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Abstract

Recent theory in causal inference has provided concepts for mediation analysis and effect
decomposition that allow one to decompose a total effect into a direct and an indirect effect. Here,
it is shown that what is often taken as an indirect effect can in fact be further decomposed into a
“pure” indirect effect and a mediated interactive effect, thus yielding a three-way decomposition
of a total effect (direct, indirect, and interactive). This three-way decomposition applies to
difference scales and also to additive ratio scales and additive hazard scales. Assumptions needed
for the identification of each of these three effects are discussed and simple formulae are given for
each when regression models allowing for interaction are used. The three-way decomposition is
illustrated by examples from genetic and perinatal epidemiology, and discussion is given to what
is gained over the traditional two-way decomposition into simply a direct and an indirect effect.

There has been considerable interest in methodology for mediation analysis and effect
decomposition of a total effect into direct and indirect effects. The recent causal inference
literature has allowed for such effect decomposition even in the presence of interactions and
in nonlinear models.1~13 The counterfactual quantities used to define these direct and
indirect effects accommodated interaction, even at the individual level.2:2 However, the
presence of such interaction has led to more than one way to decompose the total effect into
a direct effect and indirect effect, depending precisely on how the interaction was accounted
for.1.14 This article shows that a further decomposition is possible: one can decompose a
total effect into a direct effect, an indirect effect, and an interactive effect. This further
decomposition makes clearer the role of interaction when questions of mediation and
pathways are of interest.

The article is structured as follows. We first review definitions for natural direct and indirect
effects and discuss issues concerning interaction in these decompositions. We then consider
a difference scale and give a new three-way decomposition at the individual counterfactual
level of a total effect into direct effect, indirect effect, and interactive components. The
identification of these effects follows standard arguments; the three-way decomposition
itself is novel. Following this, we show how a similar decomposition can be achieved for
ratio scales. We then illustrate how this three-way decomposition can be carried out using
simple regression models. In the following section, we revisit two examples of mediation
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analysis in which direct and indirect effects were estimated and carry out the three-way
effect decomposition in these settings. We close with discussion of the implications of the
results in this article for our understanding of pathways and mediation.

NATURAL DIRECT AND INDIRECT EFFECTS

Let A denote the exposure of interest, Y'the outcome, M a potential mediator, and Ca set of
baseline covariates. We let Y, and M, denote, respectively, the values of the outcome and
mediator that would have been observed had the exposure A been set to level g let Yy,
denote the value of the outcome that would have been observed had A been set to level &,
and Mto m. Suppose we compare two levels of the exposure, aand a*; for binary exposure,
we would have a= 1 and a*= 0. The controlled direct effect, comparing exposure level A=
ato A= g and fixing the mediator to level m, is defined by Y, — Y+ and captures the
effect of exposure A on outcome Y; intervening to fix AMto m; it may be different for
different levels of 72.12 It may also be different for across persons. The natural direct
effectl:2 is defined as Yamg< Ya*n,«and differs from controlled direct effects, in that the
intermediate M is set to the level M, the level that it would have naturally been under some
reference condition for the exposure, A = a* Similarly, the natural indirect effect can be
defined as Y/~ Yanm,» Which compares the effect of the mediator at levels M, and M«on
the outcome when exposure is set to A = a. For the natural indirect effect to be nonzero, the
exposure would have to change the mediator and that change in the mediator would have to
change the outcome; natural indirect effects thus capture formally our notion of mediation.
Defined thus, for a binary exposure, these three effects would be: Y7, — Yo for the
controlled direct effect, Y14~ Yony, for the natural direct effect, and Y14~ Y144 and for
the natural indirect effect. Natural direct and indirect effects have the property that a total
effect, ¥1 — Yp, decomposes into a natural direct and indirect effect:

Y1=Yo= Yinn = Yomo=(Yinn = Yimo)+(Yimo~ Yom); the decomposition holds even when
there are interactions and nonlinearities.

Because the direct and indirect effects above are counterfactual quantities, we in general will
not be able to compute these for any person in the population, but under certain assumptions,
we might hope to be able to estimate them on average. The expected values of three effects,
conditional on the covariates C= ¢, are defined by: £] Y14~ YonlCl, £] Yiamn~ Yomglc], and
EL Y1~ Y1implcl, respectively. Under certain no-confounding assumptions, the average
controlled direct effect, natural direct effect, and natural indirect effect, conditional on the
covariates, are identified by the data. For causal diagrams interpreted as nonparametric
structural equation models,1° the following four assumptions suffice to identify natural
direct and indirect effects from data?: (i) the effect the exposure A on the outcome Y'is
unconfounded conditional on C; (ii) the effect the mediator M on the outcome Y'is
unconfounded conditional on C; (iii) the effect the exposure A on the mediator Mis
unconfounded conditional on C; and (iv) there is no effect of the exposure that itself
confounds the mediator-outcome relationship. If we let X1l ¥Y{.Zdenote that X is independent
of Yconditional on Z then these four assumptions stated formally in terms of counterfactual
independence are the following: (i) Yz»AL G, (i) YanMU{LA,C}, (iii) MLLA/C, and (iv)
Yamll M| C. Average controlled direct effects conditional on Care identified by
assumptions (i) and (ii) alone; natural direct and indirect effects are identified by
assumptions (i)—(iv). Some additional technical conditions referred to as consistency and
composition are also needed to relate the observed data to counterfactual quantities. The
consistency assumption in this context is that when A = g, the counterfactual outcomes Y,
and M, are equal to the observed outcomes Yand M, respectively, and that when A = gaand
M= m, the counterfactual outcome Y, is equal to Y. The composition assumption is that
Y7 Yam, Further discussion of these assumptions is given elsewhere.#16 Note that
assumption (iv) requires that there is no effect of the exposure that itself confounds the
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mediator-outcome relationship. This assumption would hold in Figure 1 but would be
violated in Figure 2.

Avin et all” have shown that natural direct and indirect effects are not identified from data in
Figure 2 or whenever there is a variable (such as L) that is affected by exposure that in turn
confounds the mediator-outcome relationship, irrespective of whether data are available on
this exposure-induced confounder.

The natural direct and indirect effects defined above are referred to by Robins and
Greenland? as “pure direct effects” and “total indirect effects,” respectively. Robins and
Greenland use the terminology “pure” and “total” because there are different ways of
decomposing an overall effect into direct and indirect effects component. Above, we
decomposed the overall or total effect as follows: Y1- Y= Y144~ Yormo=(Y1an~ Yimp)*+
(Yimy~ Yom)- For the natural direct effect, Y1440~ Yons,, We compared average outcomes
under exposure versus no exposure, in both cases setting the mediator to what it would have
been in the absence of exposure. We might instead compare exposure to no exposure, Nnow
in both cases setting the mediator to what it would have been in the presence of exposure.
This would be the counterfactual contrast Y34~ Yo Likewise in the decomposition
above, for the natural indirect effect, Y34~ Y14y, We compared average outcome when
exposure is set to present and the mediator is set to the level it would have been with versus
without exposure. We might instead compare average outcome when exposure is set to
absent and the mediator is set to the level it would have been with versus without exposure.
This would be the counterfactual contrast Yz~ Yo, Robins and Greenland refer to
Yim— Yom as the “total direct effect” and Y34~ Yy @s the “pure indirect effect,” in
contrast to the pure direct effect and total indirect effect considered above. We also then
have an alternative effect decomposition of an overall effect: Y1-Yo=( Y104~ Yorn)+
(Yo~ Yomg)- We can thus decompose an overall, Y1 - Yy, either into a total indirect effect
and a pure direct effect, (Y144~ Y1a0)+(Y1am~ Yomp), OF into a total direct effect and a pure
ir]l?irect effect, (Y= Yorn)+( Yo~ Youm)- See also the Table for the definition of these
effects.

The pure and total terminology used by Robins and Greenland? essentially arises from
different ways of accounting for an interaction. When we decompose an overall or total
effect into a pure direct effect and a total indirect effect, the indirect effect “picks up” the
interaction; the pure in pure direct effect effectively indicates that the direct effect does not
pick up the interaction. When we decompose an overall effect into a total direct effect and a
pure indirect effect, the direct effect picks up the interaction; the pure in pure indirect effect
effectively indicates that the indirect effect does not pick up the interaction (see Hafeman?8
for illustration of this point in the sufficient-cause framework). We thus have two different
decompositions depending on how we account for the interaction. Traditionally, the
decomposition has been into the pure direct effect and the total indirect effect. This was
arguably, in part, because of historical reasons as this decomposition was the one initially
suggested by Pearl; however, under certain “monotonicity” assumptions, the total indirect
effect, in contrast to the pure indirect effect, would also give more evidence for the actual
operation, rather than just the presence, of mediating mechanisms.1920 |n some cases, one
decomposition may be preferred to another on substantive grounds, as they constitute
different effects and different decompositions are answering different questions.2? In other
cases, deciding between the two may be less clear. The two decompositions remain, and
there is some level of arbitrariness or ambiguity in choosing between them. Again, this
ambiguity of the choice between the two essentially arises from different ways of accounting
for interaction. In the next section, we show that this ambiguity can be eliminated by a three-
way decomposition of a total effect into three components: (i) a pure direct effect, (ii) pure
indirect effect, and (iii) an interactive effect.
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A THREE-WAY DECOMPOSITION OF A TOTAL EFFECT INTO DIRECT,
INDIRECT, AND INTERACTIVE EFFECTS

For simplicity, we will consider the setting of a binary exposure and binary mediator. A
more general decomposition for categorical or continuous exposure and mediator is given in
the Appendix. For binary exposure A, binary mediator A/, and outcome Y, we show in the
Appendix that we have the following decomposition:

Y1 = Yo=(Y,y, = You, )+ Yo, = You )+ (X1 = Yio — Yor+Yoo) (M1 — Mo) (1)

My
The first term in this decomposition is the pure direct effect considered in the previous
section. The second term in this decomposition is the pure indirect effect considered in the
previous section. The third term in this decomposition, (Y11 = Y10 — Yo1 + Yoo) (M1 — Mp),
is the product of an additive interaction between the exposure and the mediator on the
outcome, (Y11 — Y10 — Yo1 + Yoo), and the effect of the exposure on the mediator, (M —
Mp). This interactive effect will be nonzero if and only if it is both the case that the exposure
has some effect on the mediator, (M — Mp) # 0, and if the additive interaction contrast, ( Y71
- Y10 - Yo1 + Yoo), is nonzero. We might thus refer to this interactive effect as a “mediated
interactive effect.” The contrast (Y11 — Y10 — Yo1 + Yoo) is a counterfactual measure of
additive interaction. It is considered in more detail elsewhere.22-25 It can be rewritten as
(Y11= Yoo) — {(Yi0 + Yoo) + (Yo1 — Yoo)}- It will be nonzero for a person if the effect on
the outcome of setting both the exposure and the mediator to present differs from the sum of
the effects of having only one of the exposure or the mediator present. In the Appendix, it is
shown that this mediated interactive effect is equal to the difference between the total
indirect effect and the pure indirect effect, (Y144~ Y1010)—(Yorn = Yoar); the mediated
interactive effect is also equal to the difference between the total direct effect and the pure
direct effect. The three-way decomposition above and the mediated interactive effect
essentially resolve the ambiguity above concerning the choice between decomposition into a
pure direct and total indirect effect, or a total direct and pure indirect effect. The ambiguity
was created by different ways of accounting for interaction. Instead of specifically assigning
such interaction to either the direct effect or the indirect effect, we can simply account for it
separately.

The decomposition above in equation (1) applies at the individual counterfactual level. We
have considered average direct and indirect effects conditional on the covariates above. The
average interactive mediation effect conditional on covariates C= ¢ could likewise be
defined as: A[( Y11 — Y10~ Yor + Yoo)(My — Mp)|cl. Under the assumptions (i)—(iv) above
(specifically, Yaml_lMa*a|C), we can give a somewhat similar decomposition for the average
effect conditional on C

E[Y\=Yy |cI=E[Y,,, — Y, [cI+E[Y,, — Y, |cI+E[Y11 = Yio — Yor+Yoo|c]E[M; — Mo|c].2 ()

M

The first expression in the decomposition is the average pure direct effect conditional on the
covariates C. The second term in this decomposition is the average pure indirect effect
considered conditional on the covariates C. The third term in the decompasition is the
product of the average causal interaction conditional on covariates C, £[ Y11 — Y10~ Yo1 +
Yoolcl, and the average effect of the exposure on the mediator conditional on covariates C,
E[ My — Mp|c]. As shown in the Appendix, what assumption (iv) essentially gives us here is
that the average “mediated interactive effect” is simply equal to the product of the average
additive interaction and the average effect of the exposure on the mediator, that is, £[( Y11 —
Y10 = Yo1 + Yoo) (M1 = Mp)lc] = E1(Y11 = Y10 = Yor + Yoo)lclEIM1 — Mp)ld].
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In the Appendix, it is also shown that under assumptions (i)—(iv) the average pure direct
effect, pure indirect effect, and mediated interactive effect, conditional on covariates C= ¢
are identified from data by the following empirical expressions:

E[Y,, - YOM“|c]=Zm{E[Y|A=1,m, ¢l — E[Y|A=0, m, c]}P(m|A=0, ¢)

1M

E[Y s, = You, |c]=ZmE[ YIA=0, m, c|{P(mlA=1, ¢) — P(m|A=0, c)}

oM,
E[ (Y11 —Y10—Yo1+Y00)(M1 — My)lc]={E[ Y|A=1, M=1,c) - E[Y|A=1, M=0,¢)

—E[Y|A=0, M=1, )+ E[ Y|A=0, M=0, ¢)} x {E[ M|A=1,¢) — E[ M|A=0, c]}

The identification of these effects follows standard arguments already in the literature?; it is
the three-way decomposition itself that is novel. In a subsequent section, we will illustrate
the estimation of these three effects using regression models.

It was noted above that when using a two-way decomposition of a total effect into a direct
and an indirect effect, there was ambiguity in how this was done and in the manner in which
interaction was accounted for. The total effect could be decomposed into the sum of a total
indirect effect and a pure direct effect or into a pure indirect effect and a total direct effect.
The three-way decomposition arguably lends support to the approach of using the total
indirect effect and the pure direct effect. This is because the total indirect effect is itself
composed of the pure indirect effect and a mediated interaction. If the indirect effect that we
use in a two-way decomposition of a total effect into direct and indirect effects is to capture
the entirety of the effect that is in some sense mediated, then it arguably ought to include the
mediated interaction as well. Fortunately, it is the decomposition of a total effect into a total
indirect effect and a pure direct effect that has most often been used in practice and in
software and, as noted above, there are other theoretical arguments for sometimes preferring
this particular decomposition.1920 However, again, with the three-way decomposition, one
need not decide between alternative two-way decompositions and alternative approaches to
account for interaction. The mediated interactive effect can be left as its own component in
the decomposition.

A THREE-WAY DECOMPOSITION ON THE RATIO SCALE

Thus far, we have been considering the definition of these direct, indirect, and interaction
effects on a difference scale. Often in epidemiology, risk ratios or odds ratios are used for
convenience, ease of interpretation, or to account for study design. Direct and indirect

effects have also been considered on risk ratio and odds ratio scales.>12 For example, we

could define the conditional total effect risk ratio by RR”“=E[ ¥;|c]/E[ Yo|c). We could
likewise define the pure direct effect risk ratio by RRZ“=E [ Yy, Ic]/E[ Y,y Ic] and the pure

indirect effect risk ratio by RRL*=E[ Yoy, lcl/E[ Y,y Icl. As shown in the eAppendix (http:/
links.lww.com/EDE/A651), we then have the following decomposition for the excess
relative risks:
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E[Y, lc] E[Y, | E[Y,
E[Y,,lc]  E[Y,,lcd]

]

(RRTE—1)=(RRE— 1)+ (RRIE~1)+ ( L EY,, |c]) o

On the left-hand side of this equation, the term (RR’* — 1) is the excess relative risk for the
total effect. On the right-hand side of the equation, we have a three-way decomposition. The
first term in this decomposition is the excess relative risk for the pure direct effect, the
second term is the excess relative risk for the pure indirect effect, and the final term could be
interpreted as a measure of mediated excess relative risk due to interaction. We will refer to
this quantity as RER/ megiatea: When using a ratio scale, epidemiologists will sometimes use
a quantity called the “relative excess risk due to interaction”2® or the “interaction contrast
ratio.”22 The causal relative excess risk due to interaction if A7 were binary would be defined
as:

RERImm,:E[Ynlc] _ E[Yygle]  E[Yoic]
E[Yoolc]l  E[Yoolc] — E[Yoolcl

+1.5 (5)

It assesses whether there is additive interaction but does so using ratios. The mediated
relative excess risk due to interaction in equation (4) is analogous to the regular causal
relative excess risk due to interaction in equation (5) but with replacing m=1and m=0in
equation (5) with My and My, respectively, in equation (4). It is shown in the eAppendix
(http://links.lww.com/EDE/A651) that the RER/ jegjareq 1S equal 1o RER/ q547times a
scaling factor. However, the interpretation of RER/ ;egiateq @S @ mediated interaction is
somewhat weaker on the ratio scale than on the difference scale because on the ratio scale
we have only a three-way decomposition for average effects, whereas on the difference scale
the decomposition in equation (1) held at the individual counterfactual level.

In any case, analogous to the decomposition for the total effect defined on a difference scale,
we can decompose the excess relative risk for a total effect into the sum of the excess
relative risk for the pure direct effect, the excess relative risk for the pure indirect effect, and
the mediated relative excess risk due to interaction:

(RRI® — 1)=(RRY* — 1)+(RRE — 1)+ RERLediarea  (6)

These quantities are similarly all identified under assumptions (i)—(iv); estimation of direct
and indirect effect risk ratios is described elsewhere.>12 Similar decompositions would hold
also for an odds ratio scale. In the eAppendix (http:/links.lww.com/EDE/AG51), we
describe a simple estimation approach for the ratio scale using regressions that allow for
interaction. Likewise, in the eAppendix (http:/links.lww.com/EDE/A651), we discuss how
similar three-way decompositions hold for direct and indirect effects for hazard ratios,-11
allowing one to decompose the excess hazard ratio for a total effect into the sum of an
excess hazard ratio for the direct effect, an excess hazard ratio for the indirect effect, and the
hazard ratio equivalent of the mediated relative excess risk due to interaction.

One final point is perhaps worth noting. Using odds ratios, which will approximate risk
ratios when the outcome is rare, VanderWeele and Vansteelandt® used a decomposition of a
total effect risk ratio (odds ratio) into a product of a pure direct effect risk ratio and a total
indirect effect risk ratio where the total indirect risk ratio would be defined as

RR'P=ELY,,, |c]/E[Y,, |c] so that RRTE=RRT'E x RRPE. VanderWeele and Vansteelandt
proposed as a measure of the proportion mediated on the risk difference scale the measure

RRPE(RRT'® - 1)
(RRTE — 1) - Itis shown in the eAppendix (http://links.lww.com/EDE/AG51) that the
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numerator in this quantity, RRPE(RRT'E — 1), is in fact equal to (RR'E — 1)+RERIcgiarear that
is, to the sum of the excess relative risk for the pure indirect effect plus the mediated relative
excess risk due to interaction. These are the latter two terms in the decomposition in
equation (6).

DIRECT, INDIRECT, AND INTERACTIVE EFFECTS WITH REGRESSION

Illustrations

Suppose that assumptions (i)—(iv) hold that Y’and Mare continuous and that the following
regression models for Yand M are correctly specified:

E[Yl|a, m, c]=00+08oa+6m+Gzam+6,c

E[ Mla, c]=Bo+B1a+Bc.

VanderWeele and Vansteelandt* derived expressions for natural direct and indirect effects
from these two regressions. However, as discussed above, we can further decompose such
effects into a pure direct effect, a pure indirect effect, and a mediated interactive effect. It is
shown in the eAppendix (http://links.lww.com/EDE/A651) that for exposure levels aand &~
the pure direct effect and pure indirect effect are given by:

E[ K:Mu* - YM*MM* |C]:{01 +93(B0+ﬁ1 a*+ﬁ,2c)}(a - a*)

ELY,,, = Y, Ic1=(0:81+6381a")(a — a*)

and the mediated interactive effect is given by

E[Y, -Y Y. +Y. |c]=6:Bi(a—da")a—d")

aMy aM a*Ma

The sum of the pure indirect effect and the mediated interactive effect is equal to
02B1+03P18*)(a-a*), which is the total indirect effect derived by VanderWeele and
Vansteelandt. If the exposure was binary, the pure direct, pure indirect, and mediated
interactive effects would, respectively, simply be: (81+63(Bo+B 2£[C])}, ©2B1 and 63B;.
Standard errors for estimators of these quantities could be derived using the delta method
along the lines of VanderWeele and Vansteelandt* or by using bootstrapping. In the
eAppendix (http://links.lww.com/EDE/AB51), we also derive similar expressions for a
binary outcome for the pure direct effect risk ratio, the pure indirect effect ratio, and the
mediated relative excess risk due to interaction.

We will consider two data examples using methods from causal mediation analysis to
decompose a total effect into natural direct and indirect effects. Here, we will revisit these
examples and give the three-way decompositions. VanderWeele et al?? used lung cancer
case-control data to examine the extent to which the effect of chromosome 15g25.1
rs8034191 C alleles on lung cancer risk was mediated by cigarettes smoked per day.
rs8034191 C alleles had been found to be associated with both smoking?82° and lung
cancer,39-32 hut there had been debate as to whether the effects on lung cancer were direct
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or mediated by smoking. Because the outcome, lung cancer, is rare, odds ratios approximate
risk ratios. Using lung case-control data and logistic regression models, controlling for sex,
age, education, restricting to white persons, and allowing for gene-by-smoking interaction, it
was found that comparing 2 to 0 C alleles gave a pure direct effect odds ratio of 1.72 (95%
confidence interval [CI] = 1.34-2.21), a total indirect effect odds ratio of 1.028 (0.99-1.07),
and a total effect odds ratio of 1.72 x 1.028 = 1.77 (1.38-2.26), with proportion mediated

RRPE(RRT™E — 1)/(RRT® — 1)=1.72(1.028 — 1)/(1.77 — 1)=6.3%. Most of the effect was
found to be not through increasing the number of cigarettes per day, that is, direct. The
indirect effect was not quite statistically significant but this may have been because of
limited sample size—the evidence for the effect of the variants on smoking in larger studies
is quite clear, but the effect size is quite small.33 If we now use the three-way decomposition
for risk ratios:

(RRLF — 1)=(RRY* = 1)+(RR!* — 1)+RERLycdiatea

we find, RRPE=1.72, RR'¥=1.014, and RER/pegjate~0.036. Thus, of the excess relative risk,
(1.77 = 1) = 0.77, for the total effect, (1.72 — 1)/0.77 = 93.7% is attributable to the pure
direct effect, (1.014 — 1)/0.77 = 1.7% is attributable to the pure indirect effect, and
0.036/0.77 = 4.6% is attributable to the mediated interaction; again the overall proportion
mediated is 1.7% + 4.6% = 6.3%. Of the mediated effect, which is itself a small proportion,
most of this mediated effect is attributable to the mediated interaction rather than a pure
indirect effect. In this case, there is little reason a priori to prefer either the pure indirect
effect or the total indirect effect to assess the substantive question of interest; in this case,
reporting the three-way decomposition may make the most sense.

In another example, Ananth and VVanderWeele3* examined the extent to which the effect of
placental abruption on perinatal mortality was mediated by preterm birth using National
Center for Health Statistics birth certificate files from 1995-2002. Allowing for potential
interaction between abruption and preterm birth and controlling for various
sociodemographic variables, Ananth and VVanderWeele found that the pure direct effect risk
ratio was 10.18 (95% CI = 9.80-10.58), the total indirect effect risk ratio was 1.35 (1.33-
1.38), and the total effect risk ratio was 10.18 x 1.35 = 13.76 (13.45-14.08), with proportion

mediated: RRPE(RRT'E — 1)/(RRTE - 1)=10.18(1.35 — 1)/(13.76 — 1)=28.1%. If we now use
the three-way decompasition for ratios:

(RRIF — 1)=(RRP*F — 1)+(RR!F — 1)+RERIsciiatea

we find RRPE=10.18, RR'F=2.47, and RER /I megiate~2.11. Thus, of the excess relative risk,
(13.76 - 1) = 12.76, for the total effect, (10.18 - 1)/12.76 = 71.9% is attributable to the pure
direct effect, (2.47 — 1)/12.76 = 11.5% is attributable to the pure indirect effect, and
2.11/12.76 = 16.6% is attributable to the mediated interaction; again, the overall proportion
mediated is 11.5% + 16.6% = 28.1%. From this analysis, we see that although a substantial
portion of the effect of abruption on infant mortality is mediated by increasing the likelihood
of preterm birth, it is the interaction between abruption and preterm birth in the majority of
these cases of mediation that brings about infant mortality.

Both these examples would require assumptions (i)—(iv) above held conditional on the
covariates, a point discussed again below. Discussion of these assumptions in their
respective substantive contexts can be found in VanderWeele et al?” and Ananth and
VanderWeele.34
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DISCUSSION

The principle behind the results in this article was to use the difference between the total
indirect effect and the pure indirect effect (or, equivalently, the total direct effect and pure
direct effect) as a measure of interaction, a mediated interactive effect. The interpretation of
this difference between two indirect effects as a measure of interaction required justification.
In the case of these effects defined as the difference of counterfactuals, the difference
between the total indirect effect and the pure indirect effect was, in fact, the product of a
causal interaction defined in terms of counterfactuals and the effect of the exposure on the
mediator. We thus referred to this effect as a mediated interactive effect. For this effect to be
nonzero for an individual person, an interaction had to be present and the exposure had to
have an effect on the mediator. We also saw that for conditional effects on the difference
scale, the conditional average of this mediated interactive effect could, under the assumption
of no exposure-induced mediator-outcome confounder, be expressed as the product of the
standard additive interaction contrast and the average conditional effect of the exposure on
the mediator. In the case of the ratio scale, the interactive effect (again ultimately arising
from taking the difference between a total indirect effect and a pure indirect effect) could be
interpreted as a mediated analogue of the relative excess risk due to interaction. Further
discussion of the three-way decomposition for hazard ratios®-11:35:36 or for direct and
indirect effects in the presence of a mediator-outcome confounder affected by exposure3’
are given in the eAppendix (http://links.lww.com/EDE/A651). In all these cases, the total
effect could thus be decomposed into a direct effect, an indirect effect, and an interactive
effect.

The chief difficulty in estimating the components of this three-way decomposition is the
strong assumptions required for their identification. These assumptions were no confounding
of the exposure-outcome, mediator-outcome, and exposure-mediator relationships,
conditional on the covariates, and further that there is no mediator-outcome confounder
affected by the exposure. These are strong assumptions; however, the assumptions for the
three-way decomposition are no stronger than those required to estimate direct and indirect
effects generally. Moreover, the extent to which violations of these assumptions would
affect inference can be assessed through sensitivity analysis for the pure direct and indirect
effects.68 Future research could perhaps also adapt sensitivity analysis for interactions3® to
extend such techniques to the mediated interaction considered in this article.

As noted above, and as has been done in the past, one could of course simply decompose a
total or overall effect into two components: the pure direct effect and the total indirect effect.
This raises the question of which of these decompositions is to be preferred—the two-way
or the three-way—and what it is that is ultimately of interest when we carry out effect
decomposition. The two-way decomposition is simpler, but the three-way decomposition
has the potential to give additional insight. It allows us to assess how much of the total
indirect effect is attributable to a mediated interaction versus a pure indirect effect. It makes
clearer the role of interaction in mediation analysis. A researcher interested in mediation and
effect decomposition should perhaps consider first whether the pure indirect effect or the
total indirect effect more closely corresponds to what might be the mediated effect of
interest. As has been pointed out previously, these two effects have different substantive
interpretations and one or the other may be useful in different contexts.2! In other cases,
however (such as perhaps the genetics example above), there may be no clear reason to
choose between the two. In such instances, no choice need be made; an investigator can
decompose the total effect into three components. In other cases, a researcher may want to
know what portion of a mediated effect requires also the joint operation of the exposure and
the mediator. In these cases, the three-way decomposition can give further insight into this
question, as was perhaps the case in the perinatal example above.
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In summary, then, a researcher who is interested in either the pure indirect effect or total
indirect effect on substantive grounds perhaps has no reason to pursue the three-way
decomposition. Alternatively, if the substantive setting is such that the choice between the
two seems arbitrary, or if further insight is desired into what portion of a mediated effect
requires the joint operation of the exposure and the mediator, then the three-way
decomposition might be pursued. Arguably, however, in the end, the use of a method should
be judged by the insight it gives into actual applications. Time and use over numerous data
examples will ultimately make clearer the extent to which the three-way decomposition
proposed in this article is helpful in practice.

Supplementary Material

Refer to Web version on PubMed Central for supplementary material.
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APPENDIX

We first show that the decomposition in equation (1) holds. As noted in the text, we can
decompose the total effect into a total indirect effect and a pure direct effect:

Y- YOZ(YlMl - Y1M0)+(Y]MO - YOMO)

By adding and subtracting the pure indirect effect, ( Yoas— Yoas), We obtain

Yy - YO:(YIMO - YOMO)+(Y1)M1 - Y()MO)"'{(YlMl - YIMO) - (Y()Ml - YOMO)}

The third quantity in this decomposition is the difference between the total indirect effect
and the pure indirect effect. This quantity is also equal to the difference between the total
direct effect and the pure direct effect, {( Y114~ Yorn)—(Yimgy= Yorr)}- We will consider
the value that this difference between the total indirect and the pure indirect effect,

(Yiam= Yimg)—(Yorn = Yon), might take under several different scenarios. If Mo=M, then
both indirect effects are 0 and so the difference is 0. If M =1 and My =0, then (M -
Mp)=1 and the difference will be ( Y11— Y10~ Yo1t+ Yo0)=( Y11~ Y10~ Y01t Yoo)(M1—Mp). If
M=0 and Mp=1, then M;—My=-1 and the difference will be

(= Y11+ Yaot+ Y01~ Y00)=( Y11~ Y10~ Yo1t+ Y00) (M1~ Mp). Thus, the difference (Y1~ Y1ap)-
(Yorn = Yom) is always equal to (11— Y10~ Yo1+ Yoo) (M1~ Mp) and we have (as above):

Y1 = Yo=(Y,yy = You )+ You, = You )+ (Y11 = Y10 = Yor+Yoo) (M — Mo) (7

We will now establish the decomposition in equation (2) for conditional effects. We will in
fact establish a more general result for an arbitrary exposure and mediator (not restricting to
binary exposure and mediator). We have that £] Y~ Y,4c]

E[ YMMM _Yu*Mu lc]+EL Yu*Ma _Yu*Mu* lcI=El YuMu* _Ya*Md* lc]+EL Ya*Mu _Yu*Mu* leI+EL YuMu _Yu*Mu le]-El YaMu* _Yu*Mu* lel}
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where the first quantity is the conditional pure direct effect, the second is the conditional
pure indirect effect, and the third is the difference between the conditional total direct effect
and the conditional pure direct effect. Under assumption (iv) that Y,;M,1.X; we have that
this difference is:

{E[Y,, - 7Y

a*Ma

|C] - E[YuMM* - Yu*Mu* |C]}

=mE[Yum — Yormlc|P(My=mlc) — wE[ Y — Yormlc]P(My+=ml|c)

=mE[Yum — a*mlc]{P(Ma:mlc) - P(M, =m|c)}

=mE[ Yam = Yarm — Yam*+Ya*m*|c]{P(Ma:m|C) - P(Ma*=m|c)}

where m=«is an arbitrary value of M, and where the first equality follows by iterated
expectations, the second by assumption (iv), and the fourth because for some fixed level of

17, LY ol {AMe=m1 €)= AM =) }=0, and [ YasmA{AM=mlc)-AMz*=m
0)}=0. Thus, for arbitrary exposure and mediator, under assumption (iv) we have the
decomposition of the conditional effect:

Y

Ma My lc]

E[Y, - Yolc|=E[Y,, . = Y., |cI+E[Y,
+mE[Yum - Ya*m - Yam*+Ya*m*|c]{P(Ma:m|c) - P(Ma*ZmIC)}
where the first term is the pure direct effect, the second is the pure indirect effect, and the

third is a mediated interactive effect. If we consider binary exposure and mediator with
a=1,a*=0,n7=0, we have

mE[Y1im — Yy, — Yio+Yoolc{P(M1=m|c) — P(My=ml|c)}

=mE[Yim = Yomlc{P(M1=m]c) — P(Mo=m|c)}

=E[Y11 = Yoilc{P(M =1|c) — P(Mo=1|c)}

+E[Y10 — Yoolc{P(M1=0lc) — P(Mo=0lc)}

=E[Y11 — Yo1lc{P(M1=1|c) — P(Mp=1|c)}
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+E[Y10 — Yoolcl[1 = P(M1=1|c) — {1+P(Mo=1|c)}]
=E[Y11 = Yo1lc{P(M1=1]|c) — P(Mo=1|c)}
—E[Y19 = Yoolc{P(M1=1|c) — P(Mo=1|c)}

=E[Y11 = Y10 — Yor+YoolcHE[ Milc] — E[ Molc)}

and so we have

E[Y1=Yolc]=E[Y,,, =Yy, lcI+ E[ Yy, =Yy, lcl+E[ Y11= Yi0=Yo1+YoolcIE[ M1 —Molc],2  (g)

thus establishing the decomposition in equation (2).

For the identification formulae in equation (3), under assumptions (i)—(iv) that

ELY,y = You, |c]=zm{E[Y|A=1,m, ¢l — E[Y|A=0, m, c]}P(m|A=0, ¢)

ElY, - YOMO Ic]=ZmE[ Y|A=0,m, cl{P(m|A=1, ¢) — P(m|A=0, c)}

oM

has been established elsewhere.2 We have shown above that under assumption (iv),

E[(Y11 = Y10 — Yo1+Y00) (M1 — Mo)lc]=E[ Y11 — Y10 — Yo1+Yoolc]E[ M1 — Mo|c]

and under assumptions (i) and (ii) the first term in this product is equal to { /] Y]A=1,M=1,c]
- Y|A=1,M=0,c]-£] Y)]A=0,M=1,c]+ £ JA=0,M=0,c]} and under assumption (iii) the
second term in this product is equal to A{MA=1,c]-E[ MA=0,c], thus establishing the
identification formulae in equation (3).
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C > A > M

FIGURE 1.
Mediation with exposure A, outcome Y, mediator M, and confounders C.
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FIGURE 2.
Mediation with a mediator-outcome confounder L that is affected by the exposure.

Epidemiology. Author manuscript; available in PMC 2014 March 01.

Page 16



1duasnuey Joyiny vd-HIN 1duasnue Joyiny vd-HIN

wduosnue Joyiny vd-HIN

VanderWeele

Table

Counterfactual Definitions of Direct and Indirect Effects

Effect Counterfactual definition
Total indirect effect (Yo Yim)
Pure direct effect (Y~ Yom)
Pure indirect effect (Yorn~ Yomp)
Total direct effect (Yo~ Yo

Mediated interaction

(Y11= Y10~ Yor + Yoo) (Mi—Mp)
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