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ABSTRACT The eukaryotic cell cycle is characterized by alternating oscillations in the activities of cyclin-dependent kinase
(Cdk) and the anaphase-promoting complex (APC). Successful completion of the cell cycle is dependent on the precise,
temporally ordered appearance of these activities. A modest level of Cdk activity is sufficient to initiate DNA replication, but
mitosis and APC activation require an elevated Cdk activity. In present-day eukaryotes, this temporal order is provided by
a complex network of regulatory proteins that control both Cdk and APC activities via sharp thresholds, bistability, and time
delays. Using simple computational models, we show here that these dynamical features of cell-cycle organization could emerge
in a control system driven by a single Cdk/cyclin complex and APC wired in a negative-feedback loop. We show that ordered
phosphorylation of cellular proteins could be explained by multisite phosphorylation/dephosphorylation and competition of
substrates for interconverting kinase (Cdk) and phosphatase. In addition, the competition of APC substrates for ubiquitylation
can create and maintain sustained oscillations in cyclin levels. We propose a sequence of models that gets closer and closer
to a realistic model of cell-cycle control in yeast. Since these models lack the elaborate control mechanisms characteristic of
modern eukaryotes, they suggest that bistability and time delay may have characterized eukaryotic cell divisions before the
current cell-cycle control network evolved in all its complexity.
INTRODUCTION
Progression through the eukaryotic cell cycle is a classic
example of temporal and spatial organization in the per-
petuation of life. In one stage of the cell cycle, called the
S phase, the cell replicates its genetic material and packs
the two identical sister chromatids into chromosomes. At
a later stage, these replicated sister chromatids are segre-
gated to opposite poles of the predivisional cell, in a spatially
organized process called mitosis. A new round of DNA
replication should only take place in the next cycle, after
completion of the previous mitosis (M phase). Strict alterna-
tion of S and M phases is essential for successful cell prolif-
eration; therefore, the molecular mechanisms responsible
for temporal ordering of these two events are fundamental
for all eukaryotic life.

Both S and M phases are triggered by the phosphorylation
of cellular proteins required for DNA replication and
mitosis by cyclin-dependent kinases (Cdks). A Cdk is active
as a protein kinase only in complex with a regulatory
subunit, called cyclin. In present-day eukaryotes, different
Cdk/cyclin complexes are responsible for initiation of the
S and M phases, which suggests a qualitative model of
cell-cycle control. According to the qualitative model, the
temporal order of the S and M phases is a consequence of
alternating oscillations of at least two Cdk/cyclin complexes
with different substrate specificities. This might be true, but
it is difficult to reconcile with the fact that a single Cdk/
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cyclin complex (Cdk/cyclin-B) can provide perfect
temporal order in the eukaryotic cell cycle (1–3). This
observation led to the proposal of a quantitative model of
cell-cycle control according to which the oscillation of
a single Cdk activity between low and high values is the
only fundamental requirement for ordered cell-cycle
progression provided that small Cdk activity is sufficient
to trigger DNA replication but higher activity is required
to bring about the M phase (1–5). Since phosphorylation
of S- and M-phase substrates is a reversible process counter-
acted by protein phosphatases (PPases), there are two
(possibly overlapping) explanations for the quantitative
model: S-phase substrates may have higher affinities for
Cdk than do M-phase substrates, or they may be less suscep-
tible to counteracting PPase activities. The presence of large
amounts of S and M substrates of the interconverting
enzymes (Cdk and PPase) could create a competition among
the substrates, and this competition for Cdk and PPase could
be the underlying mechanism responsible for temporal
ordering of the S and M phases (in the quantitative model).
This competition is further amplified by the fact that several
Cdk target proteins are phosphorylated on more than one
site (multisite phosphorylation) (6,7). Hence, the several
hundred Cdk targets with multiple phosphorylation sites
can easily account for an overall concentration of Cdk phos-
phosites in the millimolar range (6).

Although Cdk activity is dominant from the start of DNA
replication until the meta/anaphase transition of mitosis,
the ubiquitin-ligase activity of the anaphase-promoting
complex (APC) is dominant for the rest of the cell cycle
(from mitosis through G1 until the next S phase). The
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APC is a molecular machine that drives chromosome segre-
gation and exit from mitosis by targeting securin and
mitotic cyclins for degradation (8). Similar to Cdks, the
APC also modifies many cellular proteins and targets
them for proteasome-dependent degradation. In addition,
ubiquitylation by the APC is also a multistep process,
because the substrates must be polyubiquitylated (in more
than four places) to be recognized by the proteasome.
Therefore, competition for substrates can also signifi-
cantly influence the dynamics of APC-dependent protein
degradation (9).

In this work, we explore the role of substrate competition
with respect to these two fundamental cell-cycle regulators,
Cdk and APC. We ask the question, what are the emergent
properties of a dynamical network when the substrates
of Cdk and APC compete with each other? Our work is
strongly influenced by theoretical work on substrate com-
petition in specific signal-transduction pathways (10) and
in more general settings (11,12).
FIGURE 1 Scheme of a minimal model for the ordered progression

of DNA replication and mitosis. (A) Model containing two groups of

substrates (S and M) that can each be phosphorylated once by a Cdk/cyclin

complex. Phosphorylation of S promotes progression into DNA replica-

tion, whereas phosphorylation of M brings about the entry into mitosis.

The dynamics of the model is based on substrate competition between

S and M for phosphorylation by Cdk and between SP and MP for dephos-

phorylation by PPase. In this version of the model, as well as in all models

of this study, the kinetics of phosphorylation/dephosphorylation are

described by a Goldbeter-Koshland switch (13). (B and C) Bifurcation

diagrams of the phosphorylated substrates for DNA replication, SP (B),

and mitosis, MP (C), as functions of Cdk activity. In both cases, low

Cdk activity results in low levels of SP and MP (the G1 state), whereas

high Cdk activity promotes full phosphorylation of S and M (the

S/G2/M state). For intermediate Cdk activity, the model exhibits bistability

in the phosphorylation of S and M. As Cdk activity rises from 0.1 to

0.25 along the lower branch of the bistable switch, the S substrates become

significantly phosphorylated (B), whereas the M substrates remain un-

phosphorylated (C), which suggests that cells enter the S phase (DNA

synthesis) before they commit to mitosis. However, as soon as Cdk activity

exceeds ~0.26, M substrates are abruptly phosphorylated and the cell

enters mitosis. Parameter values for the simulations are given in Section 1

of Supplement 1 in the Supporting Material.
RESULTS

Competition between two groups of substrates
for Cdk and its counteracting PPase

Case 1: singly phosphorylated substrates

We categorize the numerous substrates of Cdk and its
counteracting PPase into two groups, S substrates and M
substrates, and we assume that with respect to their inter-
converting enzymes, substrates in one group have similar
kinetic properties, which are different from the properties
of the other group. S represents substrates that must be
phosphorylated (or dephosphorylated) for S-phase progres-
sion, whereas M indicates the group of substrates whose
phosphorylation state is crucial for progression through
mitosis (Fig. 1). Our grouping is independent of whether
phosphorylation activates or inhibits the substrates. For
example, we imagine that both DNA-replication licensing
factors (e.g., Cdc18 and Cdt1), which are inhibited by
Cdk phosphorylation, and replication initiator proteins
(e.g., Sld1), which are activated, belong to the S group
of substrates. Initially, we consider the case where both
pools of substrates are singly phosphorylated and dephos-
phorylated by Cdk and PPase, according to Michaelis-
Menten kinetics. The unphosphorylated forms (S and M)
and the phosphorylated forms (SP and MP) mutually inhibit
each other’s interconversion in a competitive manner
(Fig. 1).

Note that the letters S and M refer to several different
ideas, depending on context. The S phase and M phase
are temporally separate phases of the cell cycle, in which
DNA is synthesized and mitotic division is carried out,
respectively. S substrates and M substrates refer to proteins
that are phosphorylated and/or dephosphorylated during the
S phase and M phase of the cell cycle. The letters S and M
Biophysical Journal 104(6) 1367–1379
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(SP and MP) are the names of generic representatives of
S substrates and M substrates (or their phosphorylated
forms). In equations, S and M (SP and MP) represent the
concentrations (real numbers) of these proteins.

The kinetic equations describing the time evolution of the
concentrations of the phosphorylated forms of S and M are
given by

dSP
dt

¼ k1S � Cdk � S

K1S

�
1þ

�
M

K1M

��
þ S

� V2S

� SP

K2S

�
1þ

�
MP

K2M

��
þ SP

(1)

dMP M
dt
¼ k1M � Cdk �

K1M

�
1þ

�
S

K1S

��
þM

� V2M

� MP

K2M

�
1þ

�
SP
K2S

��
þMP

; (2)

where S ¼ ST – SP, M ¼ MT – MP, and ST and MT are
constants (total concentrations of S and M substrates). In
these equations, Cdk is the activity of Cdk/cyclin complex.

The definitions of the kinetic parameters used in our
calculations, together with their numerical values, are listed
in Supplement 1 of the Supporting Material. Since we
consider the PPase activity to be constant, we have included
it in the corresponding rate constants as maximal rates (V).
We scale the concentrations of both substrates (S and M)
and their Michaelis constants to the total concentration of
phosphoacceptor sites in the cell (substrate concentration
multiplied by the average number of phosphorylation
sites/substrate). Therefore, our total substrate concentra-
tions (ST and MT) are equal to 1, whereas the Michaelis
constants are �1. Because the Michaelis constants are
all �1, the phosphorylation and dephosphorylation reac-
tions in our models behave as Goldbeter-Koshland switches
(13). As a consequence, the extent of phosphorylation of
S and M substrates is an ultrasensitive function of the ratio
of activities of Cdk and PPase. In all the models proposed
here, the phosphatase activity is considered to be constant.
Thus, the extent of phosphorylation of S and M substrates
is only a function of Cdk activity. We assume a constant
activity of the phosphatase for the sake of simplicity, to
keep the models as minimal as possible. However, it is
known that phosphatase activities are regulated in present-
day eukaryotic cell cycles. For example, the activity of
PP2A-B55 plays a key role in the Greatwall pathway regu-
lating mitosis in higher eukaryotes (14,15), and the activity
of Cdc14 phosphatase is critical for mitotic exit in budding
yeast (16).
We find that competitive inhibitions among substrates of
two Goldbeter-Koshland switches create a bistable response
in terms of substrate phosphorylations (Fig. 1). We illustrate
the bistable behavior on one-parameter bifurcation diagrams
for both SP (Fig. 1 B) and MP (Fig. 1 C) as functions of Cdk
(the bifurcation parameter). Both Cdk substrates stay
unphosphorylated at small values of Cdk, whereas both of
them get fully phosphorylated at high values. However,
the phosphorylation threshold is much sharper for M
substrates than for S substrates. Both types of sub-
strate get dephosphorylated below a certain Cdk activity
threshold, which is smaller than the phosphorylation
threshold. Observe that the dephosphorylation threshold is
sharper for S substrates than for M substrates. Between
the two thresholds, both low- and high-phosphorylation
steady states coexist and the system is said to be bistable.
The difference in the sharpness of the two thresholds influ-
ences the dynamics of phosphorylation and dephosphory-
lation of the two types of substrate. Indeed, when Cdk
activity rises, S substrates get phosphorylated earlier than
M substrates, whereas when Cdk activity falls, the opposite
is true.

Using a model for the double phosphorylations of MAP
kinases, Kholodenko and colleagues predicted a similar
bistable response (10,17). The difference between our
model and that of Kholodenko is that we consider two
different substrates phosphorylated at one site each, whereas
they studied double phosphorylation of a single substrate
(MAP kinases).

In summary, two groups of competitive monophos-
phorylated Cdk substrates can create a bistable switch
with coexisting barely and fully phosphorylated states, but
the fully phosphorylated states of S and M substrates are
mostly overlapping, as functions of Cdk activity.

The minimal model proposed in Fig. 1 might be suffi-
cient to explain the ordered progression of the S and M
phases, if phosphorylation of only a fraction of S sub-
strates is sufficient to trigger DNA replication, whereas
most M-phase substrates must be phosphorylated to enter
mitosis. However, in the next section, we will see that,
under more realistic assumptions, it is possible to achieve
more robust, ordered progression from DNA replication
to mitosis.

Case 2: doubly phosphorylated substrates

Allowing for double phosphorylation of S and M substrates,
we construct a network (Fig. 2) of coupled Kholodenko-
type bistable switches. Unphosphorylated and monophos-
phorylated substrates are competing for phosphorylation
by the kinase Cdk, whereas the monophosphorylated and
doubly phosphorylated substrates are competing for dephos-
phorylation by the counteracting PPase.

The kinetic equations describing the time evolution of the
unphosphorylated forms of S and M, and the doubly phos-
phorylated forms (SPP and MPP) are given by Eqs. 3–6.
Biophysical Journal 104(6) 1367–1379



FIGURE 2 A model for the ordered progression of DNA replication and

mitosis based on double phosphorylation of S and M substrates. (A) A

kinase, Cdk, can phosphorylate twice the substrates required for DNA

replication, S, and mitosis, M. The unphosphorylated (S and M) or mono-

phosphorylated (SP and MP) substrates compete for phosphorylation by

the kinase, while the monophosphorylated and twice-phosphorylated

(SPP and MPP) substrates compete for dephosphorylation by the counter-

acting PPase. (B and C) Bifurcation diagrams of SPP and MPP as functions

of Cdk activity. As Cdk activity increases from 0, the system passes through

two domains of bistability. At the edge of the first domain (Cdkz 0.06), the

S substrates become fully phosphorylated and the cell commences DNA

replication. Only later, when Cdk activity increases beyond the edge of

the second bistability domain (Cdk z 0.24) do the M substrates become

fully phosphorylated, at which point the cell enters mitosis. Parameter

values for these simulations are given in Section 2 of Supplement 1 in

the Supporting Material.
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The monophosphorylated forms are calculated from the
conservation equations

SP ¼ ST � S� SPP and MP ¼ MT �M �MPP:

Supplement 1 of the Supporting Material provides the
numerical values of the kinetic parameters used in our
calculations. As before, the steady-state responses of SPP
and MPP are illustrated on bifurcation diagrams (Fig. 2,
B and C), using Cdk as the bifurcation parameter (assuming
constant activity of PPase). Competition between the
two substrates for Cdk and PPase creates bistability, as in
the monophosphorylated case. However, in this case, the
thresholds for phosphorylation and dephosphorylation of
S and M substrates are different, which creates two domains
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of bistability with four saddle-node bifurcation points
(P1, P2, D1, and D2). Therefore, when Cdk activity is
rising, the DNA replication substrates (S) get doubly phos-
phorylated above P1, whereas the mitotic substrates stay
unphosphorylated. Double phosphorylation of M substrates
requires Cdk activity to pass a higher threshold (P2). This
difference in the phosphorylation thresholds could explain
why cells initiate DNA replication earlier than they enter
into mitosis.

In Fig. 3, we show that whereas the singly-
phosphorylated-substrates model (Fig. 1 A) exhibits a single
domain of bistability (see Supplement 2 of the Supporting
Material: Domain of bistability for the singly phos-
phorylated substrates model), the doubly-phosphorylated-
substrates model (Fig. 2 A) exhibits two domains of
bistability. The single domain of bistability in Fig. 3 A
separates a region where the substrates for DNA replica-
FIGURE 3 Two-parameter bifurcation diagrams (k1M versus Cdk) for the

models in Figs. 1 and 2. (A) The model with singly phosphorylated

substrates has a single domain of bistability. (B) The model with doubly

phosphorylated substrates has two domains of bistability. Regions where

the steady-state levels of phosphorylated substrates (SP and MP in A and

SPP and MPP in B) are high or low are indicated. Other parameter values

used in these calculations are given in Supplement 1 of the Supporting

Material.
tion and mitosis are mainly unphosphorylated (for low
Cdk activity) from a region where they are mainly phos-
phorylated (for high Cdk activity). The two domains of
bistability in Fig. 3 B provide a more robust separation
of the phosphorylation of S-phase substrates from M-phase
substrates. Starting from a low level of Cdk, the first
domain of bistability delimits a region of low SPP from
a region of high SPP, whereas M stays mainly in an un-
phosphorylated state. The second domain of bistability
separates regions of low and high MPP. By allowing a
separation in the thresholds for S and M phosphorylation,
the two steps of substrate phosphorylation and dephosphor-
ylation improve the separation between the phases of DNA
replication and mitosis. Moreover, the model shows that
the bistability domains are enlarged, with two steps
of phosphorylation and dephosphorylation of S and M
substrates as compared to a single step (compare Fig. 3,
A and B).

Returning to Fig. 2, B and C, we observe that when Cdk
activity is dropping, the two groups of substrates get
dephosphorylated at different Cdk activities: M substrates
get dephosphorylated first (below D1), whereas SPP disap-
pears later (below D2). Because replication licensing factors
belong to the S-group of substrates, this temporal difference
in dephosphorylation can explain why cells license replica-
tion origins only after they exit from mitosis. Indeed, the
relicensing of replication origins only after Cdk activity
drops below a low threshold is critical for the subsequent
rise in activity to trigger S-phase onset and hence for the
proper alternation of the S and M phases.

This temporal ordering of phosphorylation and dephos-
phorylation of S and M substrates requires an oscillation
of Cdk activity, which we discuss in the next section.
Competition between APC substrates can create
an important time delay

Case 1: competition-dependent oscillations

APC gets activated during mitosis, because it is one of the
M-phase substrates of Cdk (18). Active APC polyubiquity-
lates many proteins, which targets them to proteasome-
dependent degradation and thereby drives the cell out of
mitosis. However, successful exit from mitosis requires
the degradation of only two proteins in budding yeast cells
(19) and fruit fly cells (20). One of these proteins is cyclin
B (CycB), which is required for Cdk activity in mitosis.
CycB degradation destabilizes the mitotic state by inacti-
vating Cdk, which results in APC inactivation as well.
The other protein is securin, an inhibitor of anaphase sepa-
ration of sister chromatids. Securin degradation releases
separase, a protease that cleaves a component of the
cohesin complex that holds together the sister-chromatid
pairs. In this section, we develop a model assuming that
securin and CycB competitively inhibit each other for
Biophysical Journal 104(6) 1367–1379



FIGURE 4 A minimal, embryonic-type cell-

cycle oscillator. (A) Scheme of a three-variable

oscillator based on negative feedback between

Cdk/cyclin and APC. Cdk ensures the phosphoryla-

tion of APC, which then promotes the degradation

of Cdk/cyclin. A time delay is introduced by

competitive inhibition between Cdk/cyclin and

securin for polyubiquitylation by APC. (B) Time

course of sustained oscillations of Cdk/cyclin,

securin, and the phosphorylated form of APC. (C)

The limit cycle (closed curve) is projected onto

the Cdk/cyclin versus APCP plane. The arrow indi-

cates the direction of motion along the limit cycle.

Black curves are the Cdk/cyclin and APCP null-

clines. (D) Bifurcation diagram. APCP as a function

of the rate of synthesis of Cdk/cyclin, Vscdk. Solid

curves indicate stable steady states (for low and

high values of Vscdk) and stable limit cycles (for

intermediate values of Vscdk); dashed curves indi-

cate unstable steady states and unstable oscilla-

tions. (E) Cdk/cyclin and securin nullclines when

APCP is considered as a parameter. Parameter

values for the simulations are given in Section 3

of Supplement 1 in the Supporting Material.
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APC-dependent degradation (Fig. 4 A). That securin and
CycB compete with each other for APC-dependent ubiqui-
tylation has been demonstrated experimentally in mouse
oocytes (21).

The kinetic equations describing the time evolution
of the Cdk/CycB complex (Cdk), of the phosphorylated
form of APC (APCP), and of securin (Sec) are given by
Eqs. 7 to 9:

dCdk

dt
¼ Vscdk � kd1cdk � Cdk � kdcdk � APCP

� Cdk

Kdcdk

�
1þ

�
Sec

Kdsec

��
þ Cdk

(7)
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dAPCP

dt
¼ k2APC � Cdk � APC

K2APC þ APC
� V1APC

APCP
�
K1APC þ APCP

(8)

dSec
dt
¼ Vssec � kd1sec � Sec� kdsec � APCP

� Sec

Kdsec

�
1þ

�
Cdk

Kdcdk

��
þ Sec

; (9)

with the conservation equation
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APC ¼ APCT � APCP:

Supplement 1 in the Supporting Material shows the list of
parameters together with their numerical values used in

our simulations in Fig. 4. Since (we assume) securin is
a better APC substrate than CycB, securin delays CycB
degradation (Fig. 4 B), which creates a time delay in the
negative-feedback loop between Cdk/CycB and the APC.
This time-delayed negative-feedback loop generates oscilla-
tions in CycB and securin levels and in APC activity
(Fig. 4 B). In the absence of securin the two-component
negative-feedback loop cannot show sustained oscillations
(not shown).

A projection of the limit cycle on the Cdk-versus-APCP

phase plane is illustrated in Fig. 4 C. The APCP nullcline is
sigmoidal, because the APC is regulated by a Goldbeter-
Koshland switch. A threshold characterizes the Cdk
nullcline, because securin is the preferential APC substrate
(Fig. 4 E). Indeed, securin is degraded more rapidly
than Cdk when the level of APCP increases. Sustained oscil-
latory behavior, corresponding to cell-cycle progression,
appears only in a certain range of CycB synthesis rate (Vscdk),
as illustrated by the one-parameter bifurcation diagram in
Fig. 4 D. A similar dynamical behavior is observed with
the rate of synthesis of securin, Vssec (not shown). The
fact that the model oscillates only in a particular window
of Vscdk or Vssec values suggests that appropriate levels of
Cdk/cyclin and securin are needed to ensure that the time
delay in the negative-feedback loop is consistent with sus-
tained oscillations.

Case 2: competition-independent oscillations

So far, we have a minimal cell-cycle oscillator, based
on competitive inhibition between CycB and securin for
APC-dependent degradation. Next, we extend the minimal
model by including double phosphorylation of APC. In
this case, there is competitive inhibition between the
different phosphoforms of APC for phosphorylation by
Cdk/cyclin and dephosphorylation by PPase (Fig. 5 A).
This extended model also exhibits sustained oscillations
(Fig. 5 B). In the extended model, securin degradation is
no longer necessary for sustained oscillation (Fig. 5 C),
because APC behaves as a bistable switch in response to
changing Cdk activity (Fig. 5, D and E). Indeed, bistability
generates a hysteretic response, which creates a time delay
in the dynamic network that can compensate for the absence
of securin (22). Superimposed on the bistable switch are
the limit-cycle oscillations (closed curves) of the model in
the presence (Fig. 5 D) or absence (Fig. 5 E) of securin.
We observe that the limit cycle surrounds completely
the bistable switch in the presence of securin, whereas it
does not reach the upper branch of the bistable switch
in the absence of securin. The fact that securin is not
needed for sustained oscillations and repetitive cycling is
in agreement with experimental observations that securin
is not necessary for cell-cycle progression in yeasts (23)
or mammalian cells (24).

The role of securin in the dynamics of the negative-
feedback oscillator model with double phosphorylation of
APC is illustrated in one-parameter bifurcation diagrams
(Fig. 5, F and G). Although securin is not needed for the
limit-cycle oscillations, securin increases the amplitude of
oscillations because it extends the time delay. To our
knowledge, there is no experimental evidence that securin
influences the amplitude of CycB oscillations.

In conclusion, a minimal model of cell-cycle regulation,
based on the Cdk-APC negative-feedback loop, can exhibit
sustained oscillations due to time delays that come from
three different sources:

1. competitive inhibition between securin and cyclin for
APC-dependent degradation;

2. a bistable switch in the phosphorylation state of APC;
3. inhibitory phosphorylation of Cdk/CycB complexes, a

mechanism that is not discussed here, but see Novak
and Tyson (25).
A substrate competition model for eukaryotic
cell-cycle oscillations

Combining our models for ordered progression through
DNA replication and mitosis (Fig. 2) and for a minimal
cell-cycle oscillator (Figs. 4 and 5), we now propose a simple
model for cell-cycle regulation based on competition of
substrates for phosphorylation by Cdk and ubiquitylation
by APC (see Fig. 6 A). This model incorporates two groups
of substrates, one required for DNA replication (S) and one
for mitosis (M), and a resetting mechanism for inactivation
of Cdk/CycB at the end of mitosis due to the aforemen-
tioned negative-feedback loop. To this end, we assume
that APC is one of the M-phase substrates of Cdk and PPase.

A characteristic feature of cell division in growing cells is
that they divide as often as they double their cytoplasmic
mass (balanced growth and division). To capture this feature
of cell-cycle control, we make the rate of cyclin synthesis
proportional to cell mass, which (we assume) is increasing
exponentially. We also assume that cell mass is halved
when Cdk activity drops below a certain threshold at the
end of mitosis. Observe that in this model, in addition to
the negative feedback between Cdk/cyclin and APC, there
is a second negative-feedback loop between cell mass and
Cdk activity, because cell growth drives increased CycB
synthesis, whereas Cdk activation in mitosis eventually
leads to a reduction in cell mass at division.

Time courses of S, SPP, APCPP, Cdk, Sec, and cell mass are
shown in Fig. 6 B. Although this model generates growth-
controlled oscillations in cell-cycle regulators and their
substrates (Fig. 6 B), the duration of the G1 phase, when
Cdk activity is low, is much too short. To understand
the dynamical basis of these oscillations, we performed
Biophysical Journal 104(6) 1367–1379



FIGURE 5 Minimal oscillator with two steps

of phosphorylation and dephosphorylation of M

substrates (namely, APC). (A) Schematic diagram.

Cdk/cyclin phosphorylates M and MP, and the

doubly phosphorylated form of M (MPP) promotes

the degradation of Cdk/cyclin. The different phos-

phoforms of M compete for phosphorylation by

Cdk and dephosphorylation by PPase. (B and C)

Time evolution of Cdk/cyclin, securin, and MPP

in the presence or absence, respectively, of securin.

(D and E) For the cases with and without securin,

the limit cycle (closed curve) is projected onto

the APCPP-versus-Cdk/cyclin phase plane. The

S-shaped curve is the APCPP nullcline. For inter-

mediate values of Cdk/cyclin, a region of bist-

ability is present in the phosphorylation state of

APC, whether or not securin is present. Arrows

indicate the direction of motion along the limit

cycle. (F and G) Bifurcation diagrams for MPP

versus Vscdk in the presence or absence, respec-

tively, of securin. Solid curves indicate stable

steady states or maxima and minima of the sus-

tained oscillations, and dashed curves indicate

unstable states. With securin present, the limit-

cycle region is bounded by a SNIC bifurcation at

Vscdk z 0.005 and a Hopf bifurcation at Vscdk z
0.15. In the absence of securin, sustained oscilla-

tions are still possible, and in this case, the limit-

cycle region is bounded by two Hopf bifurcations.

Parameter values for the simulations are given

in Section 4 of Supplement 1 in the Supporting

Material.
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bifurcation analysis of the regulatory proteins as functions
of cell mass (Fig. 6, C–E). The bifurcation diagrams reveal
stable limit cycles arising at a supercritical Hopf bifurcation
Biophysical Journal 104(6) 1367–1379
and growing quickly to large amplitude just beyond the
bifurcation point. For small cell mass, the model is charac-
terized by a stable steady state corresponding to cell-cycle



FIGURE 6 A model of Cdk oscillations with

sequential activation of DNA replication and

mitosis. (A) Schematic diagram, combining the

basic features of Figs. 2 A and 4 A. Two types of

substrate competition are present in this model:

1), competitive inhibition between the different

phosphoforms of S and M substrates for Cdk and

its counteracting PPase; and 2), competitive inhibi-

tion between Cdk/cyclin and securin for ubiquity-

lation by active APC (APCPP). Growth control of

the cell cycle is incorporated by assuming that

the rate of synthesis of Cdk/cyclin is proportional

to the mass of the cell. (B) Time courses of Cdk/

cyclin, S, SPP, APCPP, securin, and cell mass. In

these simulations, mass increases exponentially

with a doubling time of 190 time units. The rate

of cyclin synthesis, Vscdk in Eq. 7, is multiplied

by mass to couple cyclin accumulation to cell

growth. Binary cell division is assumed to occur

when Cdk drops below a chosen threshold (0.02)

at the end of mitosis. Phosphorylation of S,

i.e., initiation of DNA replication, precedes phos-

phorylation of APC, i.e., entry into mitosis.

(C–E) Bifurcation diagrams of Cdk/cyclin, SPP,

and APCPP are shown as functions of cell mass,

considered as a parameter. Solid curves indicate

stable steady states or maxima and minima of

the sustained oscillations, dashed curves indicate

unstable states, and closed curves indicate cell-

cycle trajectory from B. Parameter values for the

simulations are given in section 5 of Supplement 1

in the Supporting Material.
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arrest. Superimposing the cell-cycle trajectories (Fig. 6 B)
on the bifurcation diagrams (Fig. 6, C–E, closed curves)
indicates that cells are cycling in the limit-cycle domain
above the bifurcation point. Since the cycle time is iden-
tical to the mass doubling time, these cycles are growth-
controlled, but they lack a bona fide size-control checkpoint.
A size-control checkpoint represents a steady state that
blocks cell-cycle oscillations until a critical size is reached
(see below). In this network, the period of the oscillation
is cell-mass dependent, which allows balanced growth and
division.

Nongrowing, quiescent cells usually arrest in the G1
phase of the cell cycle without any Cdk activity, but this
model has a stable steady state of low Cdk activity only at
vanishingly small cell mass, because after exiting from
mitosis, APC turns off in response to the drop in Cdk
Biophysical Journal 104(6) 1367–1379
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activity, and the inactivation of APC allows cyclin to rise
again. However, in present-day eukaryotes, an APC regu-
lator, called Cdh1, gets activated by dephosphorylation at
mitotic exit. Active Cdh1 promotes the degradation of
cyclin and securin (see Fig. 7 A), whereas Cdk/cyclin
Biophysical Journal 104(6) 1367–1379
inhibits Cdh1 by phosphorylation. This double-negative-
feedback loop (Cdh1 degrades cyclin, Cdk/cyclin inhibits
Cdh1) gives rise to a stable G1-like steady state (Fig. 7 B)
characterized by a high level of dephosphorylated, active
Cdh1 (S substrate) and a low level of Cdk/cyclin. In effect,
FIGURE 7 Dynamical behavior of the final

model with Cdh1 as an S substrate. (A) Schematic

diagram. (B) Time courses of Cdk/cyclin, S

(Cdh1), SPP (Cdh1PP), APCPP, securin, and cell

mass. Notice that Cdh1 allows an extended G1

phase where S is unphosphorylated (compare

Fig. 7 B with Fig. 6 B). In this case, terms for

Cdk degradation by Cdh1, kdcdk2 � Cdk � S, and

for securin degradation by Cdh1, kdsec2 � Sec� S,

are added to Eqs. 7 and 9, respectively. (C–E)

Bifurcation diagrams of Cdk/cyclin, SPP, and

APCPP are plotted as functions of cell mass,

considered as a parameter. Superimposed on these

bifurcation diagrams are the limit-cycle oscilla-

tions (closed curve) in B. Parameter values for

the simulations are given in section 5 of Supple-

ment 1 in the Supporting Material.
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Cdh1 is as an amplifier of APC function. Once APC
becomes active, Cdk activity falls due to the degradation
of cyclin by APC. The reduction in Cdk activity allows
dephosphorylation and activation of Cdh1, which takes
over the APC’s role of degrading cyclin and securin.

This G1-like steady state is evident in the bifurcation
diagrams (Fig. 7, C–E) for the network in Fig. 7 A. The
G1-like steady state gives way to large-amplitude limit-
cycle oscillations at a saddle node bifurcation point on an
invariant circle (SNIC) at cell mass z 0.21. Superimposing
the cell-cycle trajectories of Fig. 7 B on the bifurcation
diagrams indicates that in each cycle, the cell oscillates
back and forth across the SNIC bifurcation. As cell mass
increases during the G1 phase, the cell crosses this bifur-
cation point and enters transiently into a domain of sus-
tained oscillations. The level of Cdk/cyclin increases
during S/G2/M, eventually activating the APC. Once acti-
vated, the APC promotes degradation of Cdk/CycB, which
triggers cell division and resetting of the cell cycle back
to the G1-like steady state. In our experience, a SNIC
bifurcation provides more reliable growth control of the
cell-division cycle than does a Hopf bifurcation (26).
DISCUSSION

The eukaryotic cell cycle is controlled by alternating activ-
ities of Cdks and the APC. Cdk/cyclin complexes phosphor-
ylate proteins required for DNA replication (S phase) and
mitosis (M phase). APC-dependent ubiquitylation targets
proteins for degradation by the proteasome. Since both
Cdk and APC have numerous substrates in eukaryotic cells
and modify those substrates at multiple sites, it is reasonable
to assume competition among these substrates for their
catalysts. Numerous theoretical studies have stressed the
role of phosphorylation/dephosphorylation cycles and sub-
strate competition in cell signaling to promote bistable
behavior and ultrasensitive response (10,17,27–29). A study
based on both theoretical and experimental approaches also
showed that ultrasensitivity in the inactivation of the kinase
Wee1, a critical G2/M regulator of the cell cycle, could
emerge as a result of substrate competition (30). Inspired
by these studies, we have analyzed here the potential role
of substrate competition and/or multisite modification of
Cdk and APC substrates in the regulation of the eukaryotic
cell cycle.

First, we show that competition between two groups of
Cdk substrates, whose phosphorylations are required for
DNA replication (S) and mitosis (M), generates bistable
behavior (Figs. 1 and 2). In these models, the substrates
are competing for both of their interconverting enzymes,
Cdk and its counteracting PPase. We show that the number
of bistable domains is dependent on the number of phos-
phorylation sites on the substrates. With single-site phos-
phorylation of both S and M substrates, only one domain
of bistability is generated, with sharp kinase/phosphatase
thresholds. Hence, as Cdk activity rises and falls, both S
and M substrates are phosphorylated and dephosphorylated
simultaneously (Fig. 1). Therefore, a single competi-
tive phosphorylation/dephosphorylation cycle of S and
M substrates cannot explain the temporal separation of
DNA replication and mitosis during cell-cycle progression.
However, double phosphorylation of S and M substrates
can provide two domains of bistability with separate
phosphorylation/dephosphorylation thresholds of S and M
substrates (Figs. 2 and 3). The different thresholds could
explain why S and M substrates get phosphorylated at
different levels of rising Cdk activity, and hence why
DNA replication precedes mitosis. Furthermore, S-phase
substrates are dephosphorylated at a lower kinase/
phosphatase ratio than mitotic substrates, which could
explain why the block of rereplication is released only after
cells exit from mitosis.

These observations suggest that multisite phos-
phorylation of competitive S and M substrates is a possible
theoretical foundation of the so called quantitative model
for cell-cycle progression (2–5). The quantitative model is
supported by experimental observations showing that oscil-
lation of a single Cdk/cyclin fusion protein in fission yeast is
sufficient to trigger the major cell-cycle events in proper
sequence (3). These authors showed that DNA replication
commences in response to a low activity of Cdk/cyclin,
whereas mitosis requires Cdk/cyclin to cross a much higher
activity threshold (3).

We have also analyzed the dynamical consequences
of substrate competition and multisite phosphorylation
in case of APC-catalyzed polyubiquitylation of proteins,
which leads to their degradation by proteasomes. APC is
activated by Cdk/cyclin-dependent phosphorylation, and
one of its targets is cyclin itself, which creates a negative-
feedback loop. We show that this negative feedback can
drive sustained limit-cycle oscillations if

1. another APC substrate competitively inhibits cyclin
degradation (Fig. 4), or

2. the APC is activated by Cdk/cyclin-dependent multisite
phosphorylation (Fig. 5).

Since cyclin and securin are the only essential APC
substrates in yeast and Drosophila, we assume that securin
is delaying cyclin degradation. However, securin is not an
essential protein for cell cycle oscillations in yeast. Perhaps
some APC substrate other than securin is ubiquitylated
faster than cyclin and accounts for the time delay, but
more likely, the time delay is attributable to the fact that
APC activation requires Cdk-dependent phosphorylation
at numerous sites. If at least two of these sites are competing
for Cdk and PPase, then a bistable switch is created that
generates the required time delay for the negative feedback
to oscillate. We show that a combination of these two time-
delay mechanisms (competition of APC substrates and
APC multisite phosphorylation) creates a robust, periodic
Biophysical Journal 104(6) 1367–1379
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fluctuation of Cdk/cyclin activity that could be the heart of
the eukaryotic cell-cycle clock.

By combining this clock model with the model for
ordered phosphorylation of Cdk substrates, we create
a simple, effective model for the eukaryotic cell cycle. In
this model, the clock mechanism guarantees the fluctuation
of Cdk/cyclin activity between low and high values by
periodic activation of APC (Fig. 6). Rising Cdk activity
phosphorylates DNA-replication substrates (S) first and
mitotic substrates (M) later. Assuming that the rate of cyclin
synthesis is proportional to the size of the cell, the oscillator
adjusts its period to the mass doubling time. Therefore, cell
mass is doubled during the cell cycle and halved at cell
division.

To account for the extended G1 phase in most eukaryotic
cell cycles, we have supplemented the model with a role
for Cdh1-dependent activation of the APC after exit
from mitosis. At the G1/S transition, Cdh1 gets inhibited
by Cdk-dependent phosphorylation and stays inactive until
mitotic exit, when PPase activity prevails over Cdk. Since
the temporal profile of Cdh1 phosphorylation is identical
to that of S substrates, we identify active Cdh1 with un-
phosphorylated S substrates. With this simple extension,
the model describes G1 size-controlled cell cycles of
eukaryotes (Fig. 7).

Many experimental and theoretical studies have
emphasized the importance of these molecular regulatory
mechanisms for correct progression through the eukaryotic
cell cycle. These studies, pertaining to embryos (25,31–33),
yeast cells (34,35), and mammalian cells (36–44), have
amply demonstrated that cell-cycle progression is driven
by interlaced positive and negative-feedback loops in
the regulation of cyclin-dependent kinases. The model
proposed here suggests that cell-cycle regulation depends
on at least two levels of bistability, the first from positive-
feedback loops embedded in the molecular regulatory
network itself, and the second from the intrinsic kinetics
of competition between different substrates for protein
kinases or for ubiquitin ligases. From an evolutionary point
of view, because many of the sophisticated positive-
feedback loops in the regulatory mechanism were probably
missing in primitive cells, the second source of bistability
might have been of great importance for the ordered
progression of DNA replication and mitosis in the earliest
eukaryotes.
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