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A laminar stationary flow of viscous fluid in a cylindrical tube enhances the rate of diffusion of
Brownian particles along the tube axis. This so-called Aris-Taylor dispersion is due to the fact that
cumulative times, spent by a diffusing particle in layers of the fluid moving with different velocities,
are random variables which depend on the realization of the particle stochastic trajectory in the
radial direction. Conceptually similar increase of the diffusivity occurs when the particle randomly
jumps between two states with different drift velocities. Here we develop a theory that contains both
phenomena as special limiting cases. It is assumed (i) that the particle in the flow can reversibly bind
to the tube wall, where it moves with a given drift velocity and diffusivity, and (ii) that the radial and
longitudinal diffusivities of the particle in the flow may be different. We derive analytical expressions
for the effective drift velocity and diffusivity of the particle, which show how these quantities depend
on the geometric and kinetic parameters of the model. [http://dx.doi.org/10.1063/1.4818733]

I. INTRODUCTION

The increase of the diffusivity of Brownian particles due
to a radial gradient of advection velocity (often referred to
as the Aris-Taylor or shear dispersion'™) is of a significant
importance in a number of fields of science and technology
covering many practical applications. Examples include
chemical engineering (microfluidics,* chromatography,°
heterogeneous catalysis®), biophysics (vascular flow,” airflow
in lungs,® targeted drug delivery’), and transport processes
in geophysical systems (capillary flows in fractures,'® col-
loid filtration,!! mixing in rivers'?). Starting with the seminal
works of Taylor,'>!'* who calculated the diffusivity of a pas-
sive tracer in the Poiseuille flow (laminar flow in a cylindrical
tube), followed by a more rigorous derivation of Aris,'® this
problem has been in the focus of both theoretical and experi-
mental studies for the last six decades. There is a vast amount
of literature devoted to this subject (see Refs. 1-3, 16, and 17
and references therein). Although the Aris-Taylor dispersion
is nowadays discussed in textbooks,"? %17 it is still the area
of active research.'$-23

The celebrated result obtained by Taylor can be sum-
marized as follows. Consider a laminar stationary flow of vis-
cous fluid in a cylindrical tube of radius a (Fig. 1). The veloc-
ity profile of the Poiseuille flow is given by the well-known

expression
_ r
vp(r)=2vp (1 — )

where vy is the velocity averaged over the tube cross-section,
Uy = (2/a?) [y vs(r)rdr. Taylor showed that the effective
diffusivity of a point Brownian particle along the tube axis
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is given by

U}%az

48Dy’

D.y = Dy + (1.2)

where Dy is the particle diffusivity in the absence of the
flow.

Since the pioneering work of Taylor this problem has
been extended to cover more complicated settings including
various geometrical complexities,”*?* oscillating flows,”2°
transient phenomena,19 effects of chemical reactions,?’2°
and many others (see, for instance, books"? and recent
papers'®2!). An important generalization of the problem is
to account for the “effect of wall” (absorption and desorption,
as well as diffusion of the particle on the wall). The “wall
effect” is especially important for the design of microflu-
idic devices (so-called “Lab-on-a-Chip”!7-3?). It has been
studied theoretically in a number of recent publications (see
Refs. 20, 22, 27, 31, and 32 and references therein).

When a Brownian particle is advected by a laminar flow,
its reversible binding to the tube wall can be described by the
kinetic scheme

K
flow = wall,
ku

(1.3)

where « and k,, are the intrinsic rate constants (see Fig. 1). Let
P,' and P? be the equilibrium probabilities of funding the
particle on the wall and in the flow, Py’ + P;(’ = 1. As fol-
lows from the principle of detailed balance the ratio of these
probabilities is

Pl _ 2 g (1.4)
P ak, '
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FIG. 1. The Aris-Taylor dispersion of a Brownian particle with reversible
binding to the tube walls: a is the tube radius, vf(r) is the velocity profile of
the Poiseuille flow, vy, is the particle velocity on the wall, Dy and D,, are the
particle diffusivities in the fluid and on the wall, ¥ and &, are the intrinsic
rate constants (see Eq. (1.3)).

where K is the equilibrium constant. This allows us to write
P, P¢ in terms of the equilibrium constant

eq 1 K

=—\ PlI=—
714k Y14 K
If the particle on the wall diffuses with the diffusivity D,, and
has no drift velocity, the effective drift velocity and diffusivity
are given by!>20:27

(1.5)

Vefr Zﬁfpe-q, (1.6)

Dy = DfP;q + D, P+ AD, (1.7)

where

2
AD = (P)'% [kf + 4g—Df(l 16K+ 111(2)} . (1.8)

An interesting result was obtained by Dorfman and
Brenner,*® who pointed out that the increase of the parti-
cle diffusivity, which is conceptually identical to the Aris-
Taylor dispersion, occurs when the particle randomly jumps
between two states with different drift velocities. To formu-
late the Dorfman—Brenner results using the kinetic scheme in
Eq. (1.3), we assume that the particle diffusion in the flow is
anisotropic, namely, its radial diffusivity is infinite, while its
diffusivity along the tube axis is finite and equal to Dy. Then,
when the particle enters the flow from the wall, it instantly
equilibrates over the tube cross section. As a result, (i) the par-
ticle drift velocity in the flow does not fluctuate and is equal to
vy, and (ii) its survival probability in the flow decays as a sin-
gle exponential with the rate constant kr = 2«/a. In addition,
we assume that the particle on the wall has drift velocity v,,
and diffusivity D,,. In this case the Dorfman—Brenner theory
leads to (see also Ref. 34)

Ve = T Py? + vy, PEY, (1.9)

and the effective diffusivity given by Eq. (1.7), in which AD
is

AD = (PY)’ @) — vu)*K [k (1.10)

In the present paper, we extend the results in Eqgs. (1.6)—
(1.10). More specifically, we developed a general theory as-
suming (i) that the radial diffusivity D, of the particle in the
flow can be arbitrary, and (ii) that the particle on the wall has
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a finite drift velocity v,,. We will see that the effective drift
velocity is given by Eq. (1.9), and the effective diffusivity has
the form of Eq. (1.7) with AD given by

K
AD = (P @ — vy )P —
(#7) {(vf s
: 2\—2
+48D, [(1 46K + 11K*)U; — 4K (K + 1)Tjvy,
+6K2vfu]}. (1.11)

This is a modification of the expression for AD in
Eq. (1.8) due to a finite particle drift velocity on the wall and
its anisotropic diffusivity in the flow. Note that the product
(Pfe )3 and the first term in the curly brackets is identical to the
Dorfman—Brenner formula for AD, Eq. (1.10). At v, = vy
Eq. (1.11) simplifies and takes the form

3_

4 az
AD = (P{*)’v; [M(l +2K + 131{2)} . (112

f
The expressions in Egs. (1.7), (1.9), and (1.11) are the main
results of the present paper. When v,, = 0 and D, = D, = Dy
they reduce to Egs. (1.6)—(1.8). In the other limiting case of
D, — oo, we recover the Dorfman—Brenner formulas (1.7),
(1.9), and (1.10).

A number of methods have been developed for analytical
treatment of the Aris-Taylor dispersion including the method
of statistical moments (originally proposed by Aris'®), the
method of matched asymptotic expansions,?’ the center man-
ifold approach®* and some others (see Refs. 19 and 32 and
references therein). In the present study, we apply the ap-
proach proposed in Ref. 18, which is based on consideration
of the axial displacement of a single particle that moves in the
plane perpendicular to the tube axis along a given trajectory
{r};. The approach exploits the fact that the radial motion of
the particle is independent of its axial coordinate. Averaging
the displacement and its square over realizations of {r},, we
find the first two moments of the particle displacement along
the tube axis, which in turn are used to calculate veg and D4

The outline of the paper is as follows. The expressions
for the effectively velocity, Eq. (1.9), and the effective diffu-
sivity, Eqgs. (1.7) and (1.11), are derived in Secs. II and III,
respectively. Some concluding remarks are made in Sec. I'V.

Il. EFFECTIVE DRIFT VELOCITY

Let r(z) be the particle position in the plane normal to
the tube axis at time #; r = a corresponds to the particle on
the tube wall, while r < a corresponds to the particle in the
bulk flow. The particle velocity along the tube axis at time ¢ is
given by

x(t|r(2)) = v(r (1) + f(t]r(1)), (2.1
where the velocity v(r) is
o(r) = ve(r), r<a, 22)
Vu, r=a,
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and f{(#|r) is the Gaussian §-correlated random force

fr (@),
Juw (),

with zero mean (f/(¢)) = ( f,(¢)) = 0. The correlation func-
tions of the two components of the random force are

(fr(®) fu(@)) =0, and

r<a,

fair) = 2.3)

r=a,

1 | N o
D—f(ff(t)ff(t ) = D—w(fw(t)fw(l ) =26t —1), (24

where the angular brackets (...) denote averaging over real-
izations of the random force.

Let {r}; be a particle trajectory observed for time #: {r},
={r(t'),0 <t <t}. We can formally integrate Eq. (2.1).
Taking x(0) = 0, we find that

*(t|{r}) = /0 o)l {r)de’ + fo i r@lr)dr

2.5)
Averaging this over realizations of the random force and tak-
ing that the particle starts from ry = r(0), we obtain

(x(®))r, :/o r@Ir}))rdt’, (2.6)

where the subscript ry indicates the particle initial position in
the plane perpendicular to the tube axis. Using the identity
/S(r —r(t))dr =1, 2.7

Eq. (2.6) can be written as

(x(@))r, = / v(r) (/ (8(r — r(t’))rodt’> dr, (2.8)
0

where v(r) is given by Eq. (2.2).
The averaged §-function is the particle propagator (the
Green function) in the plane perpendicular to the tube axis

(8(r —r(1))r, = G(r, t[ro). (2.9)
Therefore,
t
() = / V(r) ( / G, t/|ro)dt/> dr. (210
0
This formula has a transparent interpretation.'® Since

fot G(r, t'|rg)dt’dr is the mean cumulative time spent by the
Brownian particle observed for the time ¢ in the small vicin-
ity of point r, the integrand in Eq. (2.10) is the particle dis-
placement during this cumulative time. Thus, Eq. (2.10) gives
(x(1))r, as the sum of such displacements.

Next, we average (x(¢))r,,» Eq. (2.10), over the equilib-
rium initial distribution p,,(rp), where

1 1
Peg(t) = —5 P H(a — r) + =—P8(r —a)  (2.11)
ma

2ra
with H(z) denoting the Heaviside step function. Hereafter, we
assume that H(0) = 0 and | 8(r — a)dr = 1. The averaging
leads to

(K ())eq = / (1)) Peg (Fo)dTo

=/ dt’/v(r)G(r, 1'[r0) peq(ro)drdry. (2.12)
0

J. Chem. Phys. 139, 084101 (2013)

Finally, invoking the relation

(G(E, 1lE0))eg = / G(T, 1150)Peg (F0)T0 = pog(®),  (2.13)
we arrive at

(x())eq = vegrt, (2.14)

where the effective drift velocity of the particle is given by

Vefp = / V() peg(t)dr = Ty Py7 + v, Pyl (2.15)

This is the main result of this section.

lll. EFFECTIVE DIFFUSIVITY

In this section, we derive the expression for the effective
diffusivity D given in Eqs. (1.7) and (1.11). We begin with
the definition of D,

1 1
Deﬁ = — lim — [(xz(t»eq - <x(t)>gq] ’

2t—>oc0 t

3.1)

where (xz(t))a, is the second moment of the particle displace-
ment x(¢|{r};), Eq. (2.5), averaged over the realizations of the
random trajectory {r}, and the equilibrium radial distribution
of the starting point, Eq. (2.11),

(xX*(1))eq = / (x*(1))ry Peq (ro)dro. (3.2)

The expression for (x(t))zq immediately follows from
Eq. (2.14):
(x(0);, = vigt’. (3.3)

Averaging the square of the displacement in Eq. (2.5)
over the trajectories that start from r, we can present (x2(t))r0
as a sum of two terms

(x2())ry = (XTI, = Ti(tIro) + TatIro),

where

(3.4)

Ti(t]ro) = /0 /0 N FV T dndn - (3.5)

and

Tz(tll‘o)Z/0 /(;(f(tlvr(tl)Hr}t)f(tz»r(t2)|{r}t))rod[1dt2~

(3.6)
Then we can write (xz(t))eq as
(P (D)eg = T + T, (1), 3.7)

where
TE (1) = Ty a(tlr)) g = / Ty 2(t1r) peg (ro)dro.  (3.8)

We begin with T,(t|ry), Eq. (3.6). Using Egs. (2.3) and
(2.4), one can check that the correlation function of the ran-
dom force is

(f @, r@)lr}) f (2, r(){r}))r,

= 2[Dy Ps(t|rg) + Dy Py (trg)1é(t; — 1), (3.9)



084101-4 A. M. Berezhkovskii and A. T. Skvortsov

where P(t|rp) and P, (t|rg) are the probabilities of finding
the particle in the flow and on the wall at time #, conditional
on that it starts from ry at # = (. Substituting the correlation
function, Eq. (3.9), into Eq. (3.6) we obtain

TatIro) = 2 / (D P;(t1]r0) + Do PultsIro)ldts.
0

Averaging this over the particle initial position and using the
relationship

<Pf,w(t|r0)>eq = / Pf,w(t|r0)peq(r0)dr0 = P;f]wv (310)
we arrive at a simple formula for 7,7 (¢),
T59() = 2(D; P + D, PLY)1, G.11)

where P% are given by Eq. (1.5).

Next we proceed to the evaluation of T/ (¢|ry), Eq. (3.5).
Using the relationships in Eqs. (2.7) and (2.9), T;(¢|ro) can be
written as

T](l‘|l‘o) =2/v(r1)dr1/v(r2)dr2/ dt,
0

15}
X/ G(ry, 1 — 11|r)G(ry, f|ro)dn. (3.12)
0

Averaging this over ry and using Eq. (2.13), we obtain

T/ (t) = 2/v(r1)dr1fv(r2)dr2/ dt”
0

”

t
X / G(ra, 1'[r)) peq(r1)dt’. (3.13)
0

As t — oo the propagator G(r,t|rp) tends to p,(r),
Eq. (2.11). Denoting the difference between the propagator
and p,,(r) by u(r, t|rg), we can write

G(r, trg) = peq(r) + u(r, t|ro), (3.14)

where u(r,tjrop) > 0 as t — oo. In addition, u(r, t|rp)
satisfies

(u(r, 1[ro))eq Z/M(r, 1]r0) peq(ro)dro Z/u(l‘, t|ro)dr = 0.
(3.15)
Substituting the propagator in Eq. (3.14) into Eq. (3.13), we
can find the large- asymptotic behavior of 7,7 (1),
T () = vogt” + 2t f v(ry)dr; / V(r)O (X2, F1) peq (ri)dry,
(3.16)

where

o0
0(ry, 1) = / u(rs, tlry)dt. (3.17)
0

This integral is the Laplace transform of u(r;, #|r) at the zero
value of the Laplace parameter

0(ry, r1) = i(ra, s|ry) [s—o, (3.18)

where F(s) denotes the Laplace transform of function F(r),
F(s) = [y° F(1)exp(—st)dt.
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Eventually using the relationships in Egs. (3.7), (3.11),
and (3.16), we find that the definition in Eq. (3.1) leads to the
expression for Dy in Eq. (1.7), in which AD is

AD =/v(rz)er/v(r1)9(r2,r1)peq(r1)dr1. (319)

Thus, to finish the calculation of the effective diffusivity, we
have to evaluate the double integral in Eq. (3.19).

Since the particle can be in two states (in the flow and
on the wall), the angle-averaged particle propagator has two
components, g 7(r, t|o) and P, (t|o), which are the probability
density of finding the particle in the flow and the probability
of finding the particle on the wall at time #, conditional on that
it starts from state o at r = 0. Initially, the particle can also
be either in the flow or on the wall. Therefore, o = ry, if the
particle starts in the flow at distance ry from the tube axis,
and o = w, if the particle is on the wall at t = 0. The four
functions, g(r, t|o) and P, (t|0), satisfy

Ogr _ Dr 9 <3ﬁ> 8

- or ar

57 =0, 3.20
ot r or ( )

r=0

% =2makgflr—a — kwPy = —2maD, % _ , (3.21)
with the initial conditions
P,Olw) =1, gz Olw)=0 (3.22)
and
P,(0lrg) =0, gs(r,Olrg) = ﬁ(?(r —19), (3.23)

where g = g¢(r, tlo) and P, = P,(t|0).

It is convenient to introduce notations for the deviations
of the two components of the propagator from their large-¢
asymptotic values (cf. Eq. (3.14)),

Uy(tlo) = Py(tle) — P17, (3.24)

up(r.tle) = gs(r.tlo) — P! /ma’. (3.25)

Denoting the Laplace transforms of these functions at s = 0 by
Uu(0) = Un(slo)ls=o and @ s (r|o) = it (1, s|0)];=0, We can
write Eq. (3.19) as

AD = (O 1 4 Oup) P [(a®) + (O 1 + Ouu vy Py,
(3.26)
where

O = ) / / (2l o (ra)vs (r)rardradr,
0 0

(3.27)
a_

Ouf = 27‘[Uw/0 Uy (r)ve(r)rdr, (3.28)

Ofy =21 /Oa ur(rlw)ve(ryrdr, (3.29)

Ouw = Vi Un(w). (3.30)
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These four constants correspond to particular sets of realiza-
tions of the particle trajectory that is reflected in their in-
dices. Terms ®y and ®,,; are due to realizations that start
in the flow and end in the flow (®g) or on the wall (®,,/) at
time 7. Analogously, terms ® f,, and ®,,, take into account
those realizations in which the particle is initially on the wall
and is still on the wall (®,,,) or in the flow (®,) at the
time ¢.

Explicit expressions for the four constants, in terms of
the geometrical and kinetic parameters of the system are (see
derivations in the Appendixes):

nazﬂzf
ku}

kya?
O = (P')’ [K + 2 (14 6K + 11K2)} ,

48D,
(3.31)

7atv vy | ka Ka
O = —— L (p 1 K|,
s n o ) [120,~+< +3Dr> ]

(3.32)
v e Ka kya®
Oy = _é(}v}ﬂ)2 <1 +3p * ZZD,)’ (3.33)
v ean2 Ka
O = ﬁ(Pf‘f) (1 + 4_D,.> . (3.34)

Substituting these expressions into Eq. (3.26) we arrive at AD
in Eq. (1.11). Thus, we have derived the formula for the effec-
tive diffusivity given by Egs. (1.7) and (1.11), starting from
the definition in Eq. (3.1).

IV. CONCLUDING REMARKS

Main results of the present paper are the expressions for
the effective velocity, Eq. (1.9), and diffusivity, Eqs. (1.7) and
(1.11), derived in Secs. II and III, respectively. The expres-
sions show how these quantities depend on the parameters of
the model, vy, vy, Dy, D, Dy, k, ky,, and a. In this section,
we briefly discuss the dependence of the effective diffusiv-
ity on the velocities vy and v,,, as well its dependence on the
equilibrium constant K = 2«/(ak,,), Eq. (1.4). It is worth men-
tioning that the non-monotonic dependence of D,y on K has
been reported earlier.»3-20:27:33.34

The velocity dependence of the effective diffusivity is
completely determined by the term AD, Eq. (1.11), whichis a
quadratic form in v, and v,,. One can see that AD (and hence
D.y) being considered as function of v,, at a given value of
vy has a minimum at some v,, = v}, which is proportional
to vy, i.e., vj = AV, where the pre-factor A is a function of
D,,«,kyanda. As D, — oo, Eq. (1.11) reduces to Eq. (1.10),
so that v} tends to Vs, and A approaches unity.

Next we consider the D,y dependence on K at fixed val-
ues of all other parameters, assuming that diffusion in the flow
is isotropic, i.e., D, = Dy. As K increases from zero to in-
finity, D changes from Dx(0) given by the Taylor formula,
Eq. (1.2), to D.g(00) = D,,. It can be seen that the large-K
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asymptotic behavior of D is given by

B
D.g(K) >~ D, + e K — oo, 4.1)
where B = Dy + [az/(48Df)](llﬁj% —4vsv,, + 6vfu). Since
B > 0, D,#(K) always approaches its asymptotic value D,

from above. As K tends to zero, D4 takes the form

a’v?

I
D.(K)>~ D K, K —0, 42
§(K) 2= Dyt gt +0 42)

where
Q=D,—-D +—1(‘ )y + @ (30 — 4vy)
=D, — Vi — Uy vr(3vr — 4vy).
Tk a8p, 1

4.3)
One can see that Q can be both positive and negative. There-
fore, D K) may both increase and decrease with K at
small K.

Now we employ the asymptotic expressions, Egs. (4.1)
and (4.2), to discuss the K-dependence of the effective diffu-
sivity over the entire range of K. When Q > 0, D¢ increases
with K at small K, reaches a maximum and then decreases ap-
proaching the limiting value D.g(oc0) = D,, from above. If
QO < 0 and D initially decreases, the behavior of D can be
qualitative different depending on whether D 0) is smaller
or lager than Dg#(00). If Do(0) < Deg(00), De(K) first de-
creases, reaches a minimum, then increases and reaches a
maximum, and then it decreases again finally approaching its
limiting value D,, from above. When the opposite inequality
holds, i.e., Do#(0) > D #(00), in addition to the “wavy” profile
of D.#(K) discussed above (decrease-increase-decrease), the
effective diffusivity can be a monotonically decreasing func-
tion of K.

To summarize, the effective diffusivity is a complex func-
tion of the model parameters. Therefore, its profiles in the
multidimensional parameter space may have very different
shapes, as can be seen from the above discussion.
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APPENDIX A: EVALUATION OF CONSTANTS
©tw, O, FROM EQS. (3.29) AND (3.30)

Consider a particle that is bound to the wall at = 0. Ac-
cording to Egs. (3.20)—(3.22), functions U, (t|w), u s (v, t|w),
Egs. (3.24) and (3.25), satisfy

0 D, 0 0 0
Zro = 2 (2L ZYL —o0 (A
ot r or or or |,—o
dUw 8uf
—— =2makuyl—q —kwUy = —2maD, — , (A2)
dt or |,._,
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with the initial conditions

Uy©Olw) = P{*,  up(r,0lw) = —P{'/(xa®),  (A3)
and an additional relationship
Uy(tlw) + 27'[/ us(r, tlwyrdr =0, (A4)
0
which follows from Eq. (3.15).
Laplace transforming Eqs. (A1)—(A4), we arrive at
1 D, d di s dii s
A+ —P =" (r=L), =L =0, (A5
sip wa? ! rodr (r dr ) dr |,_o (A3)
sU, — P = 2makiifly—q — kyU, = —27aD day
w = flr=a wYw = r ar ,=a’
(A6)
U, (s|w) + 27 / i (r, slwyrdr =0, (A7)
0

where U, (slw) and # (r, s|w) are the Laplace transforms of
U, (t|lw) and u s (r, t|w), respectively.
Solving these equations at s = 0, we find that

~ 1 2 Ka

Uy, = — (P 1 , A8

)= - (P}") ( +4D,) (A8)
@ (rw) 1 (Peq)z 4 ka n kya®
ur(rjw) = — , w®
/ watky, ! 2D, ' 8D,

r? eq
+—47w2D, Pt (A9)

Substituting the solution for # ¢(r|w) into Eq. (3.29) and car-
rying out the integration, we obtain the expression for ® f,, in
Eq. (3.33).

The term ®,,, Eq. (3.34), is simply the product of v,
and the solution for ﬁ,u(w) in Eq. (A8).

APPENDIX B: EVALUATION OF CONSTANTS O, O
FROM EQS. (3.27) AND (3.28)

For the evaluation of ®f and ©,,; consider the particle
in the flow that at t = 0 is separated by distance ry, 0 < ry
< a from the tube axis. As follows from Eqgs. (3.20), (3.21),
and (3.23) functions U,,(|ro) and ug(r, t|r), Eqs. (3.24) and
(3.25), satisty Eqgs. (A1) and (A2) with the initial conditions

UnOlro)=—P%, us(r,0lrg)= L5(r — 1) — LP”»(’
w w ALY 2T Ta? fo
(B1)
and an additional relationship

Uw(t|r0)+2n/ us(r, tlro)yrdr =0, (B2)
0

which follows from Eq. (3.15).

Functions l7w(r0) and u (r|ro) entering into Eqs. (3.27)
and (3.28) are evaluated from the Laplace transforms of
Egs. (A1), (A2), and (B2) at s = 0. They obey the following
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system of equations:

D, d du . 1
- _ FM = —Pfq——S(r—ro),
wa? 2nr

r dr dr a
(B3)
du(r|ro) _o.
dr r=0
Pl = 2maK@ 1 (r1ro) |r—a —kuwUu(ro)
I
— _onap, Pt} (B4)
dr r=a
U, (ro) + 27 f @ (rlro)rdr = 0. (B5)
0

In order to simplify calculations, it is convenient to intro-
duce new auxiliary functions

W =2x / ’ U, (ro)v s (ro)rodro, (B6)
0

w(r) = 271/ g (rlro)vs(ro)rodro. B7)
0

As follows from Eqgs. (B3) to (BS5), W and w(r) satisfy

D, d dw _ 3. p ") dw _0, (B8)
Far \Uar )T e g =
25, P dw
—ma Uwa = kW —2nkw(a) =2maD, — , (B9)
W+27T/ w(r)rdr = 0. (B10)
0

Solving Egs. (B8)—-(B10), we obtain

nazﬁf | ka Ka
W=— P 1 K|, Bl
6 () [1zDr+< +3D,> ] B

f

UfD, [;»4 —2P(1 + 2K)a2r2] . (B12)

(B13)

We can write ®, Eq. (3.27), in terms of w(r),
@ff = (27‘[)2/ / vf(r1)ﬁf(r|r0)vf(r2)r2drldr2
o Jo

=2r / ve(rw)rdr. (B14)
0
Finally, using Eqs. (B12) and (B13) and performing the inte-
gration we arrive at the expression in Eq. (3.31).
The constant ® ¢, Eq. (3.33), is simply the product of v,,
and the solution for W in Eq. (B11).



084101-7 A. M. Berezhkovskii and A. T. Skvortsov

'H. Brenner and D. A. Edwards, Macrotransport Processes (Butterworth—
Heinemann, Stoneham, 1993).

2R. B. Bird, W. E. Stewart, and E. N. Li ghtfoot, Transport Phenomena (John
Wiley and Sons, New York, 2006).

3W. R. Young and S. Jones, Phys. Fluids 3, 1087 (1991).

4N. A. Mortensen, L. H. Olesen, and H. Bruus, New J. Phys. 8, 37 (2006).

5V. Balakotaiah and H.-C. Chang, Philos. Trans. R. Soc. London A 351, 39
(1995).

6K. D. Dorfman and H. Brenner, Phys. Rev. E 65, 052103 (2002).

7A. Sarkar and G. Jayaraman, Acta Mech. 172, 151 (2004).

8J. B. Grotberg, Ann. Rev. Fluid Mech. 26, 529 (1994).

9M. S. Fallon, B. A. Howell, and A. Chauhan, Math. Med. Biol. 26, 263
(2009).

104, Boschan, I. Ippolito, R. Chertcoff, H. Auradou, and L. Talon, Water
Resour. Res. 44, W06420, doi:10.1029/2007WR006403 (2008).

M. D. Reno, S. C. James, and S. J. Altman, J. Colloid Interface Sci. 300,
383 (2006).

2P C. Chatwin and C. M. Allen, Ann. Rev. Fluid Mech. 17, 119
(1985).

13G. I Taylor, Proc. R. Soc. London A 219, 186 (1953).

14G. 1. Taylor, Proc. R. Soc. London A 223, 446 (1954).

I5R. Aris, Proc. R. Soc. London A 252, 538 (1959).

16E. L. Cussler, Diffusion: Mass Transfer in Fluid Systems (Cambridge
University Press, London, 1997).

J. Chem. Phys. 139, 084101 (2013)

17B. Kirby, Micro- and Nanoscale Fluid Mechanics: Transport in Microflu-
idic Devices (Cambridge University Press, New York, 2010).

18 A, M. Berezhkovskii, J. Chem. Phys. 137, 066101 (2012).

198, Vedel and H. Bruus, J. Fluid Mech. 691, 95 (2012).

20, Levesque, O. Benichou, R. Voituriez, and B. Rotenberg, Phys. Rev. E
86, 036316 (2012).

2IR. R. Ratnakar and V. Balakotaiaha, Phys. Fluids 23, 023601 (2011).

22C.-0. Ng, Microfluid. Nanofluid. 10, 47 (2011).

23R. Camassa, Z. Lin, and R. Mclaughlin, Commun. Math. Sci. 8, 601 (2010).

K. D. Dorfman and H. Brenner, Phys. Rev. E 65, 021103 (2002).

25C.-0. Ng and Q. Zhou, Phys. Fluids 24, 112002 (2012).

26K . M. Jansons, Proc. R. Soc. London A 462, 3501 (2006).

27C.-0. Ng, Proc. R. Soc. London A 462, 481 (2006).

28H.-C. Chang and V. Balakotaiah, STAM J. Appl. Math. 63, 1231 (2003).

297, Lee, E. Kulla, A. Chauhan, and A. Tripathi, Phys. Fluids 20, 093601
(2008).

30p, Skafte-Pedersen, D. Sabourin, M. Dufva, and D. Snakenborg, Lab Chip
9, 3003 (2009).

3IR. R. Biswas and P. N. Sen, Phys. Rev. Lett. 98, 164501 (2007).

32y. Balakotaiah, Phys. Rev. Lett. 100, 029402 (2008).

BK. D. Dorfman and H. Brenner, Physica A 322, 180 (2003).

34 A. M. Berezhkovskii and S. M. Bezrukov, J. Electroanal. Chem. 660, 352
(2011).

35N. Mercer and A. J. Roberts, SIAM J. Appl. Math. 50, 1547 (1990).


http://dx.doi.org/10.1063/1.858090
http://dx.doi.org/10.1088/1367-2630/8/3/037
http://dx.doi.org/10.1098/rsta.1995.0025
http://dx.doi.org/10.1103/PhysRevE.65.052103
http://dx.doi.org/10.1007/s00707-004-0157-3
http://dx.doi.org/10.1146/annurev.fl.26.010194.002525
http://dx.doi.org/10.1093/imammb/dqp004
http://dx.doi.org/10.1029/2007WR006403
http://dx.doi.org/10.1029/2007WR006403
http://dx.doi.org/10.1016/j.jcis.2006.03.067
http://dx.doi.org/10.1146/annurev.fl.17.010185.001003
http://dx.doi.org/10.1098/rspa.1953.0139
http://dx.doi.org/10.1098/rspa.1954.0130
http://dx.doi.org/10.1098/rspa.1959.0171
http://dx.doi.org/10.1063/1.4746027
http://dx.doi.org/10.1017/jfm.2011.444
http://dx.doi.org/10.1103/PhysRevE.86.036316
http://dx.doi.org/10.1063/1.3555156
http://dx.doi.org/10.1007/s10404-010-0645-9
http://dx.doi.org/10.1103/PhysRevE.65.021103
http://dx.doi.org/10.1063/1.4766598
http://dx.doi.org/10.1098/rspa.2006.1745
http://dx.doi.org/10.1098/rspa.2005.1582
http://dx.doi.org/10.1137/S0036139901368863
http://dx.doi.org/10.1063/1.2973819
http://dx.doi.org/10.1039/b906156h
http://dx.doi.org/10.1103/PhysRevLett.98.164501
http://dx.doi.org/10.1103/PhysRevLett.100.029402
http://dx.doi.org/10.1016/S0378-4371(03)00027-X
http://dx.doi.org/10.1016/j.jelechem.2010.08.017
http://dx.doi.org/10.1137/0150091

