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Summary

General expressions are described for the evaluation of sample size and power for the K group
Mantel-logrank test or the Cox PH model score test. Under an exponential model, the method of
Lachin and Foulkes [1] for the 2 group case is extended to the K > 2 group case using the non-
centrality parameter of the K — 1 df chi-square test. Similar results are also shown to apply to the K
group score test in a Cox PH model. Lachin and Foulkes [1] employed a truncated exponential
distribution to provide for a non-linear rate of enroliment. Expressions for the mean time of
enrollment and the expected follow-up time in the presence of exponential losses-to-follow-up are
presented. When used with the expression for the non-centrality parameter for the test, equations
are derived for the evaluation of sample size and power under specific designs with R years of
recruitment and T years total duration.

Sample size and power are also described for a stratified-adjusted K group test and for the
assessment of a group by stratum interaction. Similarly computations are described for a stratified-
adjusted analysis of a quantitative covariate and a test of a stratum by covariate interaction in the
Cox PH model.
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1 Introduction

In time-to-event studies with multiple (K = 2) independent groups, we wish to test the
general null hypothesis Ho: L1(t) = A2(t) = ... = hg(t) against the alternative Hy: Aj(t) # M (t)
for some 1 <j <k <K, where }j(t) is the time-varying hazard rate within the jth group, 1 <]
<K, t>0. The Mantel-logrank test is commonly used to test Hy that also specifies equality
of the survival functions of the K groups over time. This test can also be obtained as the
score test for a binary covariate in the Cox proportional hazards (PH) model and is fully
effcient under the proportional hazards assumption. The simplest instance is the exponential
model in which the hazards are constant over time, or A;(t) = A; for all t > 0. Thus, the
exponential model is commonly employed to evaluate the sample size or power for this test.
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George and Desu [2] showed that the power of a test of equality of hazards under an
exponential survival model is a function of the number of subjects with the outcome event, a
result also derived by Schoenfeld [3] for the Cox PH model. Following the work of Lachin
[4], Rubenstein, Gail and Santner [5], and Schoenfeld and Richter [6], among others, Lachin
and Foulkes [1] described the assessment of sample size and power for the test of two
groups under an exponential model with possibly non-linear recruitment over R years and
follow-up over T years, exponential losses to follow-up, and a stratified design where these
factors may differ over strata. They did so using a test described in terms of the difference in
hazards that Freedman [7] had shown to derive from the limiting distribution of the logrank
test, and also using a test of the log hazard ratio that Schoenfeld [8] had shown to derive
under a proportional hazards model.

Makuch and Simon [9] provide a generalization of the George-Desu result to determine the
number of subjects with the event required to provide the desired level of power for the
comparison of K = 2 groups using a one-way ANOVA-like chi-square test. They also
describe how their results could be applied to the assessment of sample size in cases where
the total exposure time is also specified. Liu and Dahlberg [10] describe the power of the
Wald test in the PH model with results close to those of Makuch and Simon. Ahnn and
Anderson [11] describe the power of the Tarone-Ware [12] family of tests that are a
generalization of the Mantel or logrank test and present an expression explicitly for the case
of equal sample sizes and equal censoring distributions. Halabi and Singh [13] generalize
the Ahnn-Anderson expression for unequal sample fractions and describe the stratified
adjusted test power.

Herein these results are further generalized to allow for non-uniform recruitment and losses
to follow-up that yield variable exposure times, and also stratification as in Lachin and
Foulkes [1]. First, the power of Cochran’s ANOVA-like 2 test of homogeneity [10] of the
hazard rates among the K groups is described as a function of the non-centrality parameter
of the distribution of the test, that then permits assessment of sample size and/or study
duration. Then, the non-centrality parameter for the K-group score test in a Cox proportional
hazards model is shown to be approximately equal to that of Cochran’s test, so that the
results apply more generally than to a simple exponential model. An equivalent T2-like
contrast test is then used to evaluate power for a stratified-adjusted analysis. Methods are
also presented for the assessment of the power of a stratified-adjusted K-group test, and for
the assessment of a group by stratum interaction. Similar computations are described for a
stratified-adjusted analysis of a quantitative covariate, and the test of a strata by covariate
interaction in the Cox PH model.

2 Lachin-Foulkes Exponential Model

For the jth group, let éj:ln (5\3') denote the log of the maximum likelihood estimate of the
exponential hazard rate that is distributed as

éj ~ N {Gj,aﬂ (1)
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where ¢ = In(A;) and af-:[E (Dj)]_1 based on an expected number of subjects E(D;) to
experience the outcome event (termed events), for j =1, ... , K= 2. Within the jth group, for
a given pattern of enrollment and losses-to-follow-up, and hazard rate for the event, the
probability 7; that the event is observed is determined. Then, for a given sample size n;
within the jth group, the expected number of subjects with the event is obtained as E(Dj) =
nj7rj.

To allow for non-uniform entry over a recruitment period of R years, Lachin and Foulkes [1]
employed a truncated exponential distribution for the enrollment time r with shape
parameter yand density g(r) and cumulative distribution G(r)
_oye " 1=
g(T)_l_e_,yRa G(r)_]_—e—'YR (2)
for0<r<R,and y# 0, that yields a concave pattern for < 0, a convex pattern for y< 0.
The mean enrollment time is readily shown to be

S S R e~ (14 Ry)
E (’I“) _fr:O 1 _ e_’YR = 7 [1 _ e_RW] . (3)

In the case of exponential losses with loss hazard rate 7, density h(u) = 7e~™ and
cumulative distribution function H(u) = 1 — e™"M, then the expected potential exposure time
is

E(flny) =S (JiZguh (w) g () dut (T =) [1 = H(T = 7)]) dr @

that is easily evaluated numerically.

Then, for a total study duration of T = R years with exponential event hazard rate \ and loss-
to-follow-up hazard rate 7, Lachin and Foulkes [1] show that

A Aye— )T [1 _ e(A-H/—“/)R}

- . (5
(R e sy pww—y ——

For uniform recruitment with density g(z) = 1/R, this simplifies slightly to

_ A
A

T

R (A +7m)

e~ (A M(T-R) _ ,—(A+n)T
- (6)

Lachin and Foulkes [1] also show that the probability of loss-to-follow-up (non-
administrative right censoring) is simply 7r/\.

3 An ANOVA-like Test

Under the assumption that there is no difference among groups, or &, = ... = & = 6, itis
well known (cf. [14]) that a consistent estimate of the common log hazard rate @is provided
by the minimum variance linear estimator (MVLE)
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that is obtained from the application of weighted least squares. Then, the hypothesis of no
differences among groups, or Hy: 6 = ... = 6k can be tested using Cochran’s [15] test of
homogeneity,

that is asymptotically distributed as Xifl on K -1 df.

The power of this test is provided by the non-centrality parameter w2 = E [X?] for a given
total sample size N under an appropriate model for the other parameters. Makuch and Simon
[9] describe the computation of power for given values of {E(D)), 4},j=1, ... , K. More
generally, the total sample size required, or the total amount of information required, can be
obtained from the expressions of Lachin and Foulkes [1] above.

Let ¢j denote the sample fraction of subjects assigned to the jth group, j = 1, ... , K, where

Z;;fj =L Jet &, ..., b denote the specified set of log hazard rates that are of interest to
detect under the alternative Hy: ¢ # ¢ for some 1 <j <k <K;and let 7, ..., 7 denote the
assumed hazard rates of loss-to-follow-up that may vary among groups. Under an
exponential model for each group with either a uniform or non-linear rate of entry yielding
event probability 7, then the resulting non-centrality parameter is

K ~ A
? =S E(D)E {(ej - 0)2]
j=1
K
=N X &mi0; 0)’ ©
=
=N¢?

where ¢? is the “non-centrality factor” or the component remaining after factoring N, and
where

K
A NI
0=E [9|H1] = (o

PRI
j=1

is the weighted average of the log hazard rate values within the groups under the specified
alternative. Thus, the non-centrality factor and power depend on the weighted sum of
squares of the deviations of the log hazards within the K groups from the mean hazard.

Stat Med. Author manuscript; available in PMC 2014 November 13.
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Values of the non-centrality parameter w?(a #m) providing various levels of power for the
non-central 2 distribution on m df are readily obtained from programs such as the SAS
functions PROBCHI for the cumulative probabilities and CINV for quantiles of the 2
distribution, both of which provide computations under the non-central distribution. The
SAS function CNONCT then computes the value of the non-centrality parameter y? that
provides power 1 — S for specific levels of a and m. For a test at level a, with critical value

an’l_a:CINV (1 — o, m), the required non-centrality parameter value is

sz (aa ﬂa m) =CNONCT (X?n,lfou m, ﬂ)

To determine sample size for a study, the value y%(a, 4, m) of the non-centrality parameter
is obtained that will provide power 1 — Sunder the non-central ¥2 distribution for a test at
level @ on m df. Then the value of the non-centrality factor ¢? under the alternative
hypothesis in (9) is specified as a function of the parameter sets {{}, {7} and {(}. Given
the value of ¢2, the N required to provide power 1 — Sis that value for which w2(a, £, m) =
N2, yielding

¢2(a’ﬁ7m).

N= 2

(11)

Alternately, for a given value of the parameter w2 in (9), the level of power can be computed
as

1 - f=1-PROBCHI (x2,1_0,m,%%) . (12

4 Cox PH Model Score Test

The above expressions are based on the large sample test of the difference among the hazard
rates under an exponential model. An appropriate expression can also be obtained from the
non-central distribution of the score test for the treatment group coeffcients in a Cox PH
model. With the Kth group as the reference, then the model would employ K — 1 binary
covariates (Xg, ... , Xk_1) to represent membership in the jth group with coeffcient vector g
= (B ... fk-1), where the jth coeffcient 4 equals the log hazard ratio for the jth group versus
the Kth reference group.

Using standard notation, let & be the binary indicator variable to denote whether the ith
subject had the outcome event (& = 1) or is right censored (& = 0), R(t;) denote the set of
subjects still at risk at the event time t;, and n(t;j) be the number of subjects in the risk set at
that time. For the ith subject, X; = (Xj1 ... xi(K_l))T where xjj = 1 denotes that the event at time
tj occurred in an individual in the jth group, x;; = 0 otherwise. Then the partial likelihood,
assuming no tied event times, is

Stat Med. Author manuscript; available in PMC 2014 November 13.
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8;

L(B) =i_1]'v[1 inlﬂ} - (13)

R(t:)

Under Hg: £ = ... = k1 = 0, the score equation for the jth coeffcient reduces to
N
Uo (B5) =Y _6i [z —p; (t:)] (14)
i=1

where

Z 27lj

PJ( i) = n(tl)

is the proportion of subjects still at risk at event time t; that are members of the jth group.
Thus,

N
251‘2?@:[)]' (16)

is the observed number of subjects with the outcome event among subjects in the jth group,
and

Zc&py (t;) =E'[D;|Ho] @7)
is the estimate of the expected number of events under the null hypothesis. Thus,

Uo (8;) =D; — E[D;|Hy]and the score vector is Up(8) = [Ug(A) ... Uo(f-1)"-

Likewise, the expressions for the elements of the information matrix evaluated under Hy
reduce to

N

N _ (18)
Lo(B) i :_; —0ipj (ti) pi (t:), Kk #J.

Under Hy, and the assumption that there is a common censoring distribution among the K
groups, then E [pj(tj)] = ¢ for all event times and I (/) then has elements

IO(IB)JJ :E(D)gj(l_gj)a jzl”K_l
L(8); =-E(D)&E k#j =

where D is the total number of outcome events. Then the score test of H is provided by

Stat Med. Author manuscript; available in PMC 2014 November 13.
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X2=Uo(8) Io(B) U (B). (0)

Using the same steps as employed by Schoenfeld [3], under the alternative hypothesis Hq: S
# 0, it can then be shown that

Uo(B) ~ [BL(B).18)]. @

Thus, Xg is distributed as non-central chi-square with non-centrality parameter
VI=AL(B)LB) ' (B)B. @)

Since I(p) is approximately equal to 15(5) under local alternatives, then

/ ) |'K71 K-2 K-1 '|
W2 =B I(B)B=ED) | Y 1 —-5) —2> > BBl @)
[j:l j=1 k=j+1 J

Now referring to the prior section, under Hg, and the assumption that there is a common
censoring distribution among the K groups, then E(Dj) ~ E(D)¢j and the common parameter
value is specified as

M=

E(D)¢&0; k

=> &0 (2
E(D)¢ =t

60%'7

M|

j=1

<
Il

The corresponding non-centrality parameter using this simplification is

K
W=E (D) &;(6; — 60)°. (25)

=1

Noting that /5 = ¢ — 6k, then it can be shown that this expression equals that provided in
(23) above. Thus, under the assumption of a common censoring distribution among groups,
a sample size or power computation using the exponential model also applies to the Cox PH
model.

Under the assumption of equal censoring among groups and equal sample sizes, i.e. g = 1/K
for Vj, the above expression also is equivalent to that described by Ahnn and Anderson [11].

5 A Contrast-Based Test

An equivalent form of the test of homogeneity in (8) is obtained as a T2-like quadratic form
in contrasts among the K log hazards. Let 8= (&; ... &)T designate the vector of log hazard
rates within the K groups with sample fractions {¢j} as above. For specified hazard rates

{Mj} and loss hazard rates {;} for the K groups, and recruitment pattern parameter y, then

Stat Med. Author manuscript; available in PMC 2014 November 13.



1duosnue Joyiny vd-HIN 1duosnue Joyiny vd-HIN

1duosnuely Joyny vd-HIN

Lachin

Page 8

we can compute the event probability 7 such that E(Dj) = N¢j; is the expected number of
subjects with the event in the jth group.

A N ~N\T
Then, the vector of estimated log hazards , 0= (91 e GK) , Is asymptotically distributed as
multivariate normal with expectation 6 and covariance matrix

S=diag [ E(D) "+ E(D,)7"] (s)

that is consistently estimated as X=diag [Df T D;l]. A T2-like contrast test of
homogeneity Hy: & = ... = 6 can be constructed as

XQ:(C/é)/<C/§AJC)71 (C'é) @7)

where
[1 0 0 —1]
, 101 0 —1
C=]. . . (28)
0 0 1 -1

is of dimension (K — 1) x K. It is well known that a T2-like test of homogeneity with a
contrast matrix of this form is equivalent to one using the difference between the jth group
estimate and the overall average as in (8) (Anderson [16], p. 170; cf. Lachin [14], p. 151-2).
For the jth row of C’, the vector product yields the log hazard ratio for the jth group relative

to the Kth group, ﬂAjZC;@:lOQ (5\3'/5\;(), forj=1, ..., (K-1). Thus, the vector of log hazard

A T A /A A
ratios for the first K—1 groups versus the Kth is 8= (ﬁ1 e 5(1@1)) . Since V (0) =Y then
7 (8)=V(C'o)=0=C"sC,

—1, -1 1 —1
[Dl +D, D, . D, -|
R D—l D;1+D_1 . D—l
K K K
Q: : : PEEEEY (29)
—1 —1 —1 —1
D D D(K—l)+DK

where Q consists of the like matrix defined in terms of the expected numbers of subjects
with the event. Thus the non-centrality parameter of the test is provided by

¢2:(c’o)' (c'zc) (Co)=pa's @

that equals the expression in (9).

Stat Med. Author manuscript; available in PMC 2014 November 13.
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Then, evaluating the above covariance matrix under Hy and the assumption of equal
censoring such that E(Dj) ~ = D¢ leads to a non-centrality parameter that equals the

expressions obtained under the PH model, wi in (23) and 42 in (25).

6 A Statified-Adjusted Analysis

The above can also be generalized to a stratified-adjusted K df logrank test over S
independent strata. While such a test can be conducted using the Cox PH model, an alternate
approach is to consider a test based on the multivariate normal distribution of the hazard rate
estimates, and its associated power function. This is easily described using the contrast test
formulation.

Within the Ith stratum, let 4 = (4 ... 6" designate the vector of log hazard rates within the
K groups, with sample estimates g,, for I = 1, ... , S. Denote the stratum sample fraction as o

= E(Ny/N), N being the Ith stratum sample size, Z;wzzl; and denote the stratum-group
sample fraction as gjj = E(nyj/Ny), njj being group sample size within the Ith stratum,

K
ijlfljzl for each I. For specified hazard rates Aj; and loss hazard rates 7 for the ljth cell,
and recruitment pattern parameter y for the Ith stratum, then we can compute the event
probability m; such that E(Dy;) = Nexgjjmj is the expected number of subjects with the event

in the ljth cell. Within the Ith stratum, asymptotically 8, ~ 4 (6;,;) where %I = diag

[ED;)™L ... E(Dy)™Y] that is consistently estimated as >i=diag [Dfll ah Dl}l}.

~ T
As above, vector the of log hazard ratios in the Ith stratum is :312(511 e ﬂl(,{_w) where

5’;7-=CJ/-91:109 (S‘Ij/:\u{), forj=1, ..., (K-1), with variance v (31) = that is of the same
form as (29) as a function of the numbers of events {Dy;}, and where € is the like matrix
defined in terms of the expected numbers of subjects with the event {E(Dy;)}. Then, the joint
minimum variance or weighted least squares estimate of the vector of adjusted log hazard
ratios over strata, and the corresponding covariance matrix, are obtained as

. s . 4175 ..
B > > By
=1 =1
s ] (31)
V(B) = Q,
) - |2o]
Such equations are described by Lachin [17], among others, in the setting of a stratified
multivariate analysis. Then the stratified-adjusted contrast T2-like test of the hypothesis that

the stratified-adjusted hazard ratios are equal among groups, i.e. Ho: f1 = ... = A1), is
constructed as in (27) that equals

Stat Med. Author manuscript; available in PMC 2014 November 13.
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Sample size and power are then evaluated using the non-centrality parameter for this test

o1 (3)] o

!

S S 11y
|:Z=Qllﬂl:| {ZQH} [Zﬁllﬂl}
=1 =1 =1

wQ

(33)

where £ is the vector of assumed log hazard ratios within the Ith stratum and € is of the
same form as (29) using E(Dy;) = Nex{jjm;.

For computation of sample size, denote the cell event probability as wj = adjjm; such that
E(Dyj) = Nwj. Then € = T\/N where Y is patterned as in (29) with jth diagonal element
ulglJrV;{l and off diagonal elements z/l;(l. Then it follows that the non-centrality factor is

!

PP= [;S;Yl‘lﬂl] [iyl]l [inlﬁl} . (34)

=11

For a given set of parameters and total sample size N, power is readily evaluated from (33),
whereas the required sample size N is obtained using (34).

7 Test of Group by Stratum Interaction

Alternately, for K groups and S strata it may be desired to conduct a test of homogeneity of
the treatment group differences among strata, or a test of a group by stratum interaction, on
(K =1)(S -1) df. While such a test is conveniently conducted using the Cox PH model, a
large sample test can readily be obtained from the above construction based on the
multivariate distribution of the hazard rate estimates.

Within the Ith stratum, we have a vector of log hazard ratios ﬁl for each group versus the
reference (Kth) with covariance matrix provided by ¢), as in (29). These also yield average

estimates 3 of the log hazard ratios over the S strata with estimated covariance matrix 4 (ﬁ)
as shown in (31). Then the test of homogeneity, or no group by stratum interaction, is
provided by

! /

=3 (B-8) 07 (B -8) @
=1

with non-centrality factor

Stat Med. Author manuscript; available in PMC 2014 November 13.
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¢*=>"8,-B)Y; (B, - B) (o)

where Q) = NT.

An equivalent test can be obtained from a contrast-based test among the log hazard ratios.

T
A AT AT
LetB= <ﬂ1 o 'ﬂs) denote the column vector of S(K — 1) log hazard ratios with estimated

covariance matrix =blockdiag (f?z o QS). Then construct the contrast matrix C’ such
that the jth row of the Ith block consists of a contrast among the jth log hazard ratio in that
block versus the jth log hazard ratio in the last (reference) block. For example, if (K- 1) =2

and S = 3 then
1000 -1 0
o100 0 -
C=loo0o10 -1 0] @
0001 0 -1

Then the test of homogeneity among the strata, or of no interaction, is provided by
A ! N -1 1A
x?=(c'g) (c'ac)  (C'B) o
that is algebraically equivalent to (35). Again partitioning ©; = T\/N, such that
Y=Dblockdiag (Y, ---Y), then the corresponding non-centrality factor is

#=(c's) (€x0) " (Ca)
that equals (36) for a specified vector .

8 Quantitative Covariate Effects

It may also be of interest to describe the effect of a quantitative covariate on the risk of the
outcome event after adjusting for differences among groups or strata, and/or to assess the
homogeneity of the covariate effect among groups or the interaction of group with the
quantitative covariate effect. Hsieh and Lavori [18] describe the assessment of sample size
for the effect of a quantitative covariate in a univariate Cox PH model. From their results, it

follows that the estimated coefficient 3, the log hazard ratio per unit increase in the covariate
(X), is asymptotically distributed as

b [ﬁ, [E(D) 02]_1} (40)

where 02 now denotes the variance of X and D the number of events observed in the cohort.
Note that the information in the data that determines power, or the inverse of the variance, is
equal to E(D)o? for a given value of 4. For illustration, consider two covariates with the

Stat Med. Author manuscript; available in PMC 2014 November 13.
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same value for gbut with different variances. Then, for a study with D events, this means
that the covariate with the larger variance will have greater power because it has a greater
range of risk over the range of covariate values, as reflected by the value of ¢2.

A 2 -1
Likewise, within the jth group (stratum), Bj~ AN [ﬁj’ [E (Dj) Uﬂl ]as above with

covariate variance (032-) and Dj events in the jth group. As in the prior sections, E(D;) = Ngj7;

is a function of the group sample fraction (¢j) and the event probability within that group (7;)
that in turn is a function of the event hazard rate within that group (and other quantities).

Then the minimum variance linear estimator of the common coefficient among groups is
provided by

K 95
> Djo5p;
A g=1
== (41)
Z D]'UJQ»
j=1
with variance
~ 1
Vv (5) =—
S E(Dj)o? *
j=1

that is consistently estimated from the observed Dj and the estimated covariate variance (6 ?)
within groups. This then provides a group- or stratified-adjusted test of the covariate effect
as

Bz
X QZW “3)

that is distributed chi-square on 1 df under Hy: = 0. This test is valid when the true
coefficients {/5} may vary among groups, although there will be loss of power as the degree
of heterogeneity increases.

For a given set of coefficients {/j}, expected (or realized) numbers of events {E(D;)} and
covariate variances {U?} among strata, the non-centrality parameter of the test is
Eup)ots)]
E (D;)o23;
,6)2 = 27297

P (44)
Vv (/3) ZlE (D)) 0?2
=

from which the power of the test can be obtained. For given E(Dj) = N¢j7, the non-centrality
factor is

Stat Med. Author manuscript; available in PMC 2014 November 13.
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e 2
{Z 5.7'771%2‘@}
¢2:]:1— (45)

K ,
2§05
J=1

from which the total required sample size N can be obtained.

Alternately, it may be desired to conduct a test of the hypothesis of homogeneity of the
covariate effects among groups, or Ho: /4 = gfor all groups (j = 1, ... , K). Cochran’s test of
homogeneity (no interaction) is provided by

LS a2
X2=Y"D;5%(B; - B) we)
j=1

on K -1 df. For given sets {4}, {E(D;)} and {032-} among strata, the non-centrality
parameter of the test is

K-1
Y=Y E(D))o3(8; —B)* ()

j=1

and the non-centrality factor is
K-1
o*=>_&moi (8~ 6)* ws)
j=1
where

K 2
];fﬂj o5
B= (49)

LS 2
> &m0
i=1

The above simplifies when the variance of the covariate is the same in all groups, 0]2:0—2 for
all j.

9 Example

The Glycemia Reduction Approaches in Diabetes Effectiveness, A Cost-Effectiveness Study
(GRADE) is designed to compare the effectiveness of four classes of drugs commonly used
for treatment of type 2 diabetes. The primary outcome is the time to confirmed inability to
maintain adequate glycemic control, which from prior studies is estimated to have a
reference hazard rate of A = 0.0875 per year in the drug group(s) with the least durable effect
on glycemic control. Herein we describe sample size and power computations assuming an
R = 3 year recruitment interval with a total duration of T =7 years. To allow for a lag in
recruitment it is assumed that 40% of subjects are recruited in the first half of the
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recruitment period, 60% in the second, that corresponds to a recruitment shape parameter of

y=-0.27. This yields a mean recruitment time of 1.7 years and a mean potential exposure of
4.8 years assuming no losses to follow-up. Allowing for 4% losses per year (1= 0.04), from

(4) the mean exposure time is reduced to 3.84 years with an event probability of 0.335 and a

loss-to-follow-up probability of 0.153.

A single overall global test of the hypothesis of equality among the 4 groups will be
conducted on 3 df. The simplest alternative hypothesis is that three treatments all have the
reference hazard rate of 0.0875 and one treatment (say the first) is superior to the other four
with a hazard ratio of 0.75 versus the others, i.e. with a hazard of 0.0656 for the first and
0.0875 for the other four groups, and the vector of hazard ratios #= (0.75 1 1)T with group 4
as the reference. With equal sized treatment groups (¢j = 1/4), then the expected probabilities
of the event are 0.265 in the first and 0.335 in each of the other 3 groups. These yield a
weighted mean log hazard &= —2.496 corresponding to a geometric mean hazard of 0.0824
and a non-centrality factor of ¢ = 0.004338. The non-centrality parameter value that
provides 90% power for a 3 df test at the 0.05 level is y2(0.05, 0.10, 3) = 14.1715.
Substituting into (11), N = y2/¢? = 3268 (rounded up from 3267) would be required to
provide 90% power to detect the hazard ratio of 0.75 for one therapy versus the others. This
yields 216 subjects expected to have the event in the first group and 274 in each of the other
3 groups.

For the case where two therapies are equally superior to the other two with a hazard ratio of
0.75, then an N of 2316 (rounded up from 2315) would provide 90% power. Thus, it is
conservative to power the study to detect a single isolated superior drug with HR = 0.75, in
which case the total sample size selected might be N = 3300 to provide 90% power.

However, it is also desired to conduct 6 pairwise comparisons among the 4 drug groups.
Although the Hochberg closed test procedure will be employed, for the smallest nominal p-
value, the adjustment is equivalent to the Bonferroni correction, i.e. a two-sided significance
level of 0.05/6 being required for adjusted significance at the 0.05 level. Two group
calculations with n = 825 per group shows that the total N = 3300 provides only 71% power
to detect a HR = 0.75 between any two groups with this design. Rather, a sample size of n =
1242 per group is required to provide 90% power to detect a HR = 0.75 in a two-group
comparison at the 0.05/6 level under the above assumptions, thus requiring a total sample
size of 4964, rounded up to N = 5000 as the target enrollment. In this case, the K — 1 df test
of homogeneity would provide 98.3% power to detect a single superior drug group with HR
= 0.75, and 90% power to detect a single group with HR = 0.796.

It should be noted that another option might be to conduct 4 pairwise comparisons of each
drug group versus the other 3 groups combined. With the smaller total N of 3300, such a test
at the 0.05/4 level would provide 93% power to detect HR = 0.75. However, the 6 pairwise
comparisons are preferred and thus the larger sample size of N = 5000 will be employed.

The study will evaluate various stratification or subgroup factors in which case a stratified-
adjusted test may be conducted. To assess the effect of heterogeneity among strata, consider
the case where one stratum consists of approximately 2000 subjects with a 20% lower
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hazard rate of 0.0875 * (0.8) = 0.07/year and a smaller difference between groups with a
hazard ratio of 0.85, and the other stratum consists of approximately 3000 subjects with the
same risks assumed above. With the same parameters as above, and assuming that a single
drug is superior to the others, then the stratum of 2000 subjects would provide an expected
122 events in the first group and 140 events in the other three groups, and the stratum of
3000 subjects would provide 199 and 251 events, respectively. The vector of stratified
adjusted log hazard ratios is #= (=0.240713 0 0)T with the first element corresponding to a
hazard ratio of 0.786 for the first group versus the reference (i.e. all others). The

corresponding covariance matrix V' (3) has diagonal elements 0.005678 for the first log
odds ratio, 0.005114 for the next 2 diagonal elements, and off-diagonal elements 0.002557.
The resulting non-centrality parameter is 14.58 that yields power of 90.1%. Thus, the
presence of a mild group by stratum interaction (or heterogeneity) leads to some dilution of
power for the 4 group test, but at an acceptable level. However, a test of no interaction or
homogeneity would have a low power of only 10% to detect a difference in hazard ratios of
0.75 versus 0.85 between these two strata.

Subgroup analyses will also be performed to assess the treatment group differences between
segments of the population, such as males and females, with a test of a treatment by
subgroup interaction. Again assume an overall hazard rate of 0.0875 and losses at 4% per
year with the first group being superior to the rest with an overall hazard ratio of 0.75 in the
full cohort for one group versus the rest. Within one subgroup, assume that the hazard ratio
is 25% less, i.e. a hazard ratio of 0.75 x 0.75 = 0.563, whereas in the other subgroup it is
25% greater, i.e. 0.75 x 1.25 = 0.938. For equally sized subgroups with n = 2500 each, the
test of homogeneity (no interaction) provides 93.9% power. For a factor with three
subgroups, each with sample size 1666, the study would provide 68.9% power to detect
hazard ratios of 0.563, 0.75 and 0.938.

Analyses may also be conducted involving a quantitative covariate. As for a qualitative
covariate (the S strata), one analysis could assess the association of the covariate with the
outcome adjusted for treatment group, and another could assess homogeneity of the
covariate effect among strata (or a group by stratum interaction).

For N = 5000, or 1250 for each of 4 groups, under the above assumptions, approximately
394 events are expected within each group (1576 total). From recent studies, such as of
biomarkers in relation to cardiovascular disease, a hazard ratio of 1.4 per standard deviation
change (HRgp) in the covariate is desirable to detect. For a standard deviation o of the

covariate, the hazard ratio per unit change in the covariate is HR:HR;Q’. Then the
coefficient is = log(HRsp)/o. For o= 10 the Hsieh-Lavori expression with 1576 events
yields virtually 100% power to detect a HRgp = 1.4, and 97% power to detect a smaller
HRgp = 1.0. It is also desired to assess the power of the study to detect heterogeneity of a
quantitative covariate effect among groups, such as with coefficient values of 1.25, 1.35,
1.45 and 1.55, the weighted average = 0.0333 corresponding to a HRgp = 1.396. This
yields a non-centrality parameter value of w2 = 10.3 on 3 for a test of homogeneity, that
yields 76.7% power to detect these small differences in the hazard ratios.
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10 Discussion

Makuch and Simon [9] describe the assessment of power of the K group logrank test under
an exponential model when the numbers of subjects with the event are known (specified),
and they provide an equation to compute the average number of such subjects with the
event, i.e. assuming that all groups have the same numbers of subjects with the event. Given
an assumption about the total exposure time within each group (time to event or censoring),
the required sample size can then be obtained. Herein, we take a more general approach by
first describing design assumptions including the pattern of recruitment, rate of losses-to-
follow-up, and possibly levels of stratification, as in Lachin and Foulkes [1] for the two
group case. For a given sample size this then provides the probability in each group that a
subject will have the event, which can then be used to determine the required sample size, or
to determine power for a given sample size.

The initial approach herein is to describe the non-centrality parameter for a test of
homogeneity of the K group hazard rates, that is also shown to apply to a T2 or Wald-type
contrast test. These expressions employ the variance of the test statistic evaluated under the
alternative, i.e. using the set of specified hazard rates that are desired to be detected. We
then derive the non-centrality parameter for the score test in the Cox PH model resulting in
an expression identical to that of Ahnn and Anderson [11] when there are equal sized groups
and a common pattern of censoring. These expressions employ the variance of the test
statistic evaluated under the null hypothesis, i.e. assuming a common probability of the
event among the groups. This latter approach based on (23) will provide a smaller number of
required events and a smaller total sample size than that using (9). For the above example
with 4 groups and a single group superior with a hazard ratio of 0.75, the latter expression
yields N = 3268 and D = 1037 whereas (23) yields an expected total number of events of D
=913, for which a smaller sample size N = 2876 would be required. For the comparison of 2
groups, Lachin [4] showed that the comparable expression using the alternative hypothesis
variance as in (9) was in general more conservative in that it always provides a larger N and
larger required number of events than the expression based on the null hypothesis variance
as in (23). On this basis the exponential model based expression might be preferred.

Generalizations then provide the assessment of sample size or power for a stratified-adjusted
K-group comparison and for a test of homogeneity or group by stratum interaction, as would
be appropriate for a “subgroup” analysis in which the treatment group differences are
compared among strata. Likewise, sample size and power are described for a stratified-
adjusted analysis of a quantitative covariate effect, and a test of homogeneity of a
quantitative covariate effect among strata.

While explicit expressions for a stratified analysis are provided, in many cases a simple
approximate computation may suffice. For the above example, with a common recruitment
shape parameter in each stratum and a common hazard rate for losses-to-follow-up, the
average hazard rate for the event is (3/5)(0.0875) + (2/5)(0.07) = 0.0805 and the average log
hazard ratio for one group versus the others is (3/5) [In(0.75)] + (2/5) [In(0.85)] = - 0.238
corresponding to an average hazard ratio of 0.788 for one group versus the others. Then a
non-stratified computation using (9) with N = 5000 yields power of 90.2%, close to the
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90.1% provided by the precise stratified computation. Thus, the principal application of the
stratified assessment would be to the case where the strata have different patterns of
recruitment and/or different periods of enrollment or follow-up duration and different
patterns of losses-to-follow-up. An example of this type is described by Lachin and Foulkes
[1] to which the above computations would apply for a K group trial.

The Mantel-Logrank test is a member of the family of linear rank tests for survival data
described by Anderson, Borgan, Gill and Keiding [19] that includes the Peto-Prentice
modified Wilcoxon test that is optimal under a proportional survival odds model. Jung and
Hui [20] describe the non-central distribution of this family of tests from which the power of
a particular test can be obtained. Their method allows for a period of uniform recruitment
and follow-up, and losses-to follow-up, but it requires numerical integration of stochastic
integrals to construct the non-centrality parameter. Conversely, the methods herein are quite
simple to apply.

In all cases, the sample size is obtained by solving for the total N that yields a desired
number of events. In cases where the number of events is known, or pre-specified in
advance, power can be assessed by simply substituting the event numbers into the above
expressions, as in (9).

Central to the application of these methods is the precise specification of the log hazard rates
within each of the treatment groups (and possibly strata) worthy of detection. In general,
from (9) it is clear that the magnitude of the non-centrality parameter, and thus power,
depends explicitly on the weighted sum of squares (SS) among the specified log hazards,
weighted by the expected number of events within each group. As employed by Makuch and
Simon [9], this parameter depends approximately on the unweighted sum of squares that is
easily evaluated for a specified set of hazard rates. In this case, well-known results for a
balanced one-way ANOVA F-test of equality of K group means will apply approximately.
Consider the set of K ordered means (or log hazard rates) with minimum mean ¢) and
maximum Gy. The maximum power (sum of squares) occurs when the ordered means for
half the groups (or for K/2+0.5 if K is odd) equal ¢1) and the other half (or K/2 + 0.5) equal
Q- Conversely, the least power occurs when &) = (G1) + Gk))/2 for 1 < j < K. The test
also has poor power when the hazards in K — 1 groups are equal and that in the Kth group is
different, the so-called case of a single isolated superiority (or inferiority). For example, for
a set of K = 5 means with 1) = 0 and G = 4, the maximum SS is 19.2 for ordered mean
values of (0,0, 0, 4,4) or (0,0, 4, 4, 4). The SS is 12.8 for the isolated superiority with
means (0, 0, 0, 0, 4) or (0, 4, 4, 4, 4); and is a minimum of 8.0 for means of (0, 2, 2, 2, 4).
Thus, in the balanced case (¢j = 1/K), the total number of events required using the
expression under the null (25) for the minimum SS case is 19.2/8 = 2.4-fold higher that for
the maximum SS case.

Makuch and Simon also proposed that the global test in (8) could be employed with Fisher’s
Least Significant Difference (LSD) method to guarantee the experiment-wide type 1 error
probability at level « for the set of K(K — 1)/2 pairwise tests. However, from the closed
testing principle [21], this is true only for K = 3 groups. For an illustration, see Chi [24]. For
example, with K = 4 groups, if the 4 group test is significant at level a, one can then test the
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4 separate 3 group differences at level a. A given pairwise comparison, e.g. group 1 versus

21

is a component of the null hypothesis for 2 of the 4 such 3 group tests, specifically Hy: &,

= & is a component of the “parent” test hypotheses Hy: &, = & = Gsand Hy: 6, = & = 4. If
both of these are significant at level a, then the component pairwise test of Hyp: 6, = & can
also be tested at level a. If the two parent 3 group null hypotheses are not rejected at level a
for a given pairwise hypothesis, then that pairwise test is declared non-significant.

Finally, the methods herein assume that the exponential model or the proportional hazards
model apply. If indeed they do not, then the required sample size will be underestimated,
and the study power overestimated. For the simple two group design, Lakatos [23] describes
a piecewise interval approach to the power of the logrank test when the hazard rate and/or
hazard ratio may vary over intervals of time. Ahnn and Anderson [24] describe a
generalization of this approach to the K-group logrank test for specified hazard rates,
numbers of events and numbers within each group at risk within each interval of time,
quantities that are not easily obtained in a complex design with staggered non-uniform
patient entry, varying hazards and losses to follow-up.

Programs from the author for the computations herein will be available from
www.hsc.gwu.edu under the link to programs available for download.
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