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Abstract

In this work, we consider the problem of estimating the probability for a specific random genetic
mutation to be present in a tumor of a given size. Previous mathematical models have been based
on stochastic methods where the tumor was assumed to be homogeneous and, on average, growing
exponentially. In contrast, we are able to obtain analytical results for cases where the exponential
growth of cancer has been replaced by other, arguably more realistic types of growth of a
heterogeneous tumor cell population. Our main result is that the probability that a given random
mutation will be present by the time a tumor reaches a certain size, is independent of the type of
curve assumed for the average growth of the tumor, at least for a general class of growth curves.
The same is true for the related estimate of the expected number of mutants present in a tumor of a
given size, if mutants are indeed present.
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1 Introduction

Mathematical modeling and simulation of tumor growth is a growing field in applied
mathematics. Among its main goals is the development of a framework which may allow to
better understand the large amount of experimental data available today and possibly
provide a description of cancer evolution. While mathematical methods are been developed,
especially at the multiscale level, to better capture the complexity of cancer (Bellomo et al.
2008), exponential growth is still one of the most commonly used curves in the
mathematical modeling of cancer. For describing the initial phase of a tumor’s growth, the
exponential curve may indeed be a reasonable approximation. However, this does not appear
to be true in general. For example, due to limits in space and nutrients, tumors seem to slow
down their growth after having attained a certain size. Exponential growth models cannot
reflect this critical saturation. Thus, to account for the more advanced phases of the tumor,
the logistic and Gompertz growth models have been successfully introduced, as in the
celebrated work on the modeling of human breast cancer by Moolgavkar (1986). For a more
recent example, we refer to Nakasu et al. (2010), where various growth curves are compared
by the authors in the case of meningiomas in order to determine which one provides the best
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fit to the data. Nonlinear regression analyses were performed against power, exponential,
logistic, and Gompertzian curves. Their conclusion was that Gompertzian and logistic
growth curves provided the best fit.

It is not the goal of this paper to consider the various types of tumor growth that have been
proposed in the fast-growing literature on tumor modeling. However, it is clear that tumor
growth will depend on a very large number of factors such as, for example, the type of
tumor, its location, and patient-specific characteristics. Thus, it is surprising that models of
tumor growth arguably more realistic than the classical exponential curve have not been
fully integrated into existing mathematical models on the development of genetic mutations
in cancer. For example, in the mathematical modeling literature on drug resistance, there are
some works in which the possibility of considering nonexponential tumor growth types is
mentioned, as in Komarova (2006). However, to the best of our knowledge, for the case
where a non-exponential tumor growth is assumed, there are no estimates of the probability
that, by the time a tumor reaches detection size, drug resistant cancer cells will be already
present. One possible reason is given by the fact that to replace the exponential curve with
any other growth model is mathematically a more complex undertaking, especially when
dealing with stochastic methods. Moreover, the Markovian assumptions, which are usually
inherent to the stochastic models, require exponentially distributed times, thus making it
very natural to use the corresponding exponential growth.

In contrast, due to the simplicity of our approach, in this paper we are able to obtain
analytical results for a general class of tumor growth curves. Our main result is that the
probability which a given random mutation will be present by the time a tumor reaches a
certain size, is independent of the type of curve assumed for the average growth of the tumor
(at least for a large class of curves). The same is true for the related estimate of the expected
number of mutants present in a tumor of a given size, if mutants are indeed present.

Due to the fact that the existing literature has been mainly modeling random genetic point
mutations which cause cancer cells to become drug resistant, we will also describe the
problem using this terminology. Point mutations are random genetic changes that occur
during cell division. These mutations cause the replacement of a single base nucleotide or
pair, with another nucleotide or pair in the DNA or RNA. This is a random event with a very
small (yet nonzero) probability that modifies the cellular phenotype. These random genetic
mutations are the main biological mechanism causing the development of drug resistance
(Teicher 2006), together with genetic amplifications and kinetic resistance (Kimmel and
Axelrod 1990; Harnevo and Agur 1991, 1993, Murray 1997; Panetta and Adam 1995;
Gaffney 2005). Kinetic resistance refers to the reduction in effectiveness of a drug which is
caused by the cell division cycle. Such resistance is generally only temporary. Many drugs
(such as methotrexate, vincristine, and cytosine arabinoside, to name a few) are mainly
effective during only one specific phase of the cell cycle, e.g., during the S phase, when the
DNA is synthesized. Thus, the cell will be substantially invulnerable if it is out of the cell
division cycle, i.e., in the Gy state. Gene amplification is the consequence of an
overproduction of a particular gene or genes. This means that a limited portion of the
genome is reproduced to a much greater extent than the replication of DNA composing the
remainder of the genome. Such a defect amplifies the phenotype that the gene confers on the
cell, which in turn, induces resistance by essentially providing the cells with more copies of
a particular gene than the drug is able to cope with. Also this type of resistance has been
proven to be typically temporary. Thus, given that point random mutations are permanent
we will focus only them (also to simplify, make more tractable the model).

The structure of the paper is as follows: In Sect. 2, we briefly review some of the main
results found in the existing literature on the mathematical modeling of drug resistance
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development, where an average exponential tumor growth is assumed, and refer interested
readers to the references therein. For expository reasons, in Sect. 3, we first present our
model and its results for the case where the average tumor growth is assumed to follow a
logistic curve. After a brief treatment of the Gompertzian case in Sect. 4, we present the
general result in Sect. 5. Concluding remarks are provided in Sect. 6.

2 Previous Work: The Exponential Case

The modeling of drug resistance due to random point mutations was motivated by the
experimental findings of Luria and Delbriick (1943), on the development of resistance to
antibiotics in bacteria due to mutations. Using fluctuation analysis, the authors concluded
that the development of resistance is primarily a random phenomenon rather than a drug-
induced, directed one. In their mathematical model, Luria and Delbriick modeled the
occurrence of mutations by a random process, specifically a Poisson process with an
intensity function. Importantly, both normal and mutant cells were assumed to grow
deterministically in an exponential fashion. This Nobel Prize winning work has been
followed by a large literature on the study of the distribution of the number of mutants in a
population which grows exponentially, known as the Luria and Delbriick distribution
(Zheng 1999).

The first model of resistance to chemotherapy due to point mutations in cancer has been the
celebrated model by Goldie and Coldman and its extensions (see Coldman and Goldie 1985,
1986; Goldie and Coldman 1979, 1983a, 1983b, 1998; Goldie et al. 1982). In Goldie and
Coldman (1979), the growth of the drug sensitive cancer cell population is approximated by
using a deterministic exponential curve. At each division, there is a small positive
probability that a cancer drug sensitive cell may give rise to one drug resistant cancer cell
daughter because of a random point mutation. Such a mutant will generate a clone that
grows according to a birth process. The number of mutations occurring in the drug sensitive
population up to a given time is instead approximated by a Poisson distribution. It is also
assumed that back mutations cannot occur. The number of mutants present in the cancer cell
population is then given by a filtered Poisson process. The probability of having no resistant
cells present in a tumor is then calculated, where the nonexistence of resistant cells is
assumed to be the condition for being cured. We note that in the model by Goldie and
Coldman, the drug-sensitive population is modeled deterministically as in Luria and
Delbriick (1943), but the drug resistant population is modeled stochastically rather than
deterministically. The main results of Goldie and Coldman (1979) are that the probability of
having no drug resistance present in a tumor is inversely related to the tumor size and that
more frequent dosage repetitions are more successful in minimizing the risk of drug
resistance development than less frequent doses administered for a longer period of time.
Interestingly, Goldie and Coldman extended their mathematical model to consider the
development of drug resistance when the cancer stem cell hypothesis is considered (Goldie
and Coldman 1983b, 1998). Unfortunately, they assumed that a stem cell can either renew
symmetrically, producing two daughter stem cells, or differentiate symmetrically, producing
two differentiated (not stem cells) daughters. In this way, the two division modes are simply
equivalent to either a stem cell birth or death, leaving out from the stem cell dynamics the
fundamental case of an asymmetric division, where a stem cell and a differentiated daughter
cell are produced. The model then reduces to the usual birth and death process of a growing
population. Notwithstanding this limitation their model is the first model on drug resistance
that somehow considers the cancer stem cell dynamics.

A more recent study on point mutations is by Komarova and Wodarz (2005, 2009),
Komarova (2006), Komarova et al. (2009). For example, in Komarova and Wodarz (2005),
Komarova (2006), a model which is based on stochastic birth and death processes on a
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combinatorial mutation network is used to describe the development of resistance to
multidrug treatments. Thus, probabilistic methods and a hyperbolic PDE are used to show
how the pretreatment phase is more significant in the development of drug resistance than
the treatment phase. This is a very natural, intuitive result given that the treatment will, in
general, drastically reduce the cancer population, and consequently also reduce the number
of possible cell divisions and mutations. Moreover, the main result obtained in Komarova
(2006), Komarova and Wodarz (2005) is the following: in the case of a single drug
treatment, the probability to have resistant mutants generated before the beginning of the
treatment and present, including their progeny, at some given time afterward, does not
depend on the cancer turnover rate. A consequence of such result is that also the probability
of treatment success does not depend on such a rate. This result was later proved not to hold
at finite times in Tomasetti and Levy (2010a, 2010b).

In a recent work, Iwasa et al. (2006) have shown that the probability that resistance to a drug
develops by the detection time is given by

L L
pP=1- —uM =1 .
€xXp ( u n > (1)

Here, M is the total number of cancer cells found at detection; v the probability of mutation
per cell division; and L and D are the birth and death rates, respectively. This result was
obtained using Markov chains and continuous time branching processes.

It is important to emphasize that, in all works we just mentioned, it is always being assumed
that cancer cells are a homogeneous population (aside from being or not drug resistant). This
is the reason why, in (1), Mis taken to be the total number of cells. Yet, recent experimental
evidence suggests that tumors should not be thought of as homogeneous. Indeed, it appears
that tissues are maintained by a small subset of slowly replicating cells. These so-called
“stem cells” have the capacity of both self-renewal and differentiation into more mature
cells. Stem cells are very long lived, while mature, fully differentiated cells have a variable
life span, which depending on the tissue of origin, can typically range from a few days to
several months. From the point of view of drug resistance, the heterogeneity hypothesis
implies that only the cells that have the capacity for self-renewal can propagate drug
resistance. Therefore, these cells should be taken into account in any model of drug
resistance in cancer. In fact, these are the only cells that should be taken into account. Thus,
we will focus on the dynamics of a growing cancer stem cell population. It has been
experimentally observed (see Morrison and Kimble 2006; Wu et al. 2007; McKenzie et al.
2006; Yatabe et al. 2001) that a stem cell may divide in the following three ways:

1. asymmetric division: a stem cell divides into one progenitor cell and one stem cell
(with probability &),

2. symmetric differentiation: a stem cell divides into two progenitor cells (with
probability 5),

3. symmetric renewal: a stem cell divides into two stem cells (with probability c¢=1 -
a-b).

Generally, these three modes of division coexist in the stem cell population. Clearly, the
mode of division chosen by the cancer stem cells will dramatically affect the dynamics of
the tumor’s growth.

It is important to realize that the specific division mode chosen by an individual stem
cellmay depend on multiple factors, some of which yet unknown. Certainly both intrinsic,
developmental as well as extrinsic, environmental signals may be involved. A well-known
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example of asymmetric division controlled by an intrinsic mechanism (specifically, the
asymmetric partitioning, localization of PAR proteins) is given by the C. Elegans zygote,
while an example of an extrinsic mechanism for asymmetric division is given by the
Drosophila germline stem cell, where the orientation among daughter cells causes one
daughter to stay in the stem-cell niche thus retaining a stem-cell identity (see, Morrison and
Kimble 2006, for a very detailed review on this topic). Interestingly, there appears to be a
link between symmetric self-renewal and an inherent risk of cancer. Due to the above, it is
likely that the probabilities of asymmetric and symmetric divisions will be functions of time.
While here, for simplicity, we are assigning average values to these probabilities, in Sect. 5
we will be able to model also the time-dependent case.

Denote the total number of wild-type, i.e., drug-sensitive cancer stem cells at time by 9.
Assume that this population grows exponentially. In Tomasetti and Levy (2010c), it was
shown that the dynamics for the averaged behavior of this stem cell population can be
described using the following equation:

S'(t)=[L(1 —a—2b) — D|S(t). (2

Furthermore, the “expected number” of mutations occurring when there are exactly xwild-
type cancer stem cells, m,, was estimated to be
o ul(l—§ —0) o
" L(l—a-2b)—-D

3)

Note that if the cancer stem cell population is growing, L(1 — a— 25) — D must be greater
than zero, and hence the expression in (3) is well defined.

The next result found in Tomasetti and Levy (2010c) is the calculation of the probability,
Pr, that at the time of detection, there are cancer stem cells that developed resistance to the
drug. This probability is given by

P =1 M 1-5-0 1 1
rmt e v\ T ) et \i=¢a)) @

D+Lb
where C:m and M is the number of cancer stem cells found at detection. Note
that this Mis different than the A/that was used in lwasa et al. (2006), where it denoted the
total number of cancer cells found at detection. We note that (4) is an extension of (1)
(which can be recovered by setting a= 6= 0, and setting M as the total population size).

Given (4), it is possible to calculate the expected value of the number of resistant cells that
are found at detection, assuming that resistance has indeed developed by the time of
detection. This conditional expectation of resistant cells is shown to be

) M u(l—%—0)
E(T|resistance) ~ B <(1 — ;b) — D/L) In(M). (5
R

In this paper, we extend these previous results by replacing the exponential cancer growth
model by more realistic models. The simplicity of the methodology allows us to obtain an
estimate for Pp for the case of logistic, Gompertzian, and a large class of other types of
tumor growth. In this sense, this paper represents an extension and a generalization of
previous results. For example, the exponential growth model could be seen as a logistic

Bull Math Biol. Author manuscript; available in PMC 2013 November 30.



1duasnuey Joyiny vd-HIN 1duasnuey Joyiny vd-HIN

1duasnuey Joyiny vd-HIN

Tomasetti

Page 6

growth model where the carrying capacity is infinite. Please note that it is not the purpose of
this work to write down a model that explicitly indicates the source of the time dependent,
nonlinear growth. There are too many possible formulations depending on which type of
tumor we are considering and (even for a given tumor) depending on which specific
variables we choose to model, as the large literature on mathematical modeling of cancer
shows. The goal of this work, and its main result, is only to show that the obtained estimates
are independent of the specific type of curve assumed for the average growth of the tumor,
as long as it satisfies the rather general form given by the equations in the paper. Logistic
and Gompertzian growth will be used here simply as examples, given their popularity in a
variety of cancer models, without a specific formulation, justification.

3 The Logistic Case

As in Tomasetti and Levy (2010c), we adopt a mixed technique and derive the mathematical
model using ordinary differential equations (ODESs) for the wild-type cancer population and
branching processes for the mutant cells.

3.1 Ordinary Differential Equations

Recall that the cell division rate is denoted by L, the death rate by D, and the mutation
probability per cell division by «. Furthermore, a denotes the probability of an asymmetric
division, bthe probability of a symmetric differentiation, and ¢= 1 — a— bthe probability of
a faithful symmetric renewal. When a tumor is detected, the number of cancer stem cells is
assumed to be M. We denote the total number of wild-type, i.e., drug-sensitive cancer stem
cells at time by S(#. The second group of cells, the mutated cancer stem cells that
developed resistance to the drug, are denoted by A(?).

Importantly, these populations are now assumed to grow logistically on average. The
dynamics of the averaged behavior of these cancer stem cell populations can then be
described using the following system:

S'(t)= [L(l —u)(l—a—b)— (D+bL+%)] x (1 - W) S(t),

R(t)= {[L(l — a—b) — (D+bL)|R(t)+ul (1 - b) S(t)] x (1 - %R(t» .
In (6), the size of the wild-type cell population can increase only as a result of a symmetric
renewal, were no mutation occurs. The probability of such an eventis (1 - ¢)(1 - a- b).
Multiplying this probability by the division rate L provides the birth rate of S(#). On the
other hand, a decrease in the wild-type population will occur in the following cases: a cell
death (D), a symmetric differentiation into two progenitors (4L), and if there is an
asymmetric division (aL) in which the stem cell daughter is the mutant. The stem cell
daughter will be the mutant with probability ¢/2, since v is the probability of mutations, and
in this scenario only one of the two daughter cells is a stem cell. For the second equation in
(6), the size of the mutant population can once again increase only due to a symmetric
renewal. Only that this time, we assume that mutated cells can no longer mutate back to the
wild-type state (due the rarity of this event for point mutations). A decrease in the mutant
population will be the result of cell death and of a symmetric differentiation into two
progenitors. The last term of the equation are the wild-type cells that mutated. They either
come from a symmetric renewal: uL(1 - a- b), or from an asymmetric division in which a
mutation hits the daughter stem cell: uLa/2. The sum of these two terms is vL(1 — a2 - b).

Since we are interested in modeling situations where the resistant cells are a small
proportion of the total or they are not present at all (otherwise we would not wonder about

Bull Math Biol. Author manuscript; available in PMC 2013 November 30.
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the probability of their presence), we will disregard the effect on resource limitations given
by the resistant cells, that is, we will consider the following simplified system:

S'(t)= [L(l —u)(l—a—b)— <D+bL+%>] (1 - S;?) S(),
, a sy @
R(t)= {[L(l —a—b) — (D4bL)|R(t)+ul (1 - b> S(t)] x <1 - 7) .

This is also due to the fact that we will be modeling the resistant cell stochastically and,
therefore, we will not have a deterministic value for their numbers at time t to add to the
number of wild-type stem cells. Given that the mutation rate v is very small, system (7) can
be further reduced to the following:

where the initial conditions are S(0) = 1 and /(0) = 0.

S(t
We note that the only difference with (2) is the inclusion of the term (1 — Q), which
accounts for the carrying capacity K of the logistic growth, where S(# must be less than K
for all £ and also M< K.

3.2 The Expected Number of Mutations When the Size of the Wild-Type Population Is x

From (8), we estimate the expected number of mutations, /,, that occur once the wild-type
population is of size x. The solution of (8) for S(2) is given by

K
(K — Dexp[—(L(I —a—2b) - D) ©

S(t)=1

This means that the “average” time at which the wild-type cancer stem cell population
reaches size x, defined as #x), where (7)) = X; is given by

ln( K—1 :I:)

K—x
iy = . (10
@ LA —a—2b)—D 0

Thus, the “average” length of time for which the population will consist of exactly x stem
cells is

[K—(z+1)]x

1 K—-1)(z+1 _1 (K=1)z In (K—z)(z+1

n(ENGHD) (o) o),

Lat1) — Ha)= = :
L(1—a—2b)—D L(1—a—2b)—D

(11)

Hence, the “expected number” of mutations occurring when there are exactly x wild-type
cancer stem cells, m,, is given by

a " ln((K x)(z+1))
my=xul <1 - = — b) (1 — —) K-z’ (19
2 K)L(—a—-2b)—D

This expression is obtained by multiplying the number of wild-type stem cells present at that

a X
time, x, by the mutation rate «L(1 — 5~ b)(1— }), and by the length of time for which the
total stem cell population equals x.
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T ! (K —z)(z+1) N
Finally, note that *(1 — g) n K — ($+1)]x) ~ L see Fig. 1. Thus, (12) can be reduced to
L(1—2—b
R (1-3-0) .

T L(1—a—2b)—D

Interestingly, this is exactly the same expression found for the exponential growth case, (3).
There is an intuitive way to understand why the expected number of mutations occurring
when there are exactly xwild-type cancer stem cells turns out to be the same expression
when assuming an exponential model or a logistic model for the cancer growth: the closer
the cancer stem cell population is to the carrying capacity K the smaller the division rate but
also the larger the time spent by the tumor in the state S(§) = x. The two effects turn out to
balance each other.

3.3 Branching Processes

Assume now that the tumor population grows logistically starting from one wild-type stem
cell. Let r, be the actual number of mutations produced when there are x=1, 2,..., M- 1
wild-type cancer stem cells. Assume that all random variables, r,, follow a Poisson
distribution with mean m,, given by (13), and that they are independent.

Consider the clone initiated by a mutant cancer stem cell which originated when there were
xwild-type cancer stem cells. Biologically, we would like the division and death rates to
balance each other near the carrying capacity to approach a constant population.
Mathematically, we can do this by assuming that the population size of such a clone follows
a continuous-time branching process where in each time step of length A, a cancer stem cell
divides with probability L(1 — %)At and dies with probability D(1 — %)At. This
means that births and deaths occur according to an exponential distribution with parameters

- S(t ~ S(t

L(t)=L(1 —a—b)(1 - %) and D(¢)=(Lb+D)(1 — %), respectively. Note that the

difference with the exponential growth case is again the presence of the extra factor
S5(t)

(1==).By (9),

S®_, S(0)

=% S(01+(K — S(0))exp(—rt)’

(14)

where r:= (L(1 - a- 2b) — D). Thus, for a clone of mutants generated when the wild-type
population was equal to S(#) = x; we have that births and deaths in such a clone occur
according to an exponential distribution with parameters

E(t):L(l—a—b) (1 B z+(K — ;exp(—rt)) =L(1=a=b) (K — g—;xixp(rt)’ (15)
and
D(t)=(Lb+D) <1 - z4+(K — ;)exp(—rt)> =(Lb+D) (K — g—k_m:)(p(rt) (16)

respectively. Here, time is measured starting from the generation of the clone.

Let g(&) be the generating function of such a clone for which the original mutation
happened when (9 = x. Denote by /(%) the number of mutated cancer stem cells forming

Bull Math Biol. Author manuscript; available in PMC 2013 November 30.
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the clone. Then, by the Kolmogorov backward equation we have, as for the exponential case
(see Tomasetti and Levy 2010c),

E[eR0+20| R(0)=1)=L(t) AtE[¢ "D |R(0)=1]" + D(t) ALE[¢ O |R(0)=0]+ (1~ (L(t)+ D(1)) A B[O | R(0)=1], (@7)

since A& A | RO) = 2] = A& RO | R0) = 1]2, by independence. The time #= 0 in (17) is
the time of occurrence of the original mutation that generates the clone, i.e., when the wild-
type population is of size x. The time ¢in (17) measures time starting from this £=0.

Let g€, d = A& A9 | R0) = 1]. As At -0, we get

%9x:i(t>9§+ﬁ(t) — [L(t)+D(t)lgs, (18)

again a Riccati equation as for the exponential growth case (see (15) in Tomasetti and Levy
2010c), but this time with variable coefficients rather than constant,

0 K-z

5= TR oyt aepry LoD~ (L —a—b) +(Lb+D)gu+(Lb+ D)) 9

Solving (19) with the initial condition gx(, 0) = & gives

gw(g’t):1+ —a— —a— z \ zexp(r —z)7°
[_L(lr b)+[&%+L(1 b)}(%) p(rt)+(K )] (20)

zexp(rt)

M~ K
Since ™ T 14 (K — z)exp(—rt,,

) where ., is the time it takes for the cancer stem

M(K — )
(K — M) into (20), we obtain the

—x

eXp(TtM—z):

cells to go from xto M, by letting
generating function

L(l—a—b)+ [filJrL(l—a—b)] i]l. 1)

gr(f) = gl’(s?‘tl\/ffz) ~ 1+ [_ M

This implies that

L(l—a—0b) Lv+D 217!
(1—-a )_ + i] @
r r M

1 —gz(O):[

3.4 The Probability of Having Resistant Cancer Stem Cells at the Time of Detection

We denote by 7 the total number of drug resistant cancer stem cells that are present when
the cancer is detected, i.e., when the total stem cell population is M. Finally, we let G (&) be
its generating function and recall that, by (18) in Tomasetti and Levy (2010c),

M-1
G ()=E[T]=exp (— > me(l- gx(é“))> o)
r=1
By (13), (22), and (23), we have that the probability of having resistant cancer stem cells at

the time of detection is
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By replacing the summation with an integral, and with a change of variable, we obtain

N a L L(l—a-0)
P, ~1—exp (—u]\f[ (1 -3~ b> Lb—f—Dln( " )) . (25)

It is immediate to see that such expression is equivalent to

1-2-0\1 1
—1 — —ubM 2 _ [
P.=1 exp( u]\[(l —a—b) Cln<1—0>>’ (26)

o__ D+Ib
where 1,1 —a — b)-

It is important to note that (26) is precisely (4), obtained for the exponential growth case.

Finally, given (26) and noting that E(T|resistance):E(T)/PR:G;‘(J)/PR, it follows that
the expected value of the number of resistant cells that are found at detection, assuming that
resistance has indeed developed by the time of detection, is given by

M 1—5—0b
E(T|resistance) ~ B <(1 _ui — 2%) — Z/L) In(M), (27)
R

as in the exponential growth case.

In summary, we have calculated the probability, Pg, that by the time a tumor reaches
detection size, there are drug resistant cancer stem cells in a logistically growing cancer
population. We have found that this probability, given by (26), is the same as for the
exponential growth case.

Note that this formulas are estimates for any given size M of the tumor stem cell population
and, therefore, are independent of time. Also, they are valid both for the case when this
“detection size” Mis close to the carrying capacity (as typically in an avascular tumor) as
well as for a vascularized tumor (in which case, however, the logistic growth is not a good
model).

This result may appear somewhat surprising. However, it can be explained by making the
following observation. We note that the closer the cancer stem cell population is to the

S(t
carrying capacity, K, the smaller the time-dependent division probability Z(1 — Q)At
(which in the exponential growth case is constant) but also more time is spent by the cancer
stem cells in the state S(#) = x, with the two effects balancing each other.

4 The Gompertzian Case

We would like to briefly consider now the case of a tumor population that follows, on
average, a Gompertzian growth. This type of growth is arguably the most popular curve
which has been used to describe tumor growth (but see Retsky 2011).
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M
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Using the Gompertzian equation, the dynamics of the averaged behavior of the drug-
sensitive cancer stem cell population can then be described by the following (reduced)
equation:

S'(t)=rQe "'S(t), (28)

S(o0)
with S(0) = 1. Here, r:= L(1 - a- 26) - D, and @ = In( 5((0) )=In(K)

We note that the only difference with (2) is the inclusion of the term Qexp(-r3, where (9
must be less than K:= S(e ) for all ¢

Given that the solution of (28) is given by

S(t)=S(0)exp {ln (%) (1- e*”)] =exp[In(K)(1 —e )], (29

it is easy to see that the “expected number” of mutations occurring when there are exactly x
wild-type cancer stem cells, m,, is again given by (3), as for the logistic and exponential
cases.

For a clone of mutants generated when the wild-type population was equal to S(3) = x, we

then let births and deaths in such a clone occur according to an exponential distribution with
parameters L() = L(1 - a- b) In(KIX)e Tand D(§) = (Lb+ D)In(KIx)e " respectively. Note
that the difference with the exponential growth case is the presence of the extra factor In(K/

x)e 't

Letting g(¢, § = £[€ A | R0) = 1], we obtain again a Riccati equation with variable
coefficients,

%ggczln(K/m)e_rt[L(l —a— b)gi —(L(1—a—0b)+(Lb+D))g,+(Lb+D)]. (30)

Solving (30) with the initial condition gx(&, 0) = & gives

1
L(lfafb)]i(K)cxp(frt)] © (3D

T x

gz(&,t)=1+4

L(l—a—
[— S [+

=

_InK/M
Since M~ xexp[In(KIX)(L - & /W3], by letting “P(~"ar-) =T 77 into (31), we
obtain the generating function

—a— —a— z]1 !
9:(§)=9:(§,t,,_,) = 1+ _Ld b)+ L +L(1 b)]—] . (32

r &E—-1 r M

This is exactly the same generating function we obtained for the logistic cases. Thus, the
expressions for Prand A T| resistance) will be again the same as for the exponential and
logistic cases.
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5 On General Types of Tumor Growth

While exponential, logistic and Gompertzian curves have been used successfully to model
tumor growth, there are many other possible types of growth that can be considered. Thus, it
is natural to ask whether our results are independent of the average type of growth that the
cancer stem cell population follows. The answer is in the affirmative, at least for a very large
class of growth curves.

Theorem 1 Let S () = [L(1 - a—-2b) — DIF() S0, where F(1) is any strictly positive
continuous real function. Then Pr is given by (4), and E(T | resistance) by (5).

Proof\We have that
AS(t)=S(t+At) — S(t) = [L(1 — a — 2b) — D]|f(t)S(t)At. (33)
Thus, if we let AS() = 1, that is, starting at time ¢ Sgoes from xto x+ 1 in time Az, then

AS B 1
[Z(1—a—25) — DIf(DS(®) [L(1—a—2b) — DI (OS()

At= (34)

Hence, the “expected number” of mutations occurring when there are exactly x wild-type
cancer stem cells, m,, is given by

a 1 ulL(l1 -4 —b)
2" b) I T e = —Dlf)e I —a—2)-D

my=ul (1 — (35)

which is the same expression we have found for all types of growth we considered
previously; see, for example, (3).

Given that births and deaths in a clone will occur according to an exponential distribution
with parameters L() = L(1 - a—- b)f(H and D(§) = (Lb+ D)F(1), respectively, we obtain
again a Riccati equation for the p.g.f. g(&, 9,
7]
59=fO[L(1 —a- b)g® — (L(1 — a — b)+(Lb+D))g+(Lb+D)], (36)
where g(&, 0) = €. Since g(§) = 1 is a solution, the solution of (36) is given by
1
9(&, t):1+z(§’ 7), Where z(§, ) satisfies
3]
gz—f—f(t)[[/(l —a—b)— (Lb+D)|=—L(l—a—0b) @37

and (& 0):_5 — 1. Let tyand #,be the times when the cancer stem cell population reaches
size xand M, respectively. The solution of (37) is then given by

_L( —a—b)+ [5 1 +L(1 —a—b)] exp Utz f(s)rdsH . (39)

Z-L(g’ tA] ):

r -1 r
Here, time is now measured from the moment the clone has been generated, i.e., when S= x.
ta e S(s) x
s)rds|= ——ds]=— )
eXp[/LMf(S)r sj=exp] <] M. Thus, g(&) is exactly the same

However, )
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probability generating function we obtained previously (see (21) and (32)). Thus, the
expressions for Prpand E( T | resistance) will be identical to (4), and (5), respectively

Note that the same expression for m, is obtained in the even more general case where S (§)
=[LL-a-2b)-DIf(9. Thus, if S () =[L(L-a-2b - Dlf(Handif D=0and =0,
then the probability, Pg, that by the time a tumor reaches detection size there are drug
resistant stem cells in the cancer population will then be given by

1—ga
P,=1—exp (—u]\/[ <1 — 2)) ., (39)

since every time a mutation occurs the resulting clone will never become extinct. This is the
same expression given by (4), with D=0 and 6= 0. Interestingly, experimental evidence
seems to indicate that & is very small (see Booth and Potten 2000; Giebel et al. 2006) and
also Dis small compared to L (Abkowitz et al. 1995; Hanahan and Weinberg 2000).

6 Conclusions

In this paper, we have extended and generalized previous results on the probability of
random point mutations present by the time a tumor is detected. We have showed that the
estimate for such probability, and the related estimate for the expected number of mutants
found at detection, if mutants are present at detection, are independent of the type of curve
assumed in the model for the average tumor growth (at least for a large class of growth
curves). While such result may now appear to be intuitive, it was not so both in the modeling
and in what we may have guessed initially.

In this model, we have assumed that both the wild-type and the resistant stem cells have the
same division and death rates and the same division events probabilities &, 6. This
assumption was made in order to simplify the presentation, and can be easily modified to
model situations where, for example, the mutant cancer cells /A(?) have a relative constant or
time-dependent fitness advantage or disadvantage with respect to the wild-type cancer cells
S (see an example in Iwasa et al. 2006). However, even in those cases, we have here
shown that the results would be independent of the type of curve chosen to model the
average tumor growth. The inclusion of a state dependent fitness for the resistant cells would
represent instead a more complex undertaking.

In conclusion, our results seem to be a good approximation for a rather general model of
cancer growth with random point mutations. The simplicity of our methodology allowed us
to obtain an estimate for Prand E( 7| resistance) for the case where the average cancer stem
cell population growth can be modeled by the equation S () =[L(1 — a—-2b) - D f(H (D).
We would like to note that arguably our modeling methodology may be seen as more
general than previous works where fully stochastic approaches were taken, in the sense that
at least for the wild-type population we only made assumptions on their averaged behavior.
We did not assume, for example, that the time to division is exponentially distributed or that
the Markov property holds.
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Fig. 1.

T K —2z)(z+1
Graph of Z(1 — E)ln(ﬁ), for K=1000

Bull Math Biol. Author manuscript; available in PMC 2013 November 30.

00



