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Electron multiplication charge-coupled devices (EMCCD) are widely used for photon counting experiments and
measurements of low intensity light sources, and are extensively employed in biological fluorescence imaging applications.
These devices have a complex statistical behaviour that is often not fully considered in the analysis of EMCCD data. Robust
and optimal analysis of EMCCD images requires an understanding of their noise properties, in particular to exploit fully the
advantages of Bayesian and maximume-likelihood analysis techniques, whose value is increasingly recognised in biological
imaging for obtaining robust quantitative measurements from challenging data. To improve our own EMCCD analysis and
as an effort to aid that of the wider bioimaging community, we present, explain and discuss a detailed physical model for
EMCCD noise properties, giving a likelihood function for image counts in each pixel for a given incident intensity, and we
explain how to measure the parameters for this model from various calibration images.
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Introduction

Electron multiplication (EM) charge-coupled devices (CCD) are
used to take images under low-light conditions and for photon-
counting experiments. They are applied in a wide range of
scientific fields, such as single molecule microscopy, astronomy,
spectroscopy and biomedical imaging. Imaging under low-light
conditions presents the problem that the signal can be low
compared to the readout noise. EMCCDs overcome this problem
by amplifying the signal in an electron-multiplication register. This
reduces the effective readout noise to less than one electron. This
comes at the price, however, of introducing an additional source of
noise.

Having been pioneered in fields such as astronomy, the
importance of both Bayesian and maximum-likelihood methods
for obtaining robust and accurate quantitative results from analysis
of image data is increasingly being recognised in other fields, in
particular bioimaging [1-5]. Understanding the significance and
accuracy of results depends crucially on a detailed characterisation
of the noise properties of the imaging system and Bayesian
methods allow optimal exploitation of this knowledge to draw
objective conclusions from observations. Therefore, in order to
enable robust quantitative analysis of EMCCD image data, we
need to understand the noise properties of the imaging process. A
convenient form for this noise model is a likelihood function, the
probability of measuring a particular image value in a pixel given
the value of the incident intensity for that pixel.

Rather than giving an explicit model for the noise, measure-
ment errors can also be estimated numerically, for instance via
bootstrapping [6], although this process can be computationally
expensive and is still more limited than a full Bayesian approach in
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that there are little to no opportunities for making use of prior
knowledge and belief.

There have been extensive investigations of the noise behaviour
of EMCCD cameras, for instance [7-11]. These works provide
a wide knowledge-base of the noise behaviour of EMCCDs. [12]
measured the excess noise of the electron-multiplication register.
[7] used the knowledge of the likelihood to estimate the ratio of
single photons that can be counted using the cut-off method. [13]
also considered EMCCD noise characteristics to assess their
performance in the photon-counting regime. Attempts to provide
a model for the likelihood function have been made [14],
However, this model is not appropriate for an EMCCD. Also
[10] and [7] used probability density functions (PDF) to model
parts of the EMCCD without taking full advantage of the result. A
recently [15] published work used a detailed noise model
likelihood for an EMCCD, exploiting it for maximum-likelihood
scintillation detection.

Recently further papers have appeared which use or advocate
the use of Bayesian approaches to analyse data but many still
assume simple noise models, commonly a normal or Poisson
distribution (e.g. [2-4,16]) either for computational efficiency or
possibly due to lack of awareness of a better model or how to make
use of one. In an effort to advance our own data analysis
capabilities in the field of single molecule imaging in live cells, we
developed and tested a detailed noise model likelihood function for
EMCCDs. This work was performed independently of [15] and
resulted in the same final model. We will show that empirical
properties of the EMCCD noise, such as the excess noise factor
can be derived from this model. In contrast to [15] however, in
this paper we present and explain this model in detail, test it and

January 2013 | Volume 8 | Issue 1 | e53671



explain how to calibrate it, so that the wider biological imaging
community can make better use of advanced quantitative data
analysis techniques for EMCCD images.

We will first give a short overview of the sources of noise and
some systematic contributions. Next we motivate and derive the
model for the probability distribution and finally we will suggest
methods for estimating the parameters upon which the model
depends.

Results

Sources of Noise and Bias Subtraction

In order to understand the different sources of noise that affect
low-light measurements, we consider the path of the signal
through the instrument, see Fig. 1. For more details, see for
instance [17]. The first source of noise results from emission of
photons from a light source. The detector component of the
EMCCD consists of a number of bins (pixels). The bins are
combined to form a detector array, which has an exposed and
a covered part plus a readout register. When a photon hits the
exposed part of the detector array there is a chance that it creates
a photoelectron. This stochastic process is the second source of
noise. The number of electrons expected per photon is the
quantum efficiency of the detector. The third source of noise stems
from spurious charge, which consists of two components. The
read-out process shifts the electrons through the system of bins by
means of changing electrode voltages. During the shift process
there is a chance that unwanted electrons are created, which is
known as clock induced charge (CIC). The CIC occurs in the
detector array and readout register as well as in the EM register.
[13] discusses a model for the CIC that includes the EM register.
We consider the CIC in the detector array only, since this yields
sufficiently accurate results. The CIC depends on the vertical clock
speed at which the rows of the detector array are shifted towards
the readout register. The detector array is also affected by
thermally induced dark current, which is usually reduced by the
cooling of the detector. While the dark current is time-dependent,
the CIC only depends on the number of readout processes.
However, for a particular exposure duration and EMCCD
configuration, from the point of view of a noise model, the
spurious charges coming from CIC and dark current can be
considered to be one source of noise. We assume that the charge
transfer efficiency, the fraction of electrons actually transferred
from one bin to another, [7] is 100%. In the EM register, the
electrons are shifted using a higher clock voltage than in the
detector array and readout register to create more electrons
through impact ionisation, which is also a stochastic process and
the fourth source of noise. Finally, the electronics that amplifies the
signal and converts it into discrete image values creates read-out
noise. The sole purpose of the EM register is to increase the signal
well above the readout noise, so that the effective read-out noise is
less than one photon. Figure 2 shows a histogram of a dark image
showing the readout noise (variance of the peak at 80 image
counts) and the amplified spurious charge (tail).

The A/D converter introduces another source of noise — the
quantisation noise — due to the transformation of a continuous
value into a discrete value. However, since the A/D factor is
moderate, the quantisation can be ignored. The EMCCD models
used in this paper have a A/D factor of 10—13 electrons per image
value at maximum pre-amplification gain. The pre-amplifier is
a part of the readout electronics. That means, for an EM gain
factor of 250 we expect 19 to 25 image counts per electron that
enters the EM register. Under such circumstances, the quantisa-
tion noise is a small fraction of an electron.
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Beside the noise that is created during read-out, there are also
some systematic contributions from the detector, which we will
briefly consider. To that end we have taken dark images, i.e.
images taken with the detector array covered, but with the usual
exposure time, which therefore only show spurious charge and
noise. Dark images are usually not homogeneous, Fig. 3 left. We
calculated the row and column mean values. The row means are
not purely statistical but have a gradient in intensity. The columns
show systematic effects in the form of lines. The particular pattern
of these effects changes from detector to detector and is also
dependent on the detector settings. Depending on the EM gain
setting, the details of these variations across the image may be
insignificant. However, the measurement and subtraction of the
constant bias offset (added electronically to avoid negative values)
to these images is necessary to understanding the noise, and can be
achieved easily by the process below which also removes these
systematic contributions.

To remove systematic contributions, we determine these
contributions from dark images. The contributions to the value
(dy) of the pixel in row i and column j come from noise including
spurious charge (7;) and components that are constant over the
whole image (bias offset, b), a row (r;) or a column (¢;), respectively:

dijzn,-j+b+r,-+cj. (1)

The mean values for a row, a column and the total image are
given by:

di=n;+b+ri+c (2)
dj=n;j+b+r+¢ (3)
d=n+b+7+e (4)

The dot in the index is a place holder to indicate whether the
mean was taken over rows or columns. To remove the systematic
contributions from an image composed of the signal and dark
image, i; = 5;; 4 djj, we subtract the column and row means of the
dark images for each pixel and add the mean of the total dark
image:

li=iy—d; —d;+d (5)

=s;j+n;+n—n; —n; (6)

The transformed image contains only signal and noise
components. If the noise is uncorrelated and isotropic, we can
assume that 7=n;=n; and we get

lleZS',] +l’l,]—}7l (7)

Spurious events are rare. If we assume that the mean noise value
is dominated by Gaussian read-out noise with mean 0, then we get
n=0 and ij; =s; +n;. Alternatively, all calculations could also be
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Figure 1. Schematic of the sources of noise during the photon measurement.

doi:10.1371/journal.pone.0053671.9001

done using the median instead of the mean. The amplified
spurious charge will act as outliers. It will pull the mean to slightly
higher values. The median is less affected by such effects.
However, the practical difference is negligible.

Both components of the corrected image contain noise. The
signal contains the Poisson noise of the light source, the noise from
the creation of photoelectrons and the EM noise for the
photoelectrons. The “noise” term contains the Poisson noise of
the spurious charge modified by the EM noise and the read-out
noise. The emission of spurious charge is itself a stochastic process
that has an expected value and a variance.

15000 20000 25000 30000 35000
1

The Detector Model

Key to the application of Bayesian or maximum-likelihood
methods for robust quantitative analysis of CCD images is the
likelihood of measuring a particular number of electrons in a CCD
pixel for a given input signal. If the expected number of incident
photons hitting a pixel is i and the measured number of image
counts in the pixel is 7, this probability density function is
P(n;.;i,detectorproperties). This likelihood function is the noise
model for our problem. Given this function and a parametrised
model (or models) for the variation of i across the CCD,
i(x,y,modelparameters), objective determination of model pa-
rameters with confidence limits is possible, as is robust model
selection and choosing between alternative possible models to
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Figure 2. Histogram of the experimentally observed image counts from a dark image. The data was taken with an EM gain of 300.

doi:10.1371/journal.pone.0053671.9g002
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Figure 3. Removal of systematic contributions. Colour coded, experimentally observed image counts from a dark image. The strip on the far
right shows the colour code assignment, where black corresponds to the lowest observed image value and white corresponds to the highest
observed image value. From left to right: the original, uncorrected dark image; the image of systematic contributions and the dark image after

contributions have been subtracted.
doi:10.1371/journal.pone.0053671.g003

explain the data. Increasingly challenging imaging problems, e.g.
understanding noisy, crowded images of single molecules in cell
membranes, demand such an approach to open up new avenues of
research.

We want to know the probability of obtaining ;. image counts
in a pixel if light of a certain intensity hits the detector. To achieve
that we combine the five sources of noise step-by-step. The result is
a model that is a combination of a Poisson distribution, a gamma
distribution and a normal distribution. We will refer to the model
as the PGN model.

The Poisson contribution. The photons incident on a de-
tector pixel follow a Poisson process [18] with the mean intensity i.
We will denote the parameters of the model with bold lower case
letters (for a reference of notation see table 1). The probability that
nyy, photons hit the detector pixel is therefore given by a Poisson
distribution P(4) with mean i:

P(npy; 1) = P(nyy; A=1). (8)

Each photon that hits the detector may cause the emission of
a photoelectron. The probability of this event is the quantum
efficiency, q, which depends on the detector material and the
wavelength of the light. The probability of obtaining np,
photoelectrons from n,, photons is given by the binomial
distribution B(1,e; p1,q). The probability of getting 71,, photo-
electrons from a light source is hence given by a combination of
mutually exclusive events of joint probabilities of the Poisson
distribution and the binomial distribution. This is again Poisson
distribution where the mean is the product of intensity and
quantum efficiency:

o0

P @)=Y Pryii DB(npe; npn.@) = P(nye;iq).— (9)
nph=0

The emission of thermal and clock induced charge is also
governed by a Poisson distribution with the emission rate, ¢. This
contribution can be further decomposed into its dark current and
CIC components, €= €44k +Ccrc, where ¢ is the exposure time.
An electron that enters the EM register is either a photoelectron or
spurious charge. Therefore we can describe the number of input
electrons, 7., of the EM register as the convolution of the two
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Table 1. Table of mathematical symbols.

model parameters

1 light intensity in photons

q quantum efficiency of the detector in electrons per photon

c spurious charge (dark current and clock induced charge) in electrons
g gain of the electron multiply (EM) register (dimensionless)

r readout noise in electrons

f A/D factor in electrons per image value

(€] generic parameter for the CCD specifications

quantities of the signal flow

Nph number of photons

Npe number of photoelectrons

Nje number of input electrons of the EM register

Noe number of output electrons of the EM register

Njc number of image counts (pixel value of the digital image)

probability distributions and models

B(n, p) Binomial distribution of n trials with probability p
F(k, 1) non-central chi-square distribution
with k degrees of freedom and non-centrality parameter /
vk, 0) gamma distribution with shape parameter k and scale parameter 0
Gk, 0) augmented gamma distribution, see eqn. (20)
N(u, o) normal distribution with mean p and standard deviation ¢
P(2) Poisson distribution with mean or rate 1
T(n, 9) Tubbs’s model for n input electrons and gain g, see [11]
2 parameter of the Poisson distribution, exclusively

The probability density function of a distribution is denoted with the symbol of
the distribution followed in brackets by the variable and the parameters
separated by a semicolon, e.g. y(x; k,0) for the gamma distribution.
doi:10.1371/journal.pone.0053671.t001

Poisson distribution for the photoelectrons and spurious charge,
respectively:
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Pnic;1,0,0)= Y P(m;iq)P(nie —m; ©) = P(mie;iq+¢).  (10)

m=0

The expected number of input electrons is the parameter of the
Poisson distribution: E[n;]=A=iq+c. Note that 1>0 always
holds, since ¢>0, even though it might be very small. Hence we
don’t need to consider the case where 4=0.

The EM register model. There are two similar ways to
describe an EM register with gain g. [10] suggests the gamma
distribution for the probability to get n,, output electrons:

1 e*"ne/g

P(Moe; Mies) = V(Mo Mies) = Mo, W . (11)

The other possibility was suggested by R. Tubbs [11]. His
approach initially looks at two models, one of which is a cascade of
Poisson processes and the other a cascade of Bernoulli trials. This
goes along with our understanding of the impact ionisation during
the charge transfer in the EM register. However, Tubbs finds that
the difference between the models is minor and concludes that
discretisation of the signal dominates the signal to noise
performance rather than the internal properties of the individual
gain stages. He derives the following approximation for the
probability distribution, T'(1,c; Mie,g), for the number of output
electrons, 7y, given the number of input electrons and depending
on the gain factor, g:

T(”oe; niwg) =

4 Dlie— 1 o—n 41 .
(noe —njp +1)7i€ exp(— n;( n;ei*’ ) if 7,0 =m0 >0 (12)

(nje—Dl(g— 145"

0 otherwise

This approximation is valid for large gains and large numbers of
input electrons.
We have analysed Tubbs’s model. If we define

1
E=npe—nj+1and O=g—1+ —, (13)
Nie
then we see that eqn. (12) is a gamma distribution for ¢ with shape
parameter 7;, and scale parameter 0,

o=t 14
N = e _—
V(& nie,0)=¢ T )i (14)
Note that the scale parameter lies between the gain and gain
minus one, 0e(g— 1,g]. The variable ¢ is the number of electrons
created in the EM register plus one.

Using the standard result for the gamma distribution we obtain
for both models the same expectation value for 7,

Eng.| =n;g. (15)
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For the Tubbs models it follows from

E[noe]:E[é]‘Fnie*l:nie(gil“kl/nie)‘l“nie*l:nieg' (16)

Both models fulfil our expectation that g is the gain. Similarly
the variance is

Tre =MieEs (17)
in both cases. While the parameter transformation g—0 is
obviously not very significant, the transformation n,,—¢ does
seem to have a higher impact. However a simple rearrangement
shows that n,,= 'é% That means for large gains both models are
from a practical point of view identical. Moreover, both models
are already approximations of convolutions of the individual EM
stages.

EM register simulations. To decide whether to use the
Tubbs approach or the gamma distribution as a model for the EM
register, we simulated the EM register, which 1s composed of some
hundred gain stages, by modelling an individual stage with either
a Poisson distribution with parameter A or a binomial distribution
with probability p (see materials and methods). The choice of
A=p=0.01 yielded the same overall gain of just above 200 for
both models. This is a recommended value for EMCCDs in
intensity measurement experiments, since it reduces the effective
readout noise to less than one photon. We used this gain value to
calculate the probability density with Tubbs’s function and the
gamma distribution. Fig. 4 shows the results for one, two and sixty
mput electrons. We calculated the gain parameter for Tubbs’s
model and the gamma distribution as the mean of the samples of
the Poisson based simulation divided by the number of nput
electrons. The parameters for the normal distribution are the
sample mean and the sample standard deviation of the same
simulation. We see a high similarity between the Poisson and
Binomial simulations, which is due to the low probability for an
individual electron to be released. Both, the Tubbs model and the
gamma distribution fit the simulation very well. From a practical
point of view the distributions are undistinguishable for high gain
values. The normal distribution fits the data very poorly for low
numbers of input electrons. The fit improves for more nput
electrons. However, the higher the signal the less appropriate it
becomes to use an EMCCD. The normal distribution is therefore
not an appropriate model for the EM register.

For low gain settings, there is a clear difference between the
Tubbs model and the gamma distribution as Fig. 5 shows. For 15
input electrons both models fit the simulation reasonably well. The
Tubbs model is slightly sharper than the simulation whereas the
gamma distribution is slightly broader, though in both cases the
difference is small. For 2 input electrons the Tubbs model seems to
fit the simulation better than the gamma distribution. Since
EMCCDs are not operated in low gain modes, this difference has
no practical consequence. Note again that both simulations are
very similar.

Following the theoretical considerations and the results of the
simulations, we decided to use the gamma distribution as the
model for the EM register, given that it is slightly simpler.

The combined Poisson-Gamma distribution. The prob-
ability that 7, electrons leave the EM register if light with a mean
intensity of i photons hits the detector is
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Figure 4. Simulation of the EM register composed of 536 stages with the Tubbs model, gamma distribution and normal
distributions fitted. The parameters for the distributions were calculated from the Poisson distribution (50,000 samples). Gain is estimated as
sample mean divided by the number of input electrons, the parameters for the normal distribution are sample mean and sample standard deviation.
(A) 1 input electron, (B) 2 input electrons, (C) 60 input electrons. The probability to create a new electron for each existing electron per multiplication
stage is 1%. That yielded overall gains between 206 and 208. Both simulations, the Tubbs model and the gamma distribution are very similar in all
cases. For a high number of input electrons, the similarity of the normal distribution to the simulated data is also high. However, EMCCDs are used to

measure low intensities or single photons.
doi:10.1371/journal.pone.0053671.9g004

Noe
Poc;iq.c.8)= > P(nic;iq+e)y(noe;nie.g)  (18)

nje =1

= (P(iq+¢)=7(8))(1oe)- (19)

A composition of the Poisson distribution and the gamma
distribution as a model for EMCCDs has also been given by [10],
although quantum efficiency and spurious charge were not
integrated into the model. Since we want to formulate the
probability density for the whole process we have to take into
account the possibility that no electron enters the EM register.
Neither the gamma distribution nor Tubbs’s model allows this
possibility. We need therefore to expand the model for the EM
register such that
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'V(nod niesg) Hoe = Nje >0
Npe =Nje =0 (20)
0 otherwise.

P(1oe; Mies) = G(Noe; Ny, ) =

This means that we assume that the EM register does not
produce any electrons if the input is zero and that all spurious
charge is created before the EM register, which is not the case in
reality. [13] considers this point, while others (e.g. [15]) make the
same assumption that we do here. We obtain with A=iq+c (Le.
A=Eln;)) the composition.

P(Moe;1,9,¢,8) = (P(iq +€)° G(g))(1c) (21)
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doi:10.1371/journal.pone.0053671.9005

Doy P(m; 2)y(Hoe; mg) - 1ge >0
- oe = 0

_ e n (22)
0 Npe <0

We assume 7, >nje, 1.c. that at least as many electrons are
leaving the EM register as were entering the EM register.
Therefore the sum in eqn. (22) runs to m=1n,,.

The additional e~* term is insignificant if the number of
photons is large, say if 4> 10, but it affects the distribution for
small / as illustrated in Fig. 6. The sampling was done as for Figs. 4
and 5, except that the number of input electrons, n;,, was sampled
from (10).

However, eqn. (22) is rather unwieldy. It also appears to be
easier to consider the series

S(”oe? /‘L’g): Z P(m§ ;“)V(nod m,g). (23)

m=1

rather than the finite sum of eqn. (22). For high gain, the difference
between the equations is negligible. Numerical estimates yielded

i zf: P(m; Ayp(ne; m,g) <3 x 1073 (24)

noe=1 m=nge+1

for any A and g> 100, whereas the expression is largest for small A.
A rearrangement of terms in eqn. (23), recalling that
I'(m+1)=m!, and the substitution m—m+1 leads to

S("oe; )vag) =

Je* Toe\ = [Toe A\ 1 (25)
g exp(‘?) Z( g ) T+ DT(m+2)’

m=0
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The sum of this series is known to be.

fe Noe \ % Noel
Snoe; 28) = ——exp( — == JoFi ;== ), (26
(10 2:8) = = p( g)o 1( . ) (26)

where oF] is the regularised hypergeometric function. We use an
identity to transform the hypergeometric function into a modified
Bessel function of the first kind:

oF1(b;2)=21"D21,_1(2/2) (27)

Further rearrangement leads to

A Moo ) < Moe )
expl —— —A || 2,/— A 28
Npeg P < g : g ( )

We can write the last expression as

S(noe; )“ag) =

S(toe: 1) = ng; 42n,0/8), (29)

where F, is the non-central y? distribution for 24 with 4 degrees of
freedom and the noncentrality parameter 27, /g.
The eqn. (22) can therefore be written as (again A=iq+c):

P(noe3iq.c.8)=

Mgexp(*%**)h <2\/”?T) Ploe >0 (30)
e Noe=0
0 Toe <0
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Sampling of EM register model output
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Figure 6. Sampling of the distribution of output electrons of an EM register for 5 photons. The simulation shows the effect of low light
intensities in the model. A large number of bins is chosen to emphasise the spike at 0 output electrons. The spike is the result of the assumption that
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We get the following results for the expected values of 7, and
2

o P(i;,0) = (P(1)-G(g)) * N(n))(Fnic) (35)
Elno.] =g (31)
2 o0
= P(O; HN (s 0+ > F(24;4.2m/g)N(fni;mx)  (36)

m=1

Eln,t]=g*A2+1) (32)

If we apply the approximation given in [13] we obtain
Hence the variance is given by

L Pl .0)=
Croe =28 A (33) .

P(0; )N (fn;e; 0,r)+ EFZ(ZJ,; 4,2fn;./g) n.>0 (37)

\ . . P(0; )N (fn;.; 0,r) nie <0

The model thus explains the excess noise factor of the EMCCD
which has been measured as v/2 (e.g. [12]):
! ) Lo 05408, >0
Onpe :\/igo'n. (34) 27wexp - 202 + g X( o nw/g) Mic >

e — , (38)

ﬁexp(—i— —“;’;"2) ) n. <0

This factor is also cited by [7] and [19] who refer to [12] and
EMCCD manufacturer’s documentation [20,21].

Including the readout noise. The last component of the
model is the readout noise which is modelled by a normal
distribution with standard deviation r, N(f#;.; 1y¢,r). The readout
register converts the analogue signal into discrete image values.
The analogue-to-digital proportionality factor, f (A/D factor,
sometimes referred to as amplifier sensitivity), is the number of
electrons per image value. In other words, we have
f=E[nye|/E[nic]. Therefore the probability of measuring image
value 7, in a pixel for a given set of EMCCD specifications
®=(q,c,g1r,f) and A=iq+c can be written as:

This is the PGN noise model likelihood of the EMCCD in its
general form. These equations appear in a similar form in [19] and
[15] using eqn. (28). The case distinction is necessary since the
second summand is undetermined for n;,, <0. However such
values are likely to appear in low-light imaging.
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Estimation of the Parameters

To use the model, we need to estimate the quantum efficiency,
q, the spurious charge, ¢, the EM gain, g, the readout noise, r, and
the A/D factor, f.

The analogue-to-digital proportionality factor. 'To esti-
mate the A/D factor, or sensitivity, f, we apply the mean-variance
test [22] to a series of image stacks, each stack taken with a different
constant intensity of source light. To make sure that the
probability of the image counts, 7., is dominated by the Poisson
component, the EM gain is set to the lowest value or turned off
(depending on the make of the EMCCD). Hence we have
approximately p(n;c;1,0) = p(n;c;1,q,f) = P(fn;.; iq). The probabil-
ity for nj. is therefore a scaled Poisson distribution with mean
2

i =7y /f and variance o, =n,./ 2. We can therefore estimate

f=i/c? . (39)

In practice, the A/D factor is estimated as the inverse of the
gradient of the least-squares straight line fit to the mean-variance
data, combining results from multiple intensities. Fig. 7 shows two
example plots for such an estimation. The data points form a chain
of overlapping “blobs” where each blob represents an individual
data set with a particular light intensity. The data was taken with
different readout rates. The difference of the readout rates is small,
which is in agreement with the manufacturer’s specification.

EM gain. For large gain factors, the readout noise becomes
negligible compared to the EM noise. The variance of the output
electrons of the EM register is according to eqn. (34) given by
ﬁw =2g?). Considering the expectation for nye, Efit,e]=2g and
the relations of expected value and variance between output

[

electrons and image counts, E[n,.| =fE[n;] and O’iw =f20£,n we
can estimate the gain g by

0.2

g="f 2;{0 . (40)
c

Hence, we can acquire g through a mean-variance test of stacks
of white light images with different intensities, fitting a straight line

o

o _

9 |+ 3MHz readout rate .
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Figure 7. Mean-variance plot for the A/D factor estimation. Each
dot represents mean and variance of the intensity of an individual pixel
for 60 frames across a single data set. The values of 9 data sets are
shown which appear as “blobs” in the image. Each data set was taken
with a different but constant light intensity. The data shown in red was
taken with 3 MHz readout rate and the data shown in black was taken
with 10 MHz.

doi:10.1371/journal.pone.0053671.9g007
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and using the gradient. For a single intensity dataset we can
estimate A with

LR
j=2 T —glk, (41)
. 8

[23] (supplement) suggest to estimate the gain by manually
fitting eqn. (36) to stacks of white-light images. This approach was
also adopted by [19]. Fig. 8 shows an example plot for such an
estimation. The plot of the data is club-shaped. The plot shows the
data taken with three different gain settings in three different
colours. The gradient of the linear model fitted incrases with
increasing gain-setting.

Spurious charge and readout noise. We estimate the
spurious charge and the readout noise from dark images. The

probability distribution of a dark image for parameters
0 =(c,g.r,f) is given by
P(nic; ©) = ((P()-G(g)) * N(r)(fnic) (42)

An example histogram for high gain is shown in Fig. 2. The
peak around 80 image counts marks the bias offset and its width is
determined by the readout noise. Nonetheless the peak is not
a pure Gaussian since it also contains spurious charge. We have
seen in Fig. 4A that, for one input electron, a small number of
output electrons is most likely. The fat tail is caused by the
amplified spurious charge. The time-dependent thermally induced
component of the spurious charge is very low. In a test exposure
over 3 hours and with a —80°C detector temperature, we
measured 0.0023 electrons per pixel per second. This means that
the spurious charge is mainly clock induced.

We use the parameters estimated from light images to estimate
the remaining two parameters. We take a series of dark images and
create a histogram (7;¢;,f;) with N bins, where ny; is the mean
count of bin j and f; is the frequency of occurrence. We estimate

the readout noise and spurious charge from the maximum of the
log-likelihood.

4e+05

Variance
2e+05

0e+00

T T T
6000 8000 10000
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T
4000
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0 2000

Figure 8. Mean-variance plot for the EM gain estimation. Mean
and variance were calculated from 60 values per pixel. Shown are data
sets taken with an EM gain setting of 150 (blue), 200 (green) and 250
(red). The black lines indicate the fitted linear model. Each data set
contains 932970 points; 7500 randomly sampled data points are shown.
doi:10.1371/journal.pone.0053671.g008
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(43)

J

N
(@)= ) filog(p(ni,0))
j=1

The probability p(n;;,@) is the model for the dark image eqn.
(42) with ® =(c,g,r.f). The parameters g and f are the fixed
estimates we obtained earlier. That means we estimate.

(¢,f)= argmax /(c,g=g,r.f= f).
(9]

(44)

Fig. 9 shows the results yielded by a distribution sampler (see
Materials and Methods) for eqn. (44). The data was taken with
10 MHz and 3 MHz readout rate. The manufacturer gives the
readout noise as 53 electrons and 32 electrons respectively.

Quantum efficiency. It is difficult to measure the quantum
efficiency. In particular it is difficult to know how many photons
actually hit the detector. We therefore take the quantum efficiency
from the manufacturer’s specification.

Validation

To see if the model is a good description of a real EMCCD, we
compared the model with the intensity density of a white light
images with a short exposure time and a dim light source. The
data sets were taken through an Optosplit III image splitter (Cairn
Research) as we use it for single molecule imaging [24]. This
Optosplit divides the image into three spectrally distinct but
spatially identical channels. We took image series of 100 frames
with 3 different light intensities. The intensity density for each data
set and each channel is shown in figure 10 (continuous lines). We
estimated the gain according to eqn. (40) using all data sets. The
expected number of input electrons was estimated according to
eqn. (41) for each channel and each data set separately. The input
electrons are photo electrons and spurious charge. The result is
shown in figure 10. The output is given in image counts with an
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A/D factor of 12.7 electrons per image count (taken from the
manufacturer’s performance sheet). The density functions of the
model closely resemble the densities calculated from the image
data.

Panel (D) of Fig. 10 shows the comparison of the density of
image intensities, the model density and the density of a combined
gamma-Gaussian distribution. The shape parameter of the gamma
distribution is half the number of input electrons of the EM
register and the scale parameter is twice the EM gain. The normal
distribution is parametrised with the estimate for the readout noise
in all cases. For higher numbers of input electrons the model and
the gamma distribution become more similar so that the gamma
distribution can be used as a simplification. It is important to
remark that simply applying the gamma distribution from the start
does not tell us anything about the meaning of the parameters. We
would also lose the understanding about the assumptions and
approximations that have been made and therefore the limitations
of the model.

Discussion

We have introduced a stochastic model for EMCCDs. This
model does not just give expected value and error as descriptive
parameters, but provides a full probability distribution. The model
agrees with that in [15] and theoretically confirms the excess noise
factor of v/2 that was found empirically by other rescarchers [12].
Understanding noise model properties in detail allows acceptable
approximations to be made where necessary for individual
problems.

The parameters of the model can change for different settings of
readout rate, pre-amplification gain, EM gain, CCD temperature
and vertical clock speed. The model parameters may also be
different for other modes of operation, such as binning or frame
transfer mode Therefore we recommend to estimate the model
parameters for each set of settings. We recommend the following
procedure:

1. Bias offset correction. For each experiment a number (50-100) of
dark images is taken with the same settings as the images that

T
0.00890

T T
0.00900 0.00910

Spurious charge

Figure 9. Maximum likelihood estimation for spurious charge (electrons/pixel) and readout noise (electrons). Shown are the samples
of the likelihood function (see Material and Methods) of readout noise and spurious charge for a set of dark images. The images for (A) and (B) were
taken with 3 MHz and 10 MHz readout rates respectively. The manufacturer gives ca. 53 electrons readout noise for the settings used for (A) and ca.

32 electrons readout noise for the settings used for (B).
doi:10.1371/journal.pone.0053671.g009
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Figure 10. Comparison of the density of stacks of white light images with the model density. Each panel shows intensity density of a data
set of 100 frames and 3 optical channels (continuous lines). The data sets were taken with different intensities; (A) low intensity, (B) medium intensity
and (C) high intensity. The model densities are drawn with dashed lines. The common gain estimate is 175.9. The difference in intensities for different
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input electrons is 8.7. For higher light intensities, the densities become more similar.

doi:10.1371/journal.pone.0053671.g010

are to be corrected. The bias is removed according to eqn. ().
The row, column and total means can hereby taken over
a range of images.

. Sensitiity  estimation. A number of white light images series

should be taken, each with EM gain minimal or if possible with
EM gain off, using a constant light source. We put water
between the light source and the CCD to make the light more
homogeneous. Each series needs to contain enough images to
calculate the intensity variance on a pixel by pixel basis. The
image counts should be different for each series, either by
changing the intensity of the light source or by changing the
exposure time between each series. The series should cover
a wide range of image counts, but pixel saturation must be
avoided. For each pixel of each series, the mean, 7, and

variance, O'iv R
e

of image counts should be determined and
a straight line fitted to the data from all pixels and image series
to give the sensitivity using O%;r =7/ f. Sensitivity estimation
need only ever be performed once for a particular EMCCD
and combination of settings.

. EM gain estimation. This can be performed in a similar fashion to

the sensitivity, by fitting a straight line to the pixel mean-
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variance data from a series of constant-intensity image stacks
cach of different intensity, except that the EM gain should be
set to the value for which the gain needs to be measured, i.e.
the value of EM gain used in experiments. From eqn. (40), the
gradient of the mean-variance fit will give the EM gain. The
EM gain estimation need only be performed for each
individual EMCCD and settings occasionally, but should be
periodically repeated because it is known to change as an
EMCCD ages, at a rate depending on how the EMCCD is
used [21,25,26]. According to a manual of Hamamatsu [21]
the ageing effect is most prominent at the beginning of the
EMCCD usage. We did not explore the ageing behaviour.

4. Spurious charge and readout noise estimation. This can be performed

from dark images according to eqn. (44). The same dark
images used for the bias correction may be used. The
maximum likelihood estimation is applied to a histogram of
the intensities of the bias corrected dark images.

The most suitable setting for the EM gain depends on the

experiment type. For low-light intensity measurements the gain
needs to be high enough to overcome the readout noise. A signal
of 10 electrons would disappear in a readout noise of 50 electrons.
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However, if the signal is multiplied by a factor of 200, the signal to
readout noise ratio would be 40:1. EMCCD manufacturers often
limit the EM gain to around a factor of 1000 and some have
implemented an additional setting to unlock EM gains beyond
factor 300. This is done to protect the EM register from ageing.
For photon count experiments however, [7] argue that the EM
gain should be as high as possible. The reason for this lies in the
shape of the distribution of output electrons for one input electron,
see Fig. 4A. The mode of the distribution is at one output electron.
That means even for a gain of 200, the likelihood to get less than
50 output electrons from one input electron is very high. The
situation immediately changes for two input electrons, where the
mode of the probability density is much higher. Consequently,
photon counting experiments, where the aim is to detect single
photons need to be treated differently from intensity measure-
ments, where the number of photons in a pixel is estimated.

Although we have considered a wide range of influences on the
detected image counts, not all of the factors need to be considered
all the time. Thanks to the EM register the readout noise is very
low compared to other sources of noise. In some cases it can be
ignored, which simplifies eqn. (36) to a form of eqn. (30) that uses
the relationship n,, =fn;.. The dark current is very low if the
detector is cooled. For short exposure times, it might even be
ignored. We took a series of dark images with a 3 hour exposure
time and estimated a dark current of 0.0023 electrons per pixel
and second or 8.23 electrons per pixel and hour. Since the clock
induced charge is a time constant offset, the dark current can be
more precisely estimated by fitting a linear model to dark image
data collected with different exposure times.

The CIC causes rare single pixel events. Individual events can
have moderately high image counts. It is one advantage of the
model presented here that it appropriately takes such events into
account. This can for instance affect feature detection methods
that compare the probability that there is a feature at a particular
location to the probability that there is only background and noise.

Conventional CCDs have a lower readout noise than
EMCCDs. That means EMCCDs lose their advantage over
conventional CCDs if the expected number of photons is high, see
e.g. [27]. At relatively high temperatures the contribution of the
dark current increases significantly. Since the number of photo-
electrons 1s low, the dark current would considerably contribute to
the image. Therefore, EMCCDs normally are operated at low
temperatures. We made the assumption that no spurious charge —
neither clock induced charge nor dark current — is created in the
EM register. As far as this assumption is valid, the model would be
unaffected by higher temperature, since it only would affect the
number of input electrons. However, in reality spurious charge
also 1s created in the EM register [13]. For the specification range
that we considered, our assumption is justified.

The temperature of the detector chip also affects the EM gain.
We did not measure the temperature dependency of the EM gain.
Technical notes of the chip manufacturer e2v [28] and CCD
manufactures suggest that the EM gain smoothly increases with
decreasing temperature. The chance to create an extra electron in
an EM register bin is very small. This is true for any temperature
and causes a high similarity for the underlying bin models, the
binomial distribution and the Poisson distribution. Taking into
account the smooth dependency, we do not expect the temper-
ature to change the principal way of functioning of the EM
register, but only to affect the values of the parameters. We would
therefore expect our model for the EM register to be valid for any
temperature. However anyone using the model should confirm
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this when determining parameters for their detector setup, taking
extra care if operating outside the manufacturer’s recommended
regime.

The distribution of image counts that result from a constant
light source of low intensity is not normal, as the examples in
figures 10 and 4 show. Under such circumstances the descriptive
parameters mean and standard deviation have questionable value
and to give intensity measurements as mean plus-minus standard
deviation can be misleading. The remarks about the gain setting
for photon counting experiments emphasize this. Even though the
expected number of image values per photon lies well above the
readout noise, many photons will yield much fewer image counts
and be concealed by the noise.

Materials and Methods

The images were taken with an Andor iXon+ EMCCD with
a CCD97 detector chip from e2v [28] using 10M Hz readout rate,
30ms exposure time and 0.5us vertical clock speed at —80 C
sensor temperature. Simulations were done using R. Matlab was
used to aid the derivation of the equations. The parameter
estimation was implemented in C++. The optimisation of the
maximum likelithood was done using MultiNest [29].

We simulated the EM register with s=536 stages (the number
of stages of the CCDY97 chip) with two models. In the first model
we assumed that the number of electrons released in one stage by
each incoming electron is governed by a Poisson distribution,
P(k; 2), where k is the number of created electrons and A the
emission rate or expected number of electrons created by a single
incoming electron. For n incoming electrons we have to calculate
the convolution of 7 Poisson distributions with the same emission
rate, which is simply a Poisson distribution where the emission rate
is multiplied by the number of electrons, i.e. we model each stage
with P(k;n/). The second model assumes that each incoming
electron can release one electron by impact ionisation, thus that
the number of emitted electrons in a single stage is governed by
a binomial distribution, B(k;n,p) where k is the number of new
electrons, n the number of incoming electrons and p the
probability of impact ionisation. The probability density function
for the simulation of the EM register can be expressed as

P(”ernie,saq)= § P(m;nie,sfI,Q)D("oe*m;m,Q) (45)
(m; 10.9) {1 = (46)
m; 1,V,q9)=
P D=0 m=1

where D is either the binomial distribution, D(k;n,p)= B(k;n,p),
or the Poisson distribution D(k;n,A)= P(k;nAi).

Acknowledgments

We are grateful to Christopher Tynan for critically reading the manuscript.

Author Contributions

Conceived and designed the experiments: M. Hirsch RW M. Hobson DR.
Performed the experiments: M. Hirsch. Analyzed the data: M. Hirsch RW.
Contributed reagents/materials/analysis tools: M. Hirsch RW MM-F DR.
Wrote the paper: M. Hirsch DR.

January 2013 | Volume 8 | Issue 1 | e53671



References

1.

16.

Ober RJ, Ram S, Ward ES (2004) Localization Accuracy in Single-Molecule
Microscopy. Biophys J 86: 1185-1200.

Sergé A, Bertaux N, Rigneault H, Marguet D (2008) Dynamic multiple-target
tracing to probe spatiotemporal cartography of cell membranes. Nat Methods 5:
687-94.

. Abraham AV, Ram S, Chao J, Ward ES, Ober R] (2009) Quantitative study of

single molecule location estimation techniques. Opt Express 17: 23352-23373.

. Hughes J, Fricks J, Hancock W (2010) Likelihood inference for particle location

in fluorescence microscopy. Ann Appl Stat 4: 830-848.

. Huang F, Schwartz SL, Byars JM, Lidke Ka (2011) Simultaneous multiple-

emitter fitting for single molecule super-resolution imaging. Biomed Opt Express

2: 1377-93.

. Diakonis P, Efron B (1983) Computer-intensive methods in statistics. Sci Am

248.

. Daigle O, Carignan C, Gach JL, Guillaume C, Lessard S, et al. (2009) Extreme

faint flux imaging with an EMCCD. Proc SPIE 5499.

. Tulloch S (2004) Photon counting and fast photometry with L3 CCDs. Proc

SPIE 5492.

. Zhang L, Neves L, Lundeen JS, Walmsley IA (2009) A characterization of the

single-photon  sensitivity of an electron multiplying charge-coupled device.
J Phys B At Mol Opt Phys 42.

. Basden AG, Haniff CA, Mackay CD (2003) Photon counting strategies with low-

light-level CCDs. Mon Not R Astron Soc 345.

. Tubbs RN (2004) Lucky exposures: Diffraction limited astronomical imaging

through the atmosphere. Observatory 124.

. Robbins MS, Hadwen BJ (2003) The noise performance of electron multiplying

charge-coupled devices. IEEE Trans Electron Devices 50.

. Plakhotnik T, Chennu A, Zvyagin AV (2006) Statistics of single-electron signals

in electronmultiplying charge-coupled devices. IEEE Trans Electron Devices 53:
618-622.

. Hughes J, Fricks J, Hancock W (2010) Likelihood inference for particle location

in fluorescence microscopy. Ann Appl Stat 4.

. Korevaar MA, Goorden MC, Heemskerk JW, Beekman FJ (2011) Maximum-

likelihood scintillation detection for em-ccd based gamma cameras. Phys Med
Biol 56: 4785-48001.

Rolfe DJ, McLachlan CI, Hirsch M, Needham SR, Tynan CJ, et al. (2011)
Automated multidimensional single molecule fluorescence microscopy feature

detection and tracking. Eur Biophys J 40: 1167-1186.

PLOS ONE | www.plosone.org

13

20.

21.

23.

24.

26.

27.

28.

29.

Stochastic Model for EMCCD

. Daigle O, Gach JL, Guillaume C, Carignan C, Balard P, et al. (2004) L3CCD

results in pure photon counting mode. Proc SPIE 5499.

. Barret HH, HunterWC, Miller BW, Moore SK, Chen Y, et al. (2009)

Maximum-likelihood methods for processing signals from gamma-ray detectors.
IEEE Trans Nucl Sci 56: 725.

. Mortensen KI, Churchman LS, Spudich JA, Flyvbjerg H (2010) Optimized

localization analysis for single-molecule tracking and super-resolution microsco-

py. Nat Methods 7.

Andor Technology. Unravelling Sensitivity, Signal to Noise and Dynamic Range
EMCCD vs CCD. Available: http://www.emccd.com/what-is-emccd/

unraveling-sensitivity/. Accessed 2012 Jul 4.

Hamamatsu Photonics. Electron Multiplying Charge-Coupled Devices

(EMCCDs). Available: http://learn.hamamatsu.com/articles/emccds.html. Ac-

cessed 2012 Jul 4.

. Mullikin J, Vliet LV, Netten H, Boddeke F, der Feltz GV, et al. (1994) Methods

for CCD camera characterization. Proc SPIE 2173.

Ulbrich MH, Isacoff EY (2007) Subunit counting in membrane-bound proteins.
Nat Methods 4: 319-321.

Clarke DT, Botchway SW, Coles BC, Needham SR, Roberts SK, et al. (2011)
Optics clustered to output unique solutions: A multi-laser facility for combined
single molecule and ensemble microscopy. Rev Sci Instrum 83.

5. Andor Technology. Longevity in EMCCDs. Available: http://www.andor.com/

pdfs/longevity-in-emceds.pdf. Accessed 2012 Jul 4.

Sharma D (2006) EMCCD camera technology advances. New EMCCD camera
offers 16-bit quantitative stability for ratiometric imaging. Imaging &
Microscopy 4.

O’Grady A (2006) A comparison of EMCCD, CCD and emerging technologies
optimized for low light spectroscopy applications. In: Proc SPIE. SPIE, volume
6093, 60930S-60930S-9.

e2v technologies CCD97-00 Back Illuminated 2-Phase IMO Series Electron
Multiplying CCD  Sensor. Available: http://www.e2v.com/products-and-
services/high-performance-imaging-solutions/imaging-solutions-cmos-ccd-
emccd/datasheets/. Accessed 2012 Jul 4.

Feroz F, Hobson MP, Bridges M (2009) MultiNest: an efficient and robust
Bayesian inference tool for cosmology and particle physics. Mon Not R Astron
Soc 398.

January 2013 | Volume 8 | Issue 1 | e53671



