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Abstract

Fundamental mathematical relationships are widespread in biology yet there is little information on this topic
with regard to human limb bone lengths and none related to human limb bone volumes. Forty-six sets of
ipsilateral upper and lower limb long bones and third digit short bones were imaged by computed
tomography. Maximum bone lengths were measured manually and individual bone volumes calculated from
computed tomography images using a stereologic method. Length ratios of femur : tibia and humerus : ulna
were remarkably similar (1.21 and 1.22, respectively) and varied little (<7%) between individuals. The volume
ratio of femur : tibia was approximately half that of humerus : ulna (1.58 and 3.28, respectively; P < 0.0001).
Lower limb bone volume ratios varied much more than upper limb ratios. The relationship between bone
length and volume was found to be well described by power laws, with R? values ranging from 0.983 to 0.995.
The most striking finding was a logarithmic periodicity in bone length moving from distal to proximal up the
limb (upper limb A = 0.72, lower limb % = 0.93). These novel data suggest that human limb bone lengths and
volumes follow fundamental and highly conserved mathematical relationships, which may contribute to our

understanding of normal and disordered growth, stature estimation, and biomechanics.
Key words: bone morphometrics; limb development; scaling.

Mathematics is ‘the language with which God has written
the universe’
Galileo Galilei (1564-1642)

Introduction

The philosophical approach to biology known as process
structuralism maintains there are important mechanisms in
nature which can be deduced by exploring regularities in
biological form (Resnick, 1994). An essential methodology
of process structuralism is morphometrics, the quantitative
analysis of biological shape and size. Many intriguing math-
ematical relationships are known to exist in biological form.
One such example is the Fibonacci sequence (0, 1, 1, 2, 3, 5,
8,13, n, m, n + m, ...) where a sequence of numbers is gen-
erated by the sum of the two previous numbers; the ratio
of any two consecutive numbers progressively converges to
the golden ratio (¢ = 1.618). The golden ratio can be found
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throughout nature and the physical world (Hutchison &
Hutchison, 2010). It manifests in biological structural pro-
portions as diverse as the florets in a cauliflower head, the
structure of DNA, the proportions of the mandible, and the
configuration of facial features (Ricketts, 1982; Ulmer et al.
2009).

Relatively few mathematical ratios have been studied in
the human skeleton. Lowrance & Latimer (1967) observed
that vertebral weights increased caudally in a predictable
sequence related to load-bearing. Dogan et al. (2007)
found evidence of fixed proportions between the length
and width of metatarsals and phalanges in the foot. The
most intensively studied region has been the human hand.
In a theoretical paper, Littler (1973) first postulated that a
Fibonacci sequence described the movement arcs of the
interphalangeal and carpometacarpal joints of the fingers;
the latter segment was defined as being between the head
of each metacarpal and the head of the capitate. Hamilton
& Dunsmuir (2002) measured the distances between the
axes of rotation at interphalangeal and metacarpophalan-
geal joints in radiographs of adult hands and claimed to
refute Littler's hypothesis. In a related study that measured
phalangeal and metacarpal bone lengths in radiographs of
healthy adult hands, Park et al. (2003) reached a similar
conclusion. Hutchison & Hutchison (2010) recently reinter-
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preted the data from Hamilton & Dunsmuir (2002) and
concluded that there was indeed evidence of a Fibonacci
sequence for the functional lengths of bone segments
between consecutive axes of rotation in all fingers but it
remains uncertain as to whether actual short bone lengths
show this sequence. It is also unknown whether this mathe-
matical relationship extends to include long bones in the
upper limb and to lower limb bones in general.

These ratios may not only be of academic interest. For
example, the ratio of the length of the second to fourth
digit has been correlated with prenatal androgen exposure
(Manning et al. 1998) and the risk of developing prostate
cancer (Rahman et al. 2011) and myocardial infarction
(Kyriakidis et al. 2010). There is a surprising lack of informa-
tion on length ratios in human limb bones, and almost no
data on normal limb bone volumes. The latter may in part
reflect difficulties in developing appropriate methods to
estimate bone volume.

One way to comprehensively describe the fundamental
geometrical properties of a set of variably sized segments
such as the bones of the limbs is to consider each segment
as an element of a mathematical sequence with a systemati-
cally changing interval length. A regular periodic function
such as a sinusoidal waveform describes an interval with a
constant length prescribed by the wavelength 2 in relation
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to the spatial parameter x, as shown in Fig. 1A. An exten-
sion of this concept of regular periodicity is a logarithmic
periodic (log-periodic) function which produces a changing
interval size which scales according to the value of A
(Fig. 1B). The Fibonacci sequence, with a successive interval
length equal to the sum of the two previous interval
lengths, can be expressed by a log-periodic function with a
value of & equal to 0.5 (Fig. 1C). Hence, while the Fibonacci
sequence may not provide an appropriate description of
actual limb bone lengths, it is hypothesized that a log-peri-
odic function with a different value of A may indeed
explain human limb bone proportions. An advantage of
using a log-periodic function is that only one parameter, A,
is required to account for the sequence of segmental
lengths in the whole upper or lower limb.

The aim of this study was to obtain accurate measure-
ments of limb bone lengths and novel data on human limb
bone volumes in order to investigate the possible existence
of mathematical predictive ratios in both weight-bearing
and non-weight-bearing human limb bones. Furthermore,
this study tests the hypothesis that the lengths of consecu-
tive human limb bones can be described by a log-periodic
relationship using a single parameter () to account for
proportions within the entire sequence.

A Periodic Function: A=0.2
/\1/\1 1/\1/\
0 x1 x2 x3 x4 1.0
B Log-Periodic Function: A=0.2
0 1.0
C Fibonacci Interval Log-Periodic Function: A=05

liAAA

1.0

Fig. 1 A regular periodic function (A) has nodes (x;, X5, x3,...) at regular points generating a constant interval width (x,,; — x,) equal to the func-
tion’s wavelength, L. In contrast, a log-periodic function (B,C) has nodes with steadily increasing width as the dimensional parameter x gets larger.
For log-periodic functions the parameter A dictates how the interval size scales with x. A log-periodic function with interval sizes corresponding to

the Fibonacci sequence is shown in (C).
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Materials and methods

Study material consisted of sets of adult limb bones available in the
W.D. Trotter Anatomy Museum at the University of Otago. After
excluding bones with significant damage or major osteoarthritic
pathology, 46 sets of ipsilateral upper and lower limb bones (24
right, 22 left; 30 males) were available for analysis. The majority of
these [38 (83%) sets, 24 males] were of Asian Indian origin and the
remainder [8 (17%) sets, six males, consisting of two half sets and
three full skeletons] were from New Zealand Europeans. Third digit
metacarpals, metatarsals and phalanges were present in 30 sets (15
right sides).

Measurements

Length

The maximum length of each long bone was measured using an
osteometric board (Paleo-Tech Concepts, IL, USA; accuracy +
0.5 mm); a modified board (University of Otago, New Zealand;
accuracy = 1 mm) was used for the tibia to exclude the intercondy-
lar eminence. Maximum long bone lengths were defined according
to established criteria (Buikstra & Ubelaker, 1994). The maximum
length of third digit metacarpals, metatarsals and phalanges was
measured between the most proximal and distal points of the bone
using electronic digital calipers (Series SC02 Tresna® Point Digital
Calipers, Guilin Guanglu Measuring Instrument Co. Ltd, Ching;
accuracy £ 0.03 mm; resolution 0.01 mm).

Volume

Each set of limb bones was imaged using computed tomography
(CT) (Somatom Emotion 16 CT scanner, Siemens Shanghai Medical
Equipment Ltd, China). Long bones were scanned at 6-mm intervals
with a 3-mm slice thickness; metacarpals, metatarsals and phalanges
were scanned at 2-mm intervals with a 2-mm slice thickness. DICOM
files were analyzed using imaces 1.410 (National Institutes of Health,
USA). Individual axial images of each bone were selected and a
standardized threshold applied to optimize the bone perimeter.
Each image was then converted into binary form and cross-sectional
area (CSA) calculated using the multi-measure function tool. Images
were viewed at 300% for long bones and 400% for short bones at
a window setting of approximately 400 and level setting of approxi-
mately —800. A small proportion of images required manual tracing
of the bone perimeter to provide a complete perimeter silhouette.

Bone volumes were calculated using the Cavalieri principle
(Gunderson et al. 1988). In brief, this entails the random selection
of an axial image less than d mm from the end of the bone and
measuring the CSA in this and successive parallel axial images taken
at intervals of d mm along the entire length of the bone. Bone
volume is estimated as the average CSA multiplied by the distance
between adjacent slices.

Validation and reliability

A set of replica plastic limb bones (SOMSO-Plast®, Coburg, Germany)
were scanned by CT under identical conditions and their volumes cal-
culated using the same methods. Resultant volumes were compared
with values obtained by water displacement in graduated measuring
cylinders (5-50 mL). Intra-rater reliability was assessed by repeating
measurements of length and volume in 20% of the sets after an
interval of at least 1 week with the observer blinded to the original
results.

Data analysis

Statistics

Data were analyzed using Microsort Excec 2008 for Mac version
12.2.4 (Microsoft Corporation, WA, USA) and PASW Statistics
18.0 (SPSS Inc.,, Chicago, IL, USA). Continuous variables were
compared using paired and unpaired t-tests as appropriate and
correlation was assessed by Pearson’s coefficient, taking P < 0.05
as statistically significant. Intra-rater repeatability was assessed
by intraclass correlation coefficients (ICCs). As the ICC
approaches 1.0, progressively more of the total variation in the
data relates to variation within the sample and less to measure-
ment error. ICCs were classified as follows: <0 poor agreement,
0-0.20 slight, 0.21-0.40 fair, 0.41-0.60 moderate, 0.61-0.80 sub-
stantial, and 0.81-1.0 almost perfect agreement (Landis & Koch,
1977).

Power laws, geometry, and length-volume relationships

A power law is a mathematical relationship between two measur-
able quantities of the form:

f(x) = axP (1)

where f(x) represents a generic quantity in relation to the prop-
erty x, and o and B are two variables defining the specific form
of the power law. If data follow a power law relationship, they
can be expressed as a straight line with slope of 8 and intercept
of Ln(x) by taking the logarithms of each measurable quantity
as:

Ln(f(x)) = Ln(a) 4+ BLn(x) (2)

The dimensions of a geometrical object, i.e. its length, width, or
radius and its volume follow power law relationships which depend
on the specific geometry of the object. For instance, the volume of
a sphere (Viphere) Can be expressed entirely in terms of a single
dimensional parameter, its radius (rphere):

4
Vsphere = § nrs3phere (3)

If the volumes and radii of a large number of different kinds of
perfect spheres are measured, the relationship between sphere vol-
ume and radius will be a power law with o = (4/3)r and = 3. In
contrast, a perfect cylinder has two-dimensional measures, a radius
(reyiinger) @nd a length (Leylinger), and its volume (Veyjinger) is denoted
by:

2
chlinder = nrcylinderLcyIinder (4)

For a collection of variable sized cylinders, if only Leyjinger is mea-
sured, Veyiinger follows a power law relationship with o = n? and
B=1.

Human limb bones have a complex three-dimensional geome-
try with no clearly definable or constant radius like a true cylin-
der. However, as they are expected to follow power law
relationships between their dimensional measures and volumes it
was hypothesized that the relationship between limb bone
length (Lpone) and volume (Vpone) Would have the following
form:
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Vbone = O‘Lgone (5)

Equation (5) can be reduced to a line with slope B and intercept
Ln(x) by taking logarithms of Lpone and Vipone as indicated by
Egn (2). Note that the value of o relates to the magnitude of the
radial dimension of the bone, which was not measured in this study
due to its variable nature. In general, higher values of o imply
thicker bones. The value of B relates to the geometry of the bone; a
value of B around 1 indicates a cylindrical bone, and a value nearer
three indicates more globular morphology.

The natural logarithms of all bone lengths (cm) and volumes
(cm®) obtained in this study were analyzed using linear regression
analysis.

Logarithmic periodicity

Periodic functions repeat a pattern at regular intervals. An example
of a classic periodic function describing a series of peaks is the sinu-
soidal function having a spatial dimension x and a wavelength A
(Fig. 1A):

. 2n T
Sln(7x—§)+1 (6)
The sinusoidal function of Eqn (6) repeats itself at regular inter-
vals defined by the wavelength. The points at which the function
becomes zero are called nodes. If each node is indexed by the inte-
ger n (where n =1, 2, 3, ...), a segment interval length (S,,) can be

A Upper Limb
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defined for each node in the series by measuring from the starting
point (x = 0) to each node along the x axis (Fig. 2). For the periodic
function defined in Egn (6), the value of S, for each node starting
from x = 0 is given by the expression:

2n T 3
TSy 7

which reduces to:

Sn=ni (8)
Therefore, the function of Eqn (8) is zero at all points where
x = S, which are whole number multiples of .
A variation on this concept is log-periodicity (Fig. 1B), which can
be derived by taking the logarithm of x (Fig. 1B):

Sin(z—flnxfg)JM 9)

The log-periodic expression of Eqn (9) is zero for:

InS, =ni (10)

Equation (10) follows a straight line with a slope equivalent to
the value of A when the logarithm of the segment interval distance
Ln(Sy) is plotted against the node index n.
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Fig. 2 A schematic illustration of the parameters defined in this study. (A) Human upper limb bones were indexed by H6 for humerus; H5 for the
segment shared by the ulna (H5a) and radius (H5b); H4 for third metacarpal; and H3, H2, H1 for the proximal, middle, and distal phalanges of the
middle finger, respectively. (B) Human lower limb bones were indexed by F6 for femur; F5 for the segment shared by the tibia (F5a) and fibula
(F5b); F4 for third metatarsal; and F3, F2, F1 for the proximal, middle, and distal phalanges of the middle toe, respectively. The tip of the distal
phalanx of the third digit of the hand or foot was taken to be the origin (x = 0) and six ‘segment intervals’ (S, S,, Ss, etc.) were defined as mea-
sures from the fingertip to each bone endpoint, normalized to an individual’s total limb length. Carpal and tarsal bones were not included in the
analysis. (C) The interval widths for determining a log-periodic function were taken from the lengths of the six segment intervals.
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The human limbs consist of distinct long and short bones in
series. To apply the concept of log-periodicity to human limbs,
the distance between the tip of the distal phalanx of the third
finger or toe was taken to be the origin (x = 0) of a distance x,
while the proximal limit of successive short and long bones in
each limb represented the nth node of a log-periodic function
(Fig. 2). The distance between the tip of the distal phalanx and
each node (normalized to the combined length of the bones in
that limb) was assumed to be a measure of S, and the sequence
of such measurements was hypothesized to follow Eqgn (10). Each
bone was indexed by a letter and a number (Fig. 2). For length
measurements, the average length of the ulna and radius or
tibia and fibula was used to define a length measurement for
the forearm and leg bones, respectively. Starting from the tip of
the distal phalanx of the third digit (x = 0) six ‘segment intervals’
(S,=) were defined for length (L) as shown in Fig. 2. The final
values for S, were the values of each S, normalized by the
value of Sg« in an individual’s upper or lower limb bone set, the
value of Sg« being an approximate estimate of total limb length
in that individual.

To test for log-periodicity, the natural logarithm of S, values in
each bone set was taken and a linear regression analysis was per-
formed against the node index n for the entire dataset. A prelimin-
ary multivariate linear regression analysis was also performed,
which included, in addition to the node index n, the parameters of
ethnicity (Asian Indian =1, NZ European =2), sex (male =1,
female =2), and limb (upper =1, lower =2) as independent
descriptors for bone length measures Ln(Lpone). Based on these
results (see below) two final regression models of Ln(Lpone) in terms
of n were produced with data pooled for ethnicity and sex but sep-
arately for limb.

Results

Bone length and volume ratios

Mean values for limb bone lengths and volumes are shown
in Table 1 and length : volume ratios in Table 2. Limb bones
of New Zealand European origin were significantly longer
(P = 0.04) and tended to be larger in volume (P = 0.09) than
their Asian Indian counterparts. There were no significant
differences between right and left limbs (P = 0.76).
CT-derived bone volumes were consistently slightly greater
than volumes derived from water displacement: long bones
by 3.9-7.5%, metacarpals and metatarsals by 2.3-3.0%,
proximal phalanges by 4.5-5.4%, middle phalanges by
2.9-10.4%, and distal phalanges by 13%. ICCs for all mea-
surements were 0.98 or greater, indicating almost perfect
intra-rater agreement.

For bones of Asian Indian (Al) origin, the mean length
ratio of humerus to ulna and femur to tibia were almost
identical for men and women at about 1.2 (Table 3) and
showed minimal inter-individual variation (6.6 and 3.3%,
respectively). Volume ratios of humerus to ulna were
approximately twice that of femur to tibia in both men and
women (P < 0.0001) (Table 3). Length and volume ratios
were remarkably similar in upper and lower limbs for men
and women.

Power law relationships

Preliminary multivariate linear regression analyses attempt-
ing to describe limb bone volumes [Ln(Vpone)] Using the
descriptive parameters of ethnicity (Asian Indian = 1, NZ
European = 2), sex (male = 1, female = 2), limb (upper = 1,
lower = 2), and bone length (Ln(Lpone) found that all were
statistically significant (P =0.005 for ethnicity and
P < 0.0001 for other parameters). Therefore, separate
regression analyses of Ln(Vpone) in terms of Ln(Lyone) Were
performed on eight subsets of the data: upper and lower
limb bones (U and L) in males and females (M and F) of
Asian Indian and New Zealand European (Al and NZ) origin.
The resulting R? values, and the power law parameters o
and B [see Egn (5)] resulting from the regression fits are
summarized in Table 4 and individual power-law fits to
each subgroup are shown in Fig. 3. Power laws accurately
described the relationship between bone volume and
length, with R? values ranging from 0.983 to 0.995. Values
of power law parameters o and B were distributed over rel-
atively narrow ranges of 0.16-0.23 for o and 1.90-2.02 for
(Table 4).

Log-periodic relationships

Preliminary multivariate linear regression analyses found no
statistical significance for ethnicity (P =0.176) or sex
(P = 0.669) as descriptors of Ln(Lpone) but highly significant
results for node index (P < 0.0001) and limb (P < 0.0001).
Therefore, two final regression models of Ln(Lpone) in terms
of n were performed with pooled ethnicity and sex but
separate limb data. The normalized, cumulative lengths of
human long bones and third digit short bones were found
to be well described by a log-periodic relationship. This log-
arithmic periodicity is demonstrated by the strong linear
relationship between segment index (n) and the natural
logarithm of the normalized segment interval length [Ln
(S,)] after fitting least squares regression lines to the data
(Fig. 4). For the wupper limb, S,=(0.716 + 0.005)n —
(4.24 + 0.02) with R?>=0.992 and for the lower limb,
S, =(0.932 + 0.009)n — (5.57 + 0.03) with R?=0.985.
Given Eqgn (10), these results indicate the upper limb bone
lengths follow a log periodic relationship with A = 0.72,
whereas lower limb bone lengths follow a log-periodic rela-
tionship, with L = 0.93. The actual form of the log-periodic
functions [following Eqn (9)] corresponding to the parame-
ters obtained from the regression model and applied to
human limb bone lengths is shown in Fig. 5.

Discussion

Bone lengths have been studied by anthropologists (Byers
et al. 1989; Buikstra & Ubelaker, 1994) and forensic scien-
tists (Mall et al. 2001; Munoz et al. 2001; Pelin & Duyar,
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[ e - o« = w Qs not statistically significantly different for limb bone lengths
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Table 3 Statistical comparisons of upper and lower limb bone length and volume ratios.

Upper : Lower

Male
Upper limb Lower limb Female P value
Length ratios
Humerus : radius Femur : tibia 1.08 <0.0001
1.10 <0.0001
Humerus : ulna 1.01 0.65
1.01 0.45
Humerus : mean (radius + ulna) Femur : mean (tibia + fibula) 1.03 0.035
1.04 0.010
Third metacarpal : proximal phalanx Third metatarsal : proximal phalanx 0.59 <0.0001
0.56 <0.0001
Third metacarpal : sum phalanges Third metatarsal : sum phalanges 0.50 <0.0001
0.49 <0.0001
Proximal phalanx : distal phalanx Proximal phalanx : distal phalanx 0.64 <0.0001
0.63 0.001
Middle phalanx : distal phalanx Middle phalanx : distal phalanx 1.27 <0.0001
1.43 <0.0001
Volume ratios
Humerus : radius Femur : tibia 2.46 <0.0001
2.35 <0.0001
Humerus : ulna 2.10 <0.0001
2.10 <0.0001
Humerus : mean (radius + ulna) Femur: mean (tibia + fibula) 1.33 <0.0001
1.29 <0.0001
Third metacarpal : proximal phalanx Third metatarsal : proximal phalanx 0.35 <0.0001
0.33 <0.0001
Third metacarpal : sum phalanges Third metatarsal : sum phalanges 0.34 <0.0001
0.34 <0.0001
Proximal phalanx : distal phalanx Proximal phalanx : distal phalanx 0.75 0.029
0.80 0.146
Middle phalanx : distal phalanx Middle phalanx : distal phalanx 1.64 <0.0001
1.97 <0.0001

Table 4 Regression analysis results, including parameters o and B (see
Egn 5), describing the power-law relationship between human limb
bone volume and length.

Measures
Cohort R? o B (n)
NZF U 0.995 0.18 + 0.02 1.91 + 0.04 12
NZF L 0.989 0.17 + 0.03 2.02 + 0.07 12
NZM U 0.989 0.19 + 0.02 1.97 + 0.04 36
NZM L 0.983 0.23 + 0.02 1.99 + 0.05 36
AIF U 0.994 0.16 + 0.01 1.90 + 0.02 54
AIF L 0.986 0.21 + 0.02 1.92 + 0.03 54
AIM U 0.993 0.16 + 0.01 1.97 + 0.02 78
AIM L 0.987 0.22 + 0.01 1.96 + 0.03 78

between sexes and ethnic groups, values of ) were distinctly
different between the upper (A = 0.72) and lower (. = 0.93)
limbs. As shown in Fig. 5, the greater value of A in the
lower limb represents more intensive scaling of bone length

© 2013 Anatomical Society

for each segment of the series. Being able to describe
human limb bone lengths in terms of a log-periodic func-
tion means that only one parameter, the wavelength 2, is
needed to explain the proportional configuration of the
limb.

Phylogenetic and ontogenetic implications

Log-periodic scaling in human limbs presumably reflects
evolutionary selection pressures associated with biomechan-
ical and other factors. It would be interesting to see
whether the same relationships are conserved in other
tetrapods. Bats, for example, have highly derived forelimbs
adapted to flight, with greatly elongated digits relative to
other mammals, and it is not immediately apparent how
this could be achieved by log-periodic scaling. However, it is
known that during embryonic formation, the proportions
of bat limbs resemble those of equivalent-stage mice (Sears
et al. 2006), and disproportionate growth of forelimb digits
correlates with the appearance of a novel interdigital
morphogenetic field (Hockman et al. 2008), suggesting
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Fig. 3 Scatter plots showing power law fits to measures of bone vol-
ume (V in cm?) vs. length (L in cm) for upper (left column) and lower
(right column) limb bones. Specific parameters for each of these sub-
groups are summarized in Table 4.

modification of the underlying pattern. The log-periodic
relationship in human limb bone lengths most likely arises
as a result of developmental patterning mechanisms but it
is not possible to exclude the possibility that the relation-
ship is derived later by differential growth rates of separate
limb elements. This could be explored by measuring precar-
tilage condensations in a model tetrapod such as the
chicken. During limb development in tetrapods, cartilage
condensations appear within the mesenchyme of the limb
bud, marking the future skeletal elements. In most tetra-
pods the proximal condensations of the stylopod are first to
form, as a single element limited to the center of the devel-
oping limb. Later, the zeugopod condensations form, most
often as two distinct elements, one anterior and one poster-
ior (the radius/ulna or tibia/fibula), and finally the autopod
is divided into up to five rays of smaller condensations that
make up the digits. Interestingly, the carpal and tarsal
bones are not incorporated in this orderly sequence of dif-
ferentiation and are relatively delayed (Richardson et al.
2004). This type of developmental pattern can be explained
by a self-organizing, local activation-lateral inhibition
model (Zhu et al. 2010). Lateral inhibition accounts for the
increasing number of anteroposterior condensations along
the proximal to distal axis, whereas reaction diffusion could
account for the relative spacing of these elements along
this same axis, which is the subject of this current study.

It is interesting to note that the number of nodes pre-
dicted by the log-periodic relationship is theoretically infi-
nite. Further, the number of nodes is not fixed; six nodes
can be identified in human limbs although the first digit
(thumb/great toe) has only two phalanges and therefore
five nodes. In African clawed frogs and chickens, digit IV of
the hindlimb has four and five phalanges, respectively

—0.5
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Fig. 4 Logarithmic periodicity of human limb bones. A strong linear relationship exists between segment index (n) and the natural logarithm of
the normalized segment interval length (S,), following the equation InS,, = n.
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Fig. 5 Depiction of the log-periodic function 1) A
fits to the lengths of limb bones in the |
human upper and lower limb. The lengths of 1
bones in the upper limb are well described
(R? = 0.992) by the interval sizes of a log-
periodic function with & = 0.72 and lower
limb bone lengths by a log-periodic function
(R? = 0.985) with a & = 0.93. The greater A I (A
value for the lower limb represents a more Il ‘

intensive scaling of each interval. P A O

Lower Limb
Bone Length

(a total of seven and eight nodes). Not only can our analysis
explain such variation, it could also account for the hyper-
phalangy (>10 phalanges on digit Il) seen in dolphin fore-
limbs (Richardson & Oelschlager, 2002).

During limb development, outgrowth of the limb bud is
regulated by morphogens of the fibroblast growth factor
family (FGFs) from the apical epithelial ridge, the distal-
most structure of the limb bud. Decay of the FGF signal is
controlled by a two-phase feedback loop involving another
morphogen, sonic hedgehog (shh), in the posterior limb
bud and gremlin, a diffusible inhibitor of a third family of
morphogens, the bone morphogenetic proteins (Verheyden
& Sun, 2008). Prolonging the active phase of this loop via
topical application of shh morphogen results in formation
of an additional phalanx in chickens, rather than increasing
the length of the distal phalanx (Dahn & Fallon, 2000). This
suggests that node number depends on the action of mor-
phogens during early limb development.

Log-periodic relationships and morphogens

Patterns of morphogens formed by reaction-diffusion
mechanisms are hypothesized, and in some cases known, to
generate various biological patterns and forms by influenc-
ing development and growth (Meinhardt, 1992; Dekanty &
Milan, 2011). Differential equations that take into account
various chemical and physiological processes operating in a
biological system are the foundation of reaction-diffusion
theory. A basic differential equation capable of describing a
periodic modulation of a phenomenon such as the concen-

Fundamental ratios in human limb bones, A. Pietak et al.

A=0.72

tration of a hypothetical morphogen (C) over a spatial
range (x) is:

d?C(x

dx(z ) _ —w?C(x) (11)
which has general wave solutions:
C(x) = aSin(wx) + bCos(wx) (12)

Here a, b, and ® = 2n/), are constants which depend on the
initial and boundary conditions of the system being consid-
ered. A log-periodic wave occurs by the simple modification
of the parameter o varying as:

d*C(x) 2

oo = () W (13)
which yields the log-periodic solutions:
C(x) = ay/xSin(w In x) + by/xCos(w In x) (14)

Solutions to the standard and log-periodic wave equation
on a two-dimensional ellipsoidal geometry using a numeri-
cal finite element modelling technique confirm the emer-
gence of log-periodic waves for a parameter varying as o /x
instead of a constant w. This is shown diagrammatically in
Fig. 6. Thus, identification of a log-periodic characteristic
within human limb bones may ultimately reflect the mathe-
matical form of underlying chemical and physiological
mechanisms at play in development. Specific models, such

Table 5 Comparison of study data for short bone length ratios with two previous studies.

Aydinlioglu Dogan et
Length ratio (hand) Study data et al. (1998) Length ratio (foot) Study data al. (2007)
Third metacarpal : proximal phalanx 1.49 1.41 Third metatarsal : proximal phalanx  2.61 2.76
Third metacarpal : sum phalanges 0.72 0.69 Third metatarsal : sum phalanges 1.45 1.51
Proximal phalanx : distal phalanx 1.54 1.57 Proximal phalanx : distal phalanx 2.50 2.35
Middle phalanx : distal phalanx 1.53 1.56 Middle phalanx : distal phalanx 1.08 1.07

© 2013 Anatomical Society
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Fig. 6 Solutions of the conventional wave equation with constant
parameter w(A) and the log-periodic wave equation with spatially
varying parameter w/x (B) on an ellipsoidal geometry using a numerical
finite element analysis technique. The wave height is indicated by col-
our gradients with white representing peaks and black showing the
minima.

as the reaction-diffusion of a morphogen, can be proposed
and tested to better understand growth and developmental
processes.

Strengths and limitations of the study

Measurement techniques used in this study showed excel-
lent intra-rater reliability. Comparison of CT volumetry with
water displacement yielded values within 10% for all bones
except the distal phalanges, which, because of their small
size, showed greater variance. Attempts to use real bones
rather than high-quality plastic replicas created inaccuracies
from water permeation despite numerous attempts to seal
the bone by wrapping it in plasticine or a thin plastic film
(and subtracting the volume of these coverings). Although
we did not record inter-observer agreement in our study,
the principle of using stereology in sequential CT slices to
determine bone volumes has shown excellent inter-rater
reproducibility in a previous study of lumbar vertebrae
(Odaci et al. 2003). Bone lengths were similar to ranges
reported in the literature (Aydinlioglu et al. 1998; Dogan
et al. 2007; Yazar et al. 2012). However, our study has some
limitations. Sample size was limited by the availability of
specimens and the time-consuming nature of volume esti-
mations. Minor degrees of osteoarthritic change were
accepted. To simplify the analysis, only the third digits of
the hand and foot were studied and carpal and tarsal bones
were not included. Considering that the functional lengths
of bone segments between consecutive axes of rotation in
all fingers show evidence of a log-periodic relationship,
other digits in the hand are likely to follow similar scaling
relationships (Littler, 1973; Hutchison & Hutchison, 2010).
Finally, there are likely to be minor changes in bone volume
associated with activity and muscle bulk (Agostini & Ross,
2011), which could not be considered in this study.

Our findings raise many questions of potential practical
significance. For example, how are log-periodic relation-

ships disturbed in skeletal dysplasias which affect between
1 in 2000 and 1 in 4000 births and include conditions such
as achondroplasia, thanatophoric dysplasia, and achondro-
genesis (Orioli et al. 1986)? And to what extent are normal
relationships restored by limb-lengthening surgery? In a
small group of Korean patients with Turner syndrome,
tibia : femur ratio increased from a mean of 0.68 preopera-
tively to 0.81 after limb lengthening (Hahn et al. 2003) and
in a similar European series the ratio increased from 0.76 to
0.81 (Trivella et al. 1996). These values compare with a nor-
mal tibia : femur ratio of 0.84 in female Asian Indian skele-
tons in our study. Restoration of relatively normal tibia
: femur ratios may be optimum in terms of limb lengthen-
ing but will affect the ratio of long : short lower limb bone
lengths, which could have long-term biomechanical
consequences.

This study reports relatively simple and highly conserved
relationships that describe the scaling of human limb bone
lengths and volumes. Using these relationships, models
could be constructed and tested from developmental and
mechanical perspectives to explore potential advantages
gained by specific configurations (specific values of 2).
Being able to describe and predict the linear dimensions of
human limb bones may assist our understanding of normal
and disordered development and growth, estimation of
stature, and biomechanics.
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