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Abstract: Despite much research efforts being devoted to the design
optimization of metallic nanoshells, no account is taken of the fact that the
number of the nanoshells that can be delivered to a given cancerous site vary
with their size. In this paper, we study the effect of the nanoshell number
density on the absorption and scattering properties of a gold-nanoshell
ensemble exposed to a broadband near-infrared radiation, and optimize the
nanoshells’ dimensions for efficient cancer treatment by analyzing a wide
range of human tissues. We first consider the general situation in which the
number of the delivered nanoshells decreases with their mean radius R as
∝ R−β , and demonstrate that the optimal design of nanoshells required to
treat cancer most efficiently depends critically on β . In the case of β = 2,
the maximal energy absorbed (scattered) by the ensemble is achieved for
the same dimensions that maximize the absorption (scattering) efficiency of
a single nanoshell. We thoroughly study this special case by the example
of gold nanoshells with silica core. To ensure that minimal thermal injury
is caused to the healthy tissue surrounding a cancerous site, we estimate
the optimal dimensions that minimize scattering by the nanoshells for
a desired value of the absorption efficiency. The comparison of gold
nanoshells with different cores shows that hollow nanoshells exhibiting
relatively low absorption efficiency are less harmful to the healthy tissue
and, hence, are preferred over the strongly absorbing nanoshells. For each
of the cases analyzed, we provide approximate analytical expressions for
the optimal nanoshell dimensions, which may be used as design guidelines
by experimentalists, in order to optimize the synthesis of gold nanoshells
for treating different types of human cancer at their various growth stages.
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1. Introduction

Significant progress has been achieved over the past several decades in synthesizing high-
quality metallic nanoparticles of different shapes and sizes [1]. Some of them—including
nanoshells, nanorods, nanospheres, and nanocages made of gold—have been used as photother-
mal therapeutic agents for fighting cancers [2–9]. The destruction of cancerous cells benefits
from the enhanced absorption of near-infrared (NIR) radiation by gold, due to the localized sur-
face plasmon resonances of the nanoparticles, which make their extinction efficiencies several
orders of magnitude larger than those of the conventional hyperthermia agents [6, 7]. Among
various metallic nanoparticles, gold nanoshells are of particular importance, owing to their
relatively simpler geometry and comparatively larger photothermal efficiency for equivalent
number of nanoparticles [2,10]. The biocompatibility and noncytotoxicity of gold enable them
to be readily conjugated to antibodies or other biomolecules, in order to be delivered to the tar-
geted malignant tumors [11]. The silica-based gold nanoshells have already been successfully
used for the in vitro, as well as in vivo, plasmonic photothermal therapy (PPTT) aimed at brain,
breast, liver, and prostate cancers [12–18].

The efficacy of gold nanoshells in PPTT depends on their dimensions, refractive indices
of the core material and surrounding tissue, as well as on the spectrum of the excitation
source [19–24]. Ample research efforts have thus been devoted to the analysis of these
dependencies, with the intention to maximize the energy absorbed by nanoshells illumi-
nated by a single-wavelength laser with peak wavelength typically ranging from 650 nm to
900 nm [3, 10, 25–29]. In particular, various optimization algorithms were employed to max-
imize the absorption efficiency of gold nanoshells embedded in specific types of cancerous
tissue [25,26]. Despite the fact that a wide variety of materials and excitation wavelengths were
analyzed in these studies, a number of crucial questions on the optimization of gold nanoshells
still need to be answered. First of all, it is not clear what would be the effect of broadband exci-
tation on the absorption efficiency of the nanoshells and whether the use of broadband sources
would benefit PPTT. The issue of broadband excitation is far from being trivial for two reasons:
(i) real nanoshells are distributed in size, which leads to the inhomogeneous broadening of
their absorption spectrum [11]; and (ii) there is always a compromise between the width of the
excitation band and source intensity. By anticipating the use of broadband sources for cancer
treatment, Zheng et al. [30] have recently demonstrated the therapeutic advantages of broad-
band visible and NIR emitters, where the carbon-nanotube-based nanostructures are used as the
photothermal agents. Second, it is clear that the number of nanoshells that can be delivered to a
particular tumor depends on their average size. Since the heat generation rate grows in propor-
tion to this number, one needs to know the exact size dependency of the nanoshell density, in
order to be able to find the optimal dimensions of the nanoshells that maximize the total energy
absorbed in the tumor. Despite its obvious importance, the optimization problem allowing for
the variation of nanoshell density with size has never been formulated so far, to the best of our
knowledge. Third, it is often neglected in the optimization routines that gold nanoshells may
scatter a significant amount of incident radiation, which may damage healthy tissue behind the
targeted cancerous site. Meanwhile, the adverse effect of scattering is known to limit the usage
of photothermal ablation therapy [6]. This indicates that maximization of the nanoshell absorp-
tion efficiency must be tackled not in isolation but by taking into account the scattering in the
forward direction. The amount of forward scattering changes with the nanoshell’s dimensions
and is not the least when absorption peaks. This further complicates the optimization problem
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and poses the challenge of finding the optimal dimensions for which gold nanoshells of a fixed
absorption efficiency exhibit the lowest scattering. Finally, a number of issues are associated
with modeling light propagation through a biological tissue [31]. Although the diffusion of light
through tissue is well described by the photon transport equation [32,33], it is still unclear how
this equation has to be modified to take into account the effect of multiple scattering by the
nanoshells. The effects of light diffusion and multiple scattering may be significant for the effi-
cacy of PPTT at certain excitation wavelengths and when the nanoparticles are densely packed
inside a tumor.

This paper presents the first study of absorption and scattering properties of a gold-nanoshell
ensemble, taking into account the fact that the number of the nanoshells deliverable to a can-
cer site is a function of their size. We begin our study by formulating the general optimization
problem for the ensemble of nanoshells with an arbitrary size distribution excited by a field
of an arbitrary spectral density. The formulation is based on the exact analytical expressions
for the absorption and scattering efficiencies of a composite nanoshell, and lays the foundation
for the rapid calculation of optimal nanoshell parameters in any situation of practical interest.
By considering the case of a sufficiently narrow size distribution and assuming the number of
nanoshells to scale as ∝ R−β , where R is the mean nanoshell radius, we study the effect of β
on the optimal nanoshell dimensions. The case of β = 2 is of particular heuristic and method-
ological interests, as it corresponds to the situation where the energy absorbed (scattered) by
the ensemble becomes maximal for the same dimensions that maximize the absorption (scat-
tering) efficiency of a single nanoshell. This situation is analyzed in detail by the example of
silica-core gold nanoshells exposed to the radiation with a uniform spectrum between 650 and
900 nm. The optimal nanoshell radii are evaluated for all possible types of human tissues—
with refractive indices ranging from 1.35 to 1.7—and the results are summarized in compact
algebraic expressions, which can be further used without the need of performing numerical sim-
ulations. We also address the issue of minimizing the detrimental impact of PPTT on healthy
tissue, by optimizing the nanoshell parameters to achieve the smallest possible scattering for a
desired absorption efficiency.

2. Theoretical formulation

The interaction of nanoparticles with the incident electromagnetic field may be quantified in
terms of their absorption and scattering efficiencies, Qabs and Qsca. These efficiencies depend
on the size, shape, and composition of the nanoparticles. For the case of a gold nanoshell of
inner radius R1 and outer radius R2, the absorption and scattering efficiencies at the wavelength
λ are of the form [34]

Qabs(R1,R2,λ ) =
1
2

(

λ
πn0R2

)2 ∞

∑
n=1

(2n+1)
[

Re(an +bn)−|an|
2 −|bn|

2] , (1a)

Qsca(R1,R2,λ ) =
1
2

(

λ
πn0R2

)2 ∞

∑
n=1

(2n+1)
(

|an|
2 + |bn|

2) , (1b)

where n0 is the refractive index of the medium surrounding the nanoshell and an and bn are
the Mie scattering coefficients for a coated sphere. The Mie coefficients in Eq. (1) depend on
the relative permittivity ε1 of dielectric core and the relative permittivity ε2 = ε ′2 + iε ′′2 of gold
coating (shell).

When the bandwidth of the incident field is sufficiently broad, it is the absorption and scat-
tering energies accumulated over the entire field spectrum that are of major practical interest.
By denoting f (λ ) the intensity spectral density of incident irradiation, the averaged absorption
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and scattering efficiencies of the nanoshell can be defined as

Sabs(R1,R2) =

∫ ∞

0
Qabs(R1,R2,λ ) f (λ )dλ , (2a)

Ssca(R1,R2) =
∫ ∞

0
Qsca(R1,R2,λ ) f (λ )dλ . (2b)

If the spectral density is normalized by the condition
∫ ∞

0
f (λ )dλ = 1, (3)

then the quantities Pabs = πR2
2I0Sabs and Psca = πR2

2I0Ssca, with I0 being the total intensity of the
incident field, are the powers of absorption and scattering by the nanoshell.

The efficiencies of absorption and scattering by a nanoshell ensemble depend on the size
distribution of the nanoshells. This distribution must be taken into account when one calculates
the total powers PN

abs and PN
sca absorbed and scattered by the ensemble. It is common to optimize

the efficacy of PPTT by neglecting the effects of multiple scattering by the nanoparticles and
light diffusion through biological tissue [2,7,10–12,16,22,25,26,35]. This enables one to treat
the nanoparticles independently, in which case the total heat generated by their ensemble is
simply a sum of individual contributions. We also neglect the effects of excitation light coher-
ence, the associated biological impact of light [36–38], and both the attenuation and scattering
of light inside the human tissue [39]. With these assumptions, we may estimate PN

abs and PN
sca

by averaging the absorption and scattering powers of a single nanoshell over the distribution
g(R1,R2, R̄1, R̄2),

PN
abs(R̄1, R̄2) =

∫ ∞

0

∫ ∞

0
Pabs(R1,R2,λ )g(R1,R2, R̄1, R̄2)dR1dR2, (4a)

PN
sca(R̄1, R̄2) =

∫ ∞

0

∫ ∞

0
Psca(R1,R2,λ )g(R1,R2, R̄1, R̄2)dR1dR2, (4b)

where R̄1 and R̄2 are the mean radii and the function g(R1,R2, R̄1, R̄2) is normalized to the total
number N of the nanoshells in the ensemble, i.e.,

∫ ∞

0

∫ ∞

0
g(R1,R2, R̄1, R̄2)dR1dR2 = N(R̄1, R̄2). (5)

The number of the nanoshells in a tumor of given volume V can, in principle, be a function
of both R̄1 and R̄2. However, it is often the outer radius that determines the average nanoshell
density ρ(R̄2) = N(R̄2)/V in the tumor. Despite the fact that the efficacy of PPTT strongly
depends on the nanoshell density, its impact on the optimal design of gold nanoshells has never
been considered so far, to the best of our knowledge.

In order to maximize (minimize) the energy absorbed (scattered) over a given period of time
by the nanoshell ensemble with a fixed R̄2, one needs to maximize (minimize) the averaged
total power PN

abs (P
N
sca) given in Eq. (4), by varying the average thickness of the gold coating.

Numerical simulations show that the optimal nanoshells may be as thin as a few nanometers [2,
21,25]. Since such thicknesses are much smaller than the mean free path of conduction electrons
in bulk gold, which is about 42 nm at room temperature [40], one needs to take into account
the increased ohmic losses due to the higher collision rate of electrons [23, 24, 41]. This can be
done by modifying the permittivity ε2(ω) [42] of bulk gold as follows:

ε2(R1,R2,ω) = ε2(ω)+
ω2

p

ω2 + iωγ
−

ω2
p

ω2 + iωΓ(R1,R2)
, (6)
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where ωp = 1.36×1016 rad/s, γ = 1.05×1014 rad/s, Γ(R2,R1) = γ +vF/(R2−R1), and vF =
1.4×106 m/s is the Fermi velocity. The last two terms in this expression allow for the change
δε2 in the permittivity resulting from the increased collision rate, which tends to zero with shell
thickness as δε2 ∝ 1/(R2−R1).

3. Effect of number density on optimal design of gold nanoshells

The theory presented in the previous section enables us to analyze how the efficacy of PPTT
varies with the number of gold nanoshells. This efficacy is determined by the total powers PN

abs
and PN

sca, which depend on R̄1, R̄2, ρ(R̄2), f (λ ), and the size distribution g(R1,R2, R̄1, R̄2). For
given functions ρ(R̄2), f (λ ), and g(R1,R2, R̄1, R̄2), it is always possible to find the optimal
nanoshell radii, R̄opt

1 and R̄opt
2 , which ensure that the photothermal therapy is the most efficient

under the circumstances. On the other hand, for a given size and spectral distributions, the
optimal radii are determined by the nanoshell number density ρ(R̄2).

We study the effect of number density on the optimal dimensions of the nanoshell for the
situation where the intensity of the incident field is almost uniform across the spectral range
from λ1 to λ2, in which case

f (λ ) =
H(λ −λ1)−H(λ −λ2)

λ2 −λ1
, (7)

where H(λ ) is the Heaviside step function. The uniform intensity distribution can be achieved
either using broadband near-infrared emitters, like superluminescent and broadband laser
diodes [43–46] in stand-alone or array configuration, or spectrally shaping supercontinuum
laser sources [47]. The boundary wavelengths λ1 and λ2 are usually determined by the trans-
parency window of biological tissue or the pass-band of optical filters.

Without loss of generality, we also assume that nearly identical nanoshells of mean radii R̄1
and R̄2 are delivered to the cancerous tissue, and that their number in a fixed volume of the
tissue is inversely proportional to their size. This situation may be described by the distribution

g(R1,R2, R̄1, R̄2) = AR̄−β
2 δ (R1 − R̄1)δ (R2 − R̄2), (8)

where A is a constant of dimensionality [L]β , β > 0 is the density index, and δ is the Dirac’s
δ -function. Using this distribution in Eq. (4), we obtain

PN
abs(R̄1, R̄2) = πAI0R̄2−β

2 Sabs(R̄1, R̄2), PN
sca(R̄1, R̄2) = πAI0R̄2−β

2 Ssca(R̄1, R̄2). (9)

The value of β can be found provided the average nanoshell radii R̄(a)
2 and R̄(b)

2 are known for
two colloidal solutions of densities ρ (a) and ρ (b), and is given by the expression

β =
ln
(

ρ(a)/ρ(b)
)

ln
(

R̄(b)
2 /R̄(a)

2

)

. (10)

It is seen from Eq. (9) that the optimal dimensions of gold nanoshell depend critically on the
density index β , which shows how steeply the nanoshells’ concentration decays with their
size. For example, the values β = 1, 2, and 3 correspond to the situations where the number of
nanoshells inside the cancerous tissue decreases in proportion to their average diameter, surface
area, and volume, respectively. We illustrate this dependency by calculating PN

abs and PN
sca for

the spectral window from 650 to 900 nm [3, 4]. The inner and outer radii are considered in the
domain of 1 nm ≤ R̄1 < R̄2 ≤ 200 nm, which covers the entire range of nanoshells suitable for
PPTT [48] (hereinafter, for the sake of simplicity, we omit the bar symbols above the mean
nanoshell radii).
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Fig. 1. Normalized average powers absorbed (left panels) and scattered (right panels) by
three Si@Au nanoshell ensembles. The total number N of the nanoshells in the ensembles
vary as N(R2) ∝ R−β

2 , where β = 1 in (a) and (b), β = 2 in (c) and (d), and β = 3 in (e)
and (f). In all cases, nanoshells were assumed to be embedded in cancerous tissue with
n0 = 1.44; the refractive index of silica was taken from Ref. [49].
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Figure 1 shows the normalized powers absorbed and scattered by the nanoshell ensemble
for three types of size dependencies of the nanoshell density—corresponding to the indices
β = 1, 2, and 3. It is assumed that the nanoshells are surrounded by a medium of refractive
index 1.44 and their cores are made of silica, whose permittivity is described by the Sellmeier
equation from Ref. [49]. One can see that the nanoshell radii corresponding to the maxima of
the absorbed and scattered powers depend critically on how the nanoshell density vary with the
nanoshell size. When β = 1 and ρ ∝ 1/R2 [see Figs. 1(a) and 1(b)], the strongest absorption
and scattering occur for the nanoshells of diameters 400 nm, i.e., at the edge of the parametric
domain of interest (absorption peaks for R1 ≈ 180 nm, while scattering becomes maximal for
pure gold nanoshells). Unfortunately, it is not feasible to use such large nanoshells in photother-
mal therapy, as they exceed the maximal diameter of the capillaries surrounding the tissue and
cannot be efficiently delivered to tumors [48]. In this situation, the optimal nanoshell radii Ropt

2
is to be selected as large as possible, while ensuring that the nanoshells can reach the targeted
site. The optimal inner radius is then given by Ropt

1 ≈ 0.9427Ropt
2 −5.79 (here, both R1 and R2

are in nanometers).
When ρ ∝ 1/R2

2 or ∝ 1/R3
2, which is illustrated by Figs. 1(c)–1(f), the optimal nanoshell

diameters fall within the range 80–110 nm. It is seen that the steeper the nanoshell density
decreases with R2, the smaller the optimal nanoshell diameters are. This result is intuitively
clear, since total absorption (scattering) cross section of the ensemble starts to benefit less from
large absorption (scattering) cross sections of big nanoshells, due to their reduced numbers. The
comparison of Figs. 1(a), 1(c), and 1(e) also shows that the optimal nanoshell radii are most
sensitive to small values of β and change drastically when β . 1. Notice that the case of β = 0
(not shown) corresponds to the hypothetical situation when the density of the nanoshells inside
a tumor is independent of their size.

It should be recognized that the function N(R2) = AR−β
2 cannot coincide with the real de-

pendency of the nanoshell number on size in the entire range of R2. The reason is that the small
nanoshells (with R2 < 10 nm) penetrate the cells and easily diffuse out of the cancerous tissue.
Therefore, the actual function N(R2) rather grows for small R2, due to the increase in the num-
ber of nanoshell accumulated inside the tumor with their size, and starts to decay later when the
nanoshell size exceeds the capillary diameter. For example, in real ensembles with broad size
distribution of the nanoshells, both the outer nanoshell radius and shell thickness h = R2 −R1
are typically distributed according to the lognormal function [50], in which case

g(R2,h,µR2 ,σR2 ,µh,σh) =
N

2πR2hσR2σh
exp

(

−

(

lnR2 −µR2

)2

2σ 2
R2

−

(

lnh−µh
)2

2σ 2
h

)

,

where µR2 and σR2 are the mean and standard deviations of lnR2, and µh and σh are the mean
and standard deviations of lnh. The fact that the function N(R2) we used is only an approxima-
tion to the real dependency does not alter the qualitative results of this section, which indicates
that the number density of gold nanoshells is crucial for the efficacy optimization of PPTT.
These results would also hold true, should we consider a different spectrum of excitation source
or allow for a broad size distribution of the nanoshells.

4. Optimal design of gold nanoshells for β = 2

In order to explain the origin of maxima in Fig. 1 and estimate the optimal design of gold
nanoshells for different therapeutic usages, we now focus on the situation where the density of
the nanoshells is inversely proportional to their cross section area. This situation is of particular
interest, as the energies absorbed and scattered by the nanoshell ensemble in this case are de-
termined solely by the average efficiencies Sabs and Ssca of a nanoshell. As before, we evaluate
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Fig. 2. Average [(a) and (b)] absorption and (c) scattering efficiencies of gold nanoshells
with silica core [(b) is the magnified part of (a)]; the nanoshells were assumed to be sur-
rounded by cancerous tissue with n0 = 1.44. Solid line (of slope 1.17) and dashed curve
show the optimal nanoshell dimensions predicted with the quasistatic approximation us-
ing Eqs. (11) and (13), respectively. (d) Ratio of average absorption efficiency to average
scattering efficiency in logarithmic scale. Density index β = 2 in all cases.

the optimal dimensions of gold nanoshells for broadband near-infrared excitation, by setting
λ1 = 650 nm and λ2 = 900 nm. Since it is required to treat cancer in different parts of human
body, the design of the nanoshells significantly varies depending on the type of the cancerous
tissue. The optimal nanoshell radii are tailored to particular situations by considering different
refractive indices of the cancerous tissue and different dielectric fillings of the core.

4.1. SiO2@Au nanoshells

We first consider the case where gold nanoshells with silica core (SiO2@Au nanoshells) are
delivered to the cancerous subcutaneous adipose tissue (fat). At the preliminary growth stage
of cancer, this tissue is characterized by the refractive index n0 = 1.44 [51, 52]. Figures 2(a)–
2(c) show the average absorption and scattering efficiencies in the (R1,R2) domain. It is seen
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that Sabs peaks for R1 ≈ 42.5 nm and R2 ≈ 53 nm (with a value of about 2.7), while Ssca has its
maximum (of about 4) for a solid gold nanosphere of radius around 85 nm.

The origin of the peak in Fig. 2(a) can be understood with the plasmon hybridization the-
ory [53]. According to this theory, a gold nanoshell supports two surface plasmon modes, with
symmetric and antisymmetric charge distributions on the inner and outer metal–dielectric inter-
faces. The two modes merge into a single surface plasmon resonance centered at λ ≈ 520 nm
when the dielectric core shrinks and the nanoshell transforms into a pure gold nanosphere. On
the other hand, as the core expands, the low-frequency symmetric mode shifts towards larger
wavelengths, while the high-frequency antisymmetric mode exhibits a blue shift. It is therefore
reasonable to expect the highest absorption efficiency for those nanoshells whose symmetric
plasmon mode is located near the center wavelength λc = (λ1 +λ2)/2 = 775 nm.

The ratio x = R1/R2 for the peak may be readily estimated using the quasistatic approxima-
tion. Within the frame of this approximation, the nanoshell is represented by an electric dipole
of polarizability [34]

α =
ε2εa − ε3εb

ε2εa +2ε3εb
R3

2, (11)

where εa = ε1(1+2x3)+2ε2(1−x3), εb = ε1(1−x3)+ε2(2+x3), and ε3 = n2
0. The polarizabil-

ity peaks at λc for those nanoshells that satisfy the resonance condition Re(ε2εa +2ε3εb) = 0,
which may be rewritten as [23, 54, 55]

x3 = 1+
3ε ′2(ε3 + ε1/2)

(ε ′2)2 − (ε ′′2 )2 − ε ′2(ε1 + ε3)+ ε1ε3
. (12)

For λc = 775 nm, this expression gives x ≈ 0.85. The optimal dimensions of gold nanoshell pre-
dicted in this way are shown in Fig. 2(b) by the solid line. Although this line slightly misses the
exact peak of the average absorption efficiency (corresponding to x ≈ 0.8), it still closely fol-
lows the ridge of the function Sabs(R1,R2). This mismatch is due to the fact that the quasistatic
approximation in Eq. (11) is not equally accurate over the entire range of nanoshell sizes being
considered. The extinction cross sections of small gold nanoshells (with diameters less than
25 nm) are dominated by the dipolar contribution. However, as the nanoshells become larger,
the higher-order plasmon modes (quadrupole, octupole, etc.) start to noticeably contribute the
extinction and the quasistatic approximation becomes inapplicable [56].

In order to be able to estimate the position of the scattering efficiency maximum, one should
take into account the reduction in the depolarization field inside the nanoshell core due to
the decrease in the coherence of plasma oscillations with R2 (resulting in a red shift of the
plasmon resonance), and the radiation damping (leading to spectral broadening of the plasmon
resonance). With these corrections, the modified polarizability is of the form [57]

α̂ =
α

1−αk2
3/R2 − (2i/3)αk3

3
, (13)

where α is given in Eq. (7) and k3 = 2πn0/λ . The polarizability α̂ peaks when R1 and R2
satisfy the equation (k2

3/R2)Reα = 1+(2/3)k3
3 Imα . The resonance dependency R2(R1) given

by this equation for λc = 775 nm is shown by the dashed curve in Figs. 2(b) and 2(c). The curve
approximately corresponds to the nanoshell dimensions that result in the local maxima of the
averaged extinction efficiency, Sext = Sabs + Ssca. The relative contributions of absorption and
scattering to the extinction vary along the curve R2(R1). Absorption dominates over scattering
in thin nanoshells with R2 < 62 nm, due to the steep growth of ohmic losses with the reduction
in shell thickness. For larger R2, scattering exceeds absorption, owing to the increased effect
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of dynamic depolarization and radiative damping [22, 57, 58]. Hence, the resonance curve in
Figs. 2(b) and 2(c) indicates the approximate positions of the local maxima of the function
Sabs(R1,R2) when R2 < 62 nm, and those of the function Ssca(R1,R2) when R2 > 62 nm.

Generally, the refractive index of a healthy tissue in a human body falls within the range
1.35 to 1.55 [52]. When a tissue gets cancerous, its refractive index may increase up to 10%
as compared to that of the healthy one [59]. We calculate the optimal dimensions Ropt

1 and Ropt
2

maximizing the absorption efficiency of gold nanoshells for all types of cancerous tissues at
their different growth stages, by varying n0 from 1.35 to 1.7. The obtained data is then used
to express the optimal dimensions as functions of the refractive index of the cancerous tissue,
with the result

Ropt
1 ≈ 35n2

0−149n0+185, (14a)

Ropt
2 ≈ 40n2

0−165n0+208. (14b)

These expressions give the optimal values of R1 and R2 (in nanometers) with accuracy of
±0.5 nm for n0 ∈ [1.35,1.7].

4.2. Minimizing adverse effects of PPTT with SiO2@Au nanoshells

To ensure that minimal thermal injury is caused by PPTT to the healthy cells surrounding the
malignant tumor, one needs to minimize the scattering by the nanoshells. For a given absorption
efficiency, this can be achieved by maximizing the ratio Sabs/Ssca shown in Fig. 2(d). It is seen
that this ratio grows with the reduction either in shell thickness (for a fixed R2) or the size of
the nanoshell (for a fixed R1). Unfortunately, neither nanoshells with relatively thin coatings
(such that R2 −R1 � R2), nor small nanoshells (with R2 . 18 nm) absorb significantly in the
spectral range of interest, as is evident from Figs. 2(a) and 2(b). Moreover, the small nanoshells
may easily diffuse out of the tumor and are useless for the purposes of PPTT [60]. This poses
the problem of finding the dimensions of the nanoshells that exhibit the least scattering for
any absorption efficiency exceeding a desired threshold value S(th)

abs , which is dictated by the
tolerable radiation exposure time.

Figures 3(a) and 3(b) show how the minimal value of Ssca and the maximal value of Sabs/Ssca

vary with the refractive index n0 for SiO2@Au nanoshells with Sabs ≥ S(th)abs = 1, 1.5, 2, and

2.5. One can see that the scattering is minimal for S(th)
abs = 1.0 and rises with the threshold

absorption efficiency regardless of n0. An opposite trend is observed for the ratio Sabs/Ssca;
it decays with S(th)abs and attains its minimal values when S(th)

abs = 2.5. Of significance from the
application viewpoint is that Ssca decays, while Sabs/Ssca grows, with the refractive index of the
cancerous tissue. This feature makes SiO2@Au nanoshells more efficient in treating cancer at
its final growth stages. Also noteworthy is that the absorption efficiencies corresponding to the
minimal Ssca in Fig. 3(a) approximately equal to the respective thresholds.

The optimal dimensions Ropt
1 and Ropt

2 , which correspond to the minimal scattering efficien-
cies in Fig. 3(a), are shown in Figs. 3(c) and 3(d). The scattering by the largest nanoshells
(corresponding to S(th)

abs = 2.5) is seen to cause the worst thermal injury, which severely limits
the applicability of such nanoshells in PPTT. The optimal dimensions (in nanometers) for the
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Fig. 3. Variation of (a) minimal Ssca, (b) maximal Sabs/Ssca, (c) optimal R1, and (d) optimal
R2 with refractive index of cancerous tissue for different absorption thresholds S(th)abs of
SiO2@Au nanoshell. The exact values are shown by filled circles, which are joined together
by lines serving as guides for eyes.

remaining thresholds may be approximated by the expressions

Ropt
1 ≈











19n2
0−81n0+96 for S(th)abs = 1,

14n2
0−79n0+110 for S(th)abs = 1.5,

36n2
0−144n0+162 for S(th)abs = 2,

(15a)

Ropt
2 ≈ Ropt

1 +











5 for S(th)abs = 1,
6 for S(th)abs = 1.5,
7 for S(th)abs = 2,

(15b)

with accuracy of about ±0.5 nm for n0 ∈ [1.35,1.7].

4.3. Effect of core material on PPTT efficiency

The permittivity of core material is one of the key factors that affect the position and inten-
sity of the plasmon resonance [34]. By changing this material, one may further improve the
performance of gold nanoshells in terms of their absorption and scattering efficiencies. This
may be seen from Fig. 4, where these efficiencies are shown for gold nanoshells filled with
silicon (n1 ≈ 3.5), silica (n1 ≈ 1.4), and air (n1 = 1). The comparison of Figs. 4(a), 4(c), and
4(e) indicates that the optimal shell thickness increases, and the peak value of Sabs reduces,
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Fig. 4. Average absorption (left panels) and scattering (right panels) efficiencies of [(a)
and (b)] Si@Au nanoshells, [(c) and (d)] SiO2@Au nanoshells, and [(e) and (f)] hollow
gold nanoshells. The nanoshells were assumed to be embedded in cancerous tissue with
n0 = 1.35; the refractive index of silicon was taken from Ref. [61].
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as the refractive index of the core becomes larger. Since the scattering efficiencies of hollow
nanoshells and SiO2@Au nanoshells are almost the same [see Figs. 4(d) and 4(f)], hollow
nanoshells provide the highest absorption-to-scattering ratio and cause the least damage to the
healthy neighboring tissue. Given that these nanoshells may be fabricated more precisely than
the nanoshells filled with high-index dielectrics [19, 20], they deserved to be analyzed further.

Optimization of hollow nanoshells is performed similarly to how it was done in Section 4.1.
As before, we focus on the situations where the preset radiation exposure time demands the ab-
sorption efficiency to exceed one of the four threshold values: 1.0, 1.5, 2.0, or 2.5. The results
of the optimization run for cancerous tissues of refractive indices 1.35, 1.45, and 1.55 are pre-
sented in Table 1. For reference, the same table also includes the data for gold nanoshells filled
with silica. The optimal ratio Sabs/Ssca is seen to be larger for hollow nanoshells and to grow
with the refractive index of the surrounding tissue. This is a consequence of the fact that the
coatings of hollow nanoshells are slightly thinner than the coatings of SiO2@Au nanoshells.

The variation of minimal Ssca, maximal Sabs/Ssca, and the optimal dimensions of hollow gold
nanoshells with n0 is shown in Fig. 5. It is evident from Figs. 5(a) and 5(b) that the treatment
of malignant tumors with nanoshells of lower absorption efficiencies over longer durations is
less harmful to the surrounding healthy tissue than that with strongly absorbing nanoshells
irradiated over shorter periods (provided that the radiation exposure time is much smaller than
the heat dissipation constant).

The optimal core and shell radii as functions of n0 ∈ [1.35,1.7] are shown in Figs. 5(c)
and 5(d). The polynomial fittings to these functions (with accuracy of about ±0.5 nm) are
found to be given by

Ropt
1 ≈











19n2
0−75n0+87 for S(th)abs = 1,

19n2
0−81n0+101 for S(th)abs = 1.5,

29n2
0−116n0+136 for S(th)abs = 2,

(16a)

Ropt
2 ≈ Ropt

1 +











4 for S(th)abs = 1,
5 for S(th)abs = 1.5,
6 for S(th)abs = 2.

(16b)

Since Eqs. (14) to (16) are derived based on the exact solution to the Maxwell’s equations

Table 1. Optimal dimensions of gold nanoshells for three types of cancerous tissues and
two types of core material. The values of ratio Sabs/Ssca are rounded up to one decimal
point. For more detail, see Fig. 5.

Hollow gold nanoshell SiO2@Au nanoshell
n0 S(th)abs Ropt

1 (nm) Ropt
2 (nm) Sabs/Ssca Ropt

1 (nm) Ropt
2 (nm) Sabs/Ssca

1.35 1.0 20 24 66.3 21.5 26 55.0
1.5 26 31 26.2 29.5 35 22.0
2.0 32 38 12.6 33 40 10.8
2.5 38.5 46 5.8 41 50 4.5

1.45 1.0 18 22 70.6 18.5 23 61.6
1.5 23 28 28.6 24.5 30 25.6
2.0 29 35 13.1 29 36 11.5
2.5 33.5 41 6.5 35.5 44 5.6

1.55 1.0 16 20 77.2 16.5 21 65.7
1.5 21 26 29.8 21.5 27 27.7
2.0 25 31 15.0 25 32 12.7
2.5 29.5 37 7.1 30.5 39 6.1
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Fig. 5. Same as in Fig. 3 for hollow gold nanoshells. The exact values shown by filled
circles are joined together by lines serving as guides for eyes.

and take into account the actual dispersion properties of the nanoshell constituents, the design
parameters provided by them may be directly implemented in practice.

The accuracy of the optimal radii calculated with Eqs. (14)–(16) depends on the precision of
n0. If n0 is known exactly, then the numerical values of the optimal nanoshell radii should be
rounded according to the limitations of the fabrication process. Hollow nanoshells can be cur-
rently synthesized with a precision of 0.6 nm, whereas metal-dielectric nanoshells suffer from
lower precision of about 1 to 2 nm [25,26]. The minor inaccuracies of fabrication of nanoshells
can be tolerated, owing to the relative broadness of the absorption peaks. For example, the ab-
sorption peak in Fig. 4(e) shows that absorption efficiency exceeding 90% of its peak value
can be attained for R1 = (48±4) nm and R2 = (57±4.5) nm. It should be also noted that the
tolerance of the optimal nanoshell radii to the refractive index of the surrounding tissue varies
with the absorption threshold and can be readily estimated using Eqs. (15) and (16).

5. Conclusions

Recently, gold nanoshells have become widely used as photothermal therapeutic agents for
cancer treatment, due to their strong localized surface plasmon resonances. Such nanoshells
can absorb infrared radiation much more efficiently than typical hyperthermia agents do, and
are capable of generating heat that is sufficient for destroying the adjoining cancerous tissue.
In this paper, we have studied the effect of the nanoshell number density on the absorption and
scattering efficiencies of single-core gold nanoshells illuminated by broadband near-infrared
light. By assuming that the number of the nanoshells delivered at a tumor site decreases with
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their mean radius as ∝ R−β , we showed that the optimal nanoshell dimensions depend critically
on β . It was found that the energy absorbed (scattered) by the ensemble with β = 2 reaches its
maximum for the same dimensions with which an individual nanoshell exhibits the maximum
absorption (scattering) efficiency. The special case of β = 2 was examined in detail for gold
nanoshells with silica core. In particular, by considering a wide range of human tissues, we
calculated the optimal inner and outer radii that maximize nanoshell absorption, and the radii
that minimize nanoshell scattering for a fixed absorption efficiency. The obtained results allow
one to reduce the detrimental impact of heat on healthy tissue around the targeted cancer site.
By comparing gold nanoshells of different dielectric fillings, we found that hollow nanoshells
of low absorption efficiency are preferable over the strongly absorbing ones, as they cause less
harm to the neighboring healthy tissue. The approximate analytical expressions, derived for
the optimal radii in each case, may prove useful in guiding the experimentalists who produce
gold nanoshells for plasmonic photothermal therapy of different cancers at their various growth
stages.
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