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SUMMARY

We propose a new residual for regression models of ordinal outcomes, defined as E{sign(y, Y)}, where
v is the observed outcome and Y is a random variable from the fitted distribution. This new residual is a
single value per subject irrespective of the number of categories of the ordinal outcome, contains directional
information between the observed value and the fitted distribution, and does not require the assignment
of arbitrary numbers to categories. We study its properties, describe its connections with other residuals,
ranks and ridits, and demonstrate its use in model diagnostics.
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1. INTRODUCTION

Residuals are an important component of regression analysis. The most basic residual, from linear
regression, has many nice features. Specifically, the residual

(a) results in only one value per subject;

(b) reflects the overall direction of the observed value compared with the fitted value;
(c) is monotonic with respect to the observed value for those with the same covariates;
(d) has a range of possible values that is symmetric about zero; and

(e) has expectation zero.

This list is by no means comprehensive, and some of these features are more important than others. But
these combined features make the linear regression residual popular and useful for diagnostics and tests
of conditional independence.

Residuals exist for ordinal outcomes, notably Pearson, cumulative Pearson and deviance residuals
(McCullagh & Nelder, 1989). Although these residuals have some use for checking model assumptions
and fit, they do not satisfy (a)—(e). Liu et al. (2009) proposed some new residuals; their residual based on
the sum of cumulative residuals satisfies (a)—(e), but it implicitly assigns equal-distance scores to the cat-
egories; see the Supplementary Material. For ordinal outcomes, in addition to (a)—(e), the ideal residual

(f) should preserve order without assigning arbitrary scores to the categories.

A residual satisfying (a)—(f) could permit the application of diagnostic tools developed for linear regres-
sion to ordinal models, and could provide a framework for testing conditional independence with ordinal
variables. Here we study a new residual for ordinal data. It was introduced as a tool for constructing tests of
association between ordinal variables (Li & Shepherd, 2010). However, its properties and other uses have
not been studied.

2. NEW RESIDUAL FOR ORDINAL OUTCOMES
2-1. Definition

Consider a set of s ordered categories, S = {1, ..., s}, withorder 1 < --- <s. For a category y in S and
a distribution F over S, we define a residual
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r(y, Fy=E{sign(y, )} =pr(y >Y) —pr(y < Y),

where Y is a random variable with distribution F, and sign(a, b) is —1,0and 1 fora <b,a =banda > b,
respectively.

In ordinal regression models, we fit an ordinal outcome variable Y on covariates Z. Some common
models include continuation ratio, proportional odds and other cumulative link models (Agresti, 2002).
For subject i, let ¥; be the outcome and let Fz,.¢ be the distribution of ¥; given covariates Z; under a model
with parameters 6. We define

Ri=r(Y;, Fz.09). (1)

Given data (y;, z;) and a fitted model with parameter estimates é, the residual for subject i is r; =
r(vi, in;é)~ Notice that 7; is not a realization of R;, but of the random variable ]él- =r(Y;, in;é). Ifo — 0
in probability, then F 76— Fz.9 and Iéi — R; in distribution. Therefore, moment properties of R; are

applicable to R; asymptotically.
Our residual has all the desirable features listed in § 1; (a), (b) and (f) are obvious and (c)—(e) will result
from Properties 1 and 8 below. Proofs of all the properties are given in the Appendix.

2-2. Properties of r(y, F), R; and F;

First consider a distribution F = (p1, ..., py) over S. The corresponding cumulative probabilities are
V= Zkgj Pk, with y; = 1. For convenience, we define yy = 0. Then for category j € S,7(j, F) =y;j—1 —
(I —y;) =yj—1 + vy, — 1. The following properties hold:

Property 1. —1<r(1, F)<---<r(s, F) < 1;

Property 2. whens =1,r(1, F)=r(1,1) =0, where F = (1) is a point mass;

Property 3. r(j, F)=—-r(s — j+1,G),where G=(q1,...,q9) = (ps, ..., p1) Withgq; = p,_;11;
Property 4. as functions of (y1, ..., ys—1), 0r(j, F)/dy; =0r(j + 1, F)/dy;.

Property 1 implies (c) and (d). Property 3 means that when the order of the categories is reversed the
residual has the same magnitude but the opposite sign. Property 4 implies that when all probabilities are
fixed except for p; and p;, the residuals for categories j and j + 1 change at the same rate as y;, or
equivalently, p;, changes.

If two adjacent categories ¢ and ¢ + 1 are merged, with distribution G = (q1, ..., gs—1), where g; = p;
for j <t,q; = p; + pry1 and q; = p; 41 for j > ¢, then the branching property (Brockett & Levine, 1977),
r(j’ F) (] < t)a
Property 5. r(j,G)=qr(j+ 1, F) (>,

{pr(t, F)+ pyir@+ 1, )}/ (pe + piy1) (G=1),

ensures robustness to the number of categories, that is, the residual for the new category is a weighted
average of those of the merged categories with weights proportional to their probabilities, and the residual
remains the same for the other categories.

Properties 1-5 are sensible for a residual measure for ordinal outcomes. Our residual is the only mea-
sure, up to a constant factor, that satisfies Properties 1-5. In fact, Properties 2, 5, and simpler versions of
Properties 3 and 4, are sufficient for deriving our residual. Specifically, when s = 2, consider:

Property 3'. r{l, (p. 1 — p)} = —r{2, (1 — p. p)};
Property 4. dr{l1, (p, 1 — p)}/dp =dr{2, (p, 1 — p)}/dp.
Then the following uniqueness property holds.

Property 6. The function r(j, F) satisfies Properties 2, 3/, 4" and 5 if and only if (j, F) = c{y,;—1 —
(1 — y;)}, where c is an arbitrary constant.
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A similar uniqueness property was proved by Brockett & Levine (1977) while studying the properties
of ridits (Bross, 1958; Agresti, 1984). In fact, our residual is closely related to ridits, which have been used
for scoring levels of an ordinal variable. The ridit for level j is ridit; = y;_ + p; /2= (y;—1 + ¥;)/2, and
the mean ridit is 1/2. The following property holds:

Property 7. r(j, F)/2=ridit; — 1/2.

Now consider a random variable Y over S, with distribution ' = (py, ..., ps). Then R=r(Y, F) is a
random variable, for which the following hold:

Property 8. E(R)=0;
Property 9. var(R) = (1 —>7"_, p})/3, or alternatively, var(R) = > PiYi-1Y)s
Property 10. when p; = - - - = p, = 1/s var(R) reaches its maximum (1 — 1/s%)/3.

Property 9 provides alternative ways of calculating var(R) and implies that var(R) does not depend on
the order of the probabilities. The maximum of var(R) is an increasing function of s and it approaches the
cap 1/3 fairly quickly, being 0-25, 0-30, 0-32, 0-33, for s =2, 3, 5, 10, respectively.

Now consider a random sample of n subjects, with n; subjects in category j (j =1, ..., s). Their empir-
ical distribution is # = (p1, ..., Ps), where p; =n;/n, with cumulative probabilities p; = Zkgj ni/n.
Since there are no covariates, we can think of a constant predictor for all subjects. Then F is the fitted
distribution and for subjects in category j, their residual is r; =r(j, F)= Viei+yi—1= (qu 2n; +
n; — n)/n. If we rank these subjects their midrank is rank; = qu ng + (n; +1)/2 and,

Property 11. rank; =T (r;), where T(r) = (n/2)r + (n + 1)/2.

The function 7 (r) can be viewed as a translation from the residual scale to the rank scale. Li & Shepherd
(2010) presented statistics for testing the association between two ordinal variables, X and Y, while adjust-
ing for covariates Z. One statistic was the correlation coefficient between the residuals from models for
X | ZandY | Z. Property 11 implies that when there are no covariates, our statistic is Spearman’s rank cor-
relation coefficient between X and Y. When covariates exist, 7' () will yield adjusted ranks of the subjects,
and our statistic can be interpreted as an adjusted rank correlation.

We now focus on models for an ordinal outcome Y on covariates Z with parameters 6. For subject
i(i=1,...,n)and category j (j=1,...,s), let y; ; =pr(¥; <j | Z;; 0); for convenience, we define
vio=0.Let p; j =pr(Y; =j| Z)) =i, — Vi j—1. The following moment properties hold:

Property 12. E(R; | Z;;0) =0;
Property 13. var(R; | Z;;0) = E(R} | Z;;0) =Y, pij(Vij1 + vij — D%

Let p; ; and y; ; be the maximum likelihood estimates of p; ; and y; ;. Then 7; = 9, ,—1 + Vi), — 1.
The variance of R; can be consistently estimated by inserting these estimates into Property 13,
var(R;) = var(R; | z;; 0) = > izt Pij Dy + Vi — 1)2. One could therefore calculate a standardized
residual as 7;/{var(R;)}'/?, which for binary Y is the Pearson residual (/(y,—z — pi2)(pi1pi2)""/?
(McCullagh & Nelder, 1989).

Now consider a proportional odds model (McCullagh, 1980), logit{pr(Y < j | Z)}=a; + Z'B (j =
1,...,s — 1), with parameters 6 = («y, ..., oz_1, 8). Under this model, our residuals are related to score
residuals (Therneau et al., 1990). Let /; be the loglikelihood for subject i, and U; = U;(0) = dl; /6.
Because Ey(U;) =0, U; is called the score residual. For proportional odds models, the following prop-
erties hold:

Property 14. 7 = — Zj;ll (9l;/9atj)]5, where 6 is the maximum likelihood estimate;

Property 15. 3" 7 =0.
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Fig. 1. Connection between our residual and a latent-variable residual.

Property 14 implies that our residual is a partially aggregated score residual over the o components of
U;(0), and Property 15 is analogous to that of linear regression residuals.

2-3. Connection to residuals on a latent variable scale

In cumulative link regression models, the cumulative probability y; ; is modelled through a link func-
tion G~ (yi,j)) =a; +z; B, where G is a cumulative distribution function over the real line. The ordinal

outcome Y; can be viewed as the result of applying thresholds «;, ..., os_; to a latent random variable
U; that has cumulative distribution function G; (1) = G(u + z] ). Then E(U;) = — z] B, where u is the
mean of G. For convenience, let oy = —o0 and o, = +00.

If we observed U;, the usual residual on the latent variable scale would be U; s = U; — E(U;) = U; +
zI B — . Since U; 4 z] B ~ G, Uj res follow the same distribution for all subjects and £ (Uj res) = 0. As Uj;
is latent, we do not know its value but only that ;1 < U; < «; if ¥; = j. One may want to replace U; with

EUi | Yi=))=

1 &) 1 Yij | 1 Yij |
/ wdGy(u) = / G\ (p)dp = / G\(p)dp — =18,
Pij Ja; Pij Jyi Pij Jy

j— Vij—1

and define a residual on the latent variable scale as

Li,reszE(Uvi|Yi=j)+Z;'rﬂ_:U*=

i,j

Yi.j
/ G '(p)ydp — p,
y!

hj=1

where E(Li,res) = E{E(Ui,res | Y)}= E(Ui,res) =0.
If the mean of G is its median, which is true for logit and probit link functions, then pu = G 'a /2).
And if the interval (y; ;_1, ¥i,;) is small, then

1 e —1 (1
G (pdp—u=G (m;)—G 5)
Pij Jyi ;.

where m; j = (yi j—1 + vi,;)/2. Since R; /2 =m; ; — %, our residual is equivalent to comparing m; ; with
1/2 on the probability scale. Therefore, our residual captures information similar to that of a latent-variable
residual, but on a probability scale irrespective of the choice of link function; see Fig. 1.
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Fig. 2. Residual-by-predictor plots with age included in proportional odds models
with a linear term (a) and with linear and quadratic terms (b). Lowess curves (solid)
are added. A horizontal line (dashed) at zero is included for reference.

3. USE OF THE RESIDUAL IN MODEL DIAGNOSTICS
3.-1. Residual-by-predictor plots

When an ordinal regression model is correct, E(L; ) =0 and L; e = E(U;res | ¥i) 1s a catego-
rization of U, s, which follows the same distribution across all subjects. Therefore, L; s may have
similar distributions across subjects. In addition, we have shown that E(R;) =0, the range of R; is
symmetric about zero, and R; and L, s are closely related. Therefore, a plot of 7, or its latent-variable
version ires, versus a predictor can be useful for visually detecting if there is any additional effect of
that predictor, such as nonlinearity, on the outcome. This plot is referred to as a residual-by-predictor
plot.

We use data from a study of HIV-infected women in Zambia (Parham et al., 2006) to demonstrate an
application of residual-by-predictor plots. Cervical specimens from 145 women were examined using
cytology and categorized into five ordered stages. We fit proportional odds models to assess the asso-
ciation between stage of cervical lesions and age after adjusting for CD4 count. Under the assumption of a
linear relationship of age with the log-odds of severity of lesions, the model tends to overpredict severity of
lesions at low and high ages, as shown in Fig. 2. If age is put into the model with linear and quadratic terms,
the residuals are much more uniform across ages. The plots are similar using standardized or latent-variable
residuals, shown in the Supplementary Material.

3.2. Partial regression plots

When fitting a regression model of an ordinal outcome Y on a covariate X and other covariates Z, we
may want to examine whether X is associated with Y after adjusting for the effects of Z. To do this, we first
fit an ordinal regression model of Y on Z to obtain residuals 7, then fit an appropriate regression model of
X on Z to obtain residuals 7, and plot 7, versus 7. This plot is called a partial regression plot. Let Ry be the
random variable as defined in (1) and Ry be the residual random variable for the model for X | Z, of which
7 is a realization. When the model for Y | Z is correct and ¥ and X are independent conditional on Z, Ry
and Ry are independent given Z. Thus, E(RyRy) = E{E(RyRx | Z)} = E{E(Ry | Z)E(Rx | Z)} =0by
Property 12, E(Ry) = E{E(Ry | Z)} =0 and cov(Ry, Rx) = E(RyRx) — E(Ry)E(Rx) =0; that is, Ry
and Ry are uncorrelated. Hence, the partial regression plot can provide a visual inspection on whether X
remains a useful predictor of Y after the effects of Z have been adjusted for. Although the validity of this
plot does not depend on the type of residual for X, its effectiveness might.

We use the same dataset as that in §3-1 to demonstrate partial regression plots. Figure 3(a) is a par-
tial regression plot for the association between cervical lesions and CD4 T-cell count. Residuals from a
proportional odds regression of cervical lesions on age and squared age are plotted against residuals from



478 CHUN L1 AND BRYAN E. SHEPHERD

(b)

[¢]

000 o
® %0 @OOSDQ)%O@O o

Residual of cervical stage

I
—200 0 200 400 600 -10 -5 0 5 10 15
Residual of CD4 Residual of VCD4

Fig. 3. Partial regression plots looking at the residual association of cervical

lesions with (a) CD4 and (b) square-root transformed CD4 after adjusting for

age, with both linear and quadratic terms. Lowess curves (solid) are added. A
horizontal line (dashed) at zero is included for reference.

a linear regression of CD4 count on age and squared age. There appears to be correlation between these
residuals, so it may be useful to include CD4 count in the model for cervical lesions. Partial regression
plots may also be useful for detecting outliers: no single observation appears to be overly influential in this
analysis, although the skewed nature of the CD4 residuals suggests that a square root transformation of
this variable may lead to a better fit, as suggested by Fig. 3(b). Additional examples of partial regression
plots using our residuals are in Li & Shepherd (2010).

4. DISCUSSION

Our residual is effectively defined on the probability scale of the fitted distribution, and can be
extended to any regression analysis in which fitted distributions are calculated. One potential advantage
of probability-scale residuals is that they can be defined for regression analyses in which the fitted distri-
butions are not completely determined, such as in models of censored data or quantile regression.

Our new residual offers a general solution for how to include an ordinal predictor in a regression model.
Traditional approaches treat an ordinal predictor as either numerical, enforcing a linearity assumption, or
categorical, ignoring order information. An alternative approach would be to fit an appropriate regression
model of the outcome on other covariates Z and an ordinal regression model of the ordinal predictor on
Z, and test for correlation between the residuals of the models. The partial regression plot is the graphical
counterpart of this approach. We have shown this approach to be robust and powerful when the outcome
variable is also ordinal (Li & Shepherd, 2010), and we are studying this approach for other outcome types.

One limitation of our residual is that it seems not useful for checking the proportional odds assumption
in proportional odds models, as the cell-wise information necessary for investigating this assumption is
collapsed into a single value.
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APPENDIX

Proofs of properties
Properties 2, 4, 7, 11-13 are obvious.

Proof of Property 1. Sincer(j + 1, F) —r(j, F)=yj+1 —yj—1 =20, wehave r (j, F) <r(j + 1, F).
Sincey; 20andy,_ 1 < Lr(l, F) =y —1>—landr(s, F) =y, < 1. O

Proof of Property 3. Let y;r and y; ¢ be the cumulative probabilities for distributions /" and G, respec-
tively. Let t =5 — j + 1. Then y,_1j¢ =1 — y;ir and y; 6 =1 — yj_1r. Therefore, r (¢, G) = y;_1j6 +
vie —1=1—=yjr—vji-yr=-r(, F). 0

Proof of Property 5. The results for j <t and j >t are obvious. For j=¢, since r(t + 1, F) =
r(t, F)+ (pr+ piv1) and r(t, F) =2y, + p, — 1, we have {pr(t, F)+ pr@+ 1, F)}/(p: +
p) =1, F)+ prp1 =2y 1 + (pr + prr1) — L =1, G). O

Proof of Property 6. Let f(p)=r{2,(p,1— p)} for 0 < p < 1. We first show that f(p)/p is a
constant. By Property 3', r{1, (p, 1 — p)} =—f(1 — p). By Property 4, f'(1 — p) = f'(p) and thus
f(1 = p)+ f(p)=cisaconstant as its derivative is always zero. By Properties2 and 5,0 =r(1, p + 1 —
p)=—pf(—p)+1—=p)f(p),andthus /(1 —p)= f(p)(1 — p)/p.Then,c= f(1 — p)+ f(p) =
S(p)/pand f(p)=cp.

By Property 5, 7(j, /) =7{2, (a, p;, b)}, where a = y;_; and b =1 — y;. By Properties 2 and 5,
0=a Xl"{l, (a’p]’b)}+p] Xr{27 (avpjvb)}+b Xl"{3, (aaplvb)}
=axr{l,(a,1—-a)+p; xr{2,(a, p;j,b)} +b xr{2,(1 — b, b)}
=—af(l—a)+p;r(j, F)+bf(1-Db).

Thus, r(j, F)={af(1—a)=bf(1=D)}/pj=cla(l —a) —=b(1 =b)}/p;=cla(p; +b) —bla+ p))}/
pj=cla—b)=clyj—1 — (1 — y;)}. Itis easy to show the reverse. O

ProofofPropertyS Since Z PjYj-1= Z pj(2k<]pk) Zjl<j2pj1pj2 and ijj(l_yj)z
20 Qe P =251 PPy we have E(R)—Z_ pilyio1— (1 —ypy=0. O

Proof of Property 9. Since E(R)=0and y,_1 — (1 —y,) = Zb:b#a Py X sign(a — b),

var(R) = E(R) = pafyat — (1 = y)¥’

a=1

=>"p{ Do P+ D 2pepe xsigna—bysigna —c)

b:b+a b,cchb<c,b+a,c*a

=Y PaPh+2 Y papspe

a£b a<b<c

Since 1= (3, pa)* =3, Pa +3 Y up PaPi + 624 _poc PaPbPes Var(R) = (1 =37, pi)/3
For the alternative expression, since Y., _, PaPb = y_p PaDlb D ocPc = up(Pals + DEPb +
> ctap PaPbP) =Y qsp PaPh+3 2 ucpee PalbPe>

Var(RY=_ pupp— Y, PaPbPe= Y PaPbVs= me 1= Zpb)/b 1V

a<b a<b<c a<b
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Proof of Property 10. To maximize var(R) subject to the constraint )  p; = 1, we employ a Lagrange
multiplier in the function

1
L1y -y s ) =var(R) — A (ij - 1) =3 (1 —Zp;) —,\(zp_,- - 1).
Setting 9f/01 =0 gives the constraint ) p; — 1. Setting 3f/dp; = —pf —A=0 for all j leads to
p1=---=ps=1/s and var(R) = (1 — 1/s?)/3. O
Proof of Properties 14 and 15. For proportional odds models, it can be shown that
3%i,)

Vi i
=y, 1=y, -
oo viij( vi.j) ooy

=0 (*k).

For convenience, let y; o = 0. For subject i, let /; = log(p;,,,) =1log(¥;,,, — Vi,y,—1) be the loglikelihood. Let
I=Y",1; and 6 be the maximum likelihood estimate. Then
s—1 ~ ~ ~ A
28711 — Vi,y,(l _yi,y,) . Vi,y,fl(l _Vi,yifl)
aal N ﬁi,y, ﬁlﬁ,y,‘
é

j=1
_ ();i,y,-—l +[3y,-)(1 - J;i,yi) - J;i,y,—l(p,\y,- +1- J;i,yi)
ﬁi,yl-
=(1- JQi,y,v) - );i,y,—l =7

and
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