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Abstract

The paper presents some novel approaches to the empirical analysis of diversity and similarity
(overlap) in biological or ecological systems. The analysis is motivated by the molecular studies of
highly diverse mammalian T-cell receptor (TCR) populations, and is related to the classical
statistical problem of analyzing two-way contingency tables with missing cells and low cell
counts. The new measures of diversity and overlap are proposed, based on the information-
theoretic as well as geometric considerations, with the capacity to naturally up-weight or down-
weight the rare and abundant population species. The consistent estimates are derived by applying
the Good-Turing sample-coverage correction. In particular, novel consistent estimates of the
Shannon entropy function and the Morisita-Horn index are provided. Data from TCR populations
in mice are used to illustrate the empirical performance of the proposed methods vis a vis the
existing alternatives.
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1 Introduction

The recent successes of the Panvax study (see, e.g. Mohebtash et al 2011), have invigorated
the scientific efforts to obtain a vertebrate cancer vaccine and, consequently, reignited the
interest in systematic analysis of T-cell populations. In vertebrates, T-cell populations are
typically analyzed in terms of their capacities to recognize the so-called antibody generating
molecules or antigens. An antigen is a foreign molecule which, when introduced into the
body of a vertebrate, triggers the antibody production by the immune system. This immune
system response is initiated when T-cells recognize and respond to antigens via their T-cell
receptors (TCRs). TCRs are heterodimer proteins with two chains: aand gin af T-cells and
yand din ydT-cells. The genes encoding these proteins are generated by the so-called
V(D)J DNA recombination during thymic T-cell development. In this process, T-cell
precursors randomly recombine different V, D, and J gene segments and assemble the
mature gene encoding a TCR chain. By enumeration of all such possible recombinations
alone, one concludes that there are 1018 distinct TCR chains in humans (Janeway, 2005) and
1015 in mice (Davis and Bjorkman, 1988). The experimentally observed numbers of
different recombinations seem to confirm this order of magnitude (Arstila et al, 1999;
Memon et al, 2012). In the presence of such a large number of different antigen receptor
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chain types, the statistical analysis of the samples obtained from different TCR populations
presents a formidable challenge, due to the unavoidable issue of chain types under-sampling,
even with the use of modern high-hroughput methods of TCR data collection (Salameire et
al, 2009; Van Den Berg et al, 2011).

Generally, the data consisting of several samples from different TCR populations may be
broadly characterized as an empirical two-way contingency table with columns representing
different population samples and rows representing different chain types (referred to as TCR
species below). In such table the data under-sampling is reflected in the low observed cell
counts and an unknown total number of non-empty rows (species). The descriptive summary
of a single column (TCR population) in the table is typically based on the notion of a
diversity, whereas the descriptive comparison of two or more columns relies on the concepts
of either a pairwise or multi-way over/ap or similarity. The choices of the appropriate
measures of diversity and overlap are fundamental for summarizing and analyzing TCR data
with proper accounting for the uncertainty caused by the TCR under-sampling.
Unfortunately, the under-sampling issue seems to be largely ignored in most TCR studies
(Hsieh et al, 2012) with little discussion of the possible effects of the under-sampling bias on
the data analysis results. Indeed, in most TCR studies the statistical methodology is
borrowed from the field of macro-ecological systems (see, e.g., Baum and McCune 2006),
where the under-sampling problem is not as severe. Consequently, the ecological indices
applied to TCR data tend to under-report the true size of the repertoires, possibly distorting
the true relations between T-cell populations (Gras et al, 2008).

In order to address this problem, the current paper proposes a new mathematical and
statistical framework which naturally incorporates the under-sampling uncertainty into
analyzing TCR populations, by means of appropriately weighting the empirical species
counts. Our framework combines the information theoretic ideas for measuring diversity and
overlap with the statistical approaches of adjusting the empirical (plug-in) estimates for the
under-counting rare species in populations. Consequently, the estimators proposed here
incorporate the empirically observed abundance patterns in order to quantify and compare
different TCR populations. For the diversity analysis, our approach specializes in some
specific cases to the earlier proposed methods of Chao and Shen (2003) and Vu et al (2007),
combining the empirical Shannon entropy with the so-called Horvitz-Thompson and the
Good-Turing coverage corrections (cf. Section 2 below). For the overlap analysis, in the
contingency table framework described above, our method may be viewed as an extension
of the two-way mutual information (Kullback-Leibler) statistic or the Peason chi-square
statistic. In addition to the information-based measures, we also consider here some
geometric ones, like e.g. the extended Morisita-Horn index. Whereas our results are
motivated by specific examples of TCR data, they are readily applicable also to a more
classical analysis of two-way tables (see, for example, the standard reference text by Agresti
2002), whenever the issues of low cell counts or under-sampling are of concern.

The paper is organized as follows. The remainder of the current section briefly reviews the
basic concepts related to biodiversity and comparison of finite populations, focusing
especially on the entropy-based measures applicable to TCR data. We discuss in particular
the concepts of diversity and diversity measure as well as an effective number of species and
the similarity (overlap) between pairs of populations. In Section 2 we discuss the sample-
adjusted methods based on the notion of a sample coverage, as well as state the consistency
results (in Theorems 1,2 and 4) for the proposed estimates. In Section 3 we illustrate the
ideas developed in Section 2 via analyzing data from a recent mouse TCR study. Section 4
contains conclusions and summary of our main points. The proofs of the consistency results
and some data-related figures are provided in the Appendix.

J Math Biol. Author manuscript; available in PMC 2014 December 01.



1duasnuey Joyiny vd-HIN 1duasnuey Joyiny vd-HIN

1duasnuey Joyiny vd-HIN

Rempata and Seweryn

Page 3

Throughout the paper, when appropriate, we consider the contingency table model of TCR
data arranged into a two-way (/m 71) table [c;], with columns representing 7 different
populations of T-cells and rows representing /m antigen receptor types (species). In statistical
terms, we consider therefore nindependent multinomial distributions py = (¢11/Y ¢ji-..Cml
YCA),... Pr=(CLdY Cim---.CmAlY Cin)With the union of their supports being over /77 < o
points. We denote by v, the vector of uniform probabilities on the set {1,2,...m} and by
41 the probability simplex in RY,,. The summation symbol § used without index indicates
here and elsewhere that the summation is with respect to the subscript /.

1.1 Diversity Measures

In the ecological literature, the term “diversity’ typically means the ordered abundance of
population species. Despite the fact that this meaning is not completely universal (see, e.g.
Spellerberg and Fedor 2003) we adapt it for the purpose of current discussion. Formally,

m

consider a set of m < oo species (TCRs) and a population ¢ = (c,..., ¢) € NZ. Following
Valiant (2008), we have the following.

Definition 1—For a given population ¢= (¢cy,...,c) of mspecies (TCRs), its diversity or
fingerprintis the vector F.= (W,..., Vinax; ¢) Where v, = [{/: ¢c;= K}|. Any nonnegative, real
function with values D(F) € R is called a measure of diversity or an index of diversity.

Since the dimension of the fingerprint £, varies, it is convenient to define the function D on
the set of all non-negative infinite sequences of natural numbers, with some additional
constraints allowing for partial ordering (see next subsection). Such constraints may be
formalized via the following definition of index monotonicity which we shall need later on.

Letl,=(1,...,1) € NZjand note that %, corresponds to a vector with 1; = mand v;=0
for 7> 1. In this notation, we have

Definition 2—The diversity index Dis called monotone if D (#,,) is nondecreasing in /.

Many nonparametric measures of diversity considered in ecological literature are rooted in
the information theory, see e.g. Tothmérész (1995); Ricotta (2005); Keylock (2005).
Probably the best known example of a monotone diversity index is the (Shannon) entropy
function AH,. This index has an appealing property that, for given m, the diversity of all
normalized populations p 4,1 is maximized by the uniform vector v, 4,1 and that

Dup) = DD (F1.).

Example 1 (Shannon’s entropy): For any population c€ NZ;, with a fingerprint £, define
its Shannon entropy diversity index by

k k
Hy(ZF.)=~— kaZ C'log (Z—c> :
k 1 1

Alternatively, in terms of the normalized population p 4,1, we have

Hy(p)=—Xpilogpi. (11

Note that Hy is monotone, since Hy(.#; )= logm, and that Hy(p) < log m.

A useful extension of the above example, which is of interest in the following sections, is
the so-called Renyi entropy (Rényi, 1961).

J Math Biol. Author manuscript; available in PMC 2014 December 01.
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Example 2 (Renyi’s entropy): The Renyi entropy of order a [0, ] is given by

1

l—«a

H, (p)= log (X pf') (12

for p  Am-1, with the limiting cases of interest Hg(p) = logm, H1(p) = -3 p;log p;and
He (0) = —log(max; p).

The case a = 2 in the above example is sometimes known as the Rao quadratic entropy
(Nayak, 1986) with the quantity S/Ap) = exp(-Ho(p)) known as the Simpson index (Keylock,
2005). Although the Simpson index is not monotone in the sense of our Definition 2, it is
easy to see that its inverse /S/p) = exp(H>(p)) has that property. For that reason, it is
sometimes more convenient to consider /S/instead of S/.

It is clear that the Renyi entropy of order a< 1 puts more weight on the rare species (rare
TCRs) and the Renyi entropy of order a > 1 puts more weight on the abundant ones. As
discussed e.g. in Tothmérész (1995), it is often natural to analyze the overall population
diversity as a function of the parameter a (the so-called diversity profile of a population).
Since the profile considers an entire class of indices of differently weighted abundances, it
provides more extensive information than a single index.

In addition to diversity profiling, one may also consider a Horvitz-Thompson-type
correction for under-sampling. The idea was first proposed by Chao and Shen (2003) for the
Shannon entropy A4, but it naturally extends to the Renyi entropy index given in the
previous example and motivates the following.

Example 3: A more general class of measures of diversity based on (1.2), which
incorporates the Horvitz-Thompson-type of adjustment with the sample of size nis

() () —_ © pi >
Ha (p) 1 log (21 — (1 — pi)n y (1.3)

—

where @ [0,1) (1, « ]. Note that Z\")() in not defined, and that we may take (> =
Hg, where H,is given by (1.2).

1.1.1 Effective Number of Species—Different monotone diversity indices may be
compared with each other by applying the concept of an effective number of species or
ENS, introduced by Jost (2006). We state a precise definition below and note that, unlike the
actual number of species, the ENS may take non-integer values.

Definition 3: (ENS) Let ¢ be an arbitrary population and O a monotone diversity measure.

For any yof the form y= m+ a (0 < a< 1) define {.F1,,,..) := (1 - Q) DX Fpp) + aD(Fp).
The effective number of species for the pair (¢, D) is the smallest solution y= )0 of the
equation

D (#1,)=D (Z.).

Except for the populations with the uniform profile (%), the effective number of species is
typically less than the number of species /m. A simple example follows.

J Math Biol. Author manuscript; available in PMC 2014 December 01.
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Example 4: For D= H the effective number of species (say, &) in a population p N is
given by the Hill number k= <2pg)ﬁ for integer &, and by the linear interpolation
between the values of &, otherwise. It follows, in particular, that for D= H(") and n
sufficiently large, we have kg, ~ exp (H(™ (p)).

The limiting case a= 1 in the above example was suggested in Jost (2006).

The concept of diversity and effective number of species is useful in characterizing a single
population, however, in order to compare two or more populations one takes a different
approach, based on the idea of an over/ap (or similarity) measure, which is discussed next.

1.2 Overlap Measures

The two-way and multi-way TCR repertoire comparisons are of interest whenever the data
from multiple TCR repertoires are collected. The standard methods used for such
comparisons (Chen et al, 2003; Komatsu et al, 2009; Pacholczyk et al, 2007, 2006) rely on
calculating species overlap indices. For the purpose of current discussion, we define the
concept of an overlap and an overlap measure as follows.

Definition 4—Consider 77 populations ¢y, ,...cy, each with at most m species, so that ¢;
NZ, for 7=1...,n. Let supp(c)) denote the support of ¢;. The overlap between vectors ¢,

.. Cpis then S, =N7_,supp(cy). Any function & such that & (.7, c1, . .., ¢,,) € R shall
be called an overlap measure or an overlap index.

There has been a large number of different measures of overlap proposed in the ecological
and social networks literature over last 50 years. Perhaps the two oldest and most widely
used overlap indices are the Jaccard index and the Sgrensen index.

Example 5 (Jaccard and Sgrensen indices): For the pairs of populations (¢, ¢)

N, x NY the Jaccard index (J) of similarity and the closely related Sgrensen index (L) are
defined as follows

. > min(cil,cig)
J (C]_’ 62) 72(0{14»&;2)72 min(cil,ciz)

_ 2¥ min(ci1,¢2)
L(er,e2)= B(eatei2)

Fa( =1 g (m Pl
o P13P2)—a_10g F .
i2

Both Jand L indices, as well as their various modifications, seem to be widely used and
accepted in both the ecological and immunological literature since their introduction in the
late 40's (see, e.g., Chao et al 2005; Hsieh et al 2006; Chen et al 2003; Komatsu et al 2009;
Staveley-O’Carroll et al 1998; Butz and Bevan 1998).

In the modern theory of contingency tables, measuring overlap often relies on the
information-based criteria (the standard mutual information statistic being an example). In
this paper, we find it particularly useful to consider the following Renyi divergence measure,
which is also of interest in the context of independence testing in two-way tables (see, e.g.
Agresti 2002).

J Math Biol. Author manuscript; available in PMC 2014 December 01.
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Example 6 (Renyi divergence): For a pair of normalized populations (o1, p»)  4dm1 X
Am1, their Renyi divergence of order @ [0, ] is given by

22]{ Ck1‘ Ck2
MH (Cl, CQ) = % ciy 3

SYES ey

5)

Note that in the limiting cases we have £’ 1(p1,p2) = — X pirlog ( > which is the

i . F ( ) -] Pi1
Kullback-Leibler divergence, and *'o \P1; P2 0g maxipﬁ

An alternative family of overlap indices may be derived geometrically, based on an angle (or

any appropriate angular measure) between two population vectors in RZ,,. The greater the
angle, the more dissimilar (less overlapping) two populations tend to be. One of the more
popular geometric angular measures is the Morisita-Horn index (Magurran, 2005), which
gives the cosine of an angle between a pair of standardized population vectors.

Example 7 (Morisita-Horn index and Bhattacharyya’s coefficient): Formally, the

Morisita-Horn index (AH) between a pair of population vectors (c1, ¢2) € NTj x N is
defined as

2p1p2
2+p2

MH (pla P2)

or, more succinctly, in terms of the inner products of the normalized populations py, o,
BC (p1,p2) =Y /e [ 2 =S(pirpia) /2
’ & > Ci1 N C;9 ! !

MH index has the property that it is non-negative and bounded by unity, attaining its
minimum/maximum when ¢; ¢ and ¢, = ¢, respectively. Unfortunately, it also suffers
from being overly sensitive to the high abundance components (frequent species) of ¢; and
&. For that reason, in populations with prevalent low abundances (rare species), it is often
more suitable to use a different index, known as the Bhattacharyya (BC) coefficient, defined

as the cosine of an angle between the vectors /p1= (/p11, - - - ,»/Pm1) and
VP2= (/P12s - - - /P2 )y 1.€.

2 pfipfz

PGa P1,DP2 — 5. _ 93
6 ( )= SIS

Note from Example 6 that we have the relation F'1 (p1, p2) = — 2log BC (p1, ).

1.2.1 PG Index—It is straightforward to extend the ideas presented in Example 7 to a
general geometric index parametrized by two nonnegative parameters, and therefore able to
put weight on rare (resp. abundant) receptors in a more flexible way. We refer to it a power-
geometric or PG index.

J Math Biol. Author manuscript; available in PMC 2014 December 01.
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Example 8 (PG index): For any pair (o1, ») A1 *x A and a, f (0,00 ) its PG index
of overlap is defined as

8

(n) E(lf(kpz'lf%(?é(l*piz)'”)
PGa’ﬁ (plap2) = p2e p25 (1.4)
DI gy LA I w1

The PG index extends both the MH and BC indices above, as it gives the cosine of an angle

between the vectors p := (Pf1. -+ P ) and P” = (Pl. -+, P2). When ar< Land f< 1,
the PG index is less affected than the Morisita-Horn index by the overlap of the most
abundant species, whereas the opposite is true when a>1 and £> 1. It follows that,
similarly to the Renyi entropy, the PG index puts more weight on rare or abundant species,
depending on the values of the parameters a;, 5. We study the properties of estimates based
on the PG index in the next section.

In analogy with a diversity profile, we refer to the function a — PG, 4 as an overlap profile
or a similarity profile. Following the idea of the adjusted Renyi entropy of Example 3, we
also define the Horvitz-Thompson adjusted PG index as

C=X¥p;4.

with PGS%):PGQ,@ Note that PGy 1 is simply the Morisita-Horn index in Example 7. In
the following sections, when it is not ambiguous, we sometimes also write PG(a, /) for
PGQ',ﬂ.

2 Sample Adjusted Estimates

As discussed earlier, in the context of TCR populations the issue of under-sampling bias
may be particularly severe due to the naturally occurring diversity of TCR repertoires on one
hand, and the limitations in data collection (e.g., cost of sequencing at very high depth, see,
e.g., Nielsen et al 2011) on the other. Due to these concerns, we propose here the ‘sample-
adjusted’ versions of both the diversity and overlap indices, build upon the concepts of
Renyi entropy and divergence and combined with the idea of a sample coverage. As
illustrated in the next section, it seems that for highly under-sampled data this approach
compares favorably with many of the existing ones described in the previous section. We
start with the following.

Definition 5 (Sample coverage)

Let X'= (X1,...,X);) denote a multinomial random variable Mulf(n,p) and set &, = 1if X;>0
and _g, = 0 otherwise. The X-based sample coverage is given by

C=1- ﬂ, @1
n

The sample coverage may be interpreted as the (posterior) probability of discovering a new
multinomial class in the next sample. For that reason, in many fields like, e.g., ecological
biodiversity studies, the concept of a sample coverage is mostly used to estimate the
probability of discovering a new species in a population of plants or animals. Outside
biodiversity modeling, some recent applications of coverage were proposed, for instance, for

J Math Biol. Author manuscript; available in PMC 2014 December 01.



1duasnuey Joyiny vd-HIN 1duasnuey Joyiny vd-HIN

1duasnuey Joyiny vd-HIN

Rempata and Seweryn

Page 8

analyzing genetic data (cf. Mao and Lindsay 2002). Note that the definition above readily
extends to the case when m=co .

Whereas the sample coverage in itself is not available without knowing the population
parameters, the following empirical estimate, known as the Good-Turing coverage
estimator, (Good, 1953) offers a viable substitute. This empirical sample coverage is given

by

1
1-C

H, (p)= log (¥ pf’).

where the symbol £ denotes the number of components (classes) of X observed exactly
once in the sample of size n. The properties of the above estimate were originally studied by

Esty (1986, 1983) who in particular showed its asymptotic consistency ((C — 5| ~0asn -
o ) and normality. Recently, a necessary and sufficient for the asymptotic normality of &
was given by Zhang and Zhang (2009).

2.1 Adjusted Diversity Measures

The idea of applying coverage adjustment to estimate diversity via entropy analysis was first
introduced in Chao and Shen (2003). In our approach described in this section, we take the
original idea a step further via an additional coverage correction applied to the geometric
and information-based weighted diversity and overlap measures introduced in Section 1.
The estimates constructed in this way put more weight on the less frequent species and are
therefore expected to be more robust against the under-sampling bias. As shown below, as
long as the sample coverage converges to unity reasonably fast, these adjusted estimates are
consistent under mild regularity conditions.

To describe our approach, we start by combining a notion of the sample coverage with that
of the Renyi entropy (cf. Example 3). The resulting coverage-adjusted version of the Renyi
diversity index (1.3) is

p=Cp. (2)

e,
Note that the integer value interpolated from the values k¢ := exp(HAp)) = (E p?) ““for C
< 1 may be viewed as the corresponding adjusted effective number of species.

From the above definition it is clear that the diversity index His maximal when only
singletons are observed (i.e. each species in the sample is observed exactly once, that is A =
n), in which case the effective number equals to the observed number of species. If the
sample coverage equals 1 (i.e. all species are observed) then Hindex puts equal weight on
frequent and non-frequent species and is simply the Shannon entropy H,.

Since typically neither Cnor p are available, an appropriate empirical version,
asymptotically equivalent to H, needs to be considerd, with the obvious candidates being

H_ and Hén). Here we concentrate on the latter, with the required consistency result given in
the following Theorem 1 where, in order to avoid trivialities, it is assumed that the
probability vectors are possibly infinite, i.e., p 4. . The results stated in Theorem 1 are
related to those of Antos and Kontoyiannis (2001) and Vu et al (2007) who showed that the

adjusted Shannon entropy estimator Hf") (p) (see below for notation) is consistent in

J Math Biol. Author manuscript; available in PMC 2014 December 01.
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estimating A (p). The assertions of the theorem below extend this fact to the class of Renyi
entropies Hy(p). The proof is deferred to the Appendix.

Denote by p the plug-in maximum likelihood estimator (MLE), based on the sample of size
n, of the probability vector p € N and set

H (p) “* Ho (p) and H™ (p) = Ha (p).
Ca

Theorem 1—Leta (0,00 ) and assume that H(p) <o . If a<1orifa>1 and
Y i log"1/p.<oc for some r> 0, then

H™ () 2 H, (p)

Ifa=1 then

~\ —1 n) ; ~
HO (3)— (1-C) 1og A" (5) — Hi (p),

ana, on the set{¢ 1 infinitely often},

PGT) ~ s (ﬁ17ﬁ2) ﬂ) PGG;,@ (p17p2) .

Cia,Co

() (=y . i
where=1 (P) = Z1 —(1=p)™

Note that it follows from the above that for a= 1 and & = 1 (i.e. no singletons in the

sample), we may simply take Hﬁ") (p) :H{") (p) as the consistent estimator of (). In
general, with no additional information about the population p, the choice of a= 1 is typical.
However, sometimes other choices of a might be also appropriate, particularly if one wishes
to either over-emphasize or de-emphasize the rare (or frequent) species.

Remark 1: The result of Theorem 1 provides an important insight into the empirical
diversity profile analysis (see Section 1). The obvious profile estimate based on the sample
of size n, which mimics the behavior of the function A(a) = H, (:) around a=1, is

h(@)=(1—a) " log (S () /7™ (B)), where 7™ () =5 52/ (1 — (1 — 5,)"). When

nis large, the theorem above states that 1 (o) =H{" () +o (1) with probability one, for any
a> 0, although not necessarily uniformly in a.

2.2 Adjusted Overlap Measures

We now turn our attention to the analysis of overlap (similarity) between the populations of
T-cell receptors. We examine two somewhat different approaches to similarity estimation.
The first one, based on the PG-index introduced earlier (see Example 8) is analogous to the
adjusted Renyi entropy approach discussed above in the context of diversity measures. The
second one is based on the relative mutual information function of a contingency table and
in the following sections is referred to as the /~index. We start with the description of the
coverage-modified PG-index.

J Math Biol. Author manuscript; available in PMC 2014 December 01.
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2.2.1 PG Index—Recall the modified PG-index given in (1.4). In analogy with the Renyi
entropy adjustment, in the notation of the previous subsection, we may now consider

P Gél)a,azﬁ (1, P5) as the sample-coverage and Horvitz-Thompson adjusted geometric
measure of overlap. The adjusted PG-index is seen to assign more weight to the observed
rare species when computing high dimensional angle between normalized population
vectors. Our main result for the new measure of overlap is the following strong consistency
theorem. The proof is again deferred to the Appendix.

Theorem 2: Let a,f (0,0 ) and let p, (/= 1, 2) be given by (2.2), with their respective

sample coverage estimates C(/= 1, 2). Assume that 2 p% <oc and pf’2<oo, as well as
Y pi1 log™1/piy<oc forsome 4 >0, if a>1and X p;s log™1/pse<oo for some 7, > 0, if f >
1. Then

I,(C)=1—F,(P,Q) /Hy_o (P,)

Note that by taking a = =1 in the above result, it follows in particular that the statistic

(n) . . . . —
PGal,az is a consistent estimator of the Morisita-Horn index described in Example 7.

2.2.2 Information Index—The second proposed adjusted overlap index is based on the
generalized mutual information statistic in two-way tables, and may be therefore viewed as
an information-theoretical extension of the standard Pearson chi-square statistic (see e.g.,
Agresti 2002). Unlike the PG index, this new /information index (or /-index) is also
applicable for measuring overlap across multiple populations. In order to describe it, we
return now to the two-way contingency table settings. Recall from the Introduction that we
consider a two-way (/77 7)) table as a nonnegative matrix C= [¢;] with columns
representing 1 different population ¢, ¢, ..., ¢, 0f TCRs and rows representing /7 receptors.
Cii
Let [m} be a corresponding normalized matrix with columns py, ,...,0, Denote also
Pio= 2 Pjj Poj = ¥ ivjjand the corresponding row and column marginals as P, = (0oL, .. .,00n)
Apa, PP=(0los.Pmo)  Dm-1, aswellas Q= P, 2= [pjp poj- Note that P,Q
Amn-1. The idea behind the Findex is to measure the “strength’ of the dependence between
marginals of the contingency table, instead of e.g., quantifying the pairwise similarity of its
columns-specific frequencies. The new index is also scaled to take values in the unit
interval. Sometimes (e.g. for clustering purposes) it is more convenient to work with its
complement, which measures the lack of overlap or the dissimilarity among n columns.
Formally, these two new measures are defined as follows.

Definition 6 (I1-index): For any real /m x nmatrix C of nonnegative entries, the /-index of
order a (0, 2) is defined as

Qa (C) =1—-1, (C) :

and the corresponding dissimilarity measure as

_Hy () +H, (P°) — H, (P)
a Hy (P,)

Q1(C)
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Remark 2: Let us note that in the case of a =1 the above definition yields

I, (f’) 25T, (P) as n— oo.

which is the mutual information index scaled by the Shannon entropy of the column-
marginal A,

It follows from the definition that when a > 1 the /-index puts more weight on the entries of
Pwith positive dependence (i.e. when p;;> pjp,;) and when a'< 1, it puts more weight on
the entries with negative dependence (i.e. when p;; < p;p05). This feature makes it
potentially useful for analyzing the dependence structure of a contingency table (see, for
example, Agresti 2002).

The basic properties of the /-index (or, equivalently of Q) are summarized in the following
proposition.

Proposition 1: For a (0, 2) the following holds
i. 00/40¢<1,
i. QO =0/ffp=p=...=pp
iii. if the vectors ¢, ¢,...,c,form an orthogonal system, then Q(C) = 1.

Proof: First let us argue (/). If pr = p, = ... = ppthen C=[¢;] is of column rank one, which
is equivalent to A= Qand thus F(P,Q) = 0 and Qy(C) = 0. On the other hand, if /(P,Q) =0
then P= Qand so the matrix Cis of rank one, and thus py = p» = ... = p,,. For the proof of
(/i) consider the fact that if ¢y, ¢,,...cpare orthogonal, then ¢; ;=3 4 ¢jxfor i=1,...,mand j
=1,...,nand so it is easy to see that F(P,Q) = Ho_(P,), implying QL c1, ,...,c;) = 1.
Finally, the proof of (/) for a = 1 follows from the properties of the mutual information (see
Remark 2). For any other @ (0, 1) (1, 2) note that it suffices to prove it for /,. Note also
that if o< 1 then (07pip)® L= 1fori=1.2,...,mand j=1,...,nand if a> 1 then (i pjx)**
<1, which establishes that /5= 0. To show that /,< 1, consider 1 < a< 2 and

Y 1(Pij/PioPoj) " PioPoj =i ; (pij/pio)ailpijp(l)j_a < Ei,jpsz})j_azszg;a. The result now
follows, due to the monotonicity of the log function. The case 0 < a< 1 is handled similarly.

Since the definition of the /index so far does not involve any under-sampling corrections,
the consistency of /, (hence also Q) follows, after some elementary algebra, from the
results on the consistency of the plug-in Renyi entropy estimators obtained by Antos and
Kontoyiannis (2001) (under the term “plug-in’ we understand here and elsewhere that the
population pis replaced with its sample MLE p). For completeness, we state the result here.

Theorem 3: Let p be the empirical MLE of P 4, based on the random sample of size 7.
Then

1. (ﬁ)&[a(P) as m— oo.

Ca

Here Pmay be interpreted as a two-way normalized table of infinite dimension. For the
proof, see Antos and Kontoyiannis (2001).
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Recall that the order of the /-index determines the weight put on the positive and negative
dependencies. In our setting, the positive dependence between the distributions

P andQ=P,P° intuitively means that if a receptor in one population is more abundant, it
also tends to be more abundant in the remaining populations, with the opposite being true
for the negative dependance. In terms of the over/ap profiles, this implies that a large value
of /index with a< 1 (resp. a> 1) indicates negative (resp. positive) dependance between P
and Q. This is in contrast to the diversity profiles discussed earlier, where the value of the
Renyi entropy index @, in relation to unity, was associated with up- or down- weighting the
rare (abundant) species.

As in the case of the PG index, the coverage adjustment of the ~index may be accomplished
by taking ., where now & is the Good-Turing estimator of the sample coverage for the
entire table (that is, the estimator of the sample coverage based on C). Due to the fact that

C < 1, the corrected index I & emphasizes the negative type of dependence in the presence of
under-sampling, implying that we infer the higher overlap between populations based on the
observed overlap between the rare species. Thus, since the /, index is non-increasing in a, &
tends to overestimate overlap when under-sampling is likely, which is generally desirable in
the context of TCR populations. It is of interest to note that the Horvitz-Thompson type
correction for the /index, although possible, does not work as well as for the PG index, due
to the different type of normalizations applied in these two cases. In particular, the naive
implementation of the Horvitz-Thompson correction along the lines of (1.4) in case of the /-
index may have undesirable effects, like e.g., cause the loss of a-monotonicity property and
make the /, values fall outside the unit interval. For these and other reasons, only the Good-
Turing type correction of the /index is considered below. The required consistency result is
formally stated in the following theorem, with the proof provided in the Appendix.

Theorem 4: Let p be the empirical MLE of P A, and let & be the Good-Turnig sample
coverage estimator, both based on the random sample of size n from P. If 3 ;; pj;log’(1/pj) <
oo for some r> 1, then

54 Cﬁz) (P) == Su(P). (A1)

3 Example: TCR Data Analysis

To illustrate the applicability of our proposed indices vis a vis some standard ones, and to
assess their performance, we analyze two TCR datasets obtained from high-throughput
sequencing experiments conducted in the molecular immunology lab of Dr Leszek
Ignatowicz at Georgia Health Science University. Each dataset consists of the counts of
different TCRs in thymic T-cells derived from the transgenic ‘“TCRmini’ mice (for a detailed
description of the “TCRmini’ animal model, see Pacholczyk et al 2007; Rempala et al 2011)
and represents a different stage in T-cells evolution. One dataset consists of the so-called
‘regulatory’ T-cells, expressing the FoxP3 protein (via the green fluorescent protein or
GFP), whereas another one consists of the so-called ‘naive’ T-cells, which do not express
the FoxP3 marker. In what follows, we shall refer to them as GFP" and GFFP~ populations,

and denote by (see Definition 1 of Section 1) e1 € N and c2 € NIE, respectively. The
total number of species (i.e., all sequenced T-cell receptors) in each population is ¢ =Y ¢cp
=244,035 and cp = Y cp = 232, 210, respectively and the number of distinct species (i.e.,
T-cell receptor types) is m = 3,904 and m, = 5,048, respectively. The number of the species
overlapping between populations equals 1,371, with the total number of overlapping species
equal to 45,508.
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The values of the several diversity and overlap indices calculated for both datasets are listed
in Table 1. As expected from the principles of T-cells evolution, the observed GFP*
population of functionally active regulatory T-cells is seen as having a significantly higher
diversity than GFP~ population of inactive, naive T-cells. The diversity indices calculated
are the Shannon entropy (/) and the inverse Simpson index (/S/). The effective number of
species (ENS) in Table 1 is calculated based on the H; diversity measure. Note that in the
case of /S/the effective number of species is simply the value of the index itself. The
overlap indices presented in Table 1 indicate that there seems to be a relatively low
similarity between two populations, as measured by the traditional Sgrensen (L) and
Morisita-Horn (MH) indices (see, Examples 5 and 7). The similarity appears somewhat
higher, when measured with the Chao-Jaccard (CJ) index. The Chao-Jaccard index (Chao et
al, 2005) is a version of the Jaccard index (J) given in Example 5, incorporating an
additional adjustment for the effect of under-sampling. This adjustment apparently slightly
biases its performance in the current analysis. The value of the last overlap measure, the /-
index of order a=1 (/;-index) is, as expected, similar to the value of the Sgrensen index L.
In addition to the values listed in Table 1, for the illustration purposes we have also
calculated additional values for the PG indices with several different pairs of parameters.
These are PG(0.25, 0.16) = 0.26, PG(0.61, 0.40) = 0.24, PG(0.83, 0.70) = 0.34, PG(0.94,
0.91) = 0.26. Due to the varying coverage, the differences between those values and the
value of MH = PG(1, 1) = 0.21 in Table 1 represent the effect of the rare species on the
geometric angular measure of overlap between the two populations.

3.1 Experimental Design

3.2 Diversity

In order to compare the performance of various measures of diversity and overlap, we
sampled repeatedly with replacement from both T-cell populations in several scenarios, with

sample sizes varying from 7= 100 ((C ~ 02)) to 7= 100,000 ((C ~ 0-9)), and compared
the resulting estimates to their respective population values presented in Table 1. The
performance of all the estimators was then assessed by comparing their respective rates of
convergence to the true population values.

Analysis

For the five diversity estimators and the corresponding ENS estimators, the results for GFP~
and GFP' are summarized in Table 2 and 3, respectively. For the four entropy-based
estimators (i.e., all except /S/), the numerical values of their means and 95% confidence
bounds, relative to the true population-based value of A, or ENS from Table 1, are reported
for different sample sizes n, based on B =500 repetitions. The same characteristics are also
reported for /S/, relatively to the population-based /S/value from Table 1 (note that in this
case /S/is also ENS). For better visual comparison, the values in Tables 2 and 3 are also
plotted against log 7 in Figure A.1 (see Appendix). As seen both from the top plots in Figure
A.1 and from the respective entries of the tables, in all the scenarios considered the diversity

estimator based on the proposed coverage-adjusted Renyi entropy ((H én))) enjoys the
relative values closest to unity and the smallest variability (shortest CI). In terms of the ENS
estimation, for the GFP~ dataset the estimator of /S/index is seen as performing slightly
better than the coverage adjusted Renyi entropy ENS, however, in this particular case, the
base for the relative /S/values is much smaller (26) than the one for the entropy estimators
(144). For the GFP" dataset, in which the /S/values is much larger (95), both ENS
estimators are seen to perform similarly, significantly outperforming the remaining
estimators. For the diversity estimation, in both datasets the closest competitor to the

proposed adjusted Renyi entropy is seen to be the Chao-Shen estimator ((H1<n)>). Both of

these estimators are coverage-and-Horvitz-Thompson-adjusted, which seems to give them a
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distinct edge in the low coverage (& of 30% or less) scenarios. In both datasets it is seen that
the sample coverage of about 70-80% is needed for a reasonably accurate estimation of the
true population values.

In the final part of the diversity analysis, we have also analyzed the diversity profiles of

GFP~ and GFP" datasets, using four different estimators discussed earlier, namely H(EZA)
Hg H&m and H, (plug-in). In this analysis only two sampling scenarios were considered,
with B=500 repetitions as before, but with the sample sizes equal to 10% and 100% of the
respective total populations in TCR datasets. The resulting plots of the means from B
repetitions are presented in Figure A.2 in the Appendix. Despite the fact that some of the
confidence bounds around the means are supressed for better visibility, it seems clear from
the plots that the reliable (high accuracy, high precision) estimates of the profiles are only
available with very large coverage (90% or more). For lower coverage, all profile estimators
seem to suffer from the particularly severe downward bias for the index values a < 1.

3.3 Overlap Analysis

For the purpose of the overlap analysis, we have considered pairs of samples from both TCR
populations and compared the values of the sample estimators with the population indices
summarized in Table 1. As before, the analysis was performed based on several scenarios
with varying sample sizes, each with B =500 repetitions, and the estimator values were
taken relative to the true values of the respective parameters. The results are summarized in
Table 4 and additionally plotted in Figure A.3 in the Appendix. As seen from the inspection
of the table entries and the plots, the mean values of the sample-adjusted PG index
(re) - -

( ,.6, )) are the closest ones to the true population level values uniformly across all
sample sizes 71 considered, except for one scenario (7= 100,000). The related MH index
performs on average reasonably well most of the time, but it seems that overall the PG index
has a distinct advantage on average against the competitors, particularly in the low coverage
scenarios. However, both PG and MH indices achieve this at the expense of high variability
(long confidence bounds). The Findex appears to perform better on average than the
Sgrensen L with high enough coverage, and both significantly outperform the CJindex. The
/-index and its sample-corrected version are also seen as much less variable than the
geometric indices. Overall, when both the accuracy and precision (i.e. bias and variance) of
the competing estimators are considered, it seems that the sample-corrected PG- and I-
indices perform consistently better that their competitors.

4 Summary and Discussion

In this work we have attempted to mathematically formalize, in terms of the multinomial
counts and the related contingency table models, some of the important concepts of the
biodiversity theory, particularly the notions of a diversity and an overlap index and an
effective number of species. We have focused especially on the properties of the entropic
diversity and overlap indices, which seem to be commonly used in the literature for the
purpose of analyzing the under-sampled population data, like, for instance, TCR
immunological data. In this context, we have proposed new measures of diversity and
overlap, which are based, respectively, on the Renyi diversity index and on the angular,
geometric overlap index of the Morisita-Horn type, which we dubbed “power-geometric” or
PG. Both of these measures have the capacity to naturally up-weight or down-weight the
rare or the abundant species in a population, as deemed appropriate, which makes them
especially appealing for highly diverse data, like TCR. We have also shown here that these
proposed measures may be efficiently approximated via sample estimators with the under-
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sampling bias correction. The correction is accomplished by incorporating the so-called
Good-Turing and Horvitz-Thompson adjustments into the empirical plug-in estimators. For
some important special cases of the entropic diversity analysis, this approach specializes to
the Chao-Shen correction of the Shannon entropy estimator, but, in general, our method is
seen to produce even more efficient estimators than the Chao-Shen correction. This is
clearly seen in the biological data examples discussed, as well as in other simulation results
which we have conducted with synthetic data but did not report here. Similarly, in the case
of the overlap analysis, the same method suggests a highly efficient estimator of the popular
Morisita-Horn index, which, for small sample sizes and/or low coverage, appears to have a
distinct edge over the standard plug-in estimator currently widely used in the literature.

For the overlap analysis of multiple populations, we proposed here a method based on the
Renyi divergence function, which enjoys similar properties to the Renyi diversity index in
terms of its ability to down- or up-weight the rare or abundant species, as desired. The
resulting statistic has many properties similar to the mutual information index. In particular,
its zero value also characterizes the marginal independence in a contingency table and hence
may be used for testing purposes. In numerical comparisons, the /-index performed well
among the information-based estimators, especially when corrected for under-sampling.

The results and examples presented here indicate that when measuring diversity and overlap
for highly heterogeneous populations by means of any of the entropic or geometric indices
discussed here, the incorporation of an under-sampling correction into the empirical
estimator is, overall, beneficial: it typically improves the index performance for samples
with small coverage and does not significantly degrade it for samples with large coverage.

Further empirical and theoretical studies of all the estimates proposed are in order, as they
might help to develop a systematics approach to optimizing the under-sampling adjustment,
in order to achieve good efficiency. One possible direction could be to combine the
coverage-based correction proposed here with the Good-Turning probability mass function
estimate of the underlying probability distribution (Orlitsky et al, 2003). Based on the recent
results obtained in Orlitsky et al (2004) it appears that such an estimate might enjoy some
optimality properties (for instance, in the “mini-max” sense) in the suitable class of
contingency tables, although it is not immediately clear whether this would translate into
optimality properties for the diversity and overlap measures considered here.

One issue not addressed in the current paper is the construction of statistical tests for
numerically comparing the proposed estimates of diversity and overlap over multiple
populations (or their pairs). In general, the comprehensive solution to this problem requires
the analysis of the weak limits of our estimates under broad assumptions. Such weak limit
results could be the used to derive both the asymptotic confidence intervals, as well as any
consistency results for the suitable resampling plans. Although the detailed analysis of this
problem relies on different mathematical tools (notably, the results from the general theory
of empirical processes) and is therefore outside our present scope, the general strategy to be
pursued seems relatively straightforward. Namely, under the assumptions that guarantee the
convergence of the appropriate empirical processes to their standard Gaussian limits, the
normal limits are expected for a broad class of functions of empirical counts, including also
the estimates discussed here (see e.g. Esteban and Morales 1995, for some examples). The
joined asymptotic normality results for pairs of estimates should be sufficient to establish,
for instance, the consistency of the resampling-based tests under modest assumptions on the
underlying distributions. As we continue to work on the topic, we hope to comprehensively
address this and other issues (like estimation optimality) in our future papers.
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X: Proofs

In this section we prove Theorems 1 and 2. Recall that for the purpose of consistency
analysis we consider populations with possibly an infinite number of species (i.e. the
number of receptors /m< o ) and we let the sample size nincrease to infinity. We write X, =
(ap) (resp. X, = o(ap)) to denote the fact that the random sequence X, and a deterministic
sequence a, satisfy with probability one sup, X/a, < o (resp. Xya, - 0).

Auxiliary Results

() (p) = pi
Denote .7, (p) =X p* and 7o (P) =Xz 1—p)" for >0y order to prove the

main results, we need the following

Lemmalleta (0,0 )and p be avector of probabilities (possibly of infinite length) for
which Sg(p) < .

I If @>1and yp;log” 1/p;< e for some r>0, then (") () 2 & (p).
1 a< L then 7 (p) 22 7, (p)
iii.

a.s.

If a=1and yp;log 1/p;< o , then ,5/1(") (p) == 1L

Additionally, in the above we may replace .7/ (p) by yciz) (P). That is, under any of the
hypothesis in (i) — (iii), we also have

|70 (P) = o (D) — 0. (A2)

Proof First, we consider the consistency of .#/(") (). By the results of Antos and
Kontoyiannis (2001, Section 2), the plug-in estimator of the power sum .7, (p;,) is strongly
consistent for each a@ (0,0 ), that is,

1-C=0 (log™"'n) = 0 a.s. (A3)
Moreover, the assumption that 4 pjlog” 1/p;< o for some r> 0 is sufficient (following Vu

et al 2007) for

S (B) ~ Fu ()| =0 as. (A

In view of (A.2) it suffices to show that under (/)-(/ii) we have
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7 ) - a (B)] = |2 ~=p

Co—1+(1— p1) So
‘2 —(1-py)" Pi

1- (
(1— ﬁ} (A5)

P;)

CO‘ 1 =~
X a Pt

<

‘ +lz

-

To this end, consider first a> 1 and note that the following holds with probability one

co—1 1\
(I) £ |———=2pi'| =0 ((1 - — ) — 1> =0 (log7"n) - 0 a.s.
1 (1 _ %) log" n

We now establish that both majorizing terms (1) and (I1) vanish asymptotically a.s. To this

~

.. C
end note that since Pi = o, as., then

(Il < + =: (IIa)+ (IIb) a.s.

(1_ﬁi)n el
2 T

157;>7rn <1

(1 _ﬁi)n Aa
2 - a—p)

P;<Tn

due to the consistency of the plug-in power sum estimator of order a and the sample

log n
coverage estimator. Apropos (1), set 7n = Y and consider

(ITa)= | L By <
p; P;>Tn

= O(n

(1-5)" o
>Z T—(1-5,;) "pz‘ <

)—>0 a.s.

(1=
The function () = 1—(1—2z)" is decreasing in xfor x (0, 1) and thus, for n
sufficiently large, the first term (//a) is majorized by

n F-af1_C\"
(1Y) =| > %ﬁ? < T_((lli_g) =0 (n—ﬁ) —0 a.s.

Pi<Tn

~

N C
For the second term, once again due to P; = o, as., we have
-9
(ITb) < ———L—5 > pi= SN | as. (as)
1 - (1 - E) pz<7rn Z/;tfil'n
for 0 < f< a- 1. This establishes (//) — 0 a.s. and hence also (A.4) for a> 1.
Consider now the case when 0 < a'< 1. Note that, since X p$* <oco implies that ypilogl=a1/p;

< oo, the relation (A.3) holds true with r=1-afor a< 1 and is forced by our assumption
with r=1 when a= 1. Moreover, (A.5) still holds and the majorizing terms (/) and (//a) may
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be handled identically as above. For the remaining term (//6), note that for 0 < a< 1 and
frnzwn/é

+ a.s.

Sopr— > p

pi<7n Pi<fn

> o

Pi<Tn

Note also that

Z P+ Z i —0 as.

:pi <Fn<pi 1ps <Fn<pi

Asymptotically, the first term above vanishes a.s. in view of the result of Antos and
Kontoyiannis (2001) and the third one vanishes a.s. due to the summability assumption and
the fact that 7, — 0. On the other hand, the middle term is bounded a.s. by the
asymptotically vanishing terms

5,8n 5o o (e B
Sl =S (5O - )
. a — _ f,_ﬁ
< max (g@a—f _ g« 5)21—(1—@)"'

~ 2€(0,1)
in view of the result of Antos and Kontoyiannis (2001). Hence from (A.6) it follows that
(/16) - 0 a.s. and the parts (#) — (/7)) of Lemma (1) are established.
Finally, we also establish (A.1). Note that without loss of generality we may assume that
P (C=C,<1infinitely often) = 1.

Assume first that a> 1 and Y pjlog” 1/p;< e for some r< 0, and choose Ssuch that 1 < f<
aand a—- a—-1<0. Due to the almost sure convergence of & to 1 we may without loss of

generality assume that for eachn € IN C’O_@>0 a.s. We have
~ 1 1
5 (Ca_ﬁ)aca <1>Wﬁ
xTr = — — a.s.
a—pf3 e

The maximum is attained at the point

N 5.0
) (5) _ ) (5) < (§Ca—b8 _ zab By
y(?a (P) — o (p)_(x z )21_(1_I~)i)n—>0 a.s.

thus
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since, under the assumption that for some < 0 § p;log” 1/p;< o , we know that
yg(n) (P) — 3 (P) a.s., by the first part of the lemma.
For a< 1 and under the assumption that 3> p* < oo, it follows from the inequality log x <

M valid for x>0, n= 1, that ¥ p;log” (1/p) < oo , for each r> 0. For any r> 1 we have
therefore

f’iaff’i _yDilog(1/B;) f’i671 1
S R & e Nl (1og<1/fai> - Iog<1/fui>>

(%)1_0 1 P;log(1/B;)

< 10g% — @ EW — 0 a.s.

since m(1/log"n) — 1, n - o« forany r> 1.

Now, for a=1 under the assumption that the entropy of pis finite, we have similarly as
above that

log ™ (p)

c 1—

—Hi(p)]—0 as. (A7)

1 176
since /%097 _, ¢ and (5) — las. n - o . Hence, under the assumptions of the

lemma, we have (for any a > 0) yg) (P) =0 as. and (A.1) follows.

With the above lemma in hand, we are now ready for the proof of the Theorem 2, which
becomes relatively straightforward.

Proof of Theorem 2

Note that it suffices to show that the estimators of the power sums of the type

~Ozé\1 ~ﬂ62
Dix > Diz . .
1—(1—p;)"and =1 — (1 —p,,)" are strongly consistent. The result in each case
follows by Lemma 1.

The next step is to prove Theorem 1.

Proof of Theorem 1

Note that for a # 1 the assertions follow from Lemma 1 by continuity of the bivariate
function g(x, J) := (x—1)"L log y. For the remaining case a = 1, the first assertion

H, (15)(”) — H; (p)a.s. follows by an argument similar to that used in the proof of the
lemma and hence we forgo the details. To argue the second assertion, note that we may

assume without loss of generality that P((C<1 infinitely often) = 1 and that in view of the
result in Antos and Kontoyiannis (2001) which asserts that /; (p) — H; (p) a.s., it suffices
to show
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, o) (5 () (=
logj”l( n) (®) _ log/a (P)—log7, " (D)
1-C 1-C

-1
=pn ~pn =
P Py logl /B
h i pIEE 5 a.s.
( 1-(1-py)" 1-(1-py)"

H® (p) —
C

To this end, note that by Cauchy’s mean value theorem and (/7/) of Lemma 1

~pn

-1
-—_ 7p1
On = (21 T f)i)n) —1 as. (A8)

for some @, such that &' < ¢, < 1. Note that 1 - ¢, = O(log™" 1) due to (A.3) and

consequently, from the proof of Lemma 1, it follows that its assertions also holds with @, in
place of &. In particular, in view of (A.1) with a=1,

Ap= 3 (B REYR 5001 /p;

1-(1-py)"
log 1/P; ~ ~ ~
= X ﬂnﬁ pl]-Og]-/pl +10g1/c (A.9)
_ pi log 1/p; N 1Apn pi log 1/p; =
> (1gpp (ﬁn Pn—1cp _1) -1—2%(1—131) +log1/C

IA

(BuComnt=en 1) BRI 52 0P b log 1/p;+10g 1/C

Re-write 4, as follows

= (I)+ 1)+ (I1I) (A10)

where in the last inequality we applied the bound p; > 1/n. It is obvious that

(I1I) :=log (1/5) — Oa.s. For the term (/), consider the following.

(I) < (ﬂnéw”nl—w - ) 2% < (/Bnév}“nl—%’n - 1) 0(1)—0 as.

since 3,C?rn(l=¢n) _, 1as., in view of (A.8) and1 > ¢,, > C — 14a.s, aswell as 71~9n =
exp [O(log~" n)] - 1 a.s. The remaining expression (//) needs to be handled similarly to the
analogous term considered in the proof of Lemma 1. First note that

(n=s—L=P)" o5 /p1+2((175)i%:)n[3i log1/C := (I) +o (1) as.

1-(1-p;)
and therefore it suffices to consider (//)’ instead. To this end, set 7, := log n/nand note that

> (1—71%)7@ log 1/p;| =: (I1a) + (IIb) a.s.

1) o T )

P;>Tn

The first term (//a) is majorized by
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(IIG) = > T— (1 ~’ "pz log 1/]/7\1 < % Z Di log 1/pz
pz>7_n Tn
< 151(1%’7;)")"0 (1)=0(n"1) -0 as.

For the second term (//b), set 7, =m,, /C‘

~

1-8Y)"
(11b) < u > pilog1/p=0 ( > pilog 1/@) a.s. (A1l
P

— ~\Nn
1= (1 - n) pi<n i<tn

Note also that

> Pilogl/pi| < | X Pilogl/pi— Y- pilogl/p;
pi<fn pi<fn pi<fn
+ ‘ > pilogl/pi— > pilogl/pi|+| > pilogl/p;| a.s.
Pi<fn Pi<fin pi<Fn

Asymptotically, the first term above vanishes a.s. in view of the result of Antos and
Kontoyiannis (2001) and the third one vanishes a.s. due to the finite entropy assumption and
the fact that 7, — 0.

On the other hand, the middle term is bounded a.s. by the asymptotically vanishing terms

Z pilog 1/pi+ Z pilogl/pi — 0 a.s.

©:pi <Fn<p ©:pi <Fn<pi

in view of the result of Antos and Kontoyiannis (2001). Hence from (A.11) it follows that
(/1b) - 0 a.s. and therefore 4,< () + (/) + (/) - 0 as. in (A.9) and the required result (A.
7) is established.

Proof of Theorem 4

We only consider the more difficult case of a= 1. The case of any other a# 1 may be
handled by the arguments similar to those used in the proof of Lemma 1. Without loss of

generality assume that © (C<1 infinitely often) = 1, since otherwise the result follows by
the consistency of the ‘plug-in’ estimate of the £index (Theorem 3). Note that it suffices to
prove that

(P Q) (13 Q) —0 as. (A12)

and

~

Hy ( O) — H275 (130) —0 as. (A13)
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where Q := P,@P° := [PioDoj)- For the proof of the above assertions, we again use
Cauchy’s mean value theorem. To argue (A.12), let us note that there exists a ¢, with

C < ¢, < 1such that almost surly,

(A A) log (E r _1@‘]‘) Z
P.Q ~ = — !By log i,
1-C i fj Py

/\

C

Pij
where 747 Pioboj- By the assumption that Pij pij logr 1/pij < « for some r> 1, we have as

1
before that 1 — #n=0 (1Ogrn ) a.s. Since 1/n< ;< n, therefore

1 1

nlp ~

1= Zﬁa Py < —WZ%‘ <1 szﬁ -0 n—oo as.
ij

Similarly, we obtain

Z T 1pz] IOg Ty — Zﬁij IOg Tyl = an 10g Tij ( (Pn ! 1) S dn (Hl (P) +H1 (Po) +H1 (Po)) )
i

where d), := max{1-mpr L, m~@n-1}. Since the entropy Hy(P) is finite and dj, @, 0n— o
then the assertion (A.12) foIIows. To argue (A.13) let us note again that there exists a @,

(possibly different from the one considered above) with C' < ¢,, < 1such that

. X p s"’Llogl/ﬁo‘
J oj J
H o (P) ===
] pog
By the elementary algebra
~1 On ]-
1- ZPOJ Doj <1— e 0 n—oo a.s.

and

— o~ o~ A~ n 1
Hy (P)= p2; ?"log 1/Poj= Po; log 1/Poj (1 —p ) < <1 - nl_—%) Hy(P)—0 n—oo as.
7 F

which completes the proof.
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Fig. A.1. Diversity and ENS plots
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Plots of relative values of the diversity (upper panel) and effective number of species or
ENS (lower panel) estimators from Tables 2 and 3 against log sample size (log 7). Joined by

the solid lines are, from the top: (i) /S/, (ii) Plug-in, (iii) Hf"). Joined by the dashed lines are,

from the top: (i) Ha, and (ii) Hé"). For better visibility, the x-coordinates of the plotted
symbols were slightly shifted so as to avoid vertical overlap.
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Fig. A.2. Diversity profile plots
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Due to the low accuracy of the estimators, only high-coverage scenarios are considered. The
true population-level diversity profiles for GFP~ (upper panels) and GFP* (lower panels) are
compared with the means of the four profile estimators calculated from B =500 repetitions

for different sample sizes (and coverage). The horizontal axis gives the order a of the Renyi

entropy. In each panel, the upper grey line is the average of H
, the upper dashed line is the average of H(”), and the lower dashed line is

average of H -

the lower grey line is the

the average of Haplug in estimator. The 95% CI bounds are supplied for the profile

estimators around the means of 2 - W
true diversity profile for each of the

& and Hy plug-in estimators. The dash-circle line is the

e datasets
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Fig. A.3. Overlap plots

The estimated relative values of overlap indices for GFP~ and GFP~ TCR populations
plotted against log sample size (log 7). The plotted points are mean observed values, relative
to the true population parameters from Table 1 based on B =500 repetitions. The bars
represent 95% confidence intervals as in Table 4. Joined by the solid lines are: (i) MH (open
circles), (ii) L (stars) and (iii) CJ(triangles) and /-plug-in index (filled circles). Joined by

(n)
the dashed lines are (i) P Gal,@ (squares), and Ig-index (upside-down triangles). For better
visibility, the x-coordinates of the plotted symbols were slightly shifted so as to avoid
vertical overlaps.
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Table 1
Numerical values of diversity and overlap indices for the two TCR datasets. Note that MH = PG(1, 1).

Diversity GFP-~ GFP* Overlap
m 3,904 5,048 MH=0.21
Hi 4.97 6.3 CJ=0.72
ENS 144 546 L=0.31
1S/ 26 95 h-ind =0.38
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Table 2
Diversity and ENS for GFP~

The mean and 95% confidence intervals for relative inverse Simpson’s index (/S/) and several entropy-based
indices discussed in the paper, reported for different size (77 sub-samples drawn from GFFP~ dataset. The
presented values (based on B =500 repetitions) are reported relatively to the values in the complete dataset.
For each pair of labeled rows, the top row gives the relative values of the indices and the bottom one gives the
corresponding relative values of the effective numbers of species (ENS). In each scenario, the relative values
closest to one are italicized. “Plug-in H;” refers to the naive, empirical estimate of H;.

n =102 n=103 n =104 n=10°
N N N N

Stat/ENS C=0.30 C=0.62 C=0.83 C=09%4
/St 0.34(0.19,045)  0.77 (0.52,1.07)  0.94 (0.83,1.08)  0.95 (0.90,0.99)
0.34(0.19,045) 0.77(0.521.07) 0.94(0.831.08) 0.95(0.90,0.99)
Hé‘ 0.46 (0.37,0.50)  0.74 (0.68,0.78) 0.92(0.89,0.94) 0.96 (0.95,0.97)
0.07 (0.04,0.08)  0.27 (0.21,0.35)  0.65(0.57,0.74)  0.83 (0.78,0.86)
H é”) 0.75(0.49.1.00) 0.90(0.820.98) 1.02(1.00,1.06) 1.01(1.00,1.02)
0.29 (0.077,1.00) 0.60 (0.41,0.90) 1.13(0.951.35) 1.07 (1.01,1.15)
Hl(”) 0.73(0.46,1.04)  0.80(0.73,0.89) 0.92(0.90,0.95) 0.96 (0.95,0.97)
0.27 (0.06,1.22)  0.39(0.26,0.56) 0.69 (0.60,0.78)  0.84 (0.79,0.88)
Plug-in #  0.45(0.36,0.50)  0.70 (0.65,0.76) 0.86 (0.84,0.88)  0.93 (0.92,0.94)
0.06 (0.04,0.08) 0.23(0.17,0.30) 0.50(0.44,0.56) 0.70 (0.67,0.73)
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The relative diversity and ENS for GFP* population based on B = 500 repetitions of the sub-sampling, for

Table 3

Diversity and ENS for GFP*

each nvalue. The same layout as in Table 2.

n =102 n =103 n=10* n=10°
N N N N

Stat/ENS C=0.18 C=0.40 C=0.70 C=0.90
/St 0.18(0.12,0.22)  0.50 (0.350.66) 0.86(0.73,0.98)  0.93 (0.88,0.97)
0.18(0.12,0.22) 0.50 (0.35,0.66) 0.86 (0.73,0.98) 0.93(0.88,0.97)
Hé‘ 0.47 (0.43,0.48) 0.67 (0.64,0.69) 0.88(0.87,0.89) 0.96 (0.95,0.97)
0.04(0.03,0.04) 0.12(0.10,0.14)  0.48 (0.44,0.53)  0.77 (0.74,0.80)
Hé”) 0.77 (0.60,0.96) 0.84(0.77,0.90) 1.00(0.97,1.01) 1.01(1.00,1.02)
0.24(0.09,0.80) 036 (0.24,054) 0.97(0.84,1.12) 108 (1.031.14)
H]Fﬂ) 0.76 (0.57,0.99) 0.80(0.72,0.87) 0.90 (0.88,0.92) 0.96 (0.95,0.97)
0.23 (0.07,0.93) 0.27 (0.17,0.45) 0.54 (0.48,0.61) 0.78 (0.75,0.82)
Plug-in 4,  0.46 (0.42,0.48) 0.65(0.61,0.68) 0.84(0.82,0.86) 0.93 (0.92,0.94)
0.03(0.02,0.04) 0.10(0.09,0.13) 0.36 (0.33,0.40) 0.64 (0.61,0.67)
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Overlap measures

Table 4
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The relative values of several overlap estimators for two TCR datasets with different subsample sizes (). For
each nthe means and 95% CI bounds for each index are reported (based on B =500 repetitions) relatively to
their respective values computed from the complete dataset.

n =102 n=103 n=10° n=10°
N FAN FAN AN
Stat Cl =0.25 Cl =0.61 Cl =0.83 Cl =0.94
N N N N
C2 =0.16 C2 =0.40 C2 =0.70 C2 =0.91
PG 084(0.0042) 076(031,131) 092(0.80,1.04) 099(0.921.05)
h-ind  0.10(0.00,059) 0.40(0.18,0.62) 0.69 (0.62,0.78) 0.91 (0.88,0.95)
/p-ind 014 (0.000.74) 053 (0.30,078) 0.81(0.72,0.90) 0.95 (0.92,0.98)
L 012(0.00,073) 0.38(0.20,059) 0.64(0.530.74) 0.88 (0.84,0.94)
CJ  004(0.00030) 0.24(0.06,062) 0.56(0.37,0.85) 0.81(0.68,1.01)
MH  017(0.00,1.07) 0.74(0.231.43) 0.96(0.73122) 0.99 (0.92,1.09)

J Math Biol. Author manuscript; available in PMC 2014 December 01.



