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Summary

Overdispersion and structural zeros are two major manifestations of departure from the Poisson
assumption when modeling count responses using Poisson loglinear regression. As noted in a
large body of literature, ignoring such departures could yield bias and lead to wrong conclusions.
Different approaches have been developed to tackle these two major problems. In this paper, we
review available methods for dealing with overdispersion and structural zeros within a
longitudinal data setting and propose a distribution-free modeling approach to address the
limitations of these methods by utilizing a new class of functional response models (FRM). We
illustrate our approach with both simulated and real study data.
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1 Introduction

Count (or frequency) responses such as number of heart attacks, days of hospitalization,
suicide attempts or unprotected vaginal sex arise quite often in biomedical and psychosocial
research. The Poisson distribution and more generally Poisson-based log-linear regression
are widely used for modeling such data. However, heterogeneity in study populations such
as data clustering often creates extra variability, which renders the Poisson distribution
inappropriate for modeling count data in such instances. One approach for addressing this
extra Poisson, or overdispersion, is the popular negative binomial (NB) distribution. This
modeling strategy, however, is rendered ineffective when the extra variability is caused by
an excessive number of zeros above and beyond the number of zeros expected by the
Poisson law. For example, when modeling behavioral outcomes such as the number of
unprotected vaginal sex over a period of time in HIV prevention research, the specific study
population often contains a subgroup of individuals who are not at risk for such a behavior
during the study period, in which case neither the Poisson nor NB is able to accommodate
such cases of structural zeros in the study population. One popular approach for addressing
such /nflated zero counts is the zero-inflated Poisson (ZIP) model, which has been applied to
a diverse range of studies(1-16). The inherent methodological problems with structural zeros
have received a great deal of attention in the literature(4; 9; 10; 19; 17; 18).

When modelling count responses in the presence of overdispersion and structural zeros
within a longitudinal data setting, one of the current strategies is to employ random effects
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within the context of the generalized linear mixed-effects model (GLMM) to account for
correlated responses from repeated assessments over time(19). However, as it relies on
parametric assumptions about random effects and response for inference, such an approach
lacks robustness when real study data depart from the assumed distributional models.
Further, the random effects induce overdispersion into the marginal model at each
assessment, giving rise to quite different results and findings than those from the marginal
models(20; 21; 22). In addition, such an approach computes estimates using the expectation/
maximization (EM) algorithm, which can be problematic since EM is notorious for its slow
convergence and may yield local rather than global maxima, making it difficult to apply
such methods in routine analyses.

A popular alternative is to use the generalized estimating equations (GEE) to address
correlated longitudinal responses. The GEE approach is widely used for modeling the mean
response, or first-order moment. Unlike GLMM, model parameters have the same
interpretations between the marginal and joint models across assessment times. In addition,
as GEE models the marginal mean of the response variable at each assessment time, it
ignores both layers of assumptions and thereby provides consistent estimates regardless of
the complexity of the correlation structure and the distribution of the response. GEE
estimates are also much easier to compute than those based on the GLMM approach.

As the key difference between the standard (Poisson) log-linear model and other models for
count responses such as ZIP lies in the variance, or the second-order moment, GEE does not
apply directly to extending such models to a longitudinal data setting(23; 24; 25). Also,
since ZIP is a mixture of two distributions, we will not be able to identify the model
parameters by simply modeling the mean response(24; 26). One approach is to model the
zero and positive outcomes separately using a truncated Poisson for the positive response
and a logistic regression for the zero outcome(27). However, as the structural and sampling
zeros are mixed into a single category, this approach is unable to identify the parameters for
modeling the structural zeros, which is often of great interest in practice. For example, in the
hospitalization example, this approach will only model those who are hospitalized, since the
at-risk subgroup for hospitalization is mixed with those who are healthy and are not at risk
for hospitalization. In many studies, it is of great importance to model the at- and non-risk
subgroups separately. An alternative to address the identifiability issue is to include a
modeling component for the variance and apply GEE to both the specified mean and
variance(24; 25; 28; 29). However, all these methods do not sufficiently address missing
data, yielding biased inference if missing data does not follow the missing completely at
random (MCAR) assumption(30; 31).

In this paper, we propose an approach to overcome the aforementioned difficulties by
utilizing a class of functional response models (FRM) and the popular weighted generalized
estimating equations (WGEE). In Section 2, we first give a brief overview of the problems
with overdispersed and zero-inflated count data and popular models for addressing them.
We then introduce FRM and discuss its application to the current setting. In Section 3, we
discuss inference for the FRM-based models under both complete and missing data. In
Section 4, we illustrate the proposed models with real study data and investigate their
performance using simulated data. In Section 5, we give our concluding remarks.

2 Functional Response Models for Count Response

We start with a brief review of existing approaches for addressing overdispersion and
structural zeros.

Stat Med. Author manuscript; available in PMC 2014 June 30.
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2.1 Models for Overdispersion and Structural Zeros

Consider first a cross-sectional study with 77 subjects, and let y;denote a count response and
xja vector of explanatory variables. The popular Poisson log-linear regression, a member of
the generalized linear model (GLM) family, models the conditional mean of y;given x;, y;=

E(y;| x)), by applying the log function to link £/;to the linear predictor n,=x.' 3(32):

yi|xi~id. P(pi),log(mi)=x; 8,1 <i<n, ()

where i.d. denotes /independently distributed and A1) the Poisson distribution with mean .
Under (1), the conditional mean E(y;| x,) and variance Var(y;| x,) of yjgiven x;satisfy:

E(yi|xi)=Var(yi|xi)=pi- (2)

As mentioned, the conditional variance Var(y;| x;) often exceeds the conditional mean w;in
real study applications, making (1) inappropriate for modeling such count data. When
overdispersion occurs, the standard error of the parameter estimate of the Poisson model is
artificially deflated, giving rise to artificially inflated effect size estimates and false
significant findings.

Overdispersion can often be empirically detected by goodness of fit statistics or even
formally tested(25; 32; 33). When deemed present, overdispersion may be corrected post
hoc by using robust variance estimates(25). An alternative is to use models that explicitly
address this issue. For example, the popular negative binomial (NB) model allows the
variance to exceed the mean:

E(yi|pi, a)=pi, Var(yi|pi, o)=pi(1+ap;).  (3)

Unlike the Poisson, the NB has an extra parameter a to indicate the degree of
overdispersion. As a - 0, Van(yj| u; @) —» ;. Thus, unless a= 0, the variance of NB is
always larger than the mean, addressing overdispersion. Under NB, we can check
overdispersion by testing the null: Ay : a= 0. Note, however that under Ay, a=01isa
boundary point of a= 0 and the maximum likelihood estimate (MLE) a”of a cannot be
used directly for testing Hp, and alternative score statistics must be used(33; 34; 35).

Count responses in many biomedical and psychosocial studies are dominated by a
preponderance of zeros that exceeds the expected frequency of the Poisson. Such excess or
structural zeros not only cause overdispersion, but also affect the conditional mean, leading
to biased estimates of model parameters. The zero-inflated Poisson (ZIP) model is a popular
approach to address the twin effects of structural zeros on both the mean and variance.

Let u;and v;be two subsets of x;, which may overlap one another or even identical, and thus
may not be a partition of x;. The ZIP regression model is defined by:

Yilxi~A.d.ZIP(p;, pi), logit (pi)=u] Bu,log(pi)=v{ B, 1 <i<n, (@)

where ZIP(u, p) denotes the ZIP distribution defined by:

Stat Med. Author manuscript; available in PMC 2014 June 30.
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[ PO+ p)fp (O ify=0
Jap (y|#v p)= { 0 (1=p) f. (1) ify>0 (5)

with f()) denoting a degenerate distribution centered at 0. In (5), the Poisson probability at
0, (0 | 1), is modified by pfy (0) + (1 - p) 72 (0 | 1) with pfy (0) = pto account for
structural zeros.

Consider these models within a longitudinal setting with /massessments, with yj; X u;and
v+ denoting the respective variables at time #(1 < £< m). We may model yj;as a function of
Xt (or ujrand v for ZIP) by using either a parametric or distribution-free modeling
approach. As mentioned, the former suffers interpretational and computational problems. A
popular distribution-free alternative with inference based on the generalized estimating
equations (GEE) is to specify the conditional mean of y;;given X, which for count response
has the following form,

E(yu|xi)=exp (x;ﬂ) ,1<t<m,1<i<n. (g

This mean-based specification, however, is not sufficient to distinguish the Poisson from the
NB, as the two models only differ in the conditional variance V ar(yj;| X;9). The classic
model specification also does not work for ZIP, since the conditional mean of yj;given x;in
this case is

E(yu|xia)=1—pi)pi, 1 <t <m,1 <i<n, ()
which in general does not provide sufficient information to identify §,and g,

To help distinguish among the three models, one can augment the GEE by including the
distinct form of the conditional variance V ar(y;¢| x ) for each model and use the resulting
GEE Il for inference(23; 24; 28; 29). However, this approach is ad-hoc in the sense that
GEE Il is a method of inference primarily used for improving efficiency over GEE, rather
than a formal model akin to (6), since the added response (or dependent variable) V ar(y; |
Xjp is a function of parameters(25). In addition, it does not effectively address missing data.
Another approach is to model the zero and positive outcomes separately using a truncated
Poisson for the positive response and a logistic regression for the zero outcome(27).
However, this approach is unable to identify the parameters for modeling the structural zero,
which is often of greater interest in practice. Next we utilize a new class of regression
models to address the limitations of the aforementioned approaches.

2.2 Functional Response Models

Consider a class of distribution-free regression models defined by:

E[f(yil,...,yiq)\xil,...,xiq]:h(xil,...,Xiq;e),(il,...,iq) € C;L,l <gl<i<n, (@

wherey;= (Va, ..., Vim)™ denotes the vector of responses from the ith subject, f some vector-
valued function, h(8) some vector-valued smooth function (e.g. with continuous derivatives

up to the second order), &a vector of parameters of interest, g some positive integer, and Cy

the set of (;) combinations of gdistinct elements (4, ..., /z) from the integer set {1, ..., /7}.
The functional response models (FRM) (8) extend the single-subject response in the classic

Stat Med. Author manuscript; available in PMC 2014 June 30.
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GLM to a function of responses from multiple subjects. For example, by setting g= 1, we
immediately obtain from (8) the class of distribution-free GLMs for longitudinal data with m
assessments. With FRM, we can express a broader class of problems under a regression-like
framework(25; 36; 37; 38; 39; 40). Below, we focus on the application of FRM within our
setting for modeling count responses.

Consider first the simpler cross-sectional study setting. For the cross-sectional parametric
ZIP in (4), let

fi= £(y:)=(fui, foi) |, hi=h(w,vi)=(hui, ko), fu=yi, f2u=y?

. 9)
hii= (1—pi)pi, hai=pi(1—pi)(1+u) ", logit(p))=u; Bu, log(ui)=V] By,

where u/v,) denotes a subset of x; Under (4), &f;| u; v) =h{fu; v). For NB, f (y)) is
defined the same as for ZIP in (9), but with h; = (/4;, ;) " modified as follows:

h1i=pi, hoi=pi+opi+pg,log(n)=x; B. (10)

As a special case with a= 0, the FRM for NB reduces to a distribution-free Poisson with

Hi=exp (XiTﬁ) Note that under the FRM-based NB, we can allow ato be negative and thus
a=0is no longer a boundary point. Thus, we can readily use the estimate of a'to test the
null Hp : a = 0 to determine whether the Poisson loglinear model is appropriate.

For longitudinal data, suppose that each subject is assessed m times, with yj;and X denoting
the respective variables at time #(1 < < m). Define the FRM-based ZIP model as follows:

£i=f(yi)
=(frits fair) |
= (yita yi) T7 hig=(h1i, hait) | bt
=(1—pit)pit; hoit
=pi(1
—pit) (1+pir) |, logit (pir)
=ujy B, log(pri)
:v;ﬁm 1<t<m.

(11)

Likewise, we obtain a longitudinal version of FRM-based NB by defining the same f; but
modifying h;as follows:

Roie=pit, hoi=pitapd+p,log(pi)=x48,1 <t <m,1 <i<n. (12)

Note that we have assumed a constant a for NB, though the model above readily
accommodates a time-varying a. In many studies, clusters causing overdispersion such as
those formed by the subjects sampled from a common habitat may not change over time
during the study, and this assumption is reasonable.

Both the ZIP and NB models for longitudinal data in (11) and (12) yield the same first-and
second-order moment as their respective cross-sectional versions in (9)-(10) at each time #(1

Stat Med. Author manuscript; available in PMC 2014 June 30.
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< t< m). Thus, unlike their GLMM-based parametric counterparts, estimates from the FRM-
based ZIP and NB models for longitudinal data can be readily compared to their
corresponding cross-sectional versions. These distribution-free models are also called
semiparametric or moment-based in the literature(41; 42). We refer to these as distribution-
free models throughout the text unless otherwise stated.

3 Distribution-free Inference

We first discuss inference for cross-sectional data, and then extend the considerations to the
longitudinal setting.

3.1 Distribution-free Inference for Cross-sectional Data

.
For the FRM-based ZIP model in (??), let 9= (ﬂj, /@T) and

Di=2h;, S=f—h;, ‘/i:( Var(f1ilu;, vi) COV((fliafZi)|uiaVi)> . 4

Cov((fiis f2i)|wi, vi) Var( fa;|ui, v;)

We estimate #by the following set of generalized estimating equations,

W (0)=) DV 5i=0. (14
i=1

Given the ZIP model in (4), the elements of V;in (13) are functions of the conditional
moments of y;given x;up to the 4th order, which can be expressed in closed form (see
Appendix A). Thus, the quantities D;, V;and S;in (13) are readily evaluated. Note that (14)
bears a close resemblance to the generalized estimating equations 11 (GEE I1) for generalized
linear models(25; 28; 29; 43).

By defining D;, V;and S;the same way as in (13), but with 8= (8", @) T and h;defined in
(10), the GEE in (14) can be used to obtain estimates of &for NB as well.

Under (9), the GEE estimate & of dobtained as the solution to (14) is consistent and
asymptotically normal (see Theorem 1 below):

Vi (0-0) —aN(0, )" ), B=E (D] VD), Y =B~'E (D:iv; 'sisT v DT ) BT, )

where - ydenotes convergence in distribution(25). Unlike the MLE, the asymptotic results
above do not require that y;(given u;and v,) follow the ZIP distribution in (4). If y;does
follow such a parametric model, = gin (15) simplifies to 4= B1, which is the model-based
asymptotic variance.

A consistent estimate of X »is obtained by substituting moment estimates in place of the
respective parameters:

<= ~ 1 1A AT A ~ ~ 1 nAA_A
Ly L ) LR Sy L
=1
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where B, D, S ;and V7;denote the corresponding quantities with @replaced by 6. Our
simulations indicate that the model-based asymptotic variance estimate B~ outperforms its
sandwich alternative by yielding slightly more accurate type | error rates under the correct
parametric model(44).

3.2 Distribution-free Inference for Longitudinal Data

We begin with inference under complete data and then extend the discussion to include
missing data.

3.2.1 Inference under Complete Data—Let

T T 0
fi:(f}fg,... fT) h:(thhTz hT) ,Di=—h;, Si=f;—h;, (16)

i 7 s Him s om By

where f;;and hjare defined by (11) for the ZIP or by (12) for the NB model. We again
apply the GEE in (14), but with D;and S;revised to reflect the changed dimension, and V;
modified to reflect the correlation between the fj¢s over time:

1 1
Vi=A? R(a)A?, Ai=diag;(Ay),1 <i<n,1 <t <m,

o Var(fl,,;t|x,~t) COV((fl'ita fZit) ‘X”:t) an
Au=diag, ( Cov((frits fait)|xit) Var( fai|xit) ) ’

where R(7) is a working correlation matrix among the components of f;parameterized by 7.
As in the cross-sectional data case, Ajzis readily computed. For A7), the popular choices are
the working independence model (R(7) = 1 5,;) and the exchangeable correlation structure
given by:

Thus, T is known for the working independence model, but unknown for the exchangeable
correlation model with T = p.

Note that since the GEE estimate may not be consistent under working correlation structures
other than the independence model, especially in the presence of time-varying
covariates(45), we focus on this model in what to follow unless otherwise stated. With this
choice of A(7), the GEE is readily solved for 8. However, when the working correlation
model used involves an unknown 7, an estimate must be substituted before the GEE is
solved to obtain estimates of 6.

As in the cross-sectional data case, the GEE estimate has nice asymptotic properties
summarized in Theorem 1 below. Since this is a special case of Theorem 2, its proof is
omitted. Since Theorem 1 is stated for general working correlation models, it includes the
condition for the estimate of rto ensure such nice properties.

Theorem 1: Let  denote the GEE estimate and let

Stat Med. Author manuscript; available in PMC 2014 June 30.
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B=E (D, 'Dl'), Y =B™'E (D, 'S5/ v DI) BT g

Under mild regularity conditions, & is consistent. Further, if 7 is vn—consistent, je.,

V/n(7—7) is bounded in probability(25), then & is asymptotically normal with the
asymptotic variance X A consistent estimate of X gis given by:

— . 1"/\/\_/\/\/\_/\ A N 1”,\,\_,\
>.,~B 1<EZDJG 15,5/ VD] )B T B==3 D7D, o)
i=1 =1

where B, D7, S7and V7;denote the corresponding quantities with @replaced by &'

Note that given the limited choices for the working correlation matrix /(1),

T . . . . .
E (Sisi |9«"i> =Vi generally is not true in practice. Thus, unlike the cross-sectional data case,
there is no model-based asymptotic variance.

3.2.2 Inference under Missing Data—Muissing data arise frequently in real studies. For
mean-based distribution-free models such as the GLM, the weighted generalized estimating
equations (WGEE) is the most popular for inference about model parameters. By integrating
the inverse probability weighting (IPW) technique with the GEE, the WGEE ensures valid
inference when the missing data follows the missing at random (MAR) model, a plausible
and general missing data mechanism applicable to many studies in practice(25; 31; 41; 46;
47). We discuss below how to extend this IPW approach to the current FRM-based models
for count responses.

Within the context of longitudinal data discussed in the preceding section, we define a
missing (or rather observed) data indicator for each subject as follows:

T .
’ ri:(Tila cee 77'7:711,) ) 1 <:<n.

o 1 ify,is observed
=) 0 ify;is missing

We assume no missing data at baseline #= 1 such that rp =1 forall 1< /< n. Let

7.
wit:Pr(r,,;t:Hxi, yL), A,,;f,:?_r—lt, AL:dlagt(A,f) (20)
it

In most applications, the weight function 77+ is unknown and must be estimated. Under
MCAR, r;is independent of x;and y,;and thus 7= Pr (rjs= 1) = 7. In this case, m;is a
constant independent of x;and y;and is readily estimated by the sample moment:

. 1ln
”t—gzizlrit@ <t<m)

Under MAR, 77;:becomes dependent on the observed x;and y;, making it difficult to model
and estimate 77;;without imposing the monotone missing data pattern (MMDP) assumption
because of the large number of missing data patterns(25; 37; 41). Under MMDP, y;: (X)) is
observed only if all y;s (x5 prior to time fare observed (1 < s< t< m).

Let

Stat Med. Author manuscript; available in PMC 2014 June 30.
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-~ ~ T .
Hy={%i, ;2 <t <m}, Xa=(x),. .. 7X7:Et—1)) Ta=its - Yi-1)

where Xj;and § ircontain the explanatory and response variables prior to time ¢,
respectively. Under MAR we have:

mu=Pr(ra=1[x;, y;)=Pr(ra=1|Hy),2 < t < m.

Let pjr=Pr (rjz= 1| rjs1) = 1, Hj), the one-step transition probability for observing the
response from time £- 1 to £ We can model p;;using logistic regression:

logit(pit (7)) =Yor H Xty 2 < t < m, (1)

T T
where ’YtZ(’VoMLa’Y;) . Let ’YZ(’)’QT,---/V;) . Then, under MMDP,

t

it (V) =PitPr(rie—1y=11H—1)) =] [pis(75),2 <t <m, 1 <i <m.
s=2

The above provides a relationship to estimate 77;; from the model for pjsin (21).

We may estimate y using the following estimating equations:

n T
Q)= % (Qh---,QL,) =0, 2<t<m, 1<i<n,
i=1

(22)
Q=72 {ri¢r—1 [rielog (i) — (1—7i)log (1—par)]},

With estimated 77, we can estimate by generalizing the WGEE for mean-based response
models to a WGEE for the current context as follows:

Wa(0)=Y wni=Y DV IAS:=Y DV Ay(yi—hi)=0, (23

i=1 =1 i=1

where D;, V;and S;are defined the same as in the GEE in the complete data case, and A”;
denotes A;in (21) with estimated 7. Also, as in the complete data case, V/;may be a
function of 7if working dependence correlation models are used, which must replaced with
an estimate before (23) is used for inference about 6.

The WGEE estimate § has nice asymptotic properties, as summarized by the theorem below
(see Appendix B for a proof).

Theorem 2: Let & denote the WGEE |1 estimate. Under mild regularity conditions,

1. @& isconsistent.

Stat Med. Author manuscript; available in PMC 2014 June 30.
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2. If ¥ is Vn—consistent § is asymptotically normal with asymptotic variance given
by:

2 6= Bil(zU+q))BiT’ ZU =E (Div;_lAiS‘S»TA*V_lDT)
b= p(DvaD]), 6=F (D AsQLETCT), o=E[£ (D as)] L e
H= E( Qn,)T, ®=CH 'C"-G-G".

A consistent estimate of X gis given by:

1 n
3

z 1 =1

Note that the asymptotic variance in (24) contains a correction term B-1®B~T to account for
the sampling variability in the estimated ).

3.2.3 Score Test—As Wald-type tests are typically anti-conservative(21; 48; 49), score
statistics are often used as an alternative to reduce bias, especially in type I error rates for

.
small to moderate samples. Within the current context, let /= (9(T1)’ Q(Tz)) , with pand ¢
denoting the dimension of 41y and §y), respectively. Consider testing the null Ay : f2) =
f20), With f20) denoting a vector of known constants.

Under Ay @ G2) = G20),

Die ?5?5 = ( iy ) DV A5 = ( iV AS; )
1 h(6 - ) ) A i 1
202 i) Dy Vi 'AS;

_ Wn(l)(e) -1 A Zl lDz(l)‘/ AS
wa(0)= Wi(2)(0) zZD‘ Bidi= i1 Di) Vi~ 'A;S;

(26)

Let 9(1) denote the estimate from solving the reduced WGEE:

wan) (60 Ora0)) = ZDz(l TASi=0. )

Set

i o - v-1n. . [ Bu B2 . .
0_ ( 0(2) > ) B—E(Di‘z AtDl)_ BE B22 ) G—( BQlBll 7_[@)7 (28)

where g is the dimension of wjz), B11 denotes the p x p submatrix, By, the px gsubmatrix,
and By, the g x g submatrix from the partitioned (0 + g) x (p+ g) matrix B. Then, under

Ho : 2) = f20), the following score statistic has as an asymptotic (central) xg distribution
with g degrees of freedom (see Appendix C for a proof):

Stat Med. Author manuscript; available in PMC 2014 June 30.
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~ -1 ~

T, (B 62)) ) =) ((60)0@)) Do o) (B0-0@)) @ty ((Br) 0)) ) = @)

where Z(5) = GG with Gand Xgdenoting the corresponding quantities with & replaced
by @

4 Applications

We first investigate the performance of the approach with small to moderate sample sizes by
simulation and then present a real data application. In all the examples, we set the statistical
significance level at a= 0.05.

4.1 Simulation Study

For space considerations, we only report results from the ZIP model for longitudinal data
with sample size n= 50, 100 and 200. All simulations were performed with a Monte Carlo
sample of 1,000. We start with data simulations under complete data.

4.1.1 Complete Data Case—For notational brevity, we considered a relatively simple
pre-post longitudinal study design, with only one explanatory variable x;following a normal
distribution M(1,1), and simulated the bivariate count response, y,;= (v, ¥p) ', to satisfy the
following marginal ZIP model:

Yit|2i~ZIP (pi, 1), logit (p; ) =Puo, log (i) =Fo+zif1,1 <t < 2,1 <i <n. (30)

We set 0= -1, K = b = 1. We first simulated x;from A1, 1), and then conditional on Xx;
generated yj;by using a copula approach(50; 51; 52). The copula method can generate
correlated multivariate responses for any specified marginal distribution and correlation
structure. For our simulation study, we set Corr(yu, ¥p | X)) = 0.5.

To examine type | error rates, we considered the null, Ay : f; = 1, and computed the Wald

-1/~ 2
statistic, @n=" <U;231) (51—1) , where 63, denotes the element of the estimated
asymptotic variance = corresponding to /. Let Qﬁl’“) denote this statistic at the sth MC
simulation (1 < k< 1000). The type | error rate for testing A was estimated by:
.1 1000
*=1000 2~k=1 (@54, 4 051 With §1,0.95 denoting the 95th percentile of a central x2 with
one degree of freedom.

Since Wald statistics are often anti-conservative, we also applied the score test in Section

.
3.2. Let 9=(9(T1), 9(2)) , where 61y = (B0, fo) " and fz) = A1 Under Hp, ) = 1, the score
statistic T5(6?(~1), 1) in (29) has an 2 distribution. The type | error rate for testing Hy was

N 1 1000

again estimated by: “~ 7000 Zkzl 54, 5 o5 WHETe T*) denotes this statistic at the Ath
MC simulation (1 < m < 1000). '

Shown in Table 1 are the estimates of g, standard errors, and type | errors for the ZIP model
in (30). For comparison purposes, we also included “Empirical” variance estimates and type
| error rates based on such a variance estimate. The “Empirical” type | error rates were
computed based on substituting 2 g with the Empirical variance estimate in the Wald test
statistic. It is seen that type | error rates were a bit inflated for sample sizes 50 and 100 under
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the Wald test, but were closer to the nominal 0.05 under the “Score” and “Empirical” tests
even for samples as small as 7= 50.

To compare our approach with GEE 11, we also estimated the parameters using a program
developed for such an alternative by Hall and Zhang (2004)(24). As noted earlier, their
method modeled the conditional variance, rather than the second moment. In addition, they
assumed working independence between the mean and variance. We obtain quite similar
results (not shown), which may not be surprising, as such differences are likely to have
minor impact on inference given the marginal ZIP model in (30).

4.1.2 Missing Data Case—Assuming no missing data at baseline =1, we simulated
missing responses under MCAR and MAR with about 20% missing data at £= 2. By
applying the discussion in Section 3.2 to the context of the pre-post design, we modeled the
missingness at time =2 under MAR by:

. 1
logit(mia (7)) =Yo7, Zi1 -+, Yit» M =Wy=75

We again considered the null Hy: £ = 1, and computed the Wald and score statistics and the
associated type | error rates. The Wald statistic @, is computed the same way as in the
complete data case except that the estimate of &is obtained from the WGEE in (23).

Shown in Table 2(3) are the estimates of &, standard errors, and type | errors for the ZIP
model under MCAR (MAR). As in the complete data case, the score test again performed a
marvelous job in correcting the upward bias in type | error rates by the Wald statistic in
testing the null Hg S = 1, especially for the sample size 7= 50, 100. For inference under
MAR, the Wald statistic again yielded inflated type I error rates for testing the null, but the
score test corrected the upward bias and maintained a type I error rate consistently near 0.05
across all sample sizes.

4.2 Real Study Data

To illustrate the approach to real study data, we applied it to a multi-center, NIDA-
sponsored study entitled “HIV/STD Safer Sex Skills Groups For Men In Methadone
Maintenance Or Drug-free Outpatient Treatment Programs,” known as CTNO0018 within the
Clinical Trials Network (CTN) studies. This study was designed to examine the
effectiveness of 5 session motivational and skills training in HIVV/AIDS group interventions
developed to reduce sexual risk behaviors in men, as compared to an HIV education only
control condition. Unlike most community-based studies in which the HIV education
provided is limited to information, this trial integrated a component to provide skill-training
programs such as role plays to reducing sex risk behaviors. The primary outcome of the
study is the number of unprotected vaginal and anal sexual intercourse occasions (USO)
which was assessed at baseline, 2 weeks, 3- and 6-months(53; 54).

Out of 573 eligible subjects screened, 422 subjects completed assessment at baseline.
Among these, 381 (91.27%) and 345 (60.2 %) came for assessment at 3- and 6-months.
Since 2 weeks was too short to observe a reasonably large USO, we limited our analysis to
the period from baseline to 3- and 6-months follow-up visits.

Shown in Table 4 are the mean USQOs and percent of zero USO at baseline, 3- and 6-months
for the two treatment groups. It is evident that there was a preponderance of zeros in the
distribution of this outcome at each assessment time. Accordingly, we modeled the USO at
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3-month ()) and 6-month (y;,) as a function of treatment condition, time and time by
treatment interaction, controlling for baseline USO, yj, using the FRM-based ZIP model in
(11) with

logit(pst)=Buo+Bu1 i+ Luzlio+Lust+Buat-x;, log (i) =Bo+x: S1=PLo+ 512+ Fayio+Bat+Lat-z;,1 <t < 2,1 < i <n,

where xjwas an indicator with x;= 1 for the intervention and 0 otherwise.

To account for potential response-dependent MAR missingness, we modeled the
missingness under MMDP using logistic regression:

logit (it (7¢)) =0t HYatTi+yytYice—1), 1 St < 2,1 <i<n. (3

We assumed a Markov condition in (32) so that the missingness only depended on the most
recent observed response.

Shown in Table 5 are the estimates of parameters from the logistic regression, their standard
errors and corresponding p-values. The results show that the missingness at time =1
depended on the treatment assignment, while at time #= 2 depended on the observed
response at time 7= 1. In other words, the subjects in the intervention group were more
likely to drop out than those in the control at time #= 2, while those with smaller values of
USO at £=1 were also more likely to drop out at 7= 2. Based on these results, we proceeded
with inference under MAR.

Shown in Table 6 are the estimates of parameters of the ZIP model, their standard errors and
associated p-values. As the interaction term involving time and intervention was neither
significant in the logistic (o) nor in the Poisson (uj; component of the model, we refit the
model without this term, with the results from the revised model shown in Table 7.

For treatment effectiveness based on the results from the additive model, the logistic part of
the model indicates that the intervention increased the likelihood of no risk for USO during
the study, while the log-linear component shows that the intervention also significantly
reduced the mean frequency of USO for the at-risk subgroup. The ratio of the mean USO of
the treated to that of the control condition is exp(-0.09) = 0.9, suggesting a 10% decrease in
USO for the treated subjects.

Baseline USO also played a significant role. The logistic component indicates that lower
baseline USO would significantly increase the likelihood of being at no risk for USO during
the study period. The log-linear part of the model shows that higher baseline USO was
significantly associated with higher USO during the study. The findings suggest that
substance abuse treatment programs should consider offering motivational exercises and
skills training to achieve greater reductions in risky sexual activities.

5 Discussion

Count responses are a common type of outcome in biomedical, psychosocial and related
services research. We discussed two major manifestations of departure from the Poisson
assumption, overdispersion and structural zeros, and reviewed existing methods for
addressing these two important issues. In particular, we focused on the limitations of
available approaches with respect to longitudinal data analysis and proposed an approach to
systematically tackle these problems under a unified modeling framework.
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We applied the proposed approach to a real study in HIV prevention, allowing us to address
important methodological issues in a timely application. In addition, the results from the
simulation study show that the proposed approach works well for longitudinal study data
under both complete and missing data settings. Although inference is derived based on large
samples, the approach seems to provide valid inference for samples with sample size as
small as 50.
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Appendix

Appendix A

The variance V ar(f;| x;) for the cross-sectional data case is readily computed using the
moments up to the 4th order under either ZIP or NB distribution. The first two order
moments for ZIP and NB are given in (9) and (10), while the 3rd and 4th order moments for
the two models are given by:

ZIP:E(y*)=p+T7(a+1)p?+6(a+1)(2a+1)p’+(a+1) (20+1) (Ba+ 1)pt, - B(y*)=p+3(a+1)p?+(a+1) (2a+1)p?,
NB: E(y*[x)=(1=p)p(14+Tp+6p>+4%),  E(y*[x)=(1—p)p(1+3u+u),

Appendix B. Proof of Theorem 2

1—n
Let Gi:Dﬁffland 7= (7ma, ..., M) " Then, wnZEZizlGiAi&, with GAS;= G{X;, 6,
aAA[rj 7, Y)S(yj X;6). It follows from the iterated conditional expectation that 5{GA;S) =
E[G;S;EWD;| ri ¥i )] By definition, Ajis a m x mblock diagonal matrix with the #th block
Tt
diagonal matrix given by W_itb(l <t< m), with 1, denoting the m x m identify matrix.

Tt
Since & (W_#I?m’y“xi) =2, it follows that {GAiS) = £(G;S) = 0. Thus, the WGEE |1
is unbiased and the estimate & obtained as the solution to the equations is consistent.

Let y"be the solution to the (22). By a Taylor expansion of the estimating equations in (22)
and solving for y™=y, we obtain

Vi G = H YIS Qo (1), @
=1

where 0,(1) denotes the stochastic 0(1)(25). Also, by applying a Taylor series expansion to
the WGEE Il in (23), we have

T . a T 8 T
sa) VE=0)~(5aw.) Via—e)==(5ow) VEG-) o). @9
If @ is vn—consistent, it follows that
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(Lwio.) | Va(@—a)=oy(1) Vi(@-a)=o,(1).

o T .
By substituting 0,(1) for (%Wn(g» a)) Vn(d—a)i, (35) and solving for vn (9—9) (G
6), we obtain

Vi (6-9) :(—an) o VW, +C(F-)]+0,(1).  (36)

NG

Vi (0-0) () LS = CH Q0,0

Since

o 13 /0 . 1 . .

where — ,denotes convergence in probability, it follows from (37) and (38) that

Vi (6-0) :—B—T%ﬁi(wm—CH‘lQm)Jrop(l)- (39)

i=1

By applying the central limit theorem and Slutsky's theorem to (39)(25), & is asymptotically
normal with the asymptotic variance given by 2 gin (24).

C. Asymptotic Normality of Score Statistic

First, assume no missing data. Then, B=E(D,V, "' D;) By applying the law of large
numbers,

] 1o}
o 20 wn(l)(e) 20 Wn(Q)(e) 1 Bll Bl2
w,(0)=| PP " —pB=E(D;V1D;)= —
a6 ( owa(®) g (@) | TP =\ Bl By ) @

It follows from a Taylor's series expansion and (40) that

1

0=w,1) ((5(1), 0(20)) W) (8)—Bp " (é(l)—a(l)) +o, (n—a) .

Thus,
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3 _ _1
6(1)_0(1):Blllwn(1)(0)+0p (n 2), 41)
Similarly, since B/,=Bs;, we have:

1

W) (001): 8020) ) =W2) ()= (W) (900 ) +o0p (n72)

=W, ) (6)=Bar (61)=0(1)) +0p (n72) . (42)

It follows from (41) and (42) that

Wn(2) (é(l),0(20)> =Wn(2) (0)—321 [Bilwn(l) (9)4—0]) (nié)] +o0, (nié)
=Gw,(0)+o, (n*%) .

By the central limit theorem,

VW, 2) (5(1)70(20)) = VnGw,(0)+op(1)—aN (072(2):G29GT> )

where Gis defined in (28) and Zgin (24).

In the presence of missing data, B=E(D;V;"'A;D;) as defined in (28). By a similar
argument, Wp) (1), €20)) has an asymptotic normal distribution, which implies that the

score statistic 7((61), 62))) has the asymptotic x;, distribution.
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Table 4

Comparison of mean USO and percent of zero USO between the two treatment groups at baseline, 3- and 6-
month follow-up for the CTNO018 Study.

Mean USO and number of zeros at each assessment time for CTN0018 study

Intervention (S.D.) | Without intervention (S.D.) | zeros (%)

Baseline 21.46(26.66) 22.34(27.77) 65(15.40)
USO at 3 months 15.71(25.43) 18.14(27.21) 125(32.80)
USO at 6 months 15.05(23.35) 17.19(25.89) 132(38.26)
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Table 5
Estimates of logistic regression for modeling missingness under MAR and MMDP for CTNO018 Study.

Estimates of logistic regression for modeling missingness for CTN0018 study

Assessment timet=1

Predictors Estimates Standard errors P-values
Intercept 2.777 0.319 <0.001
Va -0.002 0.006 0.752
intervention -0.869 0.351 0.013

Assessment time £= 2

1duasnuey Joyiny vd-HIN 1duasnue Joyiny vd-HIN

wduosnue Joyiny vd-HIN

Intercept 1.443 0.206 <0.001
Vo 0.019 0.007 0.007
intervention -0.325 0.257 0.206
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Table 6

WGEE estimates of parameters, standard errors, and p-values from FRM-based ZIP model with treatment by
time interaction based on Wald and score tests under MAR and MMDP for the CTN0018 Study.

Results of FRM-based ZIP model for CTN0018 study
P-value for Hy: =0
Parameter Estimate | Standard errors | Wald Score
Log-linear part ()
i 2.69 0.196 <0.001 <0.001
B (intervention) -0.08 0.028 <0.001 <0.001
/5 (baseline USO) 0.012 0.001 <0.001 <0.001
s (time) -0.017 0.118 0.885 0.883
By(intervention*time) -0.062 0.187 0.742 0.741
Logistic part (0;)
Lo -0.52 0.354 0.142 0.140
L4 (intervention) 0.301 0.499 0.564 0.562
By (baseline USO) -0.017 0.004 <0001 | <0.001
Bu(time) 0.126 0.221 0.568 0.566
Bu(intervention*time) | -0.121 0.314 0.701 0.700
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WGEE estimates of parameters, standard errors, and p-values from revised additive ZIP model based on Wald

and score tests under MAR and MMDP for the CTN0018 Study.

Results from revised additive ZIP model for CTN0018 study

Parameter Estimate | Standard errors | P-value for Hy: f=0

Wald Score
Log-linear part ()

i 2.90 0.021 <0.001 <0.001

B (intervention) -0.09 0.025 <0.001 <0.001

/5 (baseline USO) 0.012 0.0004 <0.001 <0.001

Logistic part (0;)

B -0.68 0.144 <0.001 <0.001

L4 (intervention) 0.371 0.200 0.065 0.068

Bu (baseline USO) | -0.015 0.004 <0001 | <o0.001
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