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Abstract
Probabilities of numbers of ligands proximal to an ion lead to simple, general formulae for the free
energy of ion selectivity between different media. That free energy does not depend on the
definition of an inner shell for ligand-counting, but other quantities of mechanistic interest do. If
analysis is restricted to a specific coordination number, then two distinct probabilities are required
to obtain the free energy in addition. The normalizations of those distributions produce partition
function formulae for the free energy. Quasi-chemical theory introduces concepts of chemical
equilibrium, then seeks the probability that is simplest to estimate, that of the most probable
coordination number. Quasi-chemical theory establishes the utility of distributions of ligand-
number, and sharpens our understanding of quasi-chemical calculations based on electronic
structure methods. This development identifies contributions with clear physical interpretations,
and shows that evaluation of those contributions can establish a mechanistic understanding of the
selectivity in ion channels.

1. Introduction
Recent modeling and simulation aimed at understanding the K+/Na+ selectivity of potassium
ion channels have focused on the statistical mechanics of ion solvation that leads to
selectivity. The interactions of ions with their surrounding media are typically strong and
complicated enough to present serious challenges to molecular theory and interpretation.
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Even the simplest cases – Li+ in water, for example – are not simple; a primitive aspect of
hydration in that case, the average coordination number of Li+(aq), has yet to be entirely
settled [1,2]. Excluded-volume interactions and thermal fluctuations contribute to the free
energy of ion solvation, counterbalancing strong associative binding interactions, as well as
weaker, longer-ranged interactions of electrostatic and van der Waals origin. Where one
such effect does not overwhelm all others, comparisons among ions are not easy to predict.
Rationalizations of measurements or exhaustive computations can be superficially
appealing, but uncompelling. The accumulated results for potassium ion channels confirm
the subtleties of simple rationalizations of these free energy comparisons [3–7].

Here we outline the modern statistical mechanical theory that is applicable to metal ions in
solutions, quasi-chemical theory. A springboard for this discussion will be the current
challenge of explaining K+/Na+ selectivity in the K-channel proteins [3–11]. Molecular
simulation [3] has highlighted the flexibility of the structure at the heart of the selectivity
questions, the selectivity filter (Fig. 1). The theory surveyed here, being statistical
mechanics, is well suited for analysis of the statistical and structural variability inherent to
this selectivity filter. Our discussion will not be exhaustive, but our goals will be to establish
the utility of distributions of the number of ligands coordinating an ion, to sharpen our
understanding of primitive quasi-chemical models that use electronic structure
computational tools, and to clarify the implications of reduced models that have become
popular for K+/Na+ selectivity in the K-channel proteins. Thus, our objective is to build a
concise, physically transparent theoretical framework to support a unified interpretation of
recent computations on the selectivity of K-channels.

1.1. Historical overview
Despite the strength and complexity of ion–water interactions noted above, there has been
substantial progress over the past decade in designing molecular theory to treat chemically
complicated ion–solvent interactions [1,13–20]. This theory has been called ‘quasi-
chemical’ to emphasize the commonality with historical theories of phase transitions [20].
Kirkwood referred to those historical approaches as ‘the method of local configurations,’
[21] and noted that the method of local configurations ‘and the quasi-chemical method led to
closed expressions for the partition function, but both are based upon approximations, the
nature of which is not entirely clear.’ An enormous literature has grown up for analysis of
quasi-chemical approximations to the statistical thermodynamics of lattice gases, and by
now a clear understanding of quasi-chemical approximations is available in that context. The
quasi-chemical theory discussed here avoids lattice-gas models and in doing so addresses
additional complexities that deserve further clarification. One example is that electrostatic
intermolecular interactions, long-ranged and strong beyond near-neighbor range, are an
essential aspect of realistic models of aqueous solutions. Those interactions are not
considered realistically in typical lattice-gas models of solutions.

The review of Friedman and Krishnan [22] also provides helpful perspective on the recent
development of quasi-chemical theories. At the time of that review, the importance of near-
neighbor water–ion configurations and chemical interactions was well recognized, as it is
today. That recognition led to ‘hybrid’ or ‘chemical’ models, progenitors of the present
molecular quasi-chemical theory, but a convincing formulation of the statistical mechanical
problem remained elusive [22]: ‘unfortunately, it seems that there are important problems
with calculations of this type which need to be overcome before they can provide a reliable
interpretation of hydration phenomena…’ Since then, the theoretical formulation has
become conclusive [14,19,20], and computations have matured to address particularly
intractable steps. Indeed, direct numerical simulation has recently followed literally the ideas
of quasi-chemical theory, and found them specifically useful [7,8,23,24]. Coincidentally,
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physical intuition about the selectivity of the KcsA potassium ion channel has returned to
these models in the recent decade.

1.2. The inner shell and coordination-number distributions
The recent theoretical developments may be founded on the basic relation,

(1)

between traditional solution free energies and coordination-number distributions [27]. Here

 is the chemical potential in excess of the ideal gas result at the same density and

temperature (T) of species X in solution. , defined below, is that free energy
conditional on the specification that the number of ligands in an inner shell of a
distinguished X be n, exactly. The inner shell need not be macroscopic, and in interesting
cases it will be microscopic in size. The probability for observing n ligands in the inner shell

is pX(n). The quantity  is the probability that n ligands occupy the defined inner shell,

but with solute-medium interactions turned-off. Alternatively, we can view  as an
intrinsic propensity of the ligands to occupy the inner-shell volume; this intrinsic propensity
is then altered by the solute-ligand interactions to become pX(n). Fig. 2 gives examples of
these distributions obtained by molecular dynamics simulation of aqueous solutions of
Na+(aq) and K+(aq) with water molecules serving as the ligands.

Because of its simple, familiar structure, the relation Eq. (1) will be intuitive for many.
Nevertheless, it was specifically written-out only recently and in the context of the present
topic [27]. In addition, Eq. (1) should clarify arguments that have arisen in recent debates on
the mechanism of K+/Na+ selectivity [3–7]. Because of the complexity of those arguments
[28], a simple derivation of Eq. (1) is warranted, and we give such a derivation in the
Appendix.

Access to the solution free energy

(2)

is a specific use for our fundamental Eq. (1). This point can be solidified by writing

(3)

This suggests the evaluation of the cross information entropy [29] between the two
probabilities; the thermodynamic partial molar entropy should be obtained by the proper

temperature derivative of . A numerical demonstration of Eq. (2) is given in Fig. 3.

2. Quasi-chemical theory

The n = 0 instance of Eq. (2) has been used to evaluate  when quasi-chemical theory
[1,13–15,20,19,31] has been viewed from the perspective of processing simulation data [32].
That choice is motivated by the points that: (a) in favorable cases n = 0 events can be
directly observed, and thus kT ln p(n = 0) directly evaluated; (b) −kT ln p(0) (n = 0) has the
physical interpretation of a packing contribution [33] so a non-trivial body of available
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theory, techniques, and results [34] can be exploited; (c) close contacts having been

eliminated,  is simpler than ; a Gaussian statistical model of the
distribution of binding energies might suffice. As an example, recent studies [33,32,35]

sought an inner-shell definition that permitted  so that
the free energy could be approximated by

(4)

The countervailing advantage of the partition function formulae of the Appendix is that they
should be insensitive to infrequent coordination-number cases. If p(n = 0) is impractical to
evaluate because it is small, then Eq. (16) might be satisfactory without the n = 0
contribution. Indeed, it is natural to consider all values of n for which data are available and
Eq. (16) does that [7].

2.1. Chemical detail in quasi-chemical theories
Concepts of chemical equilibrium among the possible occupancy states (n) gives further
perspective on the preceding results, a perspective suggested also by detailed derivations
[20]. This additional perspective helps for treating metal ions in chemical detail in liquid
water [1,16,18-20], or other bulk solution settings. Introduce the chemical equilibrium ratio
defined by Knρn = pX(n)/pX(n = 0) where ρ is the bulk density of ligands [33]. The Kn so
defined characterizes the equilibrium

(5)

where L denotes the ligand species [14,19,20]. Note that the combination Knρn is
dimensionless, and this specification adopts the natural absolute standard state [20]. Of all
the probabilities appearing in Eq. (3), the probability of the most probable coordination
number n = n̄ is the easiest to estimate. In fact, pX(n̄) ≈ 1 is often a benign a priori estimate.
With this idea in mind, write the n = 0 instance of Eq. (2)

(6)

The chemical equilibrium ratio of Eq. (6) can be expressed as the combination

(7)

of contributions naturally implied by Eq. (5). All quantities in this combination are well-

defined computational targets [14,19,20].  is the chemical equilibrium ratio describing
the reaction Eq (5) considered ideally, i.e., without interactions with a medium external to
the combining molecules [20,36]. The rightmost term of Eq. (7) is

(8)
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the excess chemical potential of the ion under the constraint that no inner-shell binding is
possible, i.e., with pX(n = 0) = 1 in Eq. (2). On the basis of Eq. (8), we observe an exact

cancellation of  between Eqs. (6) and (7) producing

(9)

Since  can be calculated without consideration of the solution medium, the
computational methods of atomic and molecular physics can be brought to bear directly
[37]. Provided the structures of isolated clusters do not violate the specification of n̄ with the
inner-shell definition, it is irrelevant whether they are the same as probable solution
structures. No approximation has been introduced as this stage.

The effects of the medium are present in the remaining contributions of Eq. (9). Considering

, calculations would initially consider structures that are probable or easily available. It
is natural and permitted to sample structures and then to treat the sampled structures as rigid
[14,19,20]. Several or many structures might be considered, and the results then combined in
the thermo-dynamically consistent fashion [19,20]. For example, such structures might be
drawn from simulation calculations, and it is known [19,20] how to process free energy
results for structures sampled in that way.

3. Present status
A take-it-or-leave-it model of solvation free energies is not the goal of the quasi-chemical
development arriving at Eq. (9). Instead the goal is a statistical thermodynamic structure that
identifies a natural role for chemical computation. The explicit factor of ρn̄ in Eq. (9) helps
to clarify this distinction. This factor describes an effect of variation of the density of the
solution medium, a necessity for statistical thermodynamic theory. This stands in contrast to
computational models that treat addition of an ion X to a microcluster of solvent as in a
chemical equilibrium

(10)

which is different from Eq. (5). To the extent that the model Eq. (10) does not treat
variations of the solution density, it is incomplete as statistical thermodynamic theory. The
possibility of continuous variation of the composition of mixtures is also a necessity for
statistical theory. For example, the theory must permit investigation of water-methanol
mixtures [38]. For mixtures, the solvent micro-cluster of Eq. (10) would presumably reflect
the bulk solvent composition, and that is generally different than the composition of the
inner shell of the ion.

Nevertheless, chemical models based intuitively on concepts such as Eq. (10) have a record
of producing reasonable hydration free energies of ions [39–43]. The suggested conclusion
is that chemical interactions are a big part of those free energies; getting those chemical
interactions right, even modelistically, is an important step toward getting the free energies
right. For those models and for the quasi-chemical theory, there has been much less
investigation of partial molar volumes and entropies [14,20,42]. Therefore those properties
are not expected to work out so well as do the free energies. Simple estimation of the partial
molar volumes of alkali metals ions in water on the basis of these ideas [14,20] concludes
that those properties require an assessment of packing contributions which were exactly
cancelled in the theory above. Also the partial molar volumes directly involve the mean
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coordination number 〈n〉, which should be close to the most probable coordination number
n̄ appearing above.

3.1. Some practical points
There are several pragmatic points to bear in mind in considering the calculations based on

the theory Eq. (9). The first point is that calculations of the two contributions to 
should be physically consistent because that permits some cancellation of approximation
errors between the individual terms [1,13–15,19,20,31]. Because of this balance, the
approach Eq. (9) is typically insensitive to parameters of the computational procedures. A
second point is that partial molar volumes of metal ions in water are often small, even
negative. Sophistication in evaluating volumetric effects is often unnecessary [14,20]. A
third point is that for metal ions in water, the structures to be considered are often not
particularly novel. The sampling of structures often need not be exhaustive. Finally, kT ln
pX(n̄) can be estimated from routine simulation calculations, though the discrepancy of that
estimate from the even more primitive pX(n̄) ≈ 1 has not been significant in applications to
metal ions in water so far. These points can make calculations more convenient.

4. Discussion of ion selectivity
Recent analyses of the mechanism of K+/Na+ selectivity have typically followed the
reasonable assumption that this selectivity is thermodynamically controlled [3–7]. That
selectivity is governed then by the chemical potentials of the ions. The latter point is not
always explicitly displayed in simulation calculations, which employ a variety of
macroscopic conditions and a variety of computational processes. But we seek free energy
changes for displacements of a single ion [44], or the differences of such quantities between
ions of different types, and those free energy changes are differences of chemical potentials.

When free energies for two ions, e.g., Na+ and K+, are compared, the inner shells are usually
defined for mechanistic insight to reflect characteristics specific to the ions. Then

(11)

The rightmost contribution to Eq. (11) is typically significant, as is documented in Fig. 4 for
n = 8. The value n = 8 has been of special interest in the debates on the mechanism of K+/
Na+ selectivity [3– 7] because 〈n〉 = 8 is a feature of the solved crystal structure.
Nevertheless, Eq. (11) is valid for any coordination number, and other choices for n may be
more useful here.

The present theoretical framework is not limited to cases where an ion binding site is
defined by an experimental crystal structure. We emphasize this by noting ion selectivity in
phase equilibria (Fig. 5) [45]. Those data illuminate many of the mechanistic issues that are
currently debated for the K+/Na+ selectivity of K-channels [3–7]. Firstly, the adjective
‘liquid-like’ is unobjectionable here, and if structural fluctuations were key contributions to
selectivity, then these data would be the more interesting for that reason. Secondly, some of
these data (particularly for propylene carbonate and acetonitrile) exhibit obvious ion-size
effects, an issue that has been debated for K+/Na+ selectivity of K-channels [3–7]. Propylene
carbonate and acetonitrile are not prominent solvents in biophysical problems, and they are
not proposed here to be models for K+/Na+ selectivity of K-channels. Nevertheless, these
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data can clarify concepts that are applied to K+/Na+ selectivity of K-channels. Thirdly, these
systems are models for the case that no biomolecular structural specificity is involved.
Finally, these data demonstrate that the selectivity free energies sought are typically less
than 6 kcal/mol, though absolute solvation free energies are an order-of-magnitude larger.
The several ingredients to the statistical thermodynamic formulation discussed here (Eq. (4))
are larger than the net selectivity free energy that is sought, and have different signs.

On the fine scale of these transfer free energies, the data (Fig. 5) exhibit fascinating variety.
The phenomena underlying recent debates on the mechanism of K+/Na+ selectivity of K-
channels support some of that variety also, and that makes the discussion more complex.
The theoretical framework developed here is complete, and isolates contributions with clear
physical interpretations. Indeed, it has been argued [44] that Eq. (4) provides a basis for
testing statistical thermodynamic concepts used to rationalize numerical results because it
sharply distinguishes those concepts. Thus, careful assessment of each of the contributions
of Eq. (4) would be a natural path for establishing a mechanistic understanding of the
selectivity of ion channels. The multi-state analysis expressed by Eq. (2) pursues that goal of
concept-testing further [13,27,44,47,48]. The more refined theory Eq. (9) gives additional
insight [49] permitted by the physical organization of the problem based on Eq. (5).

5. Future, challenges, and directions
Theory and computations that analyze the experimental data shown in Fig. 5 should be a
specific near-term target for understanding K+/Na+ selectivity in the K-channel proteins. A

longer-range challenge is the direct numerical calculation of  fully on the basis of
validated electronic structure methods so that chemical effects can be investigated non-
heuristically; indeed initial steps in that direction have already been taken [1,6,49]. This is
clearly a large-scale computational challenge, but also clearly feasible [37].

6. Conclusions
This method of local configurations evaluates chemical potentials by defining an inner shell
for detailed consideration. This produces intermediate results, particularly the probabilities
of the number of inner-shell ligands, that suggest mechanistic interpretations.
Thermodynamic results of the calculations are not affected by the inner-shell definition, but
results of mechanistic interest are affected.

Two coordination-number distributions arise in a full discussion of the statistical
thermodynamic problem, not only the naturally observed coordination-number distribution

pX(n), but also the occupancy distribution  of the same inner-shell volume without the
ion. The latter distribution describes an intrinsic propensity for ligands to occupy the inner-
shell volume.

Each of these distributions may be eliminated individually to obtain a partition function
formula, e.g., Eq. (16), for the free energy that is sought. Since just one distribution need be
evaluated, that can be an advantage. A corresponding disadvantage is that a full range of
coordination numbers must be considered instead of just one coordination number that
might offer special advantages.

The primitive quasi-chemical approximation finds another way to address these two
probabilities. That approach introduces concepts of chemical equilibrium, then seeks the
probability that is simplest to estimate, namely the probability of the most probable
coordination number n̄. Quasi-chemical approximations include anharmonic packing effects
in the combination Eq. (8) by acknowledging an exact cancellation and computing the
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remainder approximately. Simple neglect of multiple coordinate states is not an
approximation of that quasi-chemical approach, as Eq. (9) shows.

These theories are not limited to crystallographically defined ion-binding sites, but apply to
solutions generally. Available standard free energies of transfer of alkali metal ions from
aqueous solution to alternative solvents offer examples of mechanisms suggested to explain
K+/Na+ selectivity of K-channels [3-7], e.g., liquid-like structural fluctuations and ion-size
effects. The role of specific biomolecular structures in the mechanism of K+/Na+ selectivity
of K-channels, or other cases [11], may also be illuminated by comparison with those
transfer free energies, because those solution data show fascinating variety without
involvement of specific protein structures.
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Appendix A. A simple derivation of the basic distribution formula Eq. (1)
Having defined an inner shell, introduce an indicator function

(12)

Then

(13)

This notation is customary, e.g., ε = UN+1 −UN − U1 is the binding energy of the ion for a
given configuration. 〈〈…〉〉0 indicates averaging with respect to the configurations of the
solution and a distinguished X solute without interactions between those two systems. The
middle step of Eq. (13) uses the rule of averages [19,20] in which ion–ligand interactions in
both the numerator and normalizing denominator are separated from the probability weights,
and then explicitly displayed within the brackets that now indicate uncoupled averaging.
Integration variables and ranges are the same in all cases here. The final step of Eq. (13) is a
definition of the conditional expectation. The denominator of Eq. (13) is provided by the

potential distribution theorem [20] . Together with the definition

(14)

Eq. (13) is the desired result, Eq. (1).

The definition of the inner shell and the introduction of the occupancy n is a stratification
[50], i.e., a divide-and-conquer strategy. Chemical intuition can be utilized in defining the
inner shell, important cases can get detailed attention, and in fact a small number of cases
are involved in any consideration. Specialization of this generally valid maneuver led
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previously to a multi-gaussian model for hydration free energies [7,47,48]. Because of the

character of the required averaging, the marginal probabilities  do not involve ion–
ligand interactions, but do depend on the characteristics of the defined inner shell.
Conditional expectations might be evaluated by selecting a subensemble corresponding to n
from a long simulation record. Alternatively, n can be directly constrained to a particular
value, as was done for the results of Fig. 3 [27].

Noting the normalization of pX(n), Eq. (1) establishes a partition function,

(15)

for evaluating the solution free energy . Compared to a canonical ensemble partition

function, for example,  appears in a Boltzmann factor, as would the energy at level n.

Then  appears in the position of the degeneracy of level n. Note that both,  and

 depend on the thermodynamic state including the temperature [51]. The quantities on
the right-side of Eq. (15) depend also on the definition of the inner shell, though the
thermodynamic property on the left does not. Although the defined inner shell is an open
system, Eq. (15) is not a grand canonical ensemble formula and the thermodynamic property
obtained is different from the grand canonical thermodynamic potential [14,20].

Nevertheless, the thermodynamic significance of  is fully understood.

Of more specific interest, the normalization of  establishes the inverse formula,

(16)

which requires only quantities that might be obtained by simulation of the physical system.
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Fig. 1.
Configuration from simulation [7] of potassium ion channels [12]. The inset shows a
potassium ion (purple) in the S2 site, and eight (8) peptide backbone carbonyl groups that
can ligate the ion.
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Fig. 2.
Occupancy distributions obtained by molecular dynamics simulation for the cases of
Na+(aq) (upper) and K+(aq) (lower). The calculations used the NAMD program [25] and the
TIP3P [26] model of water. T = 298 K (Langevin thermostat) and the cubic simulation
system contained 306 water molecules for the pure water simulation; the ion-water system
had an additional ion. The total number density (counting water molecules and the ion, if
present) is 33:33 nm−3. For Na+(aq) the inner shell radius was 3.1 Å, and for K+(aq) it was
3.5 Å. These are the radii of the first minimum in the ion-oxygen radial distribution in liquid
water at infinite dilution.
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Fig. 3.
Estimates for the excess chemical potential, the open circles are the right-side of Eq. (2).
The thin solid line is the result of direct numerical simulation. Notice that the variations of
the upper results with n are of the same order-of-magnitude as the transfer free energies
discussed below (Fig. 5), and that the circles have diminished variation with n, which
follows from Eq. (2). Notice also the wide separation in energy range of these different
pieces. Simulation results are from Ref. [27]; the SPC/E water model and the ion parameters
of Ref. [30] were used. Coordination-number constraints were explicitly imposed within a
Monte Carlo simulation.
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Fig. 4.
For the simulated aqueous solution specified in Fig. 2, contributions from coordination-
number probabilities of Eq. (11) for n = 8, a coordination number of interest for the KcsA
channel. Note that these contributions have similar sizes, comparable to the sizes of the
transfer free energies discussed below (Fig. 5), but differing signs. The upward-pointing
arrows with solid points indicate −kT ln p(n = 8) for each case. The downward-point arrows

indicate  for each case. Comparison utilizing just p(n = 8)'s would lead to a
free energy balance here of 5 kcal/mol instead of 2 kcal/mol [7].
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Fig. 5.
Standard free energies of transfer from aqueous solution to dilute solution of the solvent
indicated at infinite electrolyte dilution, T = 298.15 K, and standard pressure [45]. Absolute
values for these transfer free energies involve extrather-modynamical assumptions [45,46].
Differences of these transfer free energies between different ions do not depend on those
extrathermodynamical assumptions. These data give a perspective on the possibility of
selectivity that is broader than just comparison of Na+ and K+ (shaded), but do not address
biomolecular features that might arise with ion channels.
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