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Abstract
Leukocyte trafficking in the microvasculature during inflammatory response is known to involve
multiple adhesion molecules and is referred to as the leukocyte adhesion cascade (LAC). Surface-
bound selectins and their respective ligands are primarily responsible for tethering and rolling of
leukocytes over inflamed endothelium. Numerical modeling of this response is challenging due to
the nature of cell-cell interactions in Stokes flow (i.e., large domain of influence for each cell over
its neighbors). Here, we discuss a novel simulation capable of modeling several steps of the LAC.
The new model includes relevant contact and lubrication forces and extends a physics-based
model for single particle rolling interactions developed by Hammer and Apte (1992), for
multiparticle interactions by King and Hammer (2001a), and for deformable particles by Gee and
King (2006). We initially demonstrate the model for cell-cell collisions occurring near a planar
substrate, and for cell-substrate adhesive interactions. The adhesion studies provide a new
perspective of the contribution of Hertzian contact mechanics towards variations in contact area at
the cell-substrate interface. The results confirm that interfacial contact area will increase as a result
of the contact formulation and that this mechanism may enhance cell rolling interactions for cells
driven towards endothelium by cell-cell collisions. As a result of cell compliance, rolling velocity
may decrease significantly, compared to noncompliant cells.
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I. INTRODUCTION
The innate immune response involves the recruitment of leukocytes that migrate to the site
of injury. This response includes rolling-adhesion, firm-adhesion, chemotaxis, and
transmigration. Previously, it was demonstrated that a firmly adherent rigid cell could recruit
circulating cells via “hydrodynamic recruitment” (King and Hammer, 2001a, b). This has
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been shown experimentally in cell-free assays (King et al., 2001) and is supported by
measurements of leukocyte capture in vivo using hamster cheek pouch (Lee and King,
2006). Here, we present a novel simulation and numerically investigate cell-substrate and
near-wall cell-cell collisions between deformable particles. Cell deformation is widely
considered to play an important biological role in inflammation by modulating rolling
velocity. The resulting deformation and subsequent increase in area at the cell-substrate
interface is hypothesized to enhance secondary recruitment. This mechanical factor will be
evaluated numerically in a future study. Blood is a non-Newtonian fluid with erythrocytes,
leukocytes, and thrombocytes suspended in viscous plasma. Following the pioneering work
of Fröhlich and Sack (1946), a variety of computational techniques have been developed to
solve problems involving immersed objects. Methods including volume of fluid and
immersed boundary method have been used to simulate blood flow. However, such domain-
based methods are computationally expensive since they necessitate a complete
discretization of the fluid domain. Our strategy is based on boundary element techniques
(BEM) that are well suited to deal with particle suspensions. The reduction of problem
dimensionality by one enables a 3D problem to be solved by surface discretization. The
method, involving a range completion of the double layer, is known as the Completed
Double Layer Boundary Integral Equation Method (CDL-BIEM) (Phan-Thien and Fan,
1996; Phan-Thien et al., 1992).

Mathematical modeling of biological cells is an active area of research. Its origins can be
traced to the fundamental fluid dynamics problem of the deformation and dislodging of
liquid droplets. Numerical studies have generated considerable debate regarding the proper
cell constitutive model. Lim et al. (2006) summarize several constitutive theories and outline
the benefits and shortcomings of each model. While Dong et al. (1999) modeled the cell as a
Hookean ring enclosing an incompressible fluid, N’Dri et al. (2003) proposed that the cell
could be modeled as a two-dimensional compound liquid drop. These ideas have been
extended to 3D by Jadhav et al. (2005) and Pappu and Bagchi (2008), by approximating the
outer membrane as a non-linear hyperelastic material. The ability of leukocytes to undergo
large deformations has also been modeled using compound viscoelastic drop models
proposed by Khismatullin and Truskey (2005, 2012). Our approach models the leukocyte as
a Hookean solid with material parameters η, νp. A linear elastic model was previously
adopted by Wankhede et al. (2006) and is appropriate for representing the small
deformations associated with selectin-mediated rolling (Evans et al. 2005). Clearly, a
different constitutive model would be required to describe the entire range of deformation
experienced by a leukocyte as it becomes progressively activated over the adhesion cascade.
To our knowledge, the influence of contact and lubrication forces on the deformation of
biological cells is not well documented. We revisit the theory of contact mechanics and will
briefly discuss the theoretical model and overall computational technique.

II. PROBLEM FORMULATION
Dilute suspensions of blood cells are often approximated as a Newtonian fluid and
mathematically described with the Navier-Stokes equations. For low Reynolds number
microcirculatory flow, these PDE’s simplify to a linear set known as the Stokes equations,

(1)

where ν, p are velocity and pressure, respectively. Immersed cells are subject to stresses as a
result of fluid shear forces, cell-cell collisions, and adhesive interactions. The resulting
deformation may be computed once the surface traction distribution is known. For as an
isotropic homogenous elastic solid, small displacements are governed by Navier’s equation,
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(2)

where u, νp are displacement and Poisson’s ratio, respectively. Hence, there are three
problems of interest: mobility (translational and rotational motions), exterior (surface
traction), and interior (deformation).

III. BOUNDARY ELEMENT TECHNIQUE
A. Mobility Problem

The starting point is the integral representation of Stokes equation in a semi-infinite domain

(3)

where Gij is the i-component of velocity due to a point force acting at X in the j-direction,
Σijk is the associated stress, and S = ◡Sp, where p = 1,2,…,M , and M is the number of
particles. The planar assumption is used both for simplicity and due to the fact that the
characteristic length scales involved (diameter of blood vessel for microvasculature varies
from 10–300 µm while leukocyte diameter is approximately 10 µm) can vary by more than
an order of magnitude. Here, n represents the outward normal and σ is the stress tensor,

(4)

The integrals on the right and left hand side of Eq. (3) are known as the single- and double-
layer potentials, respectively, in analogy with potential theory. Decoupling the three
problems permits the mobility step to proceed as a rigid body calculation (Phan-Thien and
Fan, 1996). However, this direct formulation results in a Fredholm integral equation of the
first kind and is ill-conditioned. This problem may be circumvented by dropping the single-
layer and expressing the double-layer potential in terms of an unknown surface density φ,

(5)

where

Power and Miranda (1987) recognized the inability of the double-layer to impart forces or
torques on the particle and sought to complete its range by associating the forces and torques
with the six degrees of freedom of the particle. The final expression is given by

(6)

with

where , T(p) are the external force and torque, respectively, acting on particle p and  is
the farfield velocity. Here, φ(p,l) represents the translational motion (l=1,2,3) and rotational
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motion (l=4,5,6) of the particle, ψ(p) the eigenvector of the adjoint operator K*, and 〈·,·〉
denotes the inner product 〈a·b〉 = ∫a(x) · b(x)dS. The rigid body motions are computed once
φ is determined. In the present study, no-slip velocity and zero displacement boundary
conditions are enforced at all times. Significantly, the singularity solution is supplemented
with an image Stokeslet (Fig. 1) and additional terms such that the no-slip condition is
automatically satisfied. This implies that the planar surface need not be discretized.

B. Exterior Problem
The starting point for the exterior problem is the single-layer representation of the velocity
field,

(7)

The traction at point X, with unit normal nk (X), is given by

(8)

where  is the traction due to  and  is the associated traction of Gij,

A detailed description of the spectral properties of the double layer and its adjoint is
provided by Phan-Thien and Kim (1994) and Phan-Thien and Tullock (1993). In the limit
where X approaches the particle surface, the adjoint double-layer suffers a jump
discontinuity equal to −tj. Hence

(9)

Range completion of the adjoint double-layer is sought by imposing constraints in the form
of external forces and torques on the particle. The final expression is given by

(10)

with

Here φ(p,l) represents the eigenfunction corresponding to the eigenvalue −1. As reported by
Phan-Thien and Fan (1996), the deflation of the eigenvalue +1 is not necessary.

C. Interior Problem
We consider a linear elastic constitutive model since rolling deformations at low to
intermediate shear stresses (≤ 5 dyn/cm2) are relatively small. Evans et al. (2005)
demonstrated that for compressive deformations on the order of hundreds of nanometers,
neutrophil response is well approximated as a linear elastic solid. Using Betti’s reciprocal
theorem, Eq. (2) is recast as an integral equation for u
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(11)

where each particle is assumed Lyapunov smooth (i.e., having continuous normal
everywhere). Gij(x,ξ) represents the i-component of displacement due to a point force acting
at ξ in the j-direction. For zero displacement boundary condition on the planar substrate, the
singularity solution is supplemented with image and extra terms (Fig. 1). The corresponding
kernel functions are given by Tran-Cong and Phan-Thien (1986) and the final expression for
u is given by

(12)

IV. COLLOIDAL FORCES
King and Hammer (2001a) proposed that electrostatic interactions generate a repulsion force
Frep between cells and the planar substrate of the type,

(13)

where 1/τ is a length scale and ε denotes the surface-to-surface separation distance. Here, τ
= 2000 µm−1 and Fo = 1015–1018 fN and the force is directed either along the line
connecting cell centers, or normal to the plane. The objective behind such short range forces
is to prevent cell-cell or cell-substrate overlap. Here, colloidal forces are treated as body
forces that only affect mobility.

V. AREA MODULATION OF CONTACT INTERFACE
In the present study, we have used a Hertzian contact formulation to calculate an estimate of
the evolving interfacial contact area which results from the formation of adhesive bonds
between the two interacting surfaces. This is consistent with our approximation of the
leukocyte as a linear elastic spherical solid, and we note that the contact formulation has
been applied previously to leukocytes (Rosenbluth et al., 2006). For this type of contact,
separating distances are of the order of 100 nm, thereby permitting a dry contact formulation
(Villaggio (1996); Rognon and Gay (2008)). The forces and torques acting on a tethered cell
(Alon et al., 1995) are indicated in Fig. 2, and for static equilibrium ΣFx = ΣFz = 0, ΣT = 0.
Hence,

(14)

(15)

(16)

The normal component of the bond force tends to restrain the cell against the endothelium.
The resulting reaction force, Eq. (16), induces cell compression (Fig. 3a) which, in turn,
modulates interfacial contact area thereby modulating the number of receptors available for
subsequent bond formation. The spherical contact radius as is expressed in terms of cell
radius, corrected Young’s modulus, and contact force Fhertz (Chang and Wang, 1998),
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(17)

where

(18)

Next, for colliding cells it is assumed that the interacting cells are in the limit of near-
touching and are separated by a thin film of plasma (Goddard, 1977). The lubrication of
compliant particles is governed by the theory of elastohydrodynamic lubrication, Fig. 3b.
The forces arising out of the relative motion between two cells has been computed using the
strategy adopted by Nasseri et al. (2000) and Rognon and Gay (2009). The force (inducing
deformation), Felas, is given by the sum of the fluid shear and lubrication forces,

(19)

The problem formulation is based on the premise that for cell-cell interactions, Flubr is the
vector addition of squeezing and shearing components arising from relative motion between
cells. A minimum film thickness is adopted and it is assumed that the film does not rupture.
Additionally, we assume that the variation in film thickness with deflection is infinitesimal.
bj (X) in Eq. (10) has been augmented to account for contact and/or lubrication forces, as
indicated in Eqs. (16) and (19).

VI. ADHESIVE INTERACTIONS
The model for adhesive interactions was developed by Bell (1978). The neutrophil was
modeled as a rigid sphere with random surface distribution of adhesion molecules, while the
substrate contained a random distribution of ligand. For cells in near-wall region, receptor-
ligand pairs were tested for bond formation using a Monte-Carlo technique and, if formed,
bonds were modeled as Hookean springs. The rate of bond dissociation, kr, depends on the
magnitude of the bond force, F, as follows,

(20)

where , ro, have been experimentally determined. The rate of bond formation follows
directly from the Boltzmann distribution for affinity,

(21)

where σ is the spring constant and |xb − λ| is the deviation bond length. Note, only selectin-
mediated cell-substrate adhesive interactions are considered here. Leukocyte-leukocyte
adhesive interactions are governed by different adhesion molecule pairs.

VII. NUMERICAL IMPLEMENTATION
Cell surfaces have been discretized using QUAD9 Lagrangian elements. The unknown
variable is assumed piecewise constant and is solved for iteratively using up to 3×3
Gaussian quadrature. For the singular element, integration of the double-layer and adjoint
double-layer follow the singularity subtraction technique (Phan-Thien and Fan, 1996). For
cell collisions, an adaptive time-stepping algorithm has been used with steps varying
between 10−4 –10−5, based on proximity of the surfaces. Substantially smaller time steps
have been adopted for adhesive calculations. All material points are advected using an
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explicit time integration rule based on Euler’s method. Simulations have been performed on
Sun X4600M2 servers with 2.3Ghz AMD Quad Core processors and on a Macintosh Pro
workstation with a 2.8 Ghz Intel Xeon Quad Core processor. Additional parameters are
given below:

PARAMETER DEFINITION VALUE

a cell radius 5 µm

γ̇ shear rate 100 s−1

μ viscosity 1 cP

ρ fluid density 1 gm/cc

ρg cell density 1.05 gm/cc

es cell roughness 175 nm

ew substrate roughness 50 nm

σ spring constant 100 dyn/cm

λ equilibrium bond length 30 nm

kr
o unstressed off-rate 2.4 s−1

ro reactive compliance 0.39 A°

kf
o intrinsic on-rate 365 s−1

nr receptor density 20 molec/µm2

η shear modulus* 0.5–104 Pa

ν Poisson’s ratio 0.33

*
Note, some values of shear moduli have been determined using atomic force microscopy for nonadherent HL-60s,

neutrophils, and Jurkat cells with ν = 0.5 (Rosenbluth et al., 2006).

VIII. RESULTS AND DISCUSSION
First, we simulate the tumbling motion of an elastic sphere in proximity to a planar
substrate. Steady state profiles for a cell in linear shear flow are given in Fig. 4. In Fig. 4a–b,
fluid shear stresses are relatively large compared to the shear modulus and the cell deforms
into an ellipsoidal shape while tumbling in place (tank-treading motion). The aspect ratio of
the deformed profile was observed to be ~0.69. In Fig. 4c–d, fluid shear stresses are
relatively weak and the cell retains its spherical shape. Since the aspect ratio of the deformed
cell depends on the viscous number (ratio of shearing force to elastic restoring force) of the
membrane, leukocytes with realistic shear moduli would only deform into ellipsoids at high
shear rates. The deformed profiles are in good agreement with similar studies for neo-
Hookean solids (Gao and Hu, 2009) and elastic capsules (Pozrikidis, 1995). In the latter
study for an equivalent viscous number of 0.02, the aspect ratio was observed to be ~0.64,
indicating reasonable accuracy with our model result. A cell-cell interaction in linear shear
flow is illustrated in Fig. 5. By virtue of its initial position, the upper cell catches up to and
then passes the lower cell. One feature of this collision is that as the upper cell rides over the
lower cell, the lower cell is nudged towards the surface, closer to the region where adhesive
interactions are possible. By plotting the cell’s distance above the plane both during and
after the collision, we may quantify this interaction, Fig. 6. As seen, the normal
displacements are not symmetric and reflect the presence of the container wall. This idea of
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collisions driving cells towards the wall has been shown previously (Melder et al., 1995;
Melder et al., 2000).

Deformable cell-cell collisions produce a pronounced increase in the contact area between
the interacting cells due to elastohydrodynamic lubrication. Studies involving elastic
capsules (Jadhav et al., 2007) and droplets (Loewenberg and Hinch, 1997) have been
performed previously. Although the Poiseuille theory of lubrication is strictly applicable to
infinitesimal deformations, a test case involving small but finite deformations has been
presented to illustrate the model. The deformed cells exhibit a distinct parabolic profile
which is characteristic of elastic spheres under lubricated contact. These deformations,
arising from a collision between a freestream and adherent cell, have been observed in vitro
in order to understand the influence of inter-cellular contact area on shear thresholding of
leukocytes (Kadash et al., 2004). The asymptotic variation in the shearing and squeezing
force components with gap distance is given in Fig. 7. Figure 8 indicates the effect of
contact forces on cells. At the time shown, the compliant cell, Fig. 8a, is deformed and
generates a flatter contact, as compared to its rigid counterpart, Fig. 8b. Moreover, contact
area increases gradually with respect to time for stiff cells, and sharply for compliant cells;
Fig. 9a. The variation in circular contact area with normal reaction suggests a direct
proportionality between the two variables, Fig. 9b. While the average contact area for the
compliant cell under the chosen conditions was calculated as 6.2 µm2, for the stiffer cell it
was 1.9 µm2. A likely consequence is an increased number of bonds and subsequent slower
rolling velocity, as compared to a rigid cell; Fig. 10. We estimate a drop in rolling velocity
to 99 and 138 µm/s for compliant and rigid cells, respectively, as compared to an equivalent
non-interacting cell. These results imply that compliant cells could roll considerably slower
than their stiffer counterparts, as hypothesized by Jadhav et al. (2005).
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Glossary
Nomenclature

x, X, X* integration variable, source point, image point

Gij (x, X) Stokeslet or Kelvinlet

Σijk (x, X) associated stress tensor

Kij, double-layer, adjoint double-layer

h cell-cell separation distance

F,Fo force vector, parameter in repulsive force model

T torque, temperature

kb Boltzmann’s constant

unstressed off-rate, on-rate

ro reactive compliance

Greek Symbols
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σ stress tensor

μ viscosity

ν Poisson’s ratio

η shear modulus

τ parameter in repulsive force model

λ equilibrium bond length
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Figure 1.
Source point (i.e., Stokeslet or Kelvinlet) and image source point. No-slip velocity and no-
displacement boundary conditions are automatically satisfied at X3=0.

Subramaniam et al. Page 11

J Biomech. Author manuscript; available in PMC 2014 April 05.

N
IH

-PA Author M
anuscript

N
IH

-PA Author M
anuscript

N
IH

-PA Author M
anuscript



Figure 2.
Schematic diagram indicating hydrodynamic, adhesive, and contact forces and torques
acting on rolling cell.
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Figure 3.
Deformation of elastic sphere: (a) interaction with planar substrate, (b) cell-cell collision. In
former case, a dry contact formulation is implemented, while the latter case is due to
lubricated contact.
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Figure 4.
Tumbling motion near planar substrate for elastically deformable particle (ν = 0.33, γ̇ = 100
s−1). Non-dimensional time indicated in panel. (a–b) η = 0.5 Pa, (c–d) η = 23 Pa. For the
smaller shear modulus, cell deforms into ellipsoidal shape, while for the larger value the cell
retains its spherical shape.
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Figure 5.
Short range cell-cell interactions between particles are governed by colloidal and lubrication
forces (η = 8 kPa, ν = 0.33, γ̇ = 100 s−1 ). These terms prevent cell overlap. In the model,
colloidal forces are assumed to only impact particle mobility.
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Figure 6.
Collision of freestream particles induces trajectory deflection during interaction. Upper
particle was originally at (x,z) = (−9.0,15.6 µm), while lower particle was at (0.0,8.15 µm).
Due to cell-cell collision, lower particle is driven towards the substrate.
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Figure 7.
Squeeze and shear components of lubrication force vary with surface separation distance. As
gap increases, both components approach zero asymptotically, in agreement with theory.
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Figure 8.
Adhesive tractions induce cell rolling motion along planar substrate. (a) Compliant cell
deforms as a result of adhesive and contact forces (η = 0.508 kPa, ν = 0.33, γ̇ = 100 s−1 ).
Deformation depends on the number of adhesive bonds. Here, approximately 30–40 tensile
and compressive bonds have formed; (b) rigid cell does not experience deformation.
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Figure 9.
Adhesion and contact forces vary with time and induce variation in interfacial contact area;
γ̇ = 100 s−1. (a) Variation in contact area vs. non-dimensional time. For the more compliant
cell (η = 0.508 kPa), average contact area was 6.1 µm2, while for the stiffer cell the average
contact area was 1.9 µm2; (b) variation in contact area vs. contact force.
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Figure 10.
Cell rolling velocity decreases as adhesive tractions increase; γ̇ = 100 s−1 . (a) Rolling
velocity for rigid cell decreases with respect to time due to increasing adhesive interactions;
(b) for compliant cell (ν = 0.33), rolling velocity decreased by approximately 28%
compared to rigid cell as a result of increased contact area, leading to increased adhesive
interactions (η = 0.508 kPa); (c) rolling velocity for stiffer cell was similar to that found for
rigid case (η = 1 kPa).
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