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Abstract
A previously developed novel imaging technique for determining the depth dependent properties
of cartilage in simple shear is implemented. Shear displacement is determined from images of
deformed lines photobleached on a sample, and shear strain is obtained from the derivative of the
displacement. We investigated the feasibility of an alternative systematic approach to numerical
differentiation for computing the shear strain that is based on fitting a continuous function to the
shear displacement. Three models for a continuous shear displacement function are evaluated:
polynomials, cubic splines, and nonparametric locally weighted scatter plot curves. Four
independent approaches are then applied to identify the best-fit model and the accuracy of the first
derivative. One approach is based on the Akaiki Information Criteria, and the Bayesian
Information Criteria. The second is based on a method developed to smooth and differentiate
digitized data from human motion. The third method is based on photobleaching a predefined
circular area with a specific radius. Finally, we integrate the shear strain and compare it with the
total shear deflection of the sample measured experimentally. Results show that 6th and 7th order
polynomials are the best models for the shear displacement and its first derivative. In addition,
failure of tissue-engineered cartilage, consistent with previous results, demonstrates the qualitative
value of this imaging approach.

1. Introduction
Native articular cartilage (AC) has a unique stratified structure and composition, which
gives rise to depth-dependent mechanical properties (Buckley et al., 2010; Buckley et al.,
2008; Buckwalter and Mankin, 1997; Chen et al., 2001; Lopez et al., 2008). Structure and
composition also vary during maturation and are thought to influence the function of
cartilage in vivo (Canal et al., 2008; Hunziker et al., 2007). In contrast, Tissue Engineered
(TE) cartilage that is being developed as a potential treatment for damaged articular cartilage
lacks the compositions, structure and mechanical properties of native tissue. Such
differences could limit the clinical success of an implanted construct where it must function
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in the highly loaded environment of a diarthrodial joint. Properly functioning TE cartilage
may require the depth-dependent zonal architecture and composition of native tissue.

Previous studies in our labs showed failure of TE cartilage under combined cyclic shear and
static compressive loads, while native cartilage remained intact when tested under the same
conditions (Jayaraman, 2010; Whitney et al., 2010a; Wong and Sah, 2010). Subsequent
investigations identified a cell rich (matrix deficient) region in the middle layer of TE
cartilage. From these and other studies, it’s clear that the depth-dependent properties of TE
cartilage do not replicate those of native tissues (Whitney et al., 2010a; Whitney et al.,
2012a). These observations provided the motivation for investigating depth-dependent
properties of native and TE cartilage, which may play an important role in understanding
how cartilage function is related to zonal arrangement.

Depth-dependent properties of AC are often evaluated using methods based on optical
imaging. Methods that depend on tracking the displacement of low-density markers such as
chondrocytes may limit spatial resolution of material properties (Buckley et al., 2010;
Buckley et al., 2008; Wong et al., 2008a; Wong et al., 2008b). An alternative, with
potentially higher resolution, is to track lines photobleached on the tissue (Bruehlmann et
al., 2004; Buckley et al., 2010). All of these techniques require cutting the tissue to expose a
surface through its thickness, which is then imaged (Bruehlmann et al., 2004; Buckley et al.,
2010; Buckley et al., 2008; Canal et al., 2008; Hosoda et al., 2008; Schinagl et al., 1997). In
all of these approaches, digitizing the displacement of features introduces noise, and
computing the derivative of the shear displacement field (i.e. shear strain) introduces
additional noise into the final estimate of material properties. Typically, some level of
smoothing is needed to minimize the effects of noise and produce usable results. For
example, Buckley et al., chose to smooth data by using average intensity across rectangular
20 µm deep regions, and then calculated the shear strain using numerical differentiation.
Since numerical differentiation increases noise, they introduced weighting schemes that
reduced noise (Buckley et al., 2010). Choosing a region that was greater or less than 20 µm,
or choosing different weighting factors would have produced smoother or noisier results.
Since noise is inherent in experimental measurements and numerical differentiation,
determining a level of smoothing that produces accurate results is an ongoing issue (Lesh et
al., 1979; Pezzack et al., 1977; Winter et al., 1974).

Based on our previous experience with failure of tissue engineered cartilage and a general
interest in mechanical evaluation of native and tissue engineered cartilage, we implemented
an experimental approach for determining depth dependent shear properties of cartilage
similar to that described in (Buckley et al., 2010). Initial measurements showed that the full
thickness deformation field for native articular cartilage in shear resembled a smooth,
sigmoid-shaped curve. This raised the possibility of modeling the displacement field and
shear strain using analytical functions rather than the common approach which is to smooth
the data use numerical differentiation. Therefore, the purpose of this investigation was to
validate a systematic method for processing displacement data and taking its first derivative.
As a result, in this study, we investigate the feasibility of using a continuous, depth-
dependent displacement function calculated from high-resolution pixel-dependent
displacement data, and calculate shear strain by taking its first derivative analytically,
thereby eliminating the noise due to numerical differentiation. This method was validated by
comparison with known results.
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2. Materials and Methods
2.1. Bovine AC

Native bovine AC was used during the development of the image processing technique.
Samples were harvested from femoral condyle of a 2-year-old cow (n = 7, Halal Meat,
Cleveland, OH). Osteochondral samples were removed from the whole bone using a 6 mm
diameter-coring tool. Cartilage disks are then removed from the core using a scalpel, and
bisected into semi-cylinders and frozen once prior to use (Fig. 1).

2.2. Tissue Engineered Cartilage
To investigate a possible failure mechanism identified in previous investigations (Whitney et
al., 2010a). Scaffold-free engineered cartilage constructs were generated. Briefly, rabbit
articular chondrocytes were isolated and culture expanded as described (Whitney et al.,
2012b). Four cartilage sheets were formed after second passage, by seeding 3.125×106 cells,
onto porous (10 µm pore diameter) polyester membranes (PET1009030, Sterlitech, Kent,
WA) held in place and submerged in medium by custom 4 cm × 4 cm chambers
(Weidenbecher et al., 2008; Whitney et al., 2012b). Constructs were cultured for four weeks
in the chambers then transferred to 100 mm petri dishes where they were allowed to float
freely for an additional four weeks (Whitney et al., 2010a; Whitney et al., 2010b; Whitney et
al., 2012a). The resulting TE cartilage sheet was cut into 4 mm × 6 mm rectangular samples
to fit into the heads of holding arms of the apparatus, and frozen.

2.3. Staining Procedure
Before mechanical testing, samples were placed in Phosphate Buffered Saline (PBS) until
thawed, and then incubated in PBS containing a 7 µg/mL solution of the fluorescent dye 5-
dichlorotriazinylaminofluorescein (5-DTAF) (Invitrogen, Eugene, OR) for 2h. 5-DTAF
modifies amines in proteins and fully stains the extracellular matrix. Its maximum excitation
and emission wavelength are 492 nm and 520 nm (Benchaib et al., 1996). Previous studies
showed that 5-DTAF does not affect the mechanical properties of cartilage (Bruehlmann et
al., 2004; Buckley et al., 2010).

2.4. Mechanical Testing
An instrument was designed to apply compressive and shear displacements to a cartilage
sample while measuring shear and compressive forces (Fig. 2). During a test, the sample is
immersed in PBS, while held between two stainless steel arms (Fig. 2). Since the instrument
is fixed on the stage of a confocal microscope, the arms were designed so that they would
not block the optical path of the microscope objective lens. Rigidity was important to
maintain parallelism of the sample faces during sample deformation. Shear and compressive
displacements are applied using two positioning stages (M4004-DM, Parker, Cleveland,
OH) that were stacked on top of each other. One of the arms is secured to the positioning
stages and the other is attached to a 6 degree of freedom load cell (Nano 17, ATI Industrial
automation, Apex, NC), which has minimum resolution of 1/320 N, in both shear and
compression.

Samples are adhered to the arms using cyanoacrylate. Four brands of cyanoacrylate were
evaluated. For three of the adhesives it appeared that the sample was separating from the
stainless steel arms when immersed in PBS. The best match for our purpose was ISO-10993
Biological Tested Instant Adhesive (4011, Loctite Corp., Rocky Hill, CT).

The sample is fixed between the arms of the instrument with zero compressive strain. The
apparatus is then secured on the stage of the confocal microscope. Incremental shear
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deflection steps (20 µm) are applied and held for two minutes, which allowed the shear force
to relax. At the end of each step, an image is taken.

2.5. Imaging Technique
To determine depth-dependent mechanical behavior, we apply a previously used novel
technique (Bruehlmann et al., 2004; Buckley et al., 2010) that tracks photobleached lines
across the thickness of a sample. Hence, it enables qualitative and quantitative visualization
of the depth-dependent shear deflection of the sample through its thickness. Displacement of
photobleached lines through the thickness of the sample is obtained using an upright
confocal microscope (FluoView FV1000, Olympus, Center Valley, PA). To maximize
resolution, a water dipping objective lens with 0.3 numerical aperture, which yields a 1.8 µm
pixel size in 1× zoom (UMPLFLN 10XW, Olympus, Center Valley, PA) is used. Lines are
photobleached using a 405 nm wavelength laser with 100 percent power. For images,
samples are rastered using a 488 nm laser, about 50–70 µm below the surface, with 30
percent power. We avoided using higher power to take images, since rastering the sample by
itself causes photobleaching, and hence lessens image quality.

2.6. Image Processing and Data Analysis
Images of photobleached lines are converted to digital values by identifying the lowest
intensity pixel in every column of pixels in the y direction (Fig. 3). Numerical values
associated with a photobleached line are found using a custom written MATLAB script that
locates the lowest intensity pixels in every column of pixels perpendicular to the
undeformed photobleached lines (xn, y(xn)). Three models for analytical functions (ỹ (x)) to
simulate these pixel-scale discretized data are investigated: polynomials (3rd through 9th

order), cubic splines (Harrell, 2001), and nonparametric loess (locally weighted scatter plot)
curves (Cleveland, 1979). Four independent approaches are then used to identify the best-fit
model.

As our first assessment we use the Akaiki Information Criteria (AIC) (Akaiki, 1974), and
the Bayesian Information Criteria (BIC) (Schwartz, 1978) to measure the relative goodness
of fits. AIC and BIC are both likelihood-based model selection criteria used to judge which
of a set of competing models best fits a set of data. If a model with p parameters is fit to a
dataset with n observations, the AIC is defined as: AIC = −2lnL + 2p where lnL is the
maximized log likelihood. Among different models, possibly non-nested and/or differing in
the number of parameters p, the model with the smallest value of AIC is considered to fit the
data best. By adding the term “2p” to “ −2lnL”, the AIC penalizes models with larger
numbers of parameters. BIC can be written as: BIC = –2lnL + p(ln(n)). Like the AIC, the
BIC penalizes models with larger numbers of parameters. For values with ln(n) > 2 (n >
7.39), the BIC criterion imposes a stricter penalty for the number of parameters as compared
to the AIC. Thus, in general, use of the BIC often tends to select more parsimonious models
than does use of the AIC.

In our application, the competing models are all polynomial regression models fit by least-
squares regression, which is equivalent to using maximum likelihood estimation assuming
normally distributed residual error terms. For a polynomial model of order k, the number of
parameters is p = k + 2 (intercept + k regression coefficients + the variance of the residuals
σ2). The likelihood for the ith observation for a kth degree polynomial model with normally
distributed errors is
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where θ = (β0,β1,βk,σ2) is the vector of unknown parameters. The log-likelihood based on all
the data, considered to be a function of θ is then defined as

If θ̂ is the vector containing the maximum likelihood estimates of the parameters, then the

maximized value of “ −2lnL” is . In this case, it can be
shown that the negative of twice the maximized log likelihood (−2lnL) can be written in
terms of the mean squared residual, where yi and ŷi respectively are the observed and
model-predicted predicted values of the outcome for the ith observation. The AIC and BIC
are then given by,

where C is a constant.

Additionally, we investigated the accuracy of this approach for selecting the most likely
polynomial by considering a predefined curve with a shape that was similar to deflected
photobleached lines. For this, we used the equation for the deflection of a beam with fixed
supports, which is a third order polynomial, and added random noise to it. The appropriate
level of noise was obtained by digitizing a photobleached straight line, which gave noisy
pixel size data. This noise was added to the exact analytical function of the bending beam
model, therefore yielding a deflected beam with the same level of noise as a processed
confocal microscope image.

The second approach that was used to select a model for fitting displacement data is based a
method developed to smooth and differentiate digitized data from human motion (Lesh et
al., 1979). To apply this method, we use three parallel photobleached lines spaced 50 to 70
µm as depth-dependent shear deflection replicates of the same sample. The variance of the
measured data is a measure of the variance of the error. The best fit minimizes the difference
between variance of the error and the variance of the residual between the fitted and
estimated data.

A third approach also evaluates the derivative by integrating the shear strain,×x, across the
full thickness of the sample, D

(1)

where δtotal is total shear deflection, measured experimentally (Fig. 3). The integral of shear
strain across the sample’s thickness is compared to the measured total shear displacement
and therefore provides an additional indicator of the goodness of fit of a function to the data.
We also use a custom MATLAB code to detect and calculate the total shear deflection of the
sample, by averaging the three lowest intensity pixels located at each boundary (5.4 µm at
right and left side of the Fig. 3) and then calculating the distance between them.
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The fourth method is based on photobleaching a circular arc with a specific radius. In this
case, the exact function and first derivative of the imaged curve are known, and compared
with fitted values to determine their accuracy.

3. Results
We observed that photobleaching lines using a laser at 405 nm, produces sharper
photobleached lines than using 492 nm which is the excitation wavelength for 5-DTAF.
Consequently, the 405 nm wavelength laser with 100 percent laser power was used for
photobleaching.

Before applying shear displacement, the photobleached lines appear parallel and vertical
(Fig. 4A). Deformation, as imaged by the movement of photobleached lines across the
thickness of tissue-engineered cartilage clearly demonstrates depth dependent variations in
the stiffness of the TE cartilage (Fig. 4B). Near the outer surfaces, the lines remain nearly
vertical, suggesting relatively high shear stiffness. In contrast, significant change in slope of
the lines in the mid-region suggests relatively low shear stiffness. Under static shear strain of
about 25%, internal failure of the cartilage is evident near the interface between the outer
matrix rich region and inner matrix deficient region (Fig. 4C).

The averaged line formed from three photobleached lines on native AC consisted of 945
data points (Fig. 5). Based on both AIC and BIC, cubic splines are rejected, as they give
poorer fits than polynomials models. Although nonparametric loess curves are good
apparent fits to the photobleached lines, they do not yield smooth approximations of the
derivatives. Both AIC and BIC give similar low values for 6th through 9th order
polynomials, although 7th order gives the lowest values (Table 1). Similarly, for 6th through
9th order polynomials the maximum residual is reduced from 8 pixels to 3.7 pixels and it
remains almost constant (Fig. 6). Moreover, AIC and BIC correctly chose a third order
polynomial as the most likely fit for the noisy discretized predefined deflected beam.

Applying the method that was developed for smoothing human motion data produced results
consistent with the AIC and BIC: 6th to 9th order polynomials are good fits to the deformed
lines (Table 2) and, comparing variances shows that differences among these polynomials
are small.

However, this approach indicates that the 3rd to 5th order polynomials are not good fits
although a 5th order polynomial appears, visually, to be a good fit for the photobleached line
(Fig. 7).

Differences between the total computed shear deflection (Eq. 1) and that measured on the
sample are smallest for the 7th, and 8th order polynomials (Fig. 8). However, 5th through 9th

order polynomials all give deflections that are within 3 micrometers or 0.8% of the expected
value.

Fitting curves to sections of a circular arc showed that 6th and 7th order polynomials are the
best overall matches to the known first derivative (Fig. 9). Near the boundaries, a 9th order
polynomial behaves poorly, and we observe that it is highly sensitive to noise, especially in
this area. Comparing first derivatives shows that the 7th order polynomial remained closer to
the original curve on the boundaries, while the 6th order polynomial fit better in the middle
region of circular arc. Although there are differences between 6th and 7th order polynomial
fits, the differences between first derivatives are less than 2%, which suggests that either
could be used for our studies (Fig. 10).
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4. Discussion
The goal of this investigation was to establish a method for finding depth dependent shear
properties. This required finding the derivative of displacement data, which is an inherently
noisy process. Typically, some types of data smoothing and numerical methods are used to
compute derivatives. However, the level of smoothing is often arbitrary and will influence
the subsequent calculation of derivatives. Here, we chose to minimize the arbitrary decisions
about smoothing. First, we investigated the use of AIC and BIC for finding the best fitting
curve to deflected photobleached lines as represented by pixel sized data. Based on earlier
experience using low pass finite impulse response filters for smoothing and differentiating
noisy data we applied that approach as an alternative (Lesh et al., 1979). Both of these
approaches give us an analytical means for fitting noisy deflection data, but neither
guarantees an accurate value of the derivative. Therefore, we introduced a third method that
used a photobleached circle, with the same level of noise, and known first derivative to
evaluate the accuracy of the derivative of our fitted curve. Finally, we introduced a fourth
method that integrates the strain for comparison with the experimentally measured shear
displacement. This confirmed that the model selected by the other approaches is consistent
with the measured displacement data.

Although different order polynomials appear to give similar fits to the data (Fig. 7), the
sensitivity of the differentiation process leads to differences in the calculated derivatives
(Fig. 10). However, it is interesting to note that in our investigation, the derivatives of 6th

and 7th order polynomials fit to the deflected photobleached lines (Fig. 10) and the circular
arc (Fig. 9), almost coincide with each other. Consequently, these methods suggest that
either a 6th or 7th order polynomial can be used to model shear displacement and strain for
the native articular cartilage used in this investigation.

Taking derivatives of discrete data can introduce considerable noise. Typically, to minimize
noise some type of filtering is necessary. One approach is to spatially average displacement
data and then take derivatives using numerical methods that also include smoothing
(Buckley et al., 2010; Buckley et al., 2008). For example, Buckley et al., used the averaged
value of the displacement in 20 µm rectangular region, and applied linear methods to
determine shear strain (Buckley et al., 2010). However, the level of smoothing is often
arbitrary and will influence the subsequent calculation of derivatives. Technically, these
methods trade off accuracy obtained from higher resolution data and obtaining less noisy
results. To evaluate smoothing and numerical differentiation in relation to our curve fitting
method, we first smoothed the data by averaging displacement in 1, 5, 11, and 22 pixel
windows (1.8, 9, 19.8, and 39.6 µm respectively) and then computed shear strain using five-
point linear least squares fitting (5PLSQ) for native AC. These windows were smaller, the
same (~ 20 µm), and larger than those used in previous studies (Buckley et al., 2010). Using
one-pixel windows (no smoothing) leads to substantial noise that obscures the pattern of the
shear strain. We observed that the numerical results oscillated about our analytical result
(Fig. 11A). As the size of the averaging window increased the derivative became smoother.
However, smoothness does not guarantee accuracy of the derivative. As shown (Fig. 11A),
the numerical method fairly approximates the shear strain, but the level of smoothing
dominantly affects the results. A potentially deleterious effect of smoothing by averaging in
a window is loss of resolution. For instance, the minima close to the superficial zone could
be easily smoothed by choosing a window larger than 39.6 µm, however, this minima was
observed partially by smaller averaging windows (Fig. 11A). If we are interested in the
behavior of the superficial zone, which is approximately 10% of the thickness or about 170
µm, in the extreme choosing a 170 µm window would over-smooth the material behavior
and probably obscure potentially valuable results such as increased shear compliance of the
superficial zone due to buckling of collagen fibers under compression (Buckley et al., 2008).
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Even smaller windows could limit resolution. Averaging in 20 µm windows produces about
eight data points. However, near the boundaries the number of points is further reduced
since it is not possible to average in full-sized windows up the boundaries. Since 5PLSQ
requires two windows on either side of the point where the derivative is being computed,
resolution is further limited near boundaries (Fig. 11A).

Using the deflected beam function with noise gives us an added opportunity to compare
numerical derivatives to the known value, and to evaluate the effect of smoothing by varying
the window size. This comparison showed that the derivative computed using larger
averaging windows generally converged to the true function (Fig. 11B). However, in some
areas the smaller windows predicted the first derivate more accurately. We expect that these
inconsistencies might be due to the noise level, since we observed that noise level of the
original data influences the numerical differentiation results, which is an inherent problem
for numerical differentiation. Therefore, implementing unvalidated arbitrary numerical
smoothing methods could compromise the accuracy of the results, especially near
boundaries.

As a result, the lack of a validated method to predict the depth-dependent properties
prompted us to establish a systematic method that has been validated mathematically and
experimentally. Although validated, it is possible that this method could, like numerical
methods, attenuate smallscale variations in material properties. However, without the
reduction in the number of data points that results from using averaging, a local variation in
material properties might be more easily captured by a piecewise polynomial fit of all of the
data in a localized region. Although 6th and 7th order polynomials were shown to be the best
models for the full tissue thickness, it is possible that for other tissues different order
polynomials would be the best fit, or that piecewise fits may be needed in the case of
discontinuities. Since the AIC and BIC methods are easily implemented and showed
excellent agreement with the other methods used in this investigation, extending this
approach to other tissues is feasible.

The utility of this image-based approach for qualitative evaluation of TE cartilage was also
demonstrated. Applying this method to TE cartilage clarifies previous work that suggested
that failure under static compression and cyclic shear occurs in the matrix deficient region in
the middle layer of TE cartilage (Whitney et al., 2010a). We observed crack initiation near
the interface between the outer matrix rich region and inner matrix deficient region of TE
cartilage. This approach can be helpful for assessing quantitative and qualitative variations
in tissue produced under different culture conditions.

In summary, we have developed and validated a method for determining pixel level shear
displacement, and noiseless estimates of shear strain. The motivation for this work is the
mechanical evaluation of tissue-engineered cartilage. As shown here, it is possible to
determine quantitative estimates of shear modulus as well as qualitative insights into tissue
failure.
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Fig. 1. Schematic of sample preparation for native AC biaxial mechanical testing
Cartilage disk is removed from the 6 mm diameter bone plug, and bisected into semi-
cylinders.
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Fig. 2. Apparatus
The apparatus was designed to apply shear and compression to samples, while secured to the
stage of a confocal microscope. Red arrows show applied compression and shear. The inset
shows the sample attached to just one of the two arms. During the experiment, the cartilage
is attached to both arms.
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Fig. 3. Fluorescent image of photobleached lines on native bovine AC
Photobleached lines under shear deflection, showing the total applied shear displacement.
Initially, lines were photobleached perpendicular the sample’s surface, approximately 50 to
70 µm apart. The total shear displacement was 396 µm, corresponding to a shear strain of
23%. The articular surface is on the right side and subchondral plate is on the left hand side
of the image.
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Fig. 4. Cross sections of tissue engineered cartilage stained with 5-DTAF with photobleached
lines
Before shear strains are applied, the photobleached lines appear parallel and vertical (A).
Deformed photobleached lines across the thickness of tissue-engineered cartilage clearly
demonstrate depth dependent variations in the stiffness of the TE cartilage (B). Under about
25% shear strain, internal failure was observed near the interface between the outer matrix
rich region and inner matrix deficient region (C).
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Fig. 5. The lowest intensity pixel averaged over three photobleached lines
Digitized data points (pixels) represent the deflected line through the thickness of the
sample. The superficial zone is on the right hand side of the graph.
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Fig. 6. Maximum residual of fitted polynomials from averaged digitized data
A substantial reduction in 6th through 9th order polynomials was observed.
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Fig. 7. Overlay of 5th to 7th order polynomials on deflected photobleached lines
Three different order polynomials were fit to the deflected photobleached lines. Even though
the 5th order polynomial seems to be a good fit to the photobleached deflected line, there are
significant differences in shear strain (i.e. first derivative) of 5th and 7th order polynomials.
The articular surface is at the right side of the image.
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Fig. 8. Platen shear deflection versus calculated total shear deflection from differnet order
polynomials
Experimentally derived total shear deflection compared to calculated total shear deflection
for different order polynomials. Based on this assessement 6th to 8th order polynomials
satisfy the necessary condition to be considered as appropriate models.
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Fig. 9. First derivative comparison in predefined circular region
Close agreement of the known and analytically determined first derivatives shows that the
6th and 7th order polynomials are the best models to represent the circular arc.
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Fig. 10. First derivative of different order polynomials fit to the averaged photobleached line in
AC
Different order polynomials clearly demonstrate different first derivatives (shear strain
profile), although they showed fairly similar fit to the photobleached deflected line.
However, derivatives of sixth and seventh order polynomials almost coincide with each
other (articular surface is on the right side).
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Fig. 11. Comparing first derivatives using analytical and linear numerical methods
Depth dependent shear strain in native AC computed from the derivative of a 7th order
polynomial, and numerical 5PLSQ proceeded by averaging displacements in 9, 19.8, and
39.6 µm windows. As the window size is increased, the numerical derivative becomes
smoother and approaches the 7th order polynomial. Note that as the window size is
increased, the size of the region near the boundaries where the derivative cannot be
computed also increases. The articular surface is on the right side of the plot (A). Known
first derivative (slope) of a beam with fixed supports, and numerical 5PLSQ preceded by
averaging displacements in 9, 19.8, and 39.6 µm windows. In general, the numerical results
are smoother and closer to the known function for the larger window (B).

Motavalli et al. Page 21

J Mech Behav Biomed Mater. Author manuscript; available in PMC 2014 December 01.

N
IH

-PA Author M
anuscript

N
IH

-PA Author M
anuscript

N
IH

-PA Author M
anuscript



N
IH

-PA Author M
anuscript

N
IH

-PA Author M
anuscript

N
IH

-PA Author M
anuscript

Motavalli et al. Page 22

Ta
bl

e 
1

A
IC

 a
nd

 B
IC

 m
et

ho
ds

 f
or

 d
if

fe
re

nt
 p

ol
yn

om
ia

ls
.

O
rd

er
P

ol
yn

om
ia

l
3rd

4th
5th

6th
7th

8th
9th

A
IC

40
56

40
15

36
64

32
50

32
08

32
10

32
11

B
IC

40
81

40
44

32
98

32
89

32
52

32
58

32
64

J Mech Behav Biomed Mater. Author manuscript; available in PMC 2014 December 01.



N
IH

-PA Author M
anuscript

N
IH

-PA Author M
anuscript

N
IH

-PA Author M
anuscript

Motavalli et al. Page 23

Ta
bl

e 
2

C
om

pa
ri

ng
 d

if
fe

re
nt

 p
ol

yn
om

ia
ls

 v
ar

ia
nc

e 
(r

es
id

ua
l v

ar
ia

nc
e)

 to
 e

rr
or

 v
ar

ia
nc

e.

σ
(y

t)
3rd

 o
rd

er
σ

(R
t)

4th
 o

rd
er

σ
(R

t)
5th

 o
rd

er
σ

(R
t)

6th
 o

rd
er

σ
(R

t)
7th

 o
rd

er
σ

(R
t)

8th
 o

rd
er

σ
(R

t)
9th

 o
rd

er
σ

(R
t)

1.
67

78
2.

61
28

2.
58

2
2.

16
64

1.
82

01
1.

80
5

1.
79

63
1.

78
72

J Mech Behav Biomed Mater. Author manuscript; available in PMC 2014 December 01.


