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Abstract
Previous research has found a relationship between individual differences in children’s precision
when nonverbally approximating quantities and their school mathematics performance. School
mathematics performance emerges from both informal (e.g., counting) and formal (e.g.,
knowledge of mathematics facts) abilities. It remains unknown whether approximation precision
relates to both of these types of mathematics abilities. In the present study we assessed the
precision of numerical approximation in 85 3- to 7-year-old children four times over a span of two
years. Additionally, at the last time point, we tested children’s informal and formal mathematics
abilities using the Test of Early Mathematics Ability (TEMA-3; Ginsburg & Baroody, 2003). We
found that children’s numerical approximation precision correlated with and predicted their
informal, but not formal, mathematics abilities when controlling for age and IQ. These results add
to our growing understanding of the relationship between an unlearned, non-symbolic system of
quantity representation and the system of mathematical reasoning that children come to master
through instruction.
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To succeed in school mathematics, children need to master a variety of skills. These skills
include informal mathematics abilities such as numbering and counting, comparing numbers
to determine which is more or less, and calculating the answers to simple arithmetic
problems using tokens or fingers (Ginsburg & Baroody, 2003; Jordan, Kaplan, Ramineni, &
Locuniak, 2009; National Mathematics Advisory Panel, 2008). These skills also include
formal, school-taught abilities, which require adherence to the formal conventions of
mathematics and include, for example, the ability to read and write Arabic numerals,
understanding of the place value system, and the ability to recall memorized addition,
subtraction, and multiplication facts (Ginsburg & Baroody, 2003; Jordan et al., 2009;
National Mathematics Advisory Panel, 2008).
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In addition to these informal and formal mathematics skills, all of which typically require
thinking about or manipulating number symbols (e.g., number words or digits), children also
have access to a non-symbolic, pre-linguistic system of numerical representation. This
system can be used to approximate numerical quantities, compare approximate numerical
representations, and perform approximate arithmetic operations including addition and
subtraction (Barth, La Mont, Lipton, & Spelke, 2005; Dehaene, 1992; Feigenson, Dehaene,
& Spelke, 2004). This Approximate Number System (ANS) is present in humans from birth
onwards (Halberda, Ly, Willmer, Naiman, & Germine, 2012; Izard, Sann, Spelke, & Streri,
2009) and has been demonstrated in a variety of non-human animals (Brannon & Merritt,
2011). A hallmark feature of the ANS is that the imprecision in its representations increases
as numerosity grows. As a consequence, the discriminability between two approximate
number representations is determined by the ratio between them, not by their absolute
difference (such performance is also commonly described as adhering to Weber’s Law).
Although ANS representations remain noisy and imprecise throughout the lifespan
(Halberda et al., 2012), numerous studies have found that the precision of ANS
representations increases with age (Halberda & Feigenson, 2008; Halberda et al., 2012;
Libertus & Brannon, 2010; Xu & Spelke, 2000). Even so, there are large differences in ANS
precision between individuals of similar age. These individual differences are already
present and stable in infancy (Libertus & Brannon, 2010; Libertus, Brannon, & Woldorff,
2011) and can be found across the entire lifespan (Halberda et al., 2012).

Previous research has revealed a small but stable relationship between these individual
differences in ANS precision and mathematics performance in both children and adults (for
review, see Feigenson, Libertus, & Halberda, 2013). For example, Halberda and colleagues
(2008) found that students’ mathematics abilities from kindergarten through sixth grade
(measured using standardized math assessments) significantly correlated with their ANS
precision measured at age 14. Importantly, this relationship remained robust even when
controlling for other cognitive abilities such as general intelligence, visuo-spatial skills, and
working memory, thereby suggesting a fairly specific relationship between the ANS and
mathematics ability. Furthermore, recent studies showed that ANS precision and
mathematics performance are already linked in preschool-aged children, before the onset of
rigorous mathematics instruction (Libertus, Feigenson, & Halberda, 2011), and that ANS
precision measured in preschool predicts later mathematics performance (Libertus,
Feigenson, & Halberda, 2013; Mazzocco, Feigenson, & Halberda, 2011). Finally, this link
appears to persist even into adulthood (Halberda et al., 2012; Libertus, Odic, & Halberda,
2012).

While it is still unclear what mechanisms may support a link between ANS precision and
mathematics abilities, several possibilities have been raised. One is that the link may reside
in children’s intuitive arithmetic operations (Gilmore, McCarthy, & Spelke, 2007, 2010).
Another possibility is that it is created through a mapping between the ordinal relations of
the ANS and ordinal relations among number symbols (Lyons & Beilock, 2011). Finally, it
may arise during the acquisition of number symbol meanings and during online access of
those meanings (De Smedt, Verschaffel, & Ghesquiere, 2009; Holloway & Ansari, 2009;
Rousselle & Noel, 2007; Sasanguie, De Smedt, Defever, & Reynvoet, 2011).

An important step toward evaluating these possibilities is obtaining a clearer
characterization of the specific mathematical abilities that are linked to ANS precision. In
particular, the relationship between ANS precision and formal and informal mathematical
abilities has yet to be elucidated. As described above, mathematics has often been conceived
as including both formal and informal concepts and skills (e.g., Baroody, 1987; Raman,
2002) and this distinction between formal and informal mathematical abilities has played an
important role in investigations of mathematical learning impairments (Mazzocco &
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Thompson, 2005; Russell & Ginsburg, 1984). This raises the question of whether ANS
precision relates only to informal mathematical abilities, only to formal abilities, or some
combination of the two. At present, no research has examined the extent to which formal
versus informal mathematical abilities relate to the precision of the ANS.

Additionally, we note that alongside the many studies documenting a relationship between
ANS precision and mathematical ability, several studies have failed to find such a link
(Castronovo & Göbel, 2012; Price, Palmer, Battista, & Ansari, 2012) or have found a link in
children but not in adults (Inglis, Attridge, Batchelor, & Gilmore, 2011). Although there are
several possible sources for this discrepency, including the size of the tested population and
the tasks used to measure the ANS, the extent to which tests of mathematical abilities tap
formal versus informal mathematical knowledge might also contribute.

To date, the relationship between the ANS and different types of mathematical abilities has
not been systematically investigated. One study by Desoete and colleagues (2010) found that
kindergarteners’ non-symbolic number comparison skills predicted their calculation skills in
grade 1, but not grade 2, and predicted their fact retrieval skills in both grades. This is
suggestive that ANS representations may influence formal mathematical abilities. However,
the non-symbolic number comparison task used by Desoete and colleagues only included six
questions, several of which contained arrays of dots with numbers less than four. Many
studies suggest that such small arrays often activate non-numerical representations of
individual objects (see Feigenson et al., 2004); hence understanding the relationship between
numerical approximation ability and formal mathematics ability requires further exploration
with more numerous and varied test items.

In the present study, we asked whether children’s ANS precision relates to and predicts their
informal and formal mathematics abilities as assessed by the Test of Early Mathematics
Ability (TEMA-3; Ginsburg & Baroody, 2003). To this end, we assessed children’s ANS
precision four times over the course of two years and also assessed their informal and formal
mathematics abilities during the final testing session.

Method
Participants

Eighty-five children (39 females, average age at Time 1 = 4.15 years, SD = 0.66) who were
recruited as part of a larger, longitudinal study on children’s mathematics and language
development contributed data to this study (see Libertus, Feigenson, et al., 2011; Libertus et
al., 2013, for results from other aspects of the study). Data from eight of these children were
not included in the analyses of performance from Time 1 due to inability to complete the
task (n = 3), external interference (n = 2), language problems (n = 1), or absence from the
preschool at the assigned day of testing (n = 2). Data from six children were not included in
the analysis of performance from Time 2 because they were unavailable to complete the
testing session at this time (n = 5) or because of equipment failure (n = 1). Data from five of
these children were excluded from the analyses of performance from Time 3 because the
children were unavailable to complete the testing session at this time. Finally, data from nine
children were not included in the analyses of performance from Time 4 because children
were unable to pay attention during a majority of the testing session. This means that sample
sizes varied across our analyses depending on whether a child contributed data at a
particular time point. The average delay between Time 1 and Time 2 was 208.36 days (SD =
49.25), between Time 2 and Time 3 it was 190.52 days (SD = 49.58), and between Time 3
and Time 4 it was 271.34 days (SD = 40.34).
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Most children came from families of middle to high socio-economic status. The IQ of the
children in our sample was assessed at Time 3 and was found to be more than one standard
deviation above the expected mean (M = 121.10, SD = 20.20). Parents of all children
provided informed written consent prior to their child’s participation, and children provided
verbal assent before each assessment. All children received a small gift (e.g., a small toy or
book) to thank them for their participation after each testing session.

Materials
ANS precision task—To measure the precision of children’s Approximate Number
System (ANS) for visual arrays at each time point, we administered a version of Panamath
(the Psychophysical Assessment of Number-sense Acuity; Halberda & Ly, in preparation) –
a non-symbolic numerical comparison task (Halberda et al., 2008; Libertus, Feigenson, et
al., 2011). Children were told that the cartoon character Grover had a box of blue balls and
the character Big Bird had a box of yellow balls, and then were shown arrays of spatially
separated blue and yellow dots on a 13-inch laptop screen. Children were asked to indicate
who had more balls (i.e., whether more of the dots were blue or more of the dots were
yellow). The experimenter initiated each trial when the child appeared to be attentive. Each
stimulus array of blue and yellow balls was visible for 2000 ms and was followed by a blank
screen that remained until children gave a verbal response (e.g., “yellow”). The
experimenter immediately pressed the corresponding key on an external keyboard (e.g., “y”
for “yellow”). Two different sounds provided feedback throughout the experiment: a high-
pitched tone indicated a correct answer and a low-pitched tone indicated an incorrect
answer. Children were familiarized to these sounds on six practice trials during which the
experimenter provided additional verbal feedback to ensure that children understood the task
and were motivated to participate.

Following these practice trials, children completed a given number of test trials. The number
of test trials varied across the four time points, and was adjusted depending on the duration
of each testing session. In addition, we presented children with different numerical ratio
discriminations across the four time points to ensure adequate task difficulty for all children.
At Time 1 and 2, 60 test trials were presented. On each of these, the presented numerosities
were drawn randomly from one of four numerical ratio bins: 1.17, 1.33, 1.5, and 2.0 (with
the absolute number of dots in each collection varying between 4 and 15, such that a trial
with e.g., 5 yellow versus 10 blue dots would go into the 2.0-ratio bin). At Time 3, 64 test
trials were presented and the number of dots in each collection ranged from 5 to 22, with test
numerosities drawn randomly from one of four numerical ratio bins: 1.14, 1.17, 1.5, and 2.5.
At Time 4, 42 test trials were presented and the number of dots in each collection ranged
from 5 to 21, with test numerosities drawn randomly from one of seven numerical ratio bins:
1.11, 1.14, 1.17, 1.25, 1.5, 2.0, and 3.0. At all time points, on half of the trials the yellow
dots were more numerous and on the other half the blue dots were more numerous.
Orthogonally, the dots in each array also varied in size in order to discourage children from
using dot size as a cue. The default radius of the dots was 60 pixels and the maximum
variability in size between the dots was +/−35%. On half of the trials the two arrays were
equated for individual dot size (i.e., the average size of the dots in each collection was
equal). On the other half of the trials, the cumulative surface area of the blue dots and the
yellow dots was equated.

Standardized mathematics assessment—To assess informal and formal mathematics
abilities, at Time 4 we administered Form A of the Test of Early Mathematics Ability
(TEMA-3; Ginsburg & Baroody, 2003). The TEMA-3 is comprised of 72 items, divided into
two broad categories. One category tests informal mathematical abilities such as numbering
skills (e.g., verbally counting the number of objects on a page), number-comparison facility
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(e.g., determining which of two spoken number words is larger), informal calculation (e.g.,
solving word problems with the aid of tokens or fingers), and informal number concepts
(e.g., the cardinality principle, i.e., knowing that the last number in a count sequence is the
number of items in the set). The other TEMA-3 category tests formal mathematical abilities
such as numeral literacy (e.g., reading and writing Arabic numerals), mastery of number
facts (e.g., retrieving addition, subtraction, and multiplication facts), calculation skills (e.g.,
solving mental and written addition and subtraction problems), and number concepts (e.g.,
answering how many tens are in one hundred). The administration of the TEMA-3 followed
the standardized procedure, i.e., testing started with an item that was determined by the
child’s age, and stopped after the child answered incorrectly on five consecutive items.
Items before the age-defined starting point were only administered if the child did not
succeed on five consecutive items between the starting and stopping points. The TEMA-3
has been normed for children between the ages of 3 years 0 months and 8 years 11 months.

Procedure
At Times 1-3, approximately half of the children were tested in a quiet room at their
preschools and the other half were tested in a quiet room in the laboratory. At Time 4, 78
children were tested in a quiet area of their own homes and 7 children were tested in a quiet
room in the laboratory1. All tasks were administered as part of a larger assessment of
children’s math, language, and general cognitive development. At Time 4, for half of the
children, the standardized mathematics assessment was administered prior to the ANS
precision task; for the other half, it was administered immediately following the ANS
precision task. It took children about 5-15 minutes to complete the ANS task at each time
point and 20-30 minutes to complete the standardized mathematics assessment at Time 4.

Results
Data analysis

ANS precision task—Within each time point, children received identical trials.
Therefore, we used average accuracy (percent correct) across all trials as a measure of
children’s ANS precision at each time point. We used accuracy instead of Weber fraction
because estimates of individual Weber fractions, especially at the youngest ages, are quite
volatile and noisy (Libertus, Feigenson, et al., 2011). Data from two children at Time 3 and
two other children at Time 4 were excluded because their average accuracies were more
than three standard deviations below the group average. Preliminary analyses revealed no
significant differences in accuracy for trials in which individual dot size was equated
compared to trials in which cumulative surface area was equated when age was controlled
for at any of the time points (all Fs < 2.17, ps > 0.14). Thus, we collapsed our analyses
across both trial types. The Spearman-Brown corrected split-half reliabilities for the ANS
task ranged from 0.65 to 0.72 across the four time points.

Standardized mathematics assessment—To measure children’s informal versus
formal mathematics abilities, we used the item categorization given in the TEMA-3
Examiner’s Manual (Ginsburg & Baroody, 2003). The standardized administration of the
TEMA-3 requires starting and ending at different items in the test sequence depending on
children’s age and performance. To account for the resulting difference in the total number
of items and the number of informal versus formal math items administered to each child,
we averaged children’s scores (with children receiving a 0 or 1 for each administered item)
and multiplied these averages by 100 to create separate percentage scores for informal and

1Omitting the children tested in the laboratory from our analyses did not alter the pattern of results. Thus, we included all children in
the results reported here.
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formal mathematics skills categories. This resulted in an average informal math score and an
average formal math score for each child. Importantly, because children start at different
points according to their age, the resulting informal and formal math scores are, in practice,
roughly controlled for age at time of testing. The average inter-item correlation for all
administered TEMA-3 items was 0.99 (Cronbach’s alpha). For informal math scores,
Cronbach’s alpha was 0.98, and for formal math scores it was 0.97.

Relationship between informal and formal mathematics abilities and ANS precision
Descriptive statistics for ANS precision estimates at each time point are given in Table 1.
Children completed an average of 18.58 (SD = 4.52) TEMA-3 items that were categorized
as assessing informal mathematics abilities, and an average of 11.53 (SD = 7.64) TEMA-3
items that were categorized as assessing formal mathematics abilities. Children answered
correctly on an average of 68.42% (SD = 14.60%) of the informal mathematics ability items
on the TEMA-3 and 45.46% (SD = 17.74%) of the formal mathematics ability items.

To assess the relationship between children’s ANS precision and their informal and formal
mathematics abilities, we correlated children’s accuracy on the ANS precision task at Times
1-4 with their informal and formal mathematics ability scores. As shown in Figures 1-4, we
found that informal mathematics ability scores (measured at Time 4) were significantly
correlated with ANS precision at each of the four time points (all rs > 0.38, all ps < 0.01). In
contrast, formal mathematics ability scores were never correlated with ANS precision (all rs
< 0.07, all ps > 0.59). A direct comparison using Fisher’s r-to-z transformation showed a
significant difference in the correlation coefficients for informal and formal math scores
with ANS respectively at all four time points (all Zs > 2.59, all ps < 0.01).

To confirm the specificity of the link between ANS and informal mathematical abilities, we
conducted further multiple linear regression analyses for each time point in which ANS
precision, age at the time of testing, an interaction term between ANS precision and age, and
IQ were entered at the same time as potential predictors of informal TEMA scores. We first
normalized age and accuracy on the ANS precision task to avoid problems with
multicollinearity in our calculations of the interaction term for each time point. As can be
seen in Table 2, except for at Time 1, ANS precision always remained a unique significant
predictor of informal math scores even when controlling for age, an interaction between age
and ANS precision, and IQ.

Lastly, informal and formal mathematics ability scores were not significantly correlated with
each other (R = 0.15, p = 0.20).

Discussion
The present investigation adds to our understanding of the relationship between the
unlearned ability to approximate quantities and the mathematics that children acquire via
instruction. Here we found that children’s ability to approximate numbers of visual items
correlated with and predicted their overall informal mathematics abilities (such as their
ability to count and to solve simple arithmetic problems using tokens or fingers) over a span
of up to two years (the longest time span assessed in the current study). Importantly, this
association remained significant even when controlling for age at the time of testing, the
interaction between age and ANS precision, and IQ. Greater accuracy when performing
numerical estimations was associated with better informal mathematics abilities. In contrast,
formal mathematics abilities (such as the ability to demonstrate understanding of the place
value system and to recall basic addition, subtraction, and multiplication facts) were never
linked to children’s ANS precision at any time point in our sample.
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These findings suggest that the ANS may be particularly important for certain mathematical
skills over others. In particular, the ANS may help children to master the verbal count
system, to understand the ordered relationship between numerical symbols, and to link
arithmetic problems to physical representations of numbers. In contrast, our results suggest
that the ANS may be less important for mastering formal mathematical conventions such as
the ability to understand the place value system and to recall basic number facts. Our results
thereby integrate well with accounts suggesting that the mapping between non-symbolic
ANS representations and formal number symbols may be a crucial link mediating the
relationship between ANS precision and mathematics abilities (Holloway & Ansari, 2009;
Lyons & Beilock, 2011).

While our results provide evidence for a link between ANS precision and informal
mathematics abilities, there are important limitations that should be addressed in future
studies. First, the distinction between informal and formal mathematics abilities is still a
very coarse one, and future studies should investigate the subcategories within each set of
abilities more closely. Unfortunately, we were unable to perform this finer-grained analysis
in the present study due to the way in which the TEMA-3 is typically administered. Standard
TEMA-3 administration results in children being tested on different numbers of items from
each subcategory. This imbalance, and the relatively small number of items from certain
subcategories, makes it difficult to draw conclusions regarding the link between ANS
precision and individual subcategories of informal and formal math abilities. Future studies
could use tasks that give participants equal numbers of items across all subcategories of
math abilities. Related to this goal, it is worth noting that we did not find a significant
association between children’s informal and formal math abilities on the TEMA-3. This lack
of an association should be further investigated and extended to the different subcategories
in order to shed light on the interrelations between the different subcategories of early
mathematics abilities.

In addition, we note that the link between informal versus formal mathematical abilities and
the ANS may change over developmental time. Previous studies have found a small but
significant link between school mathematics ability and ANS precision in older children and
adults (DeWind & Brannon, 2012; Halberda et al., 2012; Libertus et al., 2012; Lourenco,
Bonny, Fernandez, & Rao, 2012). The assessments used to measure mathematics ability in
these samples included many items that required formal mathematics abilities of the kind
administered in the present study, and few if any informal items. The finding that
performance on these tasks, comprised mostly of formal math items, correlated with ANS
precision raises the possibility that, with age and experience, formal mathematical abilities
also become linked to the ANS. Further study with a wider range of age groups is needed to
investigate this possibility, as well as to ask whether there are also differences between
various aspects of formal mathematics ability (e.g. fractions, geometry, algebra, calculus
etc.) and their link to the ANS. Finally, our sample was comprised of children with above-
average intelligence from mostly middle- and upper-class backgrounds. Further studies are
needed to test whether the effects observed in the present study generalize to a more diverse
population.

In sum, we found that the precision of 3- to 7-year-old children’s Approximate Number
System (ANS), measured repeatedly over the course of two years, correlated with and
predicted children’s informal, but not formal, mathematics abilities even when controlling
for age at the time of testing, the interaction between age and ANS precision, and IQ. Future
studies are necessary to replicate and extend these findings to more clearly delineate the
relationship between ANS precision and subcategories of informal and formal mathematical
abilities across developmental time. Such work will be a needed step on the path towards
describing the mechanism that links the ANS with mathematical thought.
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Highlights

• We tested ANS precision and informal and formal math ability of 3-7-year-olds.

• ANS precision correlated with and predicted informal math ability over 2 years.

• ANS precision did not correlate with or predict formal math ability.

• Correlations remained significant even when controlling for age and IQ.
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Figure 1.
Scatterplots of ANS precision at Time 1 and informal (A) and formal (B) mathematics
abilities measured on the TEMA-3 at Time 4. There is a significant link between ANS
precision at Time 1 and informal but not formal math scores at Time 4.
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Figure 2.
Scatterplots of ANS precision at Time 2 and informal (A) and formal (B) mathematics
abilities measured on the TEMA-3 at Time 4. There is a significant link between ANS
precision at Time 2 and informal but not formal math scores at Time 4.
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Figure 3.
Scatterplots of ANS precision at Time 3 and informal (A) and formal (B) mathematics
abilities measured on the TEMA-3 at Time 4. There is a significant link between ANS
precision at Time 3 and informal but not formal math scores at Time 4.
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Figure 4.
Scatterplots of ANS precision at Time 4 and informal (A) and formal (B) mathematics
abilities measured on the TEMA-3 at Time 4. There is a significant link between ANS
precision and informal but not formal math scores at Time 4.
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Table 1

Descriptive statistics for ANS precision at each time point

Time point Mean age in years
(SD)

N Mean ANS %
correct (SD)

Time 1 4.15 (0.66) 77 66.08 (14.30)

Time 2 4.77 (0.68) 79 76.31 (13.50)

Time 3 5.26 (0.68) 78 83.81 (6.24)

Time 4 5.99 (0.70) 74 85.19 (7.25)
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Table 2

Summary of multiple linear regression analyses for variables at Time 1 – Time 4 predicting informal math
scores at Time 4. Standardized beta values and associated statistical results are shown for each variable at each
time point.

Time Variable std beta t p-value

Time 1 ANS precision .20 1.54 .13

Age .37 2.76 <.01

ANS × Age .05 0.41 .68

IQ .21 1.95 .06

Time 2 ANS precision .27 2.31 . 02

Age .37 3.13 <.01

ANS × Age −.05 −0.45 .65

IQ .21 2.09 .04

Time 3 ANS precision .28 2.59 .01

Age .43 4.11 <.001

ANS × Age .01 0.07 .95

IQ .15 1.46 .15

Time 4 ANS precision .34 3.67 <.001

Age .51 5.45 <.001

ANS × Age .15 1.67 .10

IQ .16 1.70 .09
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