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ABSTRACT Microsatellite loci play an important role as markers for identification, disease gene mapping, and evolutionary studies.
Mutation rate, which is of fundamental importance, can be obtained from interspecies comparisons, which, however, are subject to
ascertainment bias. This bias arises, for example, when a locus is selected on the basis of its large allele size in one species (cognate
species 1), in which it is first discovered. This bias is reflected in average allele length in any noncognate species 2 being smaller than
that in species 1. This phenomenon was observed in various pairs of species, including comparisons of allele sizes in human and
chimpanzee. Various mechanisms were proposed to explain observed differences in mean allele lengths between two species. Here,
we examine the framework of a single-step asymmetric and unrestricted stepwise mutation model with genetic drift. Analysis is based
on coalescent theory. Analytical results are confirmed by simulations using the simuPOP software. The mechanism of ascertainment
bias in this model is a tighter correlation of allele sizes within a cognate species 1 than of allele sizes in two different species 1 and 2.
We present computations of the expected average allele size difference, given the mutation rate, population sizes of species 1 and 2,
time of separation of species 1 and 2, and the age of the allele. We show that when the past demographic histories of the cognate and
noncognate taxa are different, the rate and directionality of mutations affect the allele sizes in the two taxa differently from the simple
effect of ascertainment bias. This effect may exaggerate or reverse the effect of difference in mutation rates. We reanalyze literature
data, which indicate that despite the bias, the microsatellite mutation rate estimate in the ancestral population is consistently greater
than that in either human or chimpanzee and the mutation rate estimate in human exceeds or equals that in chimpanzee with the rate
of allele length expansion in human being greater than that in chimpanzee. We also demonstrate that population bottlenecks and
expansions in the recent human history have little impact on our conclusions.

SCERTAINMENT bias in population genetics is usually

studied in two contexts. One is discovery of polymor-
phic loci and it is best illustrated by the example of single
nucleotide polymorphisms (SNPs). As demonstrated in
a number of articles, taking into account the ascertainment
scheme is a very important aspect of SNP data analysis. For
example, Polanski and Kimmel (2003) derived expressions
for modeling the way in which ascertainment modified SNP
sampling frequencies and distorted inferences concerning
the mutation rate. A more recent article (Albrechtsen et al.
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2010) considers chip-based high-throughput genotyping,
which has facilitated genome-wide studies of genetic diver-
sity. Many studies have utilized these large data sets to make
inferences about the demographic history of human popu-
lations. However, again, the SNP chip data suffer from as-
certainment biases caused by the SNP discovery process in
which a small number of individuals from selected popula-
tions are used as discovery panels. Albrechtsen et al. (2010)
demonstrate that the ascertainment bias distorts measures
of human diversity and may change conclusions drawn from
these measures in unexpected ways. They also show that
details of the genotyping calling algorithms may have a sur-
prisingly large effect on population genetic inferences. This
type of ascertainment bias will be of importance in forth-
coming genetic and genomic studies.

However, this article is concerned with a different type
of ascertainment bias, which occurs in interspecies or
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interpopulation studies. If a genetic measure of variability or
diversity such as heterozygosity, and its underlying causes
such as mutation, are studied in more than one species,
a careful consideration of the sampling scheme used as basis
for comparison is needed. Depending on from which species
the polymorphisms are ascertained, the comparison of variabil-
ity between the two species may be biased in a given direction.
We consider a specific scenario in which two extant species,
such as human and chimpanzee, are traced to a common
ancestral species. We consider microsatellite loci, which can
be modeled mathematically in a relatively simple way, so
that the forward-time simulations can be compared to
analytical computations.

We study ascertainment bias of interspecies (population)
studies of microsatellite loci, which occurs when a locus is
selected on the basis of its large allele size in the species in
which it is first discovered (say, the cognate species 1). This
bias is reflected in average allele length in any noncognate
species 2 being smaller than that in species 1. This phenomenon
was observed in various pairs of species, including human and
chimpanzee. Various mechanisms were proposed to explain the
observed differences in mean allele lengths between two
species. Here, we examine the simplest possible framework:
a single-step asymmetric and unrestricted stepwise mutation
model with genetic drift. The mathematical model analyzed is
based on coalescent theory. The mechanism of ascertainment
bias in this model is a tighter correlation of allele sizes within
a cognate species 1 than of allele sizes in two different species 1
and 2. We present computations of the expected bias, given the
mutation rate, population sizes of species 1 and 2, time of
separation of species 1 and 2, and the age of the allele.

Microsatellite polymorphisms, characterized by varia-
tions of copy numbers of short motifs of nucleotides, have
become a common tool for gene mapping and evolutionary
studies since they are abundantly found in genomes of
a large number of organisms (Pena et al. 1993; Bowcock
et al. 1994; Deka et al. 1994; Primmer and Ellegren
1998). High mutation rate at these loci is the attractive
feature of using the microsatellites as tools for molecular
evolutionary studies, since consequences of accumulation
of past mutation events are seen as differences of allele
frequency distributions even in closely related taxa (Weber
and Wong 1993; Kimmel and Chakraborty 1996; Chakraborty
et al. 1997). However, in cross-species comparisons of allele
size distributions at microsatellite loci, some apparently dis-
cordant findings (namely, a systematic bias of average allele
sizes in one species as compared to another) led some inves-
tigators to argue that these repeat loci may not be the most
efficient tools for interspecies studies (Rubinsztein et al.
1995; Crawford et al. 1998). In general, for evolutionary
studies microsatellite loci as identified in one species (or
population) are studied in other species (or populations),
making use of their genome homology. Nevertheless, the
process of detection (in the cognate species) and its use in
a noncognate species may inherently affect the allele size
distribution and associated other summary measures of
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genetic variation (such as heterozygosity, allele size variance,
or number of segregating alleles). This discordance, called
the ascertainment bias, is claimed to have been observed in
sheep (Forbes et al. 1995), swallows, cetaceans, ruminants,
turtles, and birds (Ellegren et al. 1995). However, Rubinsz-
tein et al. (1995) and Amos and Rubinsztein (1996) ex-
plained such observations as intertaxa differences of rates
and patterns of mutations at microsatellite loci.

The goal of this study is to address this issue. Our ap-
proach is different from other attempts to study similar
problems (see, e.g., Rogers and Jorde 1996). We consider a
general model of mutations (called the generalized stepwise
mutation model, GSMM) that is shown to be applicable to
microsatellites (Kimmel et al. 1996; Kimmel and Chakraborty
1996) on which we superimpose the effects of demographic
differences of cognate and noncognate taxa, as both of these
factors are known to jointly affect the features of polymor-
phisms at microsatellite loci in extant taxa (Kimmel et al.
1998). In particular, using coalescent theory, we show that
when the past demographic histories of the cognate and non-
cognate taxa are different, the rate and directionality of muta-
tions affect the allele sizes in the two taxa differently than the
simple effect of ascertainment bias.

Materials and Methods
Evolution of a DNA-repeat locus

We consider a DNA-repeat locus that has originated t units
of time ago (at backward or reverse time t), and observed at
present (time 0). The adjective “backward” will usually be
omitted. Chromosomes containing the locus belong to one
of the two populations (labeled 1 and 2), which diverged ¢,
time units before present (time ty) from an ancestral popu-
lation (labeled 0). The essentials are depicted in Figure 1.

The ancestral population consists of 2N, chromosomes
and populations 1 and 2 of 2N; and 2N, chromosomes, re-
spectively. We assume the time-continuous Fisher-Wright—
Moran model (Kimmel et al. 1998). At the locus considered,
alleles mutate according to the unrestricted GSMM (Kimmel
and Chakraborty 1996). Specifically, the action of genetic
drift and mutation can be represented by the following co-
alescence/mutation model:

1. Chromosomes 1 and 2, sampled at time 0 from popula-
tions 1 and 2, respectively, have a common ancestor T
units of time before present (Figure 1). Random variable
T has exponential distribution with parameter 1/(2Ny),
shifted by to, i.e.,

1 T =tH,

exp[— (r—to)/(2Ng)], 7>t5. D)

Pr[T>17] = {

In other words, as long as the two chromosomes or their
direct ancestors belong to different populations (i.e., for 7 =
to, in backward time), they cannot coalesce. From the
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Figure 1 Evolutionary history of a locus in two species. Demographic scenario
employed in the mathematical model and simuPOP simulations. Notation: N,
N;, and N,, effective sizes of the ancestral, cognate, and noncognate popu-
lations, respectively; Xo, X1, and X5, increments of allele sizes due to mutations
in the ancestral allele, in chromosome 1 and in chromosome 2, respectively.

moment the populations converge (i.e., for 7 > t, in reverse
time), the distribution of the time to coalescence is exponen-
tial with parameter 1/(2Np).

2. Chromosomes 1 and 1’, sampled at time O from popula-
tion 1, have a common ancestor T units of time before
present, either in population 1, if T = t; or in the ances-
tral population O, if T > t,. Therefore, the random vari-
able T has a more complex distribution of the form,

_ Jexp[—7/(2Ny)],
””>ﬂ‘{wm—mmmm—@~mﬂ@%W

T=1tp,
T>1.

(2)

In other words, as long as the two chromosomes or their
direct ancestors belong to population 1 (i.e., for 7 = tq, in
backward time), they coalesce with intensity 1/(2N;). From
the moment the species converge (i.e., for 7 > t, in back-
ward time), the coalescence intensity is 1/(2Np).

3. Initial size (number of repeats) at the locus at time (t) of
the origin of the locus is equal to a constant. Choosing
this constant equal to 0 is not a restrictive assumption. In
our model, we assume that before time t there were no
mutation events.

4. Mutation epochs along the lines of descent occur accord-
ing to a Poisson process with constant intensities v, v+,
and v, in populations 0, 1, and 2, respectively. Each mu-
tation event alters the allele size S by adding to it a ran-
dom number of repeats U, i.e.,

S—>S+U.

U is an integer-valued random variable (rv) with probability
generating function (pgf)

0

or(s) =E(sY) = > PriU =ils"

[=—o

The pgf ¢i(s) and, equivalently, the distribution of U is gen-
erally different in each population k (k = 0, 1, 2). Conse-
quently, the change of the allele size, during a time interval
of length At spent in population k is a compound Poisson
random variable with pgf exp{vAt[pi(s) — 1]}. For the
asymmetric single-step stepwise mutation model (SSMM),
we have

Px(s) = bis + di /s, 3

where by, = Pr[U = 1] and di = Pr[U = —1] = 1 — by are
the respective probabilities of expansion and contraction of
the allele in a single mutation epoch.

Remark. The model is formulated as if the length of gen-
eration in species 0, 1, and 2 were identical. However, the
mutation rates and populations sizes can be rescaled, to
accomodate different generation time as explained in the
section concerning modeling (below). Indeed all results in
the following section are invariant under rescaling. We
return to this issue in the Discussion.

Conditional Distributions and Ascertainment Bias
of Allele Sizes

The main purpose of this section is to use the coalescent
theory (as reviewed by Tavaré 1984) to derive condi-
tional expected allele size at a chromosome, given the
allele size on another chromosome sampled either from
a different or from the same population as the original
chromosome. This information is crucial for obtaining
estimates of the ascertainment bias in conjunction with
other effects.

Chromosomes sampled from populations 1 and 2

We use notation as in Figure 1: X,, X;, and X, denote the
incremental changes of allele sizes (or, simply, allele sizes) in
the ancestral chromosome 0, and in chromosomes 1 and 2,
respectively. Conditionally on T, X, X7, and X, are indepen-
dent random variables. Let us note that while chromosome
0 always lives in population 0, chromosomes 1 and 2 begin
their lives in population 0 and then continue in populations
1and 2. LetY; = X, + X; and Y, = X, + X, denote the allele
sizes at time O (present time) at chromosomes 1 and 2, re-
spectively. We first compute the expected allele size at chro-
mosome 2, jointly with the allele size at chromosome 1
being equal to i (conditional on {T = 7}),

E[Yy; Y1 =T = 7] = 35 E[Xo + X2; X0 = ;s X0 = i —J|T = 7]
:E[)(le = T]PI'[Yl = l|T = T}
43 J PriXo— 1T = 7JPrlXy = i —jIT = 7.
4

In the terms of probability generating functions, we obtain
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For more details, see Supporting Information, File S1 (Der-
ivation of Equations 5 and 6).

Chromosomes sampled from population 1

Using the same reasoning, we obtain

ZE[Y{;Yl —i|T = T}Si
i

= [X{’T - T}on\T:T(S)le\T:T(S)
+ 8 Sy 7= (S )iy T=r (5)- 6)

Probability generating functions and expectations of
incremental changes of allele sizes

Random variables Xy, X;, and X, result from compounding
the Poisson process (Kingman 1993) of mutations, with
varying intensities v, v;, and v,, by distributions of allele
size changes with pgf’s @ (s), @1(s), and ¢(s) , respectively.
Without getting into detail, we obtain

exp{(t — to)volpo(s) — 1]+ (to = )rae1(s) — 1]}, 7=to,

on\T ‘r( ) eXp{(t*Tﬁlo[(f)o(s)*l]}, to <T=t,
1, T>t,

@

{ exp{tvi[p;i(s) — 1]}, T=to,

Sxir=-(s) = § exp{(7 — to)vo[wo(S) 1] + towi[o; (S) -1}, to<7=t, (8
exp{(t —to)vo[po(s) — 1] + towi[ei(s) = 1]}, 7>¢,

for i = 1, 2. Also, fxjr—.(s) =fx,r=-(s). The conditional
expected values are obtained by differentiation of respective
pef’s and setting s = 1.

Computational expressions for E[Y>; Y; = i] and

E[Yy; Y1 =]
In the SSMM, the pgf’s po(s), ¢1(s), and @, (s) have the form
as in Equation 3. We note the expansion

vtlbs+d/s—1] =Y B =3 ey <2Vt\/_)< > )

ieZ ieZ

valid for |s| = 1, where I; = I_; is the modified Bessel func-
tion of the first type, of integer order i (Abramowitz and
Stegun 1972). Using this expansion, it is possible to repre-
sent the right-hand sides of Equations 5 and 6 as power
series in variable s. Finally,

E[Ya ¥y — i = /0 CEYyvi = iT = dfe(r)dr.  (10)

E[Y{;Yl - i} - /Om E[Yf;Yl =i|T = T]fT(T)dT, (11)
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where fr(7) is the distribution density of the time to coales-
cence, based on relationships (1) and (2), respectively. A
computational expression for Pr[Y; = i] can be similarly
obtained from

mm:qzﬁwmn:m:ﬂﬁ@m (12)

Suppose that a DNA-repeat locus discovered in a genome
search of population 1 is retained for further study if it has
a minimum number of x repeats of the motif, i.e., if

Yi=x.

The number of repeats (allele size) serves here as a sub-
stitute measure of the locus’ variability. The reason is that,
irrespective of directionality of mutational changes, in the
GSMM, the extremes of repeat count are strongly positively
correlated with variance of repeat count and heterozygosity
at the locus. The latter is a consequence of the random-
walk mechanism of mutations in this model (Kimmel and
Chakraborty 1996).

If the locus is retained and a sample of n individuals from
the noncognate population 2 is typed for this locus, then the
expected value of the mean repeat count in the sample is
equal to

1¢ 2i=xE[Y2; Y1 =1]
— . =
- [n ;YZI|Y1 - Zizxpr[Yl =1 '
(13)

— E[ValY1=x] =

If a sample of n individuals of the cognate population 1 is
typed for this locus, then the expected values of the mean
repeat count in the sample is equal to

iz E[YiV1 =]
2i=xPtY1 =1
14)

n
E %ZY{i’lex:| - E[Y{!lex} _
i—1

The mean allele size difference, D, which is due to a com-
bined effect of ascertainment bias and intrinsic genetic fac-
tors, can be defined as

D =E[y{|v

=x| — E[Y2]Y7 =Xx]. (15)

Simulation method

Despite the complexity of the theory involved in the study of
ascertainment bias, simulation of such a process is straight-
forward using simuPOP, a general-purpose individual-based
forward-time population genetics simulation environment
(Peng and Kimmel 2005). We consider a microsatellite locus
founder population with Ny individuals (2N, chromosomes).
We consider a diploid with initial allele size on each chro-
mosome to be 100. The founder population is evolved for
t — to generations before two copies of this population of
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sizes N; and N, are created, which are evolved for another t,
generations.

Direct execution of simulations for tens of thousands of
generations is time consuming. The probability that a random
allele exceeds a specified threshold may be low; therefore,
many attempts may be needed to obtain an estimate of
ascertainment bias.

This problem can be addressed through the use of
a scaling technique (Hoggart et al. 2007). Compared to
a regular simulation that evolves a population of size N for
t generations, a scaled simulation with a scaling factor A
evolves a smaller population of size N/A for t/A generations
with magnified (multiplied by A) mutation, recombination,
and selection forces. This method can be justified by a diffu-
sion approximation to the standard Wright-Fisher process
(Ewens 2004; Hoggart et al. 2007); however, because the
diffusion approximation applies only to weak genetic forces
in the evolution of haploid sequences, it cannot be involved
when nonadditive diploid or strong genetic forces are used.
Simulation study has been performed with a scaling factor A,
where populations with sizes N;/A are evolved for t;/A gen-
erations, under mutation models with mutation rates Av,
where N; ~ 10% — 10, t; ~ 103 — 10° and »; ~ 10~* are
values typical of human and primate effective population
sizes, evolutionary history, and microsatellite mutation
rates. Running the simulations with different scaling factors
yields identical results if A = 100 (A = 1000, 500, 100, 50,
10 have been tested).

Results
Summary of modeling results

The purpose of modeling is to determine in what circum-
stances the presence or absence of differences, observed in
sizes of alleles at loci discovered in a cognate species
(population 1) and then typed in a noncognate species
(population 2), can be attributed to ascertainment bias or
alternatively to differential effects of genetic drift or
mutation rate and pattern. Let us first review the intuitions
concerning these effects. These intuitions are valid indepen-
dently of a particular model of mutations:

1. The observed difference between allele sizes, Equation
15, results from a stronger correlation between allele
states of chromosomes in cognate population 1 as com-
pared to noncognate population 2.

2. Reduced genetic drift in population 1 may reduce the
effects of ascertainment bias. Indeed, if the cognate pop-
ulation 1 is much larger than the noncognate population
2, then the coalescence process within population 1 has
the star-like structure characterized by reduced depen-
dence of allele states (Tajima 1989). Therefore, the dif-
ference between correlations of allele states of
chromosomes in cognate population 1 and noncognate
population 2 will be reduced. Note that the size of the
noncognate population 2 will not influence the difference

of expected allele sizes, but it may influence other indices
of polymorphism.

3. Mutation rate and pattern, different in populations 1 and
2, influence the differences in allele sizes between differ-
ent populations.

Figure 2 depicts a series of modeling studies of D, the
combined effect of ascertainment bias, genetic drift, and
differential mutation rate on the mean repeat count, based
on simuPOP model, compared to those obtained using Equa-
tion 15. The error bar refers to mean +2 X SEM (standard
error of the mean) of simulated D values from 1000 repli-
cates. Parameter values approximate the evolutionary dy-
namics of dinucleotides in humans and chimpanzees: time
from divergence of species to = 4 X 10° years = 2 X 10°
generations for Figure 2 (assuming 20 years per genera-
tion), the age of the repeat locus t = 1 X 107 years = 5 X
10° generations, mutation rate v = 1 X 10~4 per genera-
tion, and probability of increase of allele size in a single
mutation event, b = 0.55. Effective size of the current hu-
man population is 2N = 4 X 10° individuals.

Figure 2A depicts the values of D for the basic parameter
values by = b; = b, = b = 0.55, and vy = v; = v = 0.0001,
with the effective sizes of all populations concurrently vary-
ing from 2 X 10% to 4 X 10° individuals and with mutation
rates v, varying from v to 5v. Figure 2B depicts the values of
D for the basic parameter values by = b; = by = b = 0.55,
and vg = vo = v = 0.0001, with the effective sizes of all
populations concurrently varying from 2 X 104 to 4 X 10°
individuals and with mutation rates v, varying from » to 5v .
These two figures make it explicit that the combined effect
of ascertainment bias, genetic drift, and differential muta-
tion rate on the mean repeat count can result in a range of D
values from positive to negative ones.

For the purpose of obtaining sets of model parameters
that yield good fit to the experimental observation of allele
length differences, we have applied the genetic algorithm
(Mitchell 1996) as a search heuristic to explore an arguably
realistic parameter space that specifes a variety of discrete
values within a reasonable range to each of the key param-
eters. We set t to vary in the range from 440,000 to 740,000;
to from 250,000 to 400,000; N, from 10,000 to 85,000;
N; from 5,000 to 12,000; N, from 10,000 to 25,000; v,
vy, vo from 5 X 107> to 1 X 1073; by, by, by from 0.51 to
0.55; x from 12 to 18. Discussion and Conclusions involves
more detail about settings of these ranges. In the genetic
algorithm of optimization (fitting), each parameter range
is encoded by a two- to six-bit vector, yielding 22 to 2°
possible values. An initial “pseudo-population” was created
by setting X randomly chosen parameter combinations as X
“individuals.” The value of each modeling parameter in any
individual has been converted to binary format to become
a 0-1 sequence. Each sequence can be treated as a “chromo-
some.” Thus, the genome of an individual consists of a
complete heritable parameter setting. By evolving the pop-
ulation under the Wright-Fisher model for Y generations
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Figure 2 Observed difference D in allele sizes may be positive or nega-
tive. Comparison of simuPOP simulations with computations based on
Equation 15. (A) Values of D for the basic parameter values bg = by = b, =
b=0.55, vg=v;=v=0.0001, to =2 X 10° generations, and t =5 X 10°
generations, with the effective sizes of all populations concurrently vary-
ing from 2 X 10% to 4 X 10° individuals and with mutation rates v,
varying from v to 5v. (B) Values of D for the basic parameter values
bo=by=b,=b=0.55, v5=v, =v=0.0001, ty = 2 X 10> generations,
and t =5 X 10° generations, with the effective sizes of all populations
concurrently varying from 2 X 104 to 4 X 10> individuals and with muta-
tion rates vy varying from v to 5v (assuming 20 years per generation).

with mutation and crossover, it yields by selection the indi-
viduals that can best fit the experimental observation. We
compare modeling results to observations of Cooper et al.
(1998); see the next section for detail.

In the currently implemented ascertainment scheme, we
assume P(L = x) = 0.25 to ensure that the probability of
choosing polymorphic loci is relatively small (¢f. Table 1B).
Given a set of input parameter values (including ¢, to, N, b,
and x), P(L = x) can be approximated by the cumulative
distribution function of the Gaussian distribution shown in
File S1 (section Derivation of the range for the estimate of
t). If a parameter set yields P(L = x) > 0.25 then it will be
excluded. The cutoff 0.25 has been chosen heuristically. If
a cutoff >0.25 is adopted, the parameter values to fit Dcy
and Dy are easier to find. The opposite holds if the cutoff is
<0.25. The 0.25 value seems to lead to a parsimonious var-
iant of acceptable parameter values.

Comparisons of empirical statistics derived from human
and chimpanzee microsatellite data

We apply our model to analyze the well-known data set
published by Cooper et al. (1998). These authors examined
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40 human microsatellite markers and their homologs in
a panel of nonhuman primates and showed that human loci
tend to be longer. Such a trend was also confirmed by sev-
eral other studies. Taken at face value, these data indicated
that, since their most recent common ancestor, more micro-
satellite expansion mutations have occurred in the lineage
leading to humans compared with the lineage leading to
chimpanzees. Based on this, they suggested that this pro-
vided evidence that microsatellites tended to expand with
time and were doing so more rapidly in humans. However,
an alternative explanation, which attributes the difference
to the influence of ascertainment bias, may also result in the
observation of allele length difference. Therefore, Cooper
et al. (1998) performed the necessary reciprocal experiment
showing that human microsatellites tend to be longer than
their chimpanzee homologs, regardless of the species from
which the loci were cloned.

Dinucleotide (CA) repeat loci discovered and character-
ized in humans (n = 22) were on average 5.18 repeat units
longer than those in chimpanzees, while dinucleotide
repeats discovered in chimpanzees (n = 25) were on aver-
age 1.23 repeat units longer in humans. Table 1 lists best fits
of three independent parameter searching results based on
the genetic algorithm, with setup of X = 100, Y = 1000
probability of crossover = 0.6, and mutation rate = 0.02
in each search. Table 1A shows best fits from an exploratory
parameter search given a broad range of mutation rates
(from 1075 to 10~3), while by, by, b,, and x are set as default
values (bg = b; = b, = 0.55, x = 12). The mutation rates in
the top two best fits are below generally accepted ranges,
vy = 2 X 107> < 5 X 107>, Although the other three fits
yield feasible mutation rate estimates, the parameter combi-
nations result in very high probabilities of finding polymor-
phic loci, P(L = x) > 0.25. In Table 1B, P(L = x) = 0.25 is
assumed to ensure that the probability of choosing polymor-
phic loci is relatively small. by, b1, b, are set to be equal and
range from 0.51 to 0.55. x ranges from 12 to 18. The best fits
are obtained when v, is equal to the minimum possible
value (5 X 1073), while fits become slightly worse if v, is
increased (10~4). In Table 1C, when P(L = x) = 0.25 is still
required while by, by, b, are allowed to vary independently,
the parameter search tends to favor b; > b, and small x (<
15) to yield best fits.

For a range of evolutionary times, effective population
sizes and mutation rates, higher mutation rates, and rates of
allele length expansions are always observed at human
microsatellite loci compared to those in chimpanzee (v, =
v, and v1b; > wyb,), consistent with Cooper et al. (1998)
data.

Influence of bottlenecks and expansions
in human history

While assuming a constant population size for chimpanzee,
we explore the influence of bottlenecks and expansions in
human history on the observed difference in allele lengths
(D). We extend the current modeling scheme and derive the
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Table 1 Parameter settings that yield a good fit, for a range of realistic effective population sizes and mutation rates

t to No N1 Nz Vo 14 1] bo b1 bz X DHC DCH
540 270 15 6 15 0.00012 0.00006 0.00002 0.55 0.55 0.55 12 5.17 1.30
550 280 10 9 10 0.00012 0.00006 0.00002 0.55 0.55 0.55 12 5.06 1.10
570 300 15 3 20 0.00030 0.00022 0.00016 0.55 0.55 0.55 12 5.35 1.29
560 290 20 5 20 0.00030 0.00016 0.00010 0.55 0.55 0.55 12 5.27 1.14
460 250 25 10 12 0.00030 0.00055 0.00045 0.55 0.55 0.55 12 5.42 1.24
580 260 10 7 25 0.00075 0.00020 0.00005 0.51 0.51 0.51 18 5.18 1.26
720 250 15 8 23 0.00015 0.00010 0.00005 0.55 0.55 0.55 18 5.17 1.22
620 250 10 10 17 0.00010 0.00010 0.00005 0.55 0.55 0.55 12 5.30 1.44
660 250 10 12 25 0.00055 0.00025 0.00010 0.51 0.51 0.51 18 5.45 1.76
740 260 10 12 25 0.00035 0.00020 0.00010 0.51 0.51 0.51 15 5.02 2.1
720 260 10 "1 13 0.00025 0.00010 0.00010 0.51 0.55 0.51 13 5.08 1.20
740 250 10 7 1 0.00020 0.00010 0.00010 0.52 0.55 0.51 14 5.08 1.33
740 260 10 12 18 0.00020 0.00010 0.00010 0.51 0.55 0.51 12 5.17 1.22
740 260 10 10 15 0.00020 0.00010 0.00010 0.51 0.55 0.51 12 5.22 1.30
680 250 10 9 16 0.00025 0.00010 0.00010 0.51 0.55 0.51 15 5.44 1.59

Information of the plausible range of each input parameter was retrieved from the literature (details in Discussion and Conclusions). Times t and to are expressed in thousands
of generations (assuming 20 years per generation). Population sizes No, Ny, and N, are expressed in thousands of individuals. Dyc is the calculated average allele length
difference on human loci that are typed in chimpanzee and Dy is the reciprocal difference. Top (A): best fits from an explorary parameter search given a broad range of
mutation rates (from 10> to 10~3), with parameters bo, b1, b,, and x set as default values (bo = by = b, = 0.55, x = 12). The mutation rates in the two best fits are below the
generally accepted range. Although the other three fits yield acceptable mutation rate estimates, the parameter combinations result in very high probabilities of finding
polymorphic loci, AL = x) > 0.25 Middle (B): P(L = x) = 0.25 is assumed to ensure that the probability of choosing polymorphic loci is relatively small. Parameters b, b1, by
are set equal and range from 0.51 to 0.55. x ranges from 12 to 18. The best fits are obtained when v, is equal to the minimum possible value (5 X 10~>), while fits become
slightly worse if v, is increased (10~4). Bottom (C): when P(L = x) = 0.25 is still required while by, by and b, are allowed to vary independently, the parameter search tends to
favor by > b, and small x (< 15) to yield best fits. In B and C with t, t,, N, b, and x assuming ranges of possible values when P(L = x) = 0.25, vy is always greater than v4 and

v, vy is greater than or equal to v,; v¢by is always greater than v,b,.

analytical solution to compute D with human cognate pop-
ulation size being arbitrarily varied from one generation to
another.

Assume that the lineage of humans has been evolved
following a multistep demographic model, where there are L
steps with human population size varied from step to step.
In the backward direction, we denote the present time in
generation units as t; = 0, the beginning and ending times
of the mth step (m =1, 2, ..., L) as t,,—; and t,,, and the
population size of the mth step as N,,. As already defined, t
and t, are the age of the locus and the time when the two
species split, respectively, and Ny is the ancestral population
size.

Chromosomes 1 and 1’ sampled at time O from population 1
have a common ancestor T units of time before present, either
in population 1 at stage m, ift,, = T < t,,_1 form=1,2, ...,
L) or in the ancestral population O, if T = t,. Therefore,

L te—1 — ¢ —tm
exp[_Zk:erl(klek k) _Tsz]v t<7=tm-1,

P(T>71)= e R .
eXp[ Zk:l( zzvk) 2No}’

T> 1.

(16)

form =1, 2, ..., L. For derivation of an analog of Equation
11 in the extended model see File S1.

Taking a set of model parameters that fit the data from
Table 1, t = 620,000, t, = 250,000, N, = N; = 10,000, N, =
17,000, vo = 0.0001, »; = 0.0001, v, = 0.0005, by = b; =
by, = 0.55,x = 12we obtain D(H — C) = 5.30and D(C — H) =
1.44 in the modeling scheme assuming fixed human popu-
lation size.

Figure 3 is a schematic representation of major bottle-
necks and expansions in the recent human history. The locus
was born in the ancestral population, t generations ago.
From t, when the two species split, effective population sizes
for human and chimpanzee were equal to N; and N, (e.g.,
5000 and 20,000; Burgess and Yang 2008), respectively. At
t1 (~200,000 years ago) when humans evolved to migrate
out of Africa, a bottleneck event caused by the fact that
a subpopulation of migrants was sampled from a larger Af-
rican population occurred. Our stratified demographic
model assumes that the decreased population size due to
that bottleneck was constant until the end of the latest gla-
ciation, t, (~12,000 years ago). More precisely, it grew until
the beginning of the last glaciation (~50,000 years ago;
Bond and Lotti 1995) and then dropped, but the influence
of this detail is minor. After that, human population under-
went a series of expansions, with its effective size being
~10° from the end of last glaciation (t;) to 0 AD (t3 ~
2000 years ago), ~10° from year 0 CE (t3) to the emergence
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of industrialization (t, ~ 180 years ago), and ~108 from ¢4
to present time (current generation). Adapting the human
demography with varying population sizes, as described
above, in the extended model, we have calculated D(H —
C) = 5.42 and D(C — H) = 5.42, compared to 5.30 and 1.44
obtained from the original model with fixed human popula-
tion size. Using another set of model parameters from Table 1,
t = 720,000, t, = 260,000, Ny = 10,000, N; = 11,000, N, =
13,000 v¢ = 0.00025, »; = 0.0001, v, = 0.0001, by = b,y =
0.51, b; = 0.55 x = 13 results in D(H — C) = 5.17 and
D(C — H) = 1.20 obtained from the extended model, com-
pared with 5.08 and 1.20 obtained from the original model.
D(C — H) remains the same in the extended model because
only the human effective population (N;) has been varied.
D(C — H) does not depend on N; but on N5, which is as-
sumed to be constant in both basic and extended models.

We conclude that for the range of parameters we
considered, population bottlenecks and expansions in the
recent human history have little impact on the modeled
difference of allele sizes based on the settings of model
parameters used in Table 1 to fit the data. Finally, the mu-
tation rate estimate in the ancestral population is consis-
tently greater than that in chimpanzee and in human it is
higher than or equal to that in chimpanzee.

Discussion and Conclusions

Computations presented in this article demonstrate that the
scaled forward simulations using simuPOP closely match the
analytical solution of the evolutionary model used. We note
that mathematical derivation of Equation 15 depends on
simplicity of the assumed microsatellite discovery criterion
Y, = x. If this criterion is replaced by a condition on hetero-
zygosity or variance, the theoretical derivations become very
difficult. On the other hand, it is easy to use any other micro-
satellite discovery criterion in simuPOP simulations.

Data of Cooper et al. (1998) indicate that when the hu-
man-derived dinucleotide repeat loci are typed in chimpan-
zee, they show a trend toward smaller mean allele sizes in

570 B. Li and M. Kimmel

tions ~ 2000 years ago); t,, be-
ginning of industrialization (~9
generations ~ 180 years ago).

the chimpanzee as compared to that in human populations.
These and other data also suggest that the same holds for
other measures of within-population variation (i.e., the
chimpanzees showing lower heterozygosity and allele size
variance, compared to humans; Vowles and Amos 2006).
The theoretical model shows that these observations are in
agreement with the presence of ascertainment bias, caused
by a selective choice of human loci. In the reciprocal exper-
iment, the chimpanzee-derived dinucleotides, typed in hu-
man populations, also show a trend toward smaller mean
allele sizes in the chimpanzee as compared to that in human
populations.

We adapted a genetic algorithm (Mitchell 1996) to per-
form an extensive parameter space search by specifying
a number of values of each of the key modeling parameters
(t, N, v, b, and x; see Table 1 for details), which are variable
within plausible ranges. Patterson et al. (2006) reviewed the
estimated times of divergence of the two species (to) and
determined that divergence occurred approximately be-
tween 250,000 and 350,000 generations ago. This corre-
sponds to ~5 to 7 million years by assuming 20 years per
generation. For the purpose of modeling, the time when
a particular locus was born (t) is computed to be varying
~450,000 to 750,000 generations to ensure the threshold of
allele size being large enough that the polymorphic locus
occurs only relatively rarely (=25% of loci; see Supporting
Information: Derivation of t for details). Using both likeli-
hood and Bayesian methods, Yang (2002), estimated that
the ancestral (Np) and chimpanzee (N,) effective population
sizes ranged from 10,000 to 20,000 individuals, and the
human effective population size ranged from 3000 to
12,000 individuals (Burgess and Yang 2008). Chen and Li
(2001) suggested a much larger effective population size,
50,000 ~ 90,000, of the common ancestor of human and
chimpanzee. We assign multiple numbers within these
ranges as possible values of Ny, N7, and N,. Additionally,
given that the microsatellite loci mutation rate in any pop-
ulation is >1074, as analyzed by Ellegren (2000), vq, v1, v
are assumed in a wide range starting from 5 X 107°.
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Mutational biases (Sainudiin et al. 2004; Wu and Drummond
2011) by, by, by range from 0.51 to 0.55. In this model, we
assume such bias to be constant within a population. As
demonstrated in Table 1, for a range of effective population
sizes and evolutionary times, the estimated human mutation
rates are always higher than or equal to those in chimpan-
zee and the mutation rate estimates in the ancestral pop-
ulation are always greater than those in either human or
chimpanzee.

These observations imply that ascertainment bias is
a significant factor in interpreting interpopulation genetic
variation at microsatellite loci, when the loci are selectively
chosen for polymorphism in one of the populations com-
pared. Ascertainment bias effect is confounded by other
differences in evolutionary dynamics between the cognate
and noncognate populations, particularly by interpopulation
differences of rates of mutations at the locus. As shown in
Figure 2A, increased mutation rate in the noncognate pop-
ulation reduces the effect of the ascertainment bias, while
increased mutation rate in the cognate population amplifies
the effect of the bias (Figure 2B). On the other hand, the
primary cause of ascertainment bias is a tighter correlation
of allele sizes within the cognate population. Thus, intui-
tively it is clear that population size differences between
cognate and noncognate populations may reduce or amplify
the ascertainment bias. If the cognate population is of larger
size or is growing more rapidly than the noncognate one,
a reduced bias is expected.

The differences of patterns of biases seen at the di-
nucleotide loci discovered in human vs. chimpanzee can be
explained by our model if the mutation rate is higher for
humans. The observed pattern that ascertainment bias is of
a lower magnitude for the chimpanzee-specific loci is also
consistent with effective population size in chimpanzee be-
ing smaller than that in human. In this sense, our observa-
tions and theoretical predictions are consistent with the
assertion of Rubinsztein et al. (1995), although expansion
bias of mutations is not necessary to explain the observed
differences in humans and chimpanzees.

As mentioned, when describing the model, the time and
mutation rates (as well as effectively the population sizes)
are scaled to the unit equal to the human generation length.
This is convenient, and the numbers can be rescaled to
accomodate different evolutionary parameters in different
species. Our theory and data can also be used to explain the
apparently discordant conclusions reached by other inves-
tigators examining this issue. For example, Ellegren et al.
(1995) observed smaller allele sizes in noncognate species
compared with cognates of birds, which could be predomi-
nantly due to ascertainment bias alone. Crawford et al.
(1998), in contrast, found longer median allele sizes in
sheep compared with cattle, regardless of the origin of the
microsatellites. This may be the case where the ascertain-
ment bias effect is counteracted or even reversed due to
mutation rate and/or effective population size differences
in sheep and cattle.

There had been discussions with regard to the depen-
dence of interpopulation allele size differences on the
absolute repeat lengths of alleles (Ellegren et al. 1995; Amos
and Rubinsztein 1996). For microsatellites, there is a general
tendency for an increased level of polymorphism at loci har-
boring larger alleles (Weber 1990). Our theory shows that
loci exhibiting higher degrees of polymorphism are likely to
be subject to lesser bias of ascertainment (due to lower
correlation of allele sizes in the cognate population). Hence,
appropriate adjustment of interlocus differences of polymor-
phism as well as allele sizes should be made in addressing
the importance of ascertainment bias.

Vowles and Amos (2006) is an important contribution to
the literature on ascertainment bias. Among others, these
authors observed that long repeats tend to be interrupted,
which contributes an additional bias. They also proposed
that the difference D be explained if microsatellites evolve
at different rates, with longer microsatellites evolving faster,
this latter effect having some statistical rationale. In this
article, we offer an explanation that does not rely on inter-
ruption nor acceleration, but only on sampling, and demo-
graphic and population-genetic effects, under constant
though species-dependent mutation rates. However, there
is at least some concordance; we find that human micro-
satellites, which are on average longer, also have higher
mutation rates, which might be a hint that both approaches
detect the same or similar effect.

In summary, we conclude that ascertainment bias is an
important consideration for interpretation of interpopulation
differences of genetic variation at microsatellite loci, but this
bias can be reduced or even reversed when the past de-
mographic histories of cognate and noncognate populations
are different. In addition, mutation rate differences among
populations can also influence or mimic ascertainment bias.

Acknowledgments

Research supported by National Institutes of Health grants
GM 58545, GM 45861, and GM 41399, and Polish National
Center for Science grant NN519579938.

Literature Cited

Abramowitz, M., and 1. Stegun, 1972 Handbook of Mathematical
Functions, with Formulas, Graphs, and Mathematical Tables. U.S.
Government Printing Office, New York.

Albrechtsen, A., F. C. Nielsen, and R. Nielsen, 2010 Ascertainment
biases in SNP chips affect measures of population divergence.
Mol. Biol. Evol. 27: 2534-2547.

Amos, W., and D. C. Rubinsztein, 1996 Microsatellites are subject
to directional evolution. Nat. Genet. 12: 13-14.

Bond, G. C., and R. Lotti, 1995 Iceberg discharges into the North
Atlantic on millennial time scales during the last glaciation.
Science 267: 1005-1010.

Bowcock, A. M., A. Ruiz-Linares, J. Tomfohrde, E. Minch, J. R. Kidd
et al., 1994 High resolution of human evolutionary trees with
polymorphic microsatellites. Nature 368: 455-457.

Ascertainment Bias of Microsatellites 571



Burgess, R., and Z. Yang, 2008 Estimation of hominoid ancestral
population sizes under Bayesian coalescent models incorporat-
ing mutation rate variation and sequencing errors. Mol. Biol.
Evol. 25: 1979-1994.

Chakraborty, R., M. Kimmel, D. N. Stivers, L. J. Davison, and R.
Deka, 1997 Relative mutation rates at di-, tri-, and tetranu-
cleotide microsatellite loci. Proc. Natl. Acad. Sci. USA 94:
1041-1046.

Chen, F. C., and W. H. Li, 2001 Genomic divergences between
humans and other hominoids and the effective population size
of the common ancestor of humans and chimpanzees. Am. J.
Hum. Genet. 68: 444-456.

Cooper, G., D. C. Rubinsztein, and W. Amos, 1998 Ascertainment
bias cannot entirely account for human microsatellites being
longer than their chimpanzee homologues. Hum. Mol. Genet.
7: 1425-1429.

Crawford, A. M., S. M. Kappes, K. A. Paterson, M. J. deGotari, K. G.
Dodds et al., 1998 Microsatellite evolution: testing the ascer-
tainment bias hypothesis. J. Mol. Evol. 46: 256-260.

Deka, R., M. D. Shriver, L. M. Yu, L. Jin, C. E. Aston et al.,
1994 Conservation of human chromosome 13 polymorphic
microsatellite (CA), repeats in chimpanzees. Genomics 22:
226-230.

Ellegren, H., 2000 Heterogeneous mutation processes in human
microsatellite DNA sequences. Nat. Genet. 24: 400-402.

Ellegren, H., C. R. Primmer, and B. C. Sheldon, 1995 Microsatellite
‘evolution’: Directionality or bias? Nat. Genet. 11: 360-362.

Ewens, W. J., 2004 Mathematical Population Genetics. Springer,
Philadelphia.

Forbes, S. H., J. T. Hogg, F. C. Buchanan, A. M. Crawford, and F. W.
Allendorf, 1995 Microsatellite evolution in congeneric mam-
mals: domestic and bighorn sheep. Mol. Biol. Evol. 12: 1106—
1113.

Hoggart, C. J., M. Chadeau-Hyam, T. G. Clark, R. Lampariello, J. C.
Whittaker et al., 2007 Sequence-level population simulations
over large genomic regions. Genetics 177: 1725-1731.

Kimmel, M., and R. Chakraborty, 1996 Measures of variation at
dna repeat loci under a general stepwise mutation model. Theor.
Popul. Biol. 50: 345-367.

Kimmel, M., R. Chakraborty, D. N. Stivers, and R. Deka, 1996 Dy-
namics of repeat polymorphisms under a forward-backward
mutation model: within- and between-population variability at
microsatellite loci. Genetics 143: 549-555.

Kimmel, M., R. Chakraborty, J. P. King, M. Bamshad, W. S. Watkins
et al., 1998 Signatures of population expansion in microsatel-
lite repeat data. Genetics 148: 1921-1930.

Kingman, J. F. C., 1993  Poisson Processes. Oxford University Press,
Oxford.

572 B. Li and M. Kimmel

Mitchell, M., 1996 An Introduction to Genetic Algorithms. MIT
Press, Cambridge, MA.

Patterson, N., D. J. Richter, S. Gnerre, and E. S. Lander, and D.
Reich, 2006 Genetic evidence for complex speciation of hu-
mans and chimpanzees. Nature 441: 1103-1108.

Pena, S. D., P. C. Santos, M. C. Campos, and A. M. Macedo, 1993  Pa-
ternity testing with the F10 multilocus DNA fingerprinting probe.
EXS 67: 237-247.

Peng, B., and M. Kimmel, 2005 simuPOP: a forward-time popu-
lation genetics simulation environment. Bioinformatics 21:
3686-3687.

Polanski, A., and M. Kimmel, 2003 New explicit expressions for
relative frequencies of single-nucleotide polymorphisms with
application to statistical inference on population growth. Genet-
ics 165: 427-436.

Primmer, C. R., and H. Ellegren, 1998 Patterns of molecular evo-
lution in avian microsatellites. Mol. Biol. Evol. 15: 997-1008.

Rogers, A. R., and L. B. Jorde, 1996 Ascertainment bias in esti-
mates of average heterozygosity. Am. J. Hum. Genet. 58: 1033—
1041.

Rubinsztein, D. C., J. Leggo, and W. Amos, 1995 Microsatellites
evolve more rapidly in humans than in chimpanzees. Genomics
30: 610-612.

Sainudiin, R., R. T. Durrett, C. F. Aquadro, and R. Nielsen, 2004 Mi-
crosatellite mutation models: insights from a comparison of
humans and chimpanzees. Genetics 168: 383-395.

Tajima, F., 1989 The effect of change in population size on DNA
polymorphism. Genetics 123: 597-601.

Tavare, S., 1984 Line-of-descent and genealogical processes, and
their applications in population genetics models. Theor. Popul.
Biol. 26: 119-164.

Vowles, E. J., and W. Amos, 2006 Quantifying ascertainment bias
and species-specific length differences in human and chimpan-
zee microsatellites using genome sequences. Mol. Biol. Evol. 23:
598-607.

Weber, J. L., 1990 Informativeness of human (dC-dA),(dG-dT),
polymorphisms. Genomics 7: 524-530.

Weber, J. L., and C. Wong, 1993 Mutation of human short tandem
repeats. Hum. Mol. Genet. 2: 1123-1128.

Wu, C. H.,, and A. J. Drummond, 2011 Joint inference of micro-
satellite mutation models, population history and genealogies
using transdimensional Markov Chain Monte Carlo. Genetics
188: 151-164.

Yang, Z., 2002 Likelihood and Bayes estimation of ancestral pop-
ulation sizes in hominoids using data from multiple loci. Genet-
ics 162: 1811-1823.

Communicating editor: M. A. Beaumont



GENETICS

Supporting Information

http:/www.genetics.org/lookup/suppl/doi:10.1534/genetics.113.154161/-/DC1

Factors Influencing Ascertainment Bias of

Microsatellite Allele Sizes: Impact on
Estimates of Mutation Rates

Biao Li and Marek Kimmel

Copyright © 2013 by the Genetics Society of America
DOI: 10.1534/genetics.113.154161



File S1
Supporting Information
Derivation of equation (4)
Since Yo = Xg + Xs and Y] = Xy + X, we have

EYe:Y1 = T =1]
— E[Xo+ Xo:Xo+ Xy =il =]
= ZE[X(]“’XQ:X(]:j;-Xlzi_j‘T:T]

J
= Y EXeXo=i: X1 =i— 4T =71+ E[Xe: Xo=j: X1 =i—j|T =17]
j J
= Y iP(Xo=j Xy =i—j|T=7)
J
+Y EXo|T =7]P(Xo = j. Xy =i —j|T =7)
J
= Y iP(Xo=j|T =7)P(X1 =i—j|T =)
J

+E[Xo|T = 7] P(Xo=j. X1 =i—j|T =7)
b
> iP(Xo=j|T =7)P(Xy =i—j|T =7) + E[Xo|T = 7]P(Xo+ X1 =i|T = 7)

J

Derivation of equations (5) and (6)

It X is a discrete random variable taking values in the non-negative integers {0, 1,2, ...}, then we define the
probability generating function (pgf) of X as:

oo

fx(s) = E[s*] =) P(X = )"

=0

Restating equation (4) in the terms of the probability generating functions, and using independence of

(Xo|T"), (X1]T), (X2]T"), we obtain

Y ENLYD = T =1

S EX|T = 7IP(Xo+ Xy = [T = 7)s'
+Y N iPXo=jT =7)P(Xy =i — j|T =7)s' 5" s
i ]

= E[Xo|T = 7)fxpsx00=r(5) +5 Y Fxoprer(s9)P(X1 =i — j|T = 7)s'7

= E[Xo|T = 7)fxg i xim=r(5) + sfxyror(s) D P(X1=i=j|T =7)s'7
= EXo|T = 7] fxotxyr=r () + 5 xyr=r(s) D> P(X1=i=j[T =7)s'7
1—j=——00

(since —oo < j < oc)

= FE[Xo|T = 7] [fxyr=-(5)Ix,7=r(5) + Sf.;(O\T:T(S)fXﬂT:T(S)
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Thus, equation (5) holds; derivation of equation (6) is similar.

Derivation of equations (7) and (8)

Consider the Poisson Process N with intensity v, where N(1') = # {events of mutations occurring in time
interval of length T'},

fN(T)(S) = e*!5=1) and T is the coalescence time hefore present. Let X, Xq, Xs denote the incremental
changes of allele length of chromosomes 0, 1 and 2. (Xg|T), (X1|T), (X2|T) are conditionally independent and
fo,(5) = (). k= 0,1,2

Therefore, it 7 < tg, it holds Xo|(T = 7) = Xoa|(T' = 7) + Xop2[(T' = 7), where Xoa|T' = 7 is the
increment of allele size in the interval [t,tp] and X0:2|T = 7 is the increment in the interval [to,7). Since
Xo1|(T' = 7) is independent of X(] 2|(T = 7), it holds that pgf fxor—r(s) = fxo,1=-(5) * fxoaiT=r(5), Where
FXoaT=r(5) = FN(t—te) (W0(s)) = e0ET10I0E=D “and fx o imor(5) = FNitg—r) (W1 (5)) = el =1),

It follows that fy,r—-(s) = enrp(1/0(tfto)(-L-"fo(s)71)+r/2(t07’r)('u",'1(s)fl)), and fx, r=-(s) =[x (¥1(s)) =
exp(in7(th1(s) — 1)). Therefore, hoth equations (7) and (8) hold for 7 < t5. Derivations for tg < 7 <tor T > ¢
are similar.

Derivation of computational expressions for equations (10) and (11)

Expected size of allele drawn from population 2, jointly with size of allele drawn from population 1 being
equal to 7 is equal to E[Y2, Y] = i] = f[')mE[yg,Yl =T = 7|fr(7)dr, wherefr(7) is given in equation (1).
However, T denotes the common ancestor time of chromosomes 1 and 2 sampled at time 0 from populations 1
and 2. Therefore, from Equ. (1), we have

() 0 T < 1p
T) = .
T 21170 ef(Tfto)/(Q."\'U} T > t[)

If 7 <tp, fr(r)=0and E[Yy; Y1 =i =0.
Iftg < 7 <t from Equ. (3) we obtain >, E[Y5,Y; = [T = 7lst = BE[Xo|T = "']on\T (s )lelT (s) +
Sf)’(o\T:'r(S)fXﬂT:'r(S)

where,

EXo|T = 7|fxor=r(3)Ix,1=r(5)
= FE[Xo|T = 7]exp(ro(t — ta)(to(s) — 1) + t1to(d(s) — 1))

d
= FE[Xo|l' = 7]exp(ro(t — to)(bos + ?0 — 1) + 1qto(

= E[XQlT = T]€’;l‘p((1/0(i — to)bg + 1/12‘01)]_)5’ +
+(F (f — to)d[) + J/lf(]dl)/q — J/D(t — f(]) — r/lfg)
_ E[X2|T _ T]f((yo(t to)bg+u1tgb1)s+(uo(t i‘o)do+u1tod1 )/S) 7D0(t t[)) 1tp
(to <7 <)
By differentiating fXQ‘T:T(S) and setting s = 1, we obtain
E[X2|T = T] = (r/[)(T—t[))(b[)—do)—H/Qfg(bg—dg))(’l‘p(;r/[)('r—t[))(bg—i—(lg—1)+1/2t0(52+d2—1))(fo < T < t). We

denote b = vp(t—to)bo+r1tobr and d = vo(t—to)do+r1tady, to obtain el (vo(t—to)botrtoby)s+(vo(t—to)dotritod)/s) —
elbstd/s) According to Equ. (9),

D = S VB0 = iy it sl = 1.

=4

where we denote 3; = I;(2vbd )t/2 , and I; = I_; is the modified Bessel function of the first tvpe
(Abramowitz and Stegun 1972), of 111‘(( ger order ¢
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Thus

E(Xo|T =7) fxgr=r(s)fx; 7= (5)
= e TN T B(X|T = 1) ;5"
iez

Furthermore, Sf;(mT:r(s)lelT:'f(S) in equation (5) can be expressed as

Sf;{D\T:'r(S)fXﬂT:T(Q)
=s1p(t — 'r)u)o( ) x exp(ro(t — to)(vha(s) — 1) + vito(th1(s) — 1))
=s1(t — 7)(bg — d(}/s ) % (o (t—ta)botvitobr)s+(vo(t—to)do+tritodi )/ s) ,—valt—to) —vito

=1yt — 7)(bps — do/s)efyo(t*t“)*”lto (Z Bis")

€z
—¢volt—to)—wito (Z vo(t — T)bg,ﬁis”l — Z vo(t — T)(lo;’:?isi_l)
i€Z =4
:eivﬂ(tito)ivltn(l/g(f — T)bo Z Bi—15* — volt — T)dg Z ,:"J)L‘_H_Si)
(i-1)ez (i+1)€Z
=evolt—to)=rito ) (p 7)bo Z Bii1st — ot —7)do Z Bir1st)
€Z 1=VA

Therefore, when tg <7 <t
ZEY A =il =7]s" = EXo|T = 7] fx,1er(5) fx, /7= (5) + 5 Fxy 7r () X, s ()

Ciyu(titu)iylto Z[E[X2|T = T]_Bi + J/D(f. — T)bg_ﬁifl — I/D(t — T)(EOIB,‘,Jrl]Si
i€Z
= eiyo(tito)iylto Z{i/{)(t —7)bofi1 — i'/o(t — T)d0;9i+1
i€Z
+[vo(T — to)(bo — do) + vato(by — dg)]evoT—to) botdo—1)ratolbatda—1) 3.y i

which yields

E[Y2,Y1 = T = 1] = e tt0)v1tof 04 — 7VbofBi 1 — vo(t — 7)doSis1
+[vo(T — to)(bo — da) + vato(by — da)]e*0(T—to)botdo—1)uato(batda—1) g o

and provides the desired computable form of Equ. (10)
If 7 > ¢, analogous computations yield

B Vi — i — [ B[V, Vi — T — ] fr(r)dr
= E[’ =41 =7]P[1 > 7]

= T tolth), Bi(vo(t —to)(bo — do) +
+atg(be — dQ))EUO (t—to)(bo+do—1)+vato(by+da—1)

Similarly as derivation of Equ. (10), Equ. (11) can be fully derived from Equ. (2), (6) and (9) for its
computable form, where

if 7 < fo

E[Y 1= ilT = T] = e_yu(t_tu)_ylt‘:'{[ug(i — to)bg +11 (f-o — T)bd,ﬁ i1 +r17(b — dl)eylr(b1+d1_1}35 — [J/g(t —
to)do + 1/1(10 —7)d1]Biy1}

iftg <7 <o,

E[Y h1=iT=r1]=e¢ —wo(t—to)— vito Lo (t — T)boBi—1 — vo(t — T)daBiv1 + [o(T — to)(bo — do) + v1to(by —
dl)] vo(T— to)(bo+do 1)+vito(b1+d1— 1)3}

and if T > t,
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E[Y], Y1 =i|T = 7] = e #t-to)=vito[yq(¢ — t0)(bg — do) + vita(by — dy)]erolt—to)botdo—T)utolbitdi—1) 3,

Derivation of computational expression for equation (12)

The probability generating function of (Y1|T') = (Xo|T) + (X1|T') is equal to fxor=r(5) fx;|7=7(5) because
(Xo|T') is conditionally independent of (X4|T').

Therefore,
Z PYi=ilT =7)s" = fxyr=r(5)fx,)7=7(5)
i
= exp(ro(t —to)(o(s) — 1) +ta(di(s) — 1))
= e volt—to)—ito Z ;5"
=y4
which yields P(Y]; = i) = fo = i|T = 7)fp(r)dr = evoll=to)=log,  the derived computational

expression for Equ. (12]
Derivation of equations (13) and (14)

By definition,
E[Ys, Y1 > ]

P(Y1 = x)
2 iP(Ya =411 2 1)

Z;‘ZxP( /1 = l)

- 21 P(Ya =3,Y1 =)
a Yoine P(Y1=1)
L Dize (22 iP(Ya =Y =)
B e P(Y1=1)
Yina EY2 Y1 =1

ZiZwP( 1=1)

Equation (13) has been derived. Similarly, Equ. (14) can be derived.

E WVi>e =

Derivation of the range for the estimate of ¢

We denote random variable L as the incremental all(‘l(‘ 1(*ngth of a t;ampl(‘d individual, and show the

in generation units.

Let Lo, L1 be two random variables that denote the allele length increments in time interval ¢ to ¢p (ancestral
population 0) and #p to present (cognate population 1), respectively.

Let X; be the incremental change in the the ith generation of the ancestral population (from ¢ to tg). We

may obtain P(X; =1) = 19by, P(X; = —1) = 19(1 — bp), P(X; =0) =1 —1qy and

EXi] = 2wroby — 10
VX3 vo — 13 (2bp — 1)2

Based on the fact that the incremental change of allele length in any generation is independent of that in any
other generation, we have

E[Lo] = (t—to) E[X] (t — fo)l/0(2bo — 1)
V[Lo] = (t—to)V [Xl] =(t— to)r/o[l — 1o(2by — 1)2]
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Similarly we derive E[L1] and V[L1] as

E[Lﬂ = g (le — 1)
f01/1[1 — 1/1(251 — 1)2]

<

=

=
I

Therefore, we obtain
E[L] = E[L{)] + E[Lﬂ = (t — tg)r/g(?bg - 1) + torq (21)1 — 1)

VI[Lo] + VI[L4]
= (f — to)l/[)[l — 110(21)0 — 1)2] + torq [1 — 1/1(251 — 1)2}

=
=
I

Assuming that L is approximately Gaussian and given x as the threshold of allele size discovery, we calculate
P(L > x) from the cdf of the Gaussian distribution. This helps to determine a realistic range of estimates of ¢
to control the probability of locus discovery.

Derivation of F[Y|;Y] =] in the extended model

Irom the Equ. (16) derived earlier on, we obtain
1 ) L t_ 41—t —tm 1.
_ (QNm)CIp[_ Zk:erl( RQPIV k) — TQ_N'm | t<7 <ty
frir)= ] L itpe_1—tg
expl— > 1 (F5— S )—Z TNy lo] T >l

7 <igandt, <7 <tp,_q1 (m=1,2,..L), we obtain

E[Yl,‘, Y = i‘T = T] = Eiyo(tito)iylto{[l/g(t —to)bo + v1(tg — ’r)bﬂ_ﬁi_l
+ 1/11'(1)1 - (ll)ﬁi — [r/()(t - tg)do + 11 (t{) — T)d1]‘."31'+1}

, . fk1—tjl ’r—tm
ElY; 11—1]—2[ ==l 2\‘m Jewpl Z( oV, 07

k=m+1 m

where (3; is the same as that defined and used in the derivation of Eqgs. (10) and (11) in the main text.
If tg < 7 < t, we obtain

E[Y{: i = T'=7]= e vo(t—to)—vito {vo(t — 7)boffiz1
+ [J/Q(T - t(})(bg — C[[)) + r/lt(}(b1 — Cl‘.1)],=‘3i — J/Q(I‘- — T)d0:4'3i+1}
T —1p

. . t IR 1 L tp—1 — g
BIY; 1_4_[0@1. =0 =l vl 3G —

It 7 > t, we obtain
E[Y,: Yy =i|T = 7] = e70WUt0)=vilo [yo (¢ — 40) (b — do) + vito(by — di)]5i

which is not a function of 7.

Therefore

E[Y,:Y; = i]:[ E[Y,: Yy =i|T = 7] fr(r)dr = E[Y,; Y1 = i|T = 7]P(T > t)
Jt

L fe=1TMey_T—to oy, :
¢ Zimt I mamy om0, ) by — do) + it (by — )]s

With the analvtical derivation shown here we are able to compute the allele length difference D) with Human
population size arbitrarily varied from generation to generation.
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