0 to 3 (an
increase of radius from 50 to 200 μm), the critical pressure pcr decreased from 52.8 to 29.3
mmHg, and buckling wave mode number changed from 23rd to 7th.

In addition, for a given radius growth ratio and axial growth ratio, the growth in wall
thickness increased the critical pressure (Fig. 3a) and reduced the buckling wave mode
number (Fig. 3b). For example, at a given lumen radius growth ratio of 2 (Ri = 100 μm) and
axial growth ratio of 10%, with the increase of wall thickness from 10 to 40 μm, the critical
buckling pressure increased from 29.3 to 52.8 mmHg and the corresponding buckling wave
mode number decreased from 14th to 11th.

Having noticed the same critical pressure (52.8 mmHg) for the two vessels of the same wall
thickness to radius ratio (but different thickness and radius), we further analyzed the effect
of arteriole dimensions on the critical pressure. Our results demonstrated that the final
remodeled wall thickness to lumen radius ratio t/Ri was a determinate parameter for the
critical buckling pressure, though not the buckling mode shape (Fig. 4). Table 1 illustrates t/
Ri values and types of remodeling at various changes in Ri and Re, as well as the
corresponding wave modes. It is seen that the change of wave mode with t/Ri value was not
monotonic but biphasic.

3.4. Effect of wall material property changes on critical buckling
To mimic the changes in material properties of collateral arteriolar walls, we considered the
changes in material constant b0, which directly reflects the stiffness of arteries at all strain
levels. Our results demonstrated that elevation of material stiffness increased the critical
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buckling pressures (Fig. 5). For example, at the same axial growth ratio of 10%, when the
value of b0 (38.95 kPa) decreased to 0.5b0 (19.47 kPa) or increased to 2b0 (77.90 kPa), the
critical pressure decreased to 30.9 mmHg or increased to 61.5 mmHg, respectively (Fig. 5a),
and the corresponding buckling wave mode increased from 12th to 14th, or remained
unchanged 12th, respectively (Fig. 5b).

4. Discussion
This study illustrated the relation between collateral arteriole growth/remodeling and
mechanical buckling. Our results showed that arteriolar axial growth reduced the critical
buckling pressure, making arterioles prone to buckling and consequently leading to tortuous
collaterals. In addition, radius growth at a given wall thickness reduced the critical pressure,
and wall thickening at a given radius elevated the critical pressure.

4.1 Effects of dimensional growth on critical pressure
The effects of dimensional growth on the critical buckling pressure can be explained using a
buckling equation, which illustrated that arterial buckling pressure decreased with reduced
axial stretch ratio and wall thickness to radius ratio (Han 2007; Han 2008; Han 2009).

First, axial growth reduced the axial stretch ratio of the arteriole since the distance between
the up- and down-stream branching points of a collateral arteriole was restricted by the
anatomic positions. Therefore, an arteriole with a higher axial growth ratio would have a
lower stretch ratio and thus a lower critical buckling pressure. These results are consistent
with the conclusion that the reduction of axial tension in rabbit carotid arteries led to
tortuous arteries in a previous in vivo study (Jackson et al. 2005). The study also showed
that the reduction of axial tension elevated the proliferation rates of both endothelial cells
and smooth muscle cells. These results indicated that reduced axial tension may stimulate
arteriole growth and remodeling, and suggested a possible dynamic feedback mechanism
that needs to be investigated in the future.

Second, increasing arteriole radius at a given wall thickness reduced the wall thickness to
radius ratio and thus reduced the critical buckling pressure making arterioles prone to
buckling. Although the change of critical pressure with lumen radius is biphasic in general
(Han 2007; Datir 2010), the critical pressure reduced monotonically in the radius growth
range discussed (from 50 to 200 μm) for arterioles. On the other hand, wall thickening at a
given radius increased the critical pressure. However, when arteriolar lumen radius and
outer radius both increased at the same ratio, the wall thickness to radius ratio remained the
same and the critical buckling pressure did not change. The critical buckling pressure
increased only when the wall thickness increased at a higher ratio than the lumen radius did,
i.e., when the ratio of wall thickness to lumen radius (t/Ri) increased. These results
demonstrated that the determining parameter was the final wall thickness to lumen radius
ratio, not the wall thickness per se (Han 2007; Han 2008; Han 2009).

One interesting finding of this study is that the radial growth of an arteriole alone, without
any axial length change or wall thickening, would reduce the critical buckling pressure.
Collateral arterioles both enlarge their diameters and elongate their lengths during
remodeling. These combined radius and axial growths intensify the reduction in critical
pressure. Thus collateral arterioles are very often seen to be tortuous.

4.2. Determination of matrix stiffness ks

Arterioles were surrounded by supporting tissue. Our simulation presumed that collateral
arterioles did not buckle at the beginning of the remodeling, where the critical buckling
pressure should be above the lumen pressure in the arterioles. After remodeling started, with
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the axial and/or radial growth, arterioles could buckle. The lumen pressure measured in
collaterals after the ligation of the femoral artery was 30 – 40 mmHg (Chen et al. 1994;
Unthank et al. 1995; Unthank et al. 1996). Therefore, a matrix stiffness ks = 5 kPa was used
in the simulations so that the estimated critical buckling pressure (51.0 mmHg) of the
arteriole was above the normal pressure. The critical buckling pressure dropped below the
normal pressure at various axial and radius growth ratios. While further studies are needed
to determine the actual stiffness that may vary depending on the surrounding matrix, we
expect that the trend demonstrated by our simulation will remain similar.

4.3. Estimation of buckling wave mode number
The non-monotonic change of buckling wave modes with t/Ri ratio could be explained using
the theoretical equation for buckling wave mode number n (Han 2009)

(4)

Approximating I = πR3t for cylindrical arterioles and assuming E is a constant yield

(5)

It is seen that wave mode number n is not determined by t/Ri ratio alone but by both t and
Ri. For arterioles with constant thickness t, the wave mode number decreased with the
increase of Ri (decrease of t/Ri). For arterioles with constant Ri, the wave mode number
decreased with the increase of t (increase of t/Ri).

4.4. Model limitations
A limitation of current study is that the supporting tissue was assumed to be linear elastic.
The linear elastic matrix assumption was used due to its simplicity and to be consistent with
our previous study (Han 2009). Since arterioles had very small lateral deflection when
buckling occurred initially, the reaction force generated by the matrix could be assumed to
be linearly related to the deflection. Thus, the linear elastic matrix assumption was
reasonable. In addition, the comparison of the critical buckling of arterioles at different axial
and radial growth ratios was done for linear elastic matrix of the same stiffness. So we
expected that the linear elastic matrix assumption did not affect the overall conclusion.

Another assumption was that arteriole growth was axially and circumferentially uniform.
The newly-grown parts did not change the uniformity of the whole vessel. Even though
previous simulation results showed that geometric variations could slightly reduce or
increase the buckling pressure (Datir 2010), the effects of these imperfections were expected
to be small.

Our simulations showed that changes in the mechanical properties affect the critical pressure
and wave mode. However, it is unclear how changes in mechanical properties of the
arteriole wall are associated with axial growth or radial growth. A previous study
demonstrated that the stiffness of arterioles increased ~25% during the development of
diabetes (Liu and Fung 1992). Our simulations showed that a 2-fold increase in stiffness (b0)
increased pcr by ~50% at each axial growth ratio, and a 25% increase in stiffness might only
increase pcr by approximately 2 – 3 mmHg. Further studies are needed to experimentally
measure the material properties of collateral arterioles during the remodeling process.
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4.5. Clinical relevance
Collateral arterioles expand in diameter to increase blood flow to the ischemic tissue after a
main artery is occluded. The increased flow increases fluid shear stress, which has been
considered as a trigger for collateral growth through a complex signaling process involving
monocyte chemotactic protein-1 (MCP-1), angiotension, vascular endothelial growth factor,
which results in increased monocyte deposition, cell proliferation, and matrix
metalloproteinase activities (Ito et al. 1997; Shireman 2007; van Royen et al. 2009). Growth
of collateral arterioles could result in axial growth (elongation), which reduces the axial
tension in the arterioles and often makes collateral arterioles tortuous. Reduction in axial
tension could further stimulate cell proliferation and generate tortuosity (Jackson et al. 2005;
Lee et al. 2012). However, the maximal flow can only be partially recovered by collateral
arterioles (Lazarous et al. 1996). One possible reason is the increase of flow resistance due
to the development of tortuosity in collateral arterioles (Heil and Schaper 2004; Eitenmuller
et al. 2006). Although the molecular mechanisms that stimulate and regulate arteriole
growth still remain to be investigated, the current model helps us to understand the
formation of the tortuous shape in the process. Our results also suggest that raising the
critical buckling pressure of the arteriole, by changing the wall material property (stiffening
the wall) or stiffening the supporting matrix, will make the arteriole more stable. This is
consistent with previous reports that showed enhancing tissue support would prevent vessel
tortuosity (Lu et al. 1993; Han et al. 1998; Hamza et al. 2003). Our study sheds new light on
the mechanism of the development of tortuous collaterals.

On the other hand, buckling of arterioles could be beneficial. For people with α–thalassemia
disease where more muscle tissue oxygenation is wanted (Vincent et al. 2010), increasing
capillary tortuosity may increase the contact area of capillaries to tissue (Goldman and Popel
2000; Charifi et al. 2004). Factors that reduce the critical buckling pressure in the capillary
would be potential targets for treatment.

In conclusion, growth and remodeling in arterioles can lead to mechanical buckling.
Arteriole buckling pressure decreases with axial growth, but increases with increasing wall
thickness to lumen radius ratio. Arteriolar buckling mode number increases with axial
growth, but decreases with increasing radius and wall thickness. Collateral arterioles become
prone to buckling with growth in radius and axial length, which could be a mechanism for
the development of tortuous collaterals.

Understanding the mechanisms of tortuosity initiation and development in the
microvasculature has wide implications in vascular physiology and pathology, as well as in
tissue regeneration. This understanding will help us to develop new approaches for the
prevention and treatment (reduction or augmentation) of arteriolar tortuosity.
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Highlights

• We modeled arteriole buckling behavior associated with growth and remodeling

• Arteriole length growth decreases the buckling pressure and buckling wave
length

• Radius growth decreases the buckling pressure but increases buckling wave
length

• Increasing wall thickness increases the buckling pressure and buckling wave
length

• Adaptive growth makes arterioles prone to buckling & leads to tortuous
collaterals
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Figure 1.
Critical buckling pressure (a) and buckling mode (b) plotted as functions of axial growth
ratio at different matrix stiffness. The lumen radius Ri, wall thickness t, and length of the
collateral arteriole l were 50 μm, 10 μm, and 10 mm respectively. (c) Illustration of
buckling wave mode shapes.
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Figure 2.
Critical buckling pressure (a) and buckling mode (b) plotted as functions of arteriolar radius
growth ratio at a constant wall thickness (t = 20 μm). Arteriole initial length l = 10 mm,
initial lumen radius Ri = 50 μm, and ks = 5 kPa.

Liu and Han Page 14

J Theor Biol. Author manuscript; available in PMC 2014 January 07.

$w
aterm

ark-text
$w

aterm
ark-text

$w
aterm

ark-text



Figure 3.
Critical buckling pressure (a) and buckling mode (b) plotted as functions of wall thickness
with constant lumen radius (Ri = 100 μm). Arteriole length l = 10 mm and ks = 5 kPa.
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Figure 4.
comparison of critical buckling pressure (a) and buckling mode (b) plotted as functions of
axial growth ratio at different t/Ri ratios. Arteriole Ri, t, and l were 50 μm, 10 μm, and 10
mm respectively, and ks = 5 kPa.
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Figure 5.
Comparison of critical buckling pressure (a) and buckling mode (b) plotted as functions of
axial growth ratio at different arterial wall material properties (b0). Arteriole Ri,t, and l were
50 μm, 10 μm, and 10 mm respectively, and ks = 5 kPa.
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