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Abstract   

Aim The purpose of this study was to develop a mathe- 
matical model to quantitatively describe the passive trans- 
port of macromolecules within dental biofilms. 
Methodology Fluorescently labeled dextrans with different 
molecular mass (3 kD, 10 kD, 40 kD, 70 kD, 2 000 kD) 
were used as a series of diffusion probes. Streptococcus 
mutans, Streptococcus sanguinis, Actinomyces naeslundii 
and Fusobacterium nucleatum were used as inocula for 
biofilm formation. The diffusion processes of different 
probes through the in vitro biofilm were recorded with a 
confocal laser microscope. 
Results Mathematical function of biofilm penetration was  

constructed on the basis of the inverse problem method. 
Based on this function, not only the relationship between 
average concentration of steady-state and molecule weights 
can be analyzed, but also that between penetrative time and 
molecule weights. 
Conclusion This can be used to predict the effective 
concentration and the penetrative time of anti-biofilm 
medicines that can diffuse through oral biofilm. Further- 
more, an improved model for large molecule is proposed by 
considering the exchange time at the upper boundary of the 
dental biofilm. 

Keywords  oral biofilm, diffusion model, boundary condi- 
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Introduction 
 

Microorganisms are traditionally studied, cha- 
racterized and identified as planktonic, single-cell 
creatures. However, detailed studies of bacterial 
communities in different environments have lead 
to the conclusion that planktonic growth rarely 
exists for microorganisms in nature (Costerton et 
al., 1995). Generally, bacteria colonize in the form 
of persistent, surfaces-dependent and matrix- 
encapsulated communities, referred to as biofilms. 
Since the investigation of microbial aggregates 
on tooth surfaces by Antonie van Leeuwenhoek, 
it has been well documented that oral biofilms are 
responsible for two common human oral diseases: 
dental caries (tooth decay) and periodontitis (gum 
disease). 

The ability of bacteria to attach on surfaces and 
form biofilms can bring them many advantages 
over their planktonic relatives (Rahman et al., 
2009). Biofilms have been found to protect the 
microbial community from environmental stresses, 
and to shelter bacteria from the immune response 
and antibiotic penetration (Watson et al., 2005). 
Most of these protection characters of biofilm can 
be explained by invoking the phenomenon of 
diffusion (Gomes et al., 2009). 

Diffusion is the process by which the matter is 
transported from one part of a system to another 
as a result of random molecular motions (Crank, 
1975). The diffusive properties of macromolecules 
are critical aspects of the growth and pathogenicity 
of biofilms. The diffusion process of biofilm can 
directly impact the antibody access to the biofilm 
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(Anderl et al., 2000), the penetration of medi- 
cines into biofilms (Douglas, 2009), transfer of 
extracellular DNA (Perry et al., 2009) and the 
intercellular signals for bacterial communication 
(Davies et al., 1998; Huang et al., 2009). It also 
influences nutrient delivery into biofilms in the 
form of polysaccharides and proteins (Takenaka 
et al., 2009).  

Although much research has been carried out 
on diffusion in biofilms (Bryers and Drummond, 
1998; Nicholson and Tao, 1993; Thurnheer et al., 
2003; Rani et al., 2005; Takenaka et al., 2009), 
there is little consensus on the estimated diffusion 
coefficients. The purpose of this study was to use 
time-lapse microscopy to observe the dynamic 
process of diffusion through the biofilm, on the 
base of which one could construct the diffusion 
model to simulate the whole process, and then 
use the inverse problem method to calibrate the 
mathematic simulation results with the real 
diffusion process. These research data can help to 
analyze the diffusion process, and can be used to 
predict the biofilm diffusion for the guidance of 
treatments against biofilm diseases. 
 
 
Materials and Methods 
 

Bacterial strains and culture media 

Four strains of oral colonizers, namely Strep- 
tococcus mutans UA159, Streptococcus sanguinis 
10557, Actinomyces naeslundii ATCC 12104 and 
Fusobacterium nucleatum ATCC 25586, were 
used as inocula for biofilm formation. Among 
these four strains, Streptococcus mutans and 
Streptococcus sanguinis are pioneer colonizers of 
oral biofilm, while Actinomyces naeslundii and 
Fusobacterium nucleatum serve as the frame of 
biofilm and contribute to the heterogeneity of 
biofilm. For each species, the optical density of 
the culture medium was adjusted to 1.0 at 550 nm. 
Biofilms were formed on glass slides, which were 
pre-coated with saliva, in 6-well polystyrene cell 
culture plates, as described previously (Gug- 
genheim et al., 2004) with minor modifications. 
Wells were inoculated with mixed cell suspensions 
(200 µL) prepared from equal volumes of culture 
media containing the various species, and incu- 

bated anaerobically at 37℃. BM-5 was used as 
the universal medium (Hodgson et al., 2001) for 
biofilm, and was replenished by aspirating the 
spent medium and adding fresh medium every 24 
hours. After 72 hours, the glass slides with bio- 
films were removed for observation.  
 

Biofilm staining and fluorescent mass trans- 
port probes 

Extracellular polymeric substances (EPS) were 
stained by incubating biofilms for 20 minutes at  
4℃ with 0.2 mg·mL-1 Concanavalin A fluore- 
scein conjugate (Molecular Probes, product no. 
C827, Eugene, Oregon, USA) according to the 
manufacturer’s instructions. The following fluo- 
rescent probes were prepared at room tempera- 
ture: 0.2 mg·mL-1 tetramethylrhodamine-conjugated 
dextrans (TMR-dextran; Molecular Probes, Eugene, 
Oregon, USA) with molecular mass of 3 000 (3 
KD-Dex, product no. D3307), 10 000 (10 KD-Dex, 
product no. D1816), 40 000 (40 KD-Dex, product 
no. D1842), 70 000 (70 KD-Dex, product no. 
D1819) and 2 000 000 (2 000 KD-Dex, product 
no. D7139) according to the manufacturer’s in- 
structions. 
 

Microscopy and image analysis 

Stained biofilms were examined using a DMIRE2 
inverted microscope (Leica Mikroskopie GmbH, 
Wetzlar, Germany) with a UV laser (Coherent 
Inc., Santa Clara, USA), a He-Ne laser (Uniphase 
Vertriebs GmbH, Eching/Munich, Germany), an 
Ar laser (Coherent Inc.), and a TCS SP2 computer- 
operated confocal laser scanning system (Leica 
Lasertechnik GmbH, Heidelberg, Germany). Filters 
were set to 494 to 518 nm for detection of 
Concanavalin A, and 555 to 580 nm for TMR. 
Confocal images were obtained by using a 20 × 
lens (numerical aperture, 0.7; zoom factor, 5.988). 
Image acquisition was done in the xzt scan mode 
that recorded a vertical section (xz-section) of the 
biofilm many successive times. The scan speed 
was 1 000 image lines per second, providing a 
series of scan photos with Δt at 823 ms. Shortly 
after the continuous scan was started, 20 µL of 
fluorescent mass transport probe was placed at 
the center of the visual field. The diffusion data 
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were processed on a Silicon Graphics 320 visual 
workstation (Mountain View, USA), which yields 
a value called the fluorescent intensity index (FII). 
This index provides a profile consistent with the 
quantity of diffusion probes entering the biofilm. 
Five experiments for different probes respectively, 
with three repeats each, were performed to collect 
the diffusion data. 
 

Modeling of diffusion through biofilm 

The mathematical theory of diffusion is based 
on the hypothesis that the rate of transfer of 
diffusing substance through unit area of a section 
is proportional to the concentration gradient 
measured normal to the section. This is described 
by Fick’s law of diffusion 

x
CDF
∂
∂

−=              (1) 

where F is the rate of transfer per unit area of 
section, C is the concentration of the diffusing 
substance, x is the space coordinate measured 
normal to the section, and D is the diffusion 
coefficient. 

Fick’s law describes the steady state of diffu- 
sion. The fundamental differential equation of 
diffusion is derived from Equation 1 and the con- 
servation of mass principle, which is the most 
basic principle for all quantitative models, 
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If D is taken as a constant (de Beer et al. 1997), 
in a single dimension, the process of molecules 
passing through oral biofilm can be given by 
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where x is the vertical distance, t is the time, and 
C(x, t) is the concentration of molecules at 
distance x from the upper surface at time t.  

If the size of the object studied is large, and 
what we wish to know is the situation in the small 
range inside the object during a very short period 
of time, the effect of the boundary condition can 
be ignored (Popov and Poo, 1992). As an appro- 
ximation, this object can be considered to fill up 
the entire space. Consequently, the problem can 
be transformed as an initial value problem (or 

Cauchy problem). Many previous results were 
based on this hypothesis (Birmingham et al., 
1995; Bryers and Drummond, 1998; Nicholson 
and Tao, 1993; Thurnheer et al., 2003). The 
experimental biofilm, however, is very thin. The 
diffusion process through the biofilm is very 
quick (Rani et al. 2005). In our experiment, the 
biofilm is only a few micrometers thick. It takes a 
very short period of time (less than 2 second) for 
molecules to reach the lower boundary of the oral 
biofilm. So the Cauchy condition cannot be 
applied to solve the current problem, and the 
initial boundary condition should not be ignored. 

The first assumption for the diffusion model is 
that the concentration is a constant at the upper 
boundary. This assumption is reasonable because 
the amount of the fluorescently labeled dextrans 
above the biofilm is much larger than the amount 
of which diffuse into the biofilm. Thus, the con- 
centration of the fluorescent material does not 
change during the diffusion process. This is con- 
sistent with our experiment. Therefore, we have 

0),( CtlC =  

for 0＜t＜∞            (4) 

where C0 is concentration of upper boundary and 
l is the thickness of the oral biofilm. In fact, C0 is 
also the concentration of steady state under the 
assumption. 

Second, because the bottom of the oral biofilm 
is fixed on a glass slide in the experiments, the 
fluorescent material cannot diffuse into the glass. 
The spillover of fluorescence can be assumed to 
be zero. Thus, the lower boundary condition is 

0),0( =
∂
∂ t

x
C  

for 0＜t＜∞            (5) 

As an initial condition, it is clear that the 
concentration of molecules was zero before 
diffusion. Therefore, the initial condition is given 
by 

0)0,( =xC  

for 0＜x＜l             (6) 

If C0, D is given, then the direct problem (3)-(6) 
is well-defined, and we have the solution 
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(7) 
Now there is only the information that is 

observed in the solution procedure, not the 
diffusion coefficient. We need to seek both the 
function C(x, t) and D(C(x, t)) for the initial 
boundary value problem, (3)-(6), and the known 
resulting concentration. 
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where h(t) is additional measurement data. In this 
experiment, h(t) is the expectation of the fluo- 
rescent intensity. The concentration cannot be 
obtained directly in the experiment. The fluore- 
scent intensity is, however, proportional to the 
diffusion concentration. 
  This is an inverse problem. Generally, it is not 
possible to find a function C(x, t) such that all of 
the conditions (4)-(6) (8) are satisfied. Then the 

problem should be proposed as 
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where C(x, t) satisfies Equations 3–6. Sometimes 
the inverse problem is not posed properly, and it 
requires regularization techniques to find an 
acceptable solution. 
 
 
Results and Discussion 
 

Images of the penetration of 10 KD-Dex into 
artificial supragingival plaque as a function of 
time are shown in Figure 1. The biofilm thickness 
at 72 h was 24.7 ± 8.0 µm (mean and standard 
deviation). The probe was placed on the biofilm 
shortly after the continuous scan of the vertical 
section (xz-section) of the biofilm. As seen from 
the time series recording, the probe progressively 
migrated to greater depths with longer incubation 
periods, until it was distributed throughout much 
of the volume of the biofilm. 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Figure 1  CLSM images of vertical sections (xz sections) of 72-h biofilms, showing the diffusion of 10 KD-Dex 
as a function of time. Biofilm EPS was stained with Concanavalin (green). The mass transport probe was conjugated 
to Tetramethylrhodamine (red). Images were obtained with a 20 × objective, with a time delay (Δt) of 823 ms 

 

Computing results of the diffusion model  

The data of 3 kD, 10 kD, 70 kD and 2 000 kD 
was used to construct the diffusion model. That 
of 40 kD will be used later for verification. 

Figure 2 illustrates the change in the fluorescent 
intensity with time for macromolecules with 
different molecular mass. The diffusion process 
simulated by the results of our model is quite 
similar to the actual diffusion process. Table 1 
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gives diffusion coefficients of the process deter- 
mined by the model. The error analysis and the 
modifications will be presented in the next 
section. 
 
 
 
 
 
 
 
 
 
 
 

Figure 2  Mean fluorescent intensity index of the 
diffusing substances with time, for macromolecules 
with different molecular sizes 

 
From these diffusion equations of different 

probes indicated in Figure 2, we can obtain the 
relation between average concentration of steady- 
state and molecule weights, and the relation 

between penetrative time and molecule weights. 
The relationship between molecular mass and 

the average steady-state fluorescent intensity index 
that diffuse through the biofilm are indicated in 
Figure 3A. The smaller the weight of the mole- 
cules, the more they can diffuse into the biofilm. 
Furthermore, they satisfy the following formula: 

xeC 02.024.6225.14 −×+=         (10) 

here C is the average fluorescent intensity and x 
is the molecular mass. Then we can predict the 
average concentration of the fluorescently labeled 
dextrans in the biofilm if the molecular mass is 
given. For verification, we calculate the rate of 
the average concentration of 40 kD according to 
Equation 10. The numerical result is 41.157. 
Meanwhile，the result of the experiment is 40.645, 
which means the relative error is only 1.3%. For 
practical use, the effective concentration of 
biofilm control medicines within biofilms can be 
predicted based on this mathematical model. This 
can be of help for clinicians to decide the dose of 
those medicines applied. 

 
Table 1  Diffusion coefficients and mean square error of computation determined by the model 

Molecular weights (kD) 3 10 70 2 000 

Fluorescent intensity index of steady state (FII) 77.89  57.95 31.30 14.05 

Diffusion coefficients / (μm·s-2) 74.79 12.69 13.08 19.95 

Mean square error 3.98 2.01 1.84 1.72 

 
 
 
 
 
 
 
 
 
 
 
 

Figure 3  The mean fluorescent intensity of steady-state (A) and the time (B) for macromolecules’ fluorescent 
intensity index to reach 10 FIIs as a function of molecular mass 

 
Figure 3B illustrates the diffusion speed of 

molecules of different molecular mass. The rela- 
tion between the time to reach 10 FIIs and the 
molecular mass is approximately linear and mono- 

tone increasing. This relation can be expressed 
as: 

t = 0.003 8x + 0.001 2 
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here t is the time that the fluorescent intensity 
reach 10 FIIs and x is the molecular mass. It 
means the lower the molecular mass, the faster 
they diffuse through the biofilm. For example, for 
70 kD molecules, it takes about 0.2 s to reach 10, 
but for 2 000 kD, the time is around 0.78 s. This 
relation will help us to know the penetrative time 
of anti-biofilm medicines that diffuse through 
oral biofilm and could be used to predict the 
time-lapse diffusion effect of medicines to diffuse 
through the biofilm. 

By analyzing the error between the simulation 
results and the experiment data for every point 
(Figure 2), it can be found that the error of the 
earlier time point is greater than those of the later, 
especially for the larger probes. Analysis of these 
characteristic leads to the following explanation: 
The concentration of molecules at the upper 
surface of the oral biofilm is assumed to be 
constant in the model above. This assumption is 
reasonable when the fluorescent molecules enter 
the biofilm very quickly, such as the 3 kD dextran. 
The larger molecules, such as 70 kD and 2 000 kD 
dextrans, need more time to enter the plaque. In 
this situation, the error of the early points will be 
greater than those of the later points if the starting 
position is considered as constant and the time for 
entering the biofilm can be ignored. Based on this 
explanation, we propose the improved method in 
the following subsections.  
 

The influences of upper boundary condition 

If the entry of molecules at the upper surface 
takes some time, we may assume that it satisfies 
Newton’s law. This means that the diffusion rate 
at the boundary is proportional to the difference 

in concentration of the media. Thus, the corres- 
ponding boundary condition can be written as 
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where L is the exchange coefficient.  
The solution of Equation 3 at the condition of 
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where the μn’s are the non-zero positive roots of 
the following equation 

u
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Table 2 gives the relative error of the two 
models. It can be found that the errors of com- 
putational results are lower when the exchange 
coefficient is added into the model for 10 kD, 
70 kD, and 2 000 kD dextrans. In particular, for 
70 kD dextran, the mean square error is reduced 
from 1.84 to 0.43. 

For 3 kD dextran, however, the mean square 
error increases a little when the exchange 
coefficient is added into the model. The reason 
could be that the weight of the molecules is very 
small, thus the exchange at the boundary is fast. 
In this situation, it is more reasonable to assume 
that the exchange takes place immediately after 
diffusion, and that the concentration of molecules 
at the upper surface of the oral biofilm is constant 
instead of being subjected to exchange according 
to Newton’s law. 

 
Table 2  Mean square error of two models 

Molecular weights (kD) 3 10 70 2 000 

Mean square error of initial model 3.98 2.01 1.84 1.72 

Mean square error of improved model 4.20 1.37 0.43 0.71 

 
 
Conclusion 
 

In this paper, the diffusion model is reconstructed 
with experimental data by inverse problem metho- 
dology. According to the actual physical back- 

ground, we use Partial Differential Equation with 
initial-boundary conditions to describe the diffusion 
of the fluorescent molecules. As the actual diffusion 
process is taking place on a thin biofilm, and the 
entire process is almost complete within 2 seconds, 
the reasonable boundary conditions are critically 
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important to the solution of the problem. Thus, the 
models fully consider the influences of different 
boundary conditions on the diffusion process. The 
model 1 (Equation 7) is satisfied from the point of 
view of the mean square error. Furthermore, an 
improvement is made. If we consider the exchange 
time, the model would be more suitable for larger 
molecules. Based on this research, we obtained the 
relation between average concentration of steady- 
state and molecule weights, and the relation 
between penetrative time and molecule weights. 
This mathematic model can be helpful to describe 
the passive transport of macromolecules within 
biofilms, which would be useful for the prediction 
of the effective concentration of antimicrobial 
medicines to diffuse through oral biofilms in the 
future. 
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