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Abstract
While magnetic resonance imaging of static magnetic fields generated by external probes has been
previously demonstrated, there is an unmet need to image time-varying magnetic fields, such as
those generated by transcranial magnetic stimulators or radiofrequency hyperthermia probes. A
method to image such time-varying magnetic fields is introduced in this work. This article
presents the theory behind the method and provides proof of concept by imaging time-varying
magnetic fields generated by a figure-eight coil inside simple phantoms over a range of
frequencies and intensities, using a 7T small animal MRI scanner. The method is able to
reconstruct the three-dimensional components of the oscillating magnetic field vector.

Introduction
Magnetic resonance imaging (MRI) is exquisitely sensitive to magnetic field perturbations.
Indeed, a great deal effort has been devoted to overcoming the effects of those perturbations
on the images. On the bright side, that sensitivity has also been leveraged to map the quasi-
static magnetic fields generated by therapeutic devices, such as transcranial magnetic
stimulation (TMS) probes. This application is very compelling, as it would greatly facilitate
the design testing and validation of new probes as well as targeting. While TMS pulses are
not static, they are of a low enough frequency that they can be easily approximated by
scaling a small static magnetic field produced by the same TMS by the driving current’s
waveform(1–3). This approximation breaks down as the frequency of the field increases and
secondary (induced) fields become more prominent, so it may not be suitable for the case of
thermal ablation RF therapy (4) or other devices.

In that case, magnetic fields and specific absorption rate (SAR) maps can be calculated for
the purposes of device safety by computational modeling over the entire frequency
spectrum, if the spatial distribution of the electrical properties (permittivity, conductivity,
…, etc.) of the tissue is known. Thus, it may prove advantageous to image the fields directly,
as it circumvents making additional measurements and assumptions. It should be noted that
if the device operates at the resonant frequency of the spins, one could map it by measuring
the flip angles produced by its field, but this method is restricted to that specific resonant
frequency and is appropriate mostly for the RF probes employed in MRI.

The aim of the present work is to present proof of concept of a simple method to image
dynamic magnetic fields induced in the body by an electromagnetic probe (therapeutic or
otherwise) driven by an arbitrary known waveform. Static magnetic field imaging has been
demonstrated by observing phase shifts in the signal resulting from changes in echo time (1–
3,5). Similarly, the Bloch-Siegert effect has been also leveraged to map the fields produced
the imaging RF coils, but this is limited to the frequency range of the imaging coil (6) and
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produces only the component of the field that is collinear with the RF coil’s main axis.
Stimulus induced resonant saturation (SIRS) can be used to map narrow band oscillating
fields but requires transmission of a secondary spin-locking pulse using additional hardware
(7). The approach that we present in this article requires no additional hardware and allows
mapping the spatial distribution of all three Cartesian components of a magnetic vector field
oscillating with an arbitrary waveform, provided that its frequency content is significantly
below the resonant frequency of the system.

The magnetic fields produced by both TMS and RF ablations are strong enough to
completely destroy the MR signal and, in the case of RF ablation, induce temperature
changes, which also produce phase changes in the image. Hence, our strategy is to measure
a greatly scaled down version (up to five orders of magnitude) of the electromagnetic field
of interest, instead. Since it follows a linear relationship to the input current through the
probe, the resulting magnetic field map can be re-scaled appropriately in order to calculate
the actual treatment field. This approach allows image acquisition and also allows the
operator to map the field before applying the treatment, in order to permit the appropriate
position adjustments before without affecting unwanted tissue regions.

The scope of this article is limited to introducing the theory and demonstrating proof of
concept for the method in a 7T small animal scanner. To that end, we imaged oscillating
magnetic fields generated by a figure-eight coil inside simple phantoms over a range of
frequencies and intensities. We defer characterization of the fields generated by TMS and/or
RF thermal ablation probes in humans for future studies.

Theory
We begin by noting that in a typical MRI experiment, as soon as the spins’ magnetization
vector is tipped onto the transverse plane by application of a resonant radio frequency (RF)
pulse (let’s call that time t0) turning on an additional magnetic field will cause the
magnetization vector to gain phase relative to the rotating frame of reference as

[1]

Here, Mxy(r ⃑, t) and Bz(r⃑, t)are the magnetization vector and the additional magnetic field at
position r⃑ and time t, respectively, and γ is the gyromagnetic ratio (the variable τ is used for
time-integration). We note that the phase gain experienced by the magnetization vector is
produced only by the component of the external magnetic field that lies along the direction
of the scanner’s main axis (let us designate it as the z-axis) and hence we focus on that
component alone. The function describing the additional magnetic field is separable in space
and time, i.e.,

[2]

where f(t) is the waveform driving the device’s magnetic field. The problem at hand consists
of solving for the spatial map of an oscillating magnetic field, Bz′(r) generated by a device
of interest given that its time course, f(t), is known a priori and the magnetization vector
field can be measured by the MRI experiment. We will refer to this field as the “external
field” henceforth.

One approach to this problem, previously presented by our group (8), is to synchronize the
driving function, f(t), with pulse sequence’s readout. In that case, the phase contribution
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from the k-space encoding gradients can be included into the well-known signal equation
(9,10), which can be modified as

[3]

to include the effect of the external field. Recall that the term k⃑(r ⃑, τ) indicates the signal’s
phase gain over time at each location due to the imaging pulse sequence’s magnetic field
gradients, also referred to as the ‘k-space trajectory’. By comparing the observed signals
with and without the external field, one can solve for the spatial distribution of the external
magnetic field, Bz′(r⃑). While this equation can be solved using iterative algorithms, it is
computationally expensive and not always stable in our experience.

On the other hand, if the device whose field we want to map can be pulsed during the
interval between excitation and readout, the problem can be simplified significantly because
the external field’s contribution to the phase is no longer a function of time. The signal
equation is now

[4]

where F is the time integral of the driving function f(t) over the duration of the external
magnetic pulse. In this case, the magnitude of the reconstructed image will not be affected,
but its phase will be increased by

[5]

Calculating the spatial map of the external field, Bz′(r ⃑), is then straightforward. This
approach is effective theoretically, as long as the induced phase, Δφ, is greater than −π and
less than π. Otherwise, phase wrapping may lead to erroneous results. While this procedure
yields the component of the magnetic field along the direction of the scanner’s main
magnetic field, Bz′(r⃑), it does not yield the other two Cartesian components of the vector

field,  and . However, we have previously introduced a method to estimate the
entire vector field by rotating both the object and the probe together inside the scanner and
collecting several such projections. The details of the implementation can be found
elsewhere (3), but the analysis can be summarized as follows. The object and probe are
rotated together over several positions (minimum of three) and a Z-projection of the
magnetic field of interest is collected, as described above.

Rigid body coregistration of the all images and the corresponding field projections is
performed relative to a reference image. This can be carried out using any standard rigid
body coregistration software (e.g., (11) (12)) that yields the rotation matrix in addition to the
co-registered images. The entire magnetic field (i.e., all three Cartesian components) vector
can then be calculated from the set of measured Z-projections at each orientation and the
corresponding rotation matrices, as indicated in (3,13).

Methods
All images were collected on a 7 Tesla scanner (7/310, Agilent Techonologies, Walnut
Creek, CA) using a birdcage RF coil for excitation and acquisition. The first experiment was
to verify our ability to image the magnetic field projections over a range of oscillating
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magnetic field intensities and frequencies. An angled figure-eight shape coil (loop diameter
= 3cm, angle ~ 130 degrees) was constructed from magnet wire in order to mimic a TMS
coil (e.g., MagVentures D-B80 coil, Magventure, Inc, Atlanta, Ga) and placed on a spherical
phantom (diameter = 5cm) filled with water. The phantom-coil assembly was placed inside
the scanner, oriented so that the bulk of the magnetic field produced by the coil was aligned
with the main magnetic field of the scanner, as illustrated in Figure 1A. The coil was
connected to an arbitrary function generator (HP 33120A function generator, Palo Alto,
CA).

Ten slices were collected along the axial plane (or XY-plane in the magnet’s frame of
reference) using a standard gradient echo sequence (TR = 116 ms, TE = 10 ms, flip angle =
20 deg, FOV = 8 cm, slice thickness = 2 mm, matrix size = 128 × 128, RF and gradient
spoiling were used to remove spurious magnetization). The magnetic field of interest was
induced in the phantom by the probe during the acquisition of the gradient echo image
signals. Specifically, a sine wave consisting of 3.25 cycles was transmitted through the
probe immediately after the RF excitation pulse, but well before the frequency and phase
encode gradients of the gradient echo sequence were turned on. Note that for this specific
pulse was chosen because Equation 5, describing the phase gain created by the pulse,
integrates elegantly to a linear function of the inverse of the pulse’s frequency, ω:

[6]

The applied peak-to-peak voltages across the coil were 0, 1, 5, 10 and 14 V and their
frequency was 0.5, 1, 5, 10, 50, 100 kHz. In order to explore the voltage dependence in more
depth, the experiment was repeated at 1kHz and 100 kHz using a more finely sampled set of
voltages (from 10 to 14 Vpp at 0.5 Vpp increments) but coarser image resolution (64 × 64) to
reduce acquisition time. The current through the probe was verified to be constant at each
voltage regardless of frequency, indicating that the probe’s reactance (and hence, its
inductance) was negligible over the frequency range of this work. The images were
reconstructed and the phase difference due to the magnetic pulse was computed at each
voltage and frequency.

A second experiment was carried out to test our ability to reconstruct the three dimensions
of the oscillating magnetic vector field. A small phantom was constructed by filling a small
bottle with gelatin and introducing a thin hollow tube only partially filled with gelatin and
placed diagonally inside the gelatin, in order to give the phantom an asymmetric structure
(see Figure 1B). A second figure-eight probe (6 turns on each loop, 2 cm diameter loops)
was attached to the phantom and the whole assembly was placed inside the scanner. The
object was imaged at seven different orientations using a gradient echo sequence (TR = 60
ms, TE = 4 ms, flip angle = 30 deg, FOV = 6.4 cm, slice thickness = 1 mm, matrix size = 64
× 64 × 50, RF and gradient spoiling were used to remove spurious magnetization). The
phantom/probe assembly was imaged at each position twice: without any current running
through the probe and also while a current pulse was transmitted through the probe
immediately after the excitation RF pulse. This pulse lasted 1.5 ms and consisted of three
cycles (i.e., frequency = 2 KHz) of a DC-shifted cosine wave oscillating between 0 and 1
Volts.

The images were subsequently reconstructed and the phase difference between the complex
images with and without the magnetic pulse were computed at each position. The projection
of the magnetic field onto the Z-axis (Bz) was computed from these phase differences and
from the integral of the applied magnetic pulse. Next, the images were coregistered by rigid
body affine transformation using FLIRT (http://fsl.fmrib.ox.ac.uk/fsl/fslwiki/FLIRT). The
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resulting affine transformation matrices for each orientation were used to construct the
projection matrix P using the method presented by Hernandez-Garcia et al. (3), which
relates the observed projections, , to the original magnetic field vector Bxyz at every voxel
by:

[7]

The magnetic vector field, [Bx By Bz]T, at each voxel was then computed by inverting the
projection matrix P using the least-squares pseudo-inverse and multiplying it by the vector
of measured projections at that voxel. The resulting maps of the three Cartesian components
were then used to construct vector field plots, which were overlaid on intensity maps.

Results
The first experiment demonstrates the dependence of the phase accrued due to the probe’s
magnetic field on the frequency and amplitude of the field. Images of the phase difference
induced by the magnetic field pulses over the range of intensities (voltage across the probe)
and frequencies from the probe at a plane 10 mm away from the coil’s vertex can be seen in
Figure 2. This location was chosen as it approximates a typical stimulation region in TMS
experiments. There is a clear trend of increasing phase gain with lower frequency and higher
voltage.

The average of the absolute phase difference over the object in the slice was fit to a simple
linear function of the inverse of the frequency, in accordance to Equation 6 above. It is clear
from Figure 3 that the phase changes do indeed follow a linear function of the inverse of the
frequency and the magnetic field’s amplitude. The individual correlation coefficients and
their confidence intervals are shown in Table 1. All correlation coefficients between the
phase gain and the inverse of the frequency were above 0.96. Also consistent with Equation
6, all correlation coefficients between the phase gain and the peak-to-peak voltage amplitude
were above 0.82 (see Table 1). More specifically, Figure 3A shows plots of the phase gain
against the inverse frequency of the pulse and Figure 3B shows a plot of the fitted slopes
from the frequency plots against the peak-to-peak voltage. The fitted slopes of the frequency
dependence plots were plotted in turn against the voltage applied to the probe, again yielding
a strong linear relationship (r> 0.99 with 95% confidence interval of 0.001). Conversely,
Figure 3C shows plots of the phase gain against the peak-to-peak amplitude voltage of the
pulse and Figure 3D shows a plot of the fitted slopes from the voltage plots against the
inverse frequency. The fitted slopes of the voltage dependence plots were in turn plotted
against the inverse frequency of the applied to the probe, again yielding a strong linear
relationship (r> 0.99 with 95% confidence interval of 0.001).

The Z-component (aligned with the magnet’s main axis) of the magnetic fields induced by
the probe at each frequency and voltage were computed from the above phase maps and can
be seen in Figure 4. Consistent with expectation from basic electromagnetic theory, the
induced magnetic field increases linearly with the current through the loop, (proportional to
the applied voltage) but is largely independent of frequency in this regime. However, at the
higher frequencies the images were notably noisier because the amount of phase gained was
much smaller, hence yielding images with a smaller signal-to-noise-ratio.
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Magnetic vector field maps were reconstructed from the phase images collected in the
second experiment. The three Cartesian components of the magnetic field inside the object
are displayed as axial slices in Figure 5. Figure 6 displays three intersecting orthogonal
views of that same vector field’s magnitude on a log scale. Streamlines are overlaid on top
of the magnitude images to indicate the direction of the magnetic field that resulted from the
projection process. Note that the empty space apparent in Figures 5 and 6 inside the
phantom is due to the partially filled hollow tube.

Discussion
We have presented a simple method to map oscillating magnetic fields inside tissue using
MRI. This method is quite versatile in that it allows for imaging the spatial distribution of a
broad spectrum of frequencies and does not require any additional hardware, except for the
ability to synchronize the source of the magnetic field with the MR scanner, which can
typically be achieved easily via TTL lines. The main constraints of the method are that (1) it
requires control of the temporal characteristics of the magnetic field under scrutiny, (2) it
can only be used at low field amplitudes (in the order of a few mGauss) so that the phase
gain can be kept within 0 and 2π radians, which means that in many cases we can image
only a scaled down version of the field, (3) the frequency content of the waveform must be
below the Larmor frequency of the tissue’s spins. Phase wraps within the images may also
constitute a challenge to this technique. This can be overcome by employing a number of
numerical techniques to ‘unwrap’ the phase, such as those in (1,14–16). If those techniques
prove to be insufficient, though, one can also resort to collecting a second field map of that
region at a lower power level.

Beyond these constraints, there are other practical issues that must be considered as well.
The first one is that, in order to calculate all three components of the magnetic field, the
object must be reoriented several times in the bore of the magnet while the probe in question
remains fixed to the object. While this is somewhat cumbersome, we have demonstrated
before that it is quite feasible because the changes in orientation can be subtle (in the range
of < 10 degree rotations) as long as a large number of orientations is acquired (see (3,13) for
a demonstration in a human head with a TMS device). Second, the probe itself can
potentially distort the images because of ferrous materials in its construction. Thus, one must
be careful in the choice of the imaging sequence. For example, one can use shorter echo
times and faster readouts if using gradient echo imaging or the technique can be readily
adapted as a spin-echo readout by pulsing the magnetic field under scrutiny in the period
between the 90 degree and the 180 degree pulses of the MR pulse sequence.

Previous work by Bohning et al (2) showed that one can obtain a measurement of a TMS
probe’s magnetic field without collecting multiple projections of the field, in contrast to the
present article as well as our previous work (3). While the single projection method is
simpler to implement, it only yields the z-component of the magnetic field in question. In
that implementation, the coil had to be positioned perpendicularly to the direction of the
main axis of the field in order to measure the main part of the field. That approach also
constrained the imaging region to the near field, where the magnetic field is mostly aligned
perpendicularly to the probe. Further from the coil, however, as the magnetic field vector
curves and diverges from the main axis, the results would be inaccurate. In our previous
work with DC fields (3), we demonstrated that a minimum of three projections are needed
under ideal conditions, but that the more projections are collected, the better the condition
number of the projection matrix, and hence the easier it is to invert the matrix and solve for
the whole vector.
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There are several potential biomedical applications for this technique. One family of
applications is image guidance for transcranial magnetic stimulation (TMS) and
radiofrequency ablation (RFA), which is highly desirable for targeting and dosimetry
purposes (4,17–19). In both cases, the specificity and accuracy of the treatment are crucial
but it is not straightforward to deliver the energy to the target without radiating unwanted
tissue. Hence a great deal of effort has been spent on improving targeting capabilities
through computer simulations (20–28) (29) or image guidance (30) (3,31,32). The current
technique yields an accurate map of the magnetic vector field in the target region. However,
we note that the parameter of greatest interest in both RFA and TMS is the electric field, but
knowledge of the magnetic field permits us to evaluate the electric field through Faraday’s
equation for induction. One strategy could be to calculate only the magnitude of electric
field along a discrete contour, determined by the edges of each pixel, by scaling the
magnitude of the magnetic field on the cross sectional area of that segment by the rate of
change of the current pulse, according to

[8]

of the induced current density in the tissue, J, is determined by

[9]

Lastly, another family of biomedical applications for this technique is mapping of the
electrical properties of tissue (e.g., permeability, conductance, permittivity, etc.), which has
recently received much attention as a potential diagnostic tool (33) (34) (35). In these
applications, knowledge of the magnetic field can be used to solve for the tissue parameters
of interest through electromagnetic theory.
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Figure 1.
Figure 1A: Experimental setup for measuring the relationship between frequency, magnetic
field strength and signal phase gain using a simple figure-eight probe.
Figure 1 B – The agar phantom used in the second experiment with the angled figure-eight
coil assembly attached to it. A hollow tube inside the phantom provided sufficient structural
features for coregistration algorithms.
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Figure 2.
Phase gain induced in a single slice of the phantom by a magnetic pulse generated by the
probe depicted in Figure 1. The experiment was repeated over a range of frequencies and
voltages applied to the probe.
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Figure 3.
Dependence of the phase gain on the frequency and voltage amplitude of the pulses. Panel A
shows the dependence of the phase gain on the inverse of the frequency over a range of
voltage amplitudes. Consistent with Equation 6, Panel B shows that the slopes of these plots
are also linearly dependent on the magnetic field, and hence the applied voltage. Conversely,
panel C shows the linear dependence of the phase gain on the voltage amplitude and panel D
indicates the linear relationship between the slopes of the plots in panel C and the inverse
frequency of the pulse.
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Figure 4.
Maps of the Z-component of magnetic field induced by a sinusoidal pulse through the probe
in Figure 1. The frequency and peak-to-peak voltage were varied as indicated in the plot.
The field was calculated using the relationship in Equation 5.
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Figure 5.
Axial images of the three Cartesian components of the magnetic field vector generated by
the angled figure-eight probe on an agar phantom.
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Figure 6.
Three orthogonal views of the magnetic field displayed in Figure 5. In this figure, the field’s
magnitude is displayed in a log scale to aid visualization of the dynamic range. Streamline
arrows are overlaid on top of the magnitude maps in order to indicate the directionality of
the vector field (note that the empty space inside the phantom is a hollow tube, inserted to
provide the phantom enough physical features for coregistration). The black cross-hairs
indicate the intersection point of the three planes depicted.
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