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Abstract

It has been widely believed that the non-negativity and the piecewise-constant constraints
guarantee a unique solution to an interior tomographic problem. This letter points out that if the
number of views is finite, the non-negativity and the piecewise-constant constraints do not
guarantee a unique solution to an interior tomographic problem and the reconstruction could be
biased by a constant polygon.
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[. Introduction

Interior tomography is an underdetermined problem; solutions in general are not unique.
Many constraints can be applied so that a useful solution can be obtained among these
solutions (Natterer 1986, Pan at al 2005, Defrise et al 2006, Chen et al 2008). One way to
select a useful solution is to impose the restrictions that i) the reconstructed image is non-
negative, and ii) the reconstructed image is piecewise constant. The piecewise-constant
constraint is encouraged usually by using an iterative algorithm to minimize an 4 norm of
the gradient or the total variation (TV) of the solution image.

In some recent papers (Yu and Wang 2009, Yu et al 2009) we learn that if the object is
piecewise constant, the interior tomography problem is uniquely solvable by using total
variation (TV) minimization. The above papers assume a continuous image domain, a
continuous projection domain, and continuous angular sampling. This paper points out that
if the number of views is finite, many different piecewise-constant images can generate the
same set of projection data.

Il. An Example of Finite Angular Sampling

In this section, an example of finite angular sampling is presented to demonstrate that the
reconstruction is not unique with truncated projections. The truncated projections are
acquired at NV (say, NV=4) views uniformly sampled over 180°, as shown in Fig. 1. The
projection values are equal to 1 in the untruncated central region for all views. The ROI
(region-of-interest) is the common FOV (field-of-view) of all views.
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Many sizes of uniform octagons can be a solution of this problem (two of them, Octagon #1
and Octagon #2, are shown in Fig. 1 and any octagon larger than the shaded octagon is also
a solution), as long as the linear density of the octagon is 1/L, and the side length d'is at least
the length of the detector. The image within ROI is identical to a constant 1/L. Those two
octagons in Fig. 1 are both non-negative and piecewise-constant and both satisfy the same
set of projection data. Therefore, the non-negativity and piecewise-constant constraints do
not guarantee a unique solution. Extra information may be needed to ensure a unique
solution. For example, if the average ROI value were given or a pixel value within the ROI
were known, this information could be used (Kudo et al 2008).

If the data are truncated, the number of views is A/ over 180°, and the octagon side-length is
d, the minimum flat-to-flat diameter L of the polygon is given by

d

tan (ﬁ) @

If the projection value is 1, any positive constant value less than or equal to 1/L can be a
solution to the interior problem, and 1/L is defined as

L=

Currently it is not clear whether there are other non-negative, piecewise-constant solutions
than the uniform polygons satisfying the projections. Therefore, it is not guaranteed that the
value 1/L given in (2) is the upper bound of the bias.

The potential bias value 1/L is related to the projection value. In this counter example, the
projection value is assumed to be 1. If the projection value is p, then the upper bound of the
bias will be p/L.

lll. A Remedy for this polygon-type bias

There may be many other (possibly even piecewise constant) null functions. The polygon-
type constant bias can be easily removed. For example, one can choose a relatively large
number N of view angles over 180°, and (1) implies that a large L is required to form the
bias-causing polygon. If the image support is smaller than L, the bias-causing polygon
(which is the large polygon shown in Fig. 2) cannot be formed. In fact, in practice this
number A/ can be a very reasonable value. For example, if /=30, (1) gives d/L=5.2% This
implies that even in the highly truncated situation where the detector width is 5.2% of the
full image width with only 30 view angles, the polygon-type null space function can be
forbidden.

The practical importance of this is that most applications of interior tomography would
acquire a sufficient number of angles so that this non-uniqueness effect is never observed.
However, one must be aware of the non-uniqueness problem if the number of views is small
and/or the data are severely truncated (which results in a small ROI).

V. Conclusions

The examples presented consider the uniqueness issue of the interior problem in
tomography, with the non-negativity and piecewise-constant constraints. We must point out
that the general non-uniqueness of a tomographic problem with finite views is well-known
(Natterer 1986, Louis and Rieder 1989), and the general non-uniqueness issue (even without
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any data truncation) is due to the null-space function with high-frequency oscillation at the
edge/boundary of an object. When we restrict that the objects and the solutions must be
piecewise constant, the oscillation induced non-uniqueness phenomenon is ruled out. We
claim that for a non-negative and piecewise-constant object, if the number of views is finite
the solution to the interior problem is not unique even with the non-negative and piecewise-
constant constraints. The presentation herein alerts the imaging engineers for potential

image bias. The null-space functions may not be restricted to the constant polygons.
However, the polygon-type bias can be removed easily by, for example, knowing one image
value within the ROI, or using a sufficient number of views and a tight image support so that
the polygon-type null space function cannot be formed.

This paper presents an example of null space functions that still exist with the non-negative
and piecewise-constant constraints. This would mean that the result is applicable to arbitrary
projections (not just constant projections). If a set of arbitrary truncated projections p(£0),
with fand 6 being linear and angular coordinates, can be decomposed into two parts: a
constant “C” plus “p(£6)-C”, one can attempt to reconstruct two images, one by using “C’
and the other one by using “p(£6)-C’. The final image is the sum image of these two
reconstructions. It is clearly that the image reconstructed by using “C” is not unique.

References

Chen G-H, Tang J, Leng S. Prior image constrained compressed sensing (PICCS): a method to
accurately reconstruct dynamic CT images from highly undersampled projection data sets. Med.
Phys. 2008; 35:660-663. [PubMed: 18383687]

Defrise M, Noo F, Clackdoyle R, Kudo H. Truncated Hilbert transform and image reconstruction from
limited tomographic data. Inverse Problems. 2006; 22:1037-1053.

Kudo H, Courdurier M, Noo F, Defrise M. Tiny a prior knowledge solves the interior problem in
computed tomography. Phys. Med. Biol. 2008; 53:2207-2231. [PubMed: 18401067]

Louis AK, Rieder A. Incomplete data problems in x-ray computed tomography |I: truncated
projections and region-of-interest tomography. Numer. Math. 1989; 56:371-383.

Natterer, F. The Mathematics of Computerized Tomography. John Willey, B. G. Teubner; New York,
Leipzig: 1986.

Pan X, Zou Y, Xia D. Image reconstruction in peripheral and central regions-of-interest and data
redundancy. Med. Phys. 2005; 32:673-684. [PubMed: 15839339]

Yu H, Wang G. Compressed sensing based interior tomography. Phys. Med. Biol. 2009; 54:2791—
2850. [PubMed: 19369711]

Yu H, Yang J, Jiang M, Wang G. Supplemental analysis on compressed sensing based interior
tomography. Phys. Med. Biol. 2009; 54:N425-N432. [PubMed: 19717891]

Zeng GL, Gullberg GT. Null-space function estimation for the interior problem. Phys. Med. Biol.
2012; 57:1873-1887. [PubMed: 22421269]

Phys Med Biol. Author manuscript; available in PMC 2014 March 07.



1duosnuey JoyIny vd-HIN 1duosnuey JoyIny vd-HIN

1duosnuei\ Joyiny Vd-HIN

Zeng and Gullberg

Page 4

Fig. 1.
An example of an octagon object with a varying size shows that the interior tomography
problem is not unique with a finite number of views.
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Fig. 2.

If the number of angles is large enough, L will be large enough so that there exists an image
support that contains the object (patient) but is within the polygon of diameter L. No bias-
causing polygons are able to form within the image support.
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