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Summary

A dynamic treatment regime is a list of sequential decision rules for assigning treatment based on
a patient’s history. Q- and A-learning are two main approaches for estimating the optimal regime,
i.e., that yielding the most beneficial outcome in the patient population, using data from a clinical
trial or observational study. Q-learning requires postulated regression models for the outcome,
while A-learning involves models for that part of the outcome regression representing treatment
contrasts and for treatment assignment. We propose an alternative to Q- and A-learning that
maximizes a doubly robust augmented inverse probability weighted estimator for population mean
outcome over a restricted class of regimes. Simulations demonstrate the method’s performance
and robustness to model misspecification, which is a key concern.

Keywords
A-learning; Double robustness; Outcome regression; Propensity score; Q-learning

1. Introduction

Treatment of patients with chronic disease involves a series of decisions, where the clinician
determines the next treatment to be administered based on all information available to that
point. A dynamic treatment regime is a set of sequential decision rules, each corresponding
to a decision point in the treatment process. Each rule inputs the available information and
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outputs the treatment to be given from among the possible options. The optimal regime is
that yielding the most favorable outcome on average if followed by the patient population.

Q- and A-learning are two main approaches for estimating the optimal dynamic treatment
regime using data from a clinical trial or observational study. Q-learning (Watkins & Dayan,
1992) involves postulating at each decision point regression models for outcome as a
function of patient information to that point. In A-learning (Robins, 2004; Murphy, 2003),
models are posited only for the part of the regression involving contrasts among treatments
and for treatment assignment at each decision point. Both are implemented through a
backward recursive fitting procedure based on a dynamic programming algorithm (Bather,
2000). Under certain assumptions and correct specification of these models, Q- and A-
learning lead to consistent estimation of the optimal regime. See Rosthgj et al. (2006),
Murphy et al. (2007), Zhao et al. (2009) and Henderson et al. (2010) for applications; related
methods are discussed by Robins (2004), Moodie et al. (2007), Robins et al. (2008),
Almirall et al. (2010) and Orellana et al. (2010).

A concern with both Q- and A-learning is the effect of model misspecification on the quality
of the estimated optimal regime. If one attempts to circumvent this difficulty by using
flexible nonparametric regression techniques (Zhao et al., 2009), the estimated optimal rules
may be complicated functions of possibly high-dimensional patient information that are
difficult to interpret or implement and hence are unappealing to clinicians wary of black box
approaches.

Given these drawbacks, we focus on a restricted class of treatment regimes indexed by a
finite number of parameters, where the form of regimes in the class may be derived from
posited regression models or prespecified on the grounds of interpretability or cost to depend
on key subsets of patient information. Zhang et al. (2012) proposed an approach for
estimating the optimal regime within such a restricted class for a single treatment decision
based on maximizing directly a doubly robust augmented inverse probability weighted
estimator for the population mean outcome over all regimes in the class, assuming that
larger outcomes are preferred. Via the double robustness property, the estimated optimal
regimes enjoy protection against model misspecification and comparable or superior
performance than do competing methods. With judicious choice of the augmentation term,
increased efficiency of estimation of the mean outcome is achieved, which translates into
more precise estimators for the optimal regime.

We adapt this approach to two or more decision points. This is considerably more complex
than for one decision and is based on casting the problem as one of monotone coarsening
(Tsiatis, 2006, Chapter 7). We focus for simplicity on the case of two treatment options at
each decision point, though the methods extend to a finite number of options. The methods
lead to estimated optimal regimes achieving comparable performance to those derived via
Q- or A-learning under correctly specified models and have the added benefit of protection
against misspecification.

2. Framework

Assume there are K prespecified, ordered decision points and an outcome of interest, a
function of information collected across all K decisions or ascertained after the Kth decision,
with larger values preferred. At each decision k=1, ..., K; there are two A-specific
treatment options coded as 0,1 in the set of options <7 4; write g, to denote an element of .7 4
Denote a possible treatment history up to and including decision kas 8= (&, ..., &) 1
X X = ey
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We consider a potential outcomes framework. For a randomly chosen patient, let X; denote
baseline covariates recorded prior to the first decision, and let X} (a,_;) be the covariate
information that would accrue between decisions (k- 1) and kA were s/he to receive
treatment history 41 (kK= 2, ..., K), taking values x;, % 4. Let Y*(ax) be the outcome that
would result were s/he to receive full treatment history ax. Then define the potential
outcomes (Robins, 1986) as

W={X1,X5(a1),..., X5 (a,_,),Y*(a,)for alla, € o/,}.

For convenience later, we include X7, which is always observed and hence is not strictly a

potential outcome, in W, and write }_(Z(ak,l):{Xl, X5 (a1) ..., X5 (ag_1)}and X = (X,
o X fork=1, ..., K wherethen xy =21 % ... X%y

A dynamic treatment regime g= (g1, ..., gk) is an ordered set of decision rules, where gu( Xy,
a,-1) corresponding to the Ath decision takes as input a patient’s realized covariate and
treatment history up to decision kand outputs a treatment option ax O Xk, A1) F In
general, ® (x4, a4-1) is the set of feasible options at decision & for a patient with realized
history (X, a4-1), allowing that some options in .7, may not be possible for patients with
certain histories; here, ®(xx, ax-1) {0, 1}. Thus, a feasible treatment regime must satisfy
I X 8j-1) P Xk ax-1) (kK=1, ..., K). Denote the class of all feasible regimes by ¥

Forg % writing 8= (g1, .... gp) for k=1, ..., Kand gx = g, define the potential
outcomes associated with gto be Wy={X1, X5(g1),---, X (g,._,)>Y"(9)}, where

X (gj,_1) is the covariate information that would be seen between decisions k-1 and &
were a patient to receive the treatments dictated sequentially by the first k- 1 rules in g, and

Y*(9) is the outcome if s/he were to receive the K'treatments determined by g. Thus, W is
an element of W.

Define an optimal treatment regime g°**=(g{™", ... ,goP") € ¢ as satisfying
B{Y"(¢")} 2 E{Y"(9)},9€9.

That is, g°Pis a regime that maximizes expected outcome were all patients in the population
to follow it. The optimal regime ¢g°P' may be determined via dynamic programming, also
referred to as backward induction. At the Kth decision point, for any xx 2k, dx-1

i1, define

— — — X /= —
g?(pt(xxv aK—l):arg max E{Y*(aK—l’aK)‘XK (aK—l):XK}7 %)
ap €D, (XK7(I,K71)

ViR Ge_y)= E{Y*(a X (@) =%}
K(XK’aK—l) aKE‘I’I?(I’%}{(@K_l) { (a1<—1>a}<)‘ K(aK—l) XK} 3)
For k= K-1,...,2andany Xy ), a1 -1, define
gZ"“(ik,&k_l)zarg max E[Vk+1{5<k>XZ+1(ak—1,ak),@k—hak}\XZ(ak—ﬂ:ik],

a1, €Dy (Xg,a1.-1)

Vie&p ap-1)=  max B[V {Xe, Xii (@1, ar), -1, ap Xy (@r—1)=%].
ap €Pp(Re,ak—1)
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Fork=1,x 27,9;" (z1)=arg max, cq, (o) E[Va{z1, X3(a1), a1}|X1=21] and

opt
K

Vi(z1)=max,, cp, (2,) B[ Va{21, X5 (a1), a1 }[X1=21]. Thus, g

yields the treatment option

at decision K'that maximizes the expected potential outcome given prior covariate and

treatment history. At decisions k<= K-1, ..., 1, g,‘zpt

dictates the option that maximizes the

expected potential outcome that would be achieved if the optimal rules were followed in the
future. An argument that g°?%, so defined, satisfies (1) is given in an unpublished report by

Schulte et al. (2013) available from the last author.

This definition of an optimal regime is intuitively given in terms of potential outcomes. In
practice, with the exception of X3, W cannot be observed for any patient. Rather, a patient is
observed to experience only a single treatment history. Let A, be the observed treatment
received at decision A and let A, = (A1, ..., Ay) be observed treatment history up to decision
k. Let X be the covariate information observed between decisions k- 1 and & under the

observed treatment history A1 (k= 2, ..., K), with history X = (X1, ..., Xy) for

k=1, ...,

Kto decision 4. Let Y be the observed outcome under Ay. The observed data on a patient

are (Xx, Ak, Y), and the data available from a clinical trial or observational study

involving

nsubjects are independent and identically distributed (X, Axj, Y) fori=1, ..., n.

Under the following standard assumptions, g°Pt may equivalently be expressed in terms of

the observed data. The consistency assumption states that

Xk:XZ(Akq)zzak:l@}k_l)(;q(ak71)1(1‘1k71=ak71)for k=2,..., K and Y= Y*(Ag)
=Yax .4k V(@) (Ak=ag); thatis, a patient’s observed covariates and outcome are the
same as the potential ones s/he would exhibit under the treatment history actually received.

The stable unit treatment value assumption (Rubin, 1978), implies that a patient’s

covariates

and outcome are not influenced by treatments received by other patients. A version of the

sequential randomization assumption (Robins, 2004) states that W/is independent
conditional on (X, Ax1). This is satisfied by default for data from a sequentially
randomized clinical trial (Murphy, 2005), but is not verifiable from data from an

of Ag

observational study. It is reasonable to believe that decisions made in an observational study
are based on a patient’s covariate and treatment history; however, all such information
associated with treatment assignment and outcome must be recorded in the X to validate

the assumption.

Under these assumptions, from 81 of the Supplementary Material,

Pyvaoixt @1 Y1) =Py 5 a, W% @) 5o that

E{Y* (ak)p_(*;{ (aK—l):}_(K}:E(YD_(K =Xk AK =ay ) Thus, letting Qx(Xk: k) = E(Y'| X/;

= X, Ak =ax), (2) and (3) become

opt /= -~ = -~ = —
ng (Xpcs g, )=arg max Qu(Xpr G150, ), Vie(Rpe, Gy 1)= max _
ag €Pg Rk 1) ap €Pp (R gy

QK(}_{K’E‘K—170’ )

Using px;(akq)ptzil(akiz)(ik|ik71):pxk‘>’<k71.ﬁk_l (k| Xk—1 akfl), fork=K, ..., 2,
Qi (Xp, @) =E{Viy1(Xp, X1, a) | Xp=%p, Ap=ar } (k=K — 1,...,1),
gzpt(ika ak—l):arg max Qk(}zka ag—1, ak:)<k:K - ]-7 cee az)a

aR€Py (X, ak—1)

Ve(Xp,@p-1)=  max  Qp(Xp,ap—1,a1) (k=K —1,...,2),
ap €D (Xg,0k—-1)
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and g7 (1) =arg max,, eq, (@,)Q1(21,a1), VA(x) = MaXz o10q) Q1(X, @1)- The Qulxe
ay) and Vi{xy, ax1) are referred to as Q-functions and value functions and are derived from
the distribution of the observed data.

3. Q- and A- learning

Q-learning is based on the developments in 82. Linear or nonlinear models Qu(Xx, ax; B) in
a finite-dimensional parameter 5 may be posited and estimators 34 obtained via a backward
iterative process for k= K ..., 1 by solving least squares estimating equations; see §2 of the

Supplementary Material. The estimated optimal regime is 957" =(35%s - - -, 375, ), where

~opt t e e

g (x1)=g77, (z1;61)=arg max, cp, (»,)@1(1,01;51), and

~opt (= = e 2 - 2

900 Ris ar—1)=9.), (X, ap—130y)=arg max,, ca, (z,,a,_,) Qk(Xk> @1, ar;B) for k=2,

..., K. Unless all models are correctly specified, g‘;;’t may not be a good estimator for g°Pt,

The A-learning method we consider is a version of g-estimation (Robins, 2004); see 82 of
the Supplementary Material. Write Qu( X 84 aS Ml Xk xe1) + akCi{ Xt ap=1)s Ml Xt dp1) =
QX -1, 0) and Cil Xy, a-1) = OulXks k-1, 1) = OrXks k-1, 0). We refer to Cilxy, a4-1)
as the Q-contrast function; with two treatment options, AxCi (X4, a4-1) is the optimal-blip-to-
zero function of Robins (2004). Posit models Ci( X4 a4-1; W) and Ci(xq; W), depending on
parameters Y ; and models /(X 84-1; 0x) and /n(x; ay), with parameters o, for k= K ...,
2. Let mu(Xk, ax-1) = Pr(Ax= 1| Xg= Xk Ak-1 = 84-1) and my(xy) = pr(Ap = 1| Xy = x1) be
the propensities for treatment, which are unknown unless the data are from a sequentially
randomized trial, and specify models mx(Xx, 8x-1; Y&, k= K, ..., 2, and 11 (x1; Y1), €.9.,
logistic regression models. Estimators yi, may be found iteratively for k= K; ..., 1 by
solving for Y, and o estimating equations given in 82 of the Supplementary Material,
substituting the maximum likelihood estimators y4 As Qi Xy, a4) is maximized by a; =

K Cl Xk 4-1) > 0}, the estimated optimal regime is §7°=(3°%), - - - » 4. ), where

9P (1) =g P (@1591)=I{C1(213¢1)>0} and

9 Rk ar—1)=9 P, (Xaes ag—1304)=I{Cr (R, ar—1501,) >0}, for k=2, ..., K. If the contrast
and propensity models are correctly specified, then Y, will be consistent for Y4 even if

I Xk Bx1; Og) For k=K, ..., 2, and M (xq; o) are misspecified, and g will consistently

estimate g°P. Thus, the quality of §°** depends on how close the Cy(X, a-1; W) are to the
true contrast functions.

As discussed in 82 of the Supplementary Material, the efficient version of A-learning is so
complex as to be infeasible to implement. The implementation of A-learning we use in the
empirical studies of 85 is likely as close to efficient as could be hoped in practice.

See the unpublished report of Schulte et al. (2013) for a detailed account of both methods.

4. Proposed robust method

Q- and A-learning are predicated on the postulated models for the Q-functions and Q-
contrast functions, respectively, so the resulting estimated regime may be far from g°Pt if
these models are misspecified. We propose an alternative approach that may be robust to
such misspecification, based on directly estimating the optimal regime in a specified class of
regimes.

Biometrika. Author manuscript; available in PMC 2014 May 30.
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Models Qu(Xx ax Br) or Cil( Xk ax-1; W), Whether correct or not, define classes of regimes

Y, 6=(3L,... ,ﬁE)T, or %y, indexed analogously by g, whose elements may often be
simplified. For example, with K= 2, if G(x, a; U2) = Yoo + Wioxo and Ci(xq; We) = Yo +
W11x1, the corresponding regimes gy = (gyq, gu,) take gy, (x1) = AWo1 + Y1144 > 0) and

Gup (X2, @) = AWo2 + W12Xp > 0). If prior knowledge suggests that treatment 1 would benefit
patients with smaller values of Xj or X5, then all reasonable regimes should have Y117 <0
and Yy, <0, and elements of &, may be expressed in terms of ny = —Yo1/Y;; and r]2 = =g/

W12 85 gh = (Ghy, Gh)» Gy (1) = ANt > x1) and gn, (X, &) = ANz > X2), N = (N1, N2)™
This suggests considering a class %y, with elements gn, = (gn;, ---» 9n ), indexed by

n=(ni,... ,nIT{)T, of form {gn;(x1), -, Ghx (XK @k-1)}- If %y is derived from models
Ol X ak, Br) or Cil X ax-1; Wy, then n =n(B) or n = n(Y) is a many-to-one function of B or
U, and PPt %, if these models are correct. Here, estimating n°* = arg max, £{ Y*(g,)}
defining the regime 97" say, will yield an estimator for g°P". If these models are
misspecified, r](B) or r](l]J) may not converge in probability to n°, and resulting regimes
may be far from optimal. If instead the form of elements of %y, is chosen directly based on

interpretability or cost, independently of such models, %y, may or may not contain g°Pt, but

opt -
In

is still of interest as the optimal regime among those deemed realistic in practice.

We propose an approach to estimation of gnp in a given class ¢ In by developing an estimator
for £{ Y*(gy)} that is robust to model misspecification and maximizing it in n. We cast the
problem as one of monotone coarsening. Following Tsiatis (2006, §7.1), for fixed n, let gy,
= (9 -+ Gnp)s Tor k=1, ..., K and let gy = gy Identify full data as the potential

outcomes Wa, ={X1, X5(gn.) -+ X3 (9, ~ )Y (9n)}, and let

X}Z(g%fl):{Xl, X5(gm)s -+ s Xi(Gy,_,) ). Let %\ be a discrete coarsening variable taking
values 1, ..., K; o corresponding to K+ 1 levels of coarsening, reflecting the extent to
which the observed treatments received are consistent with those dictated by g,. In the
general coarsened data set up, when %y, = k; we observe Gy(IW/), a many-to-one function of
Wgn; when %y, = e, we observe Ge, (W) = Wy, the full data. Here, under the consistency
assumption, this is as follows. If Ay # g, (X1), then %y = 1; that is, (%), = 1) = {A #
9n1(X1)}, and we observe Gg (W )= Gl(W ) = X1. None of the observed treatments are
consistent with following g, so Xz, v XK Yare not consistent with gi. If Ay = g, (X1)
and Ay # gn,{ X2, 9n (X}, then @y = 2 %y =2) = KA1 = 9h (XD A2 # g { X0,
gm(Xl)}] and Gy, (Wy, )=Ga(W,, )= X2(gm) X». Only the treatment at decision 1 and the
ensuing X, are consistent with g,. Likewise, A%y = 3) = {A; = gh; (X))} A2 = ghof Xo,

I (XK A3 # gna(X3)}, where gq3(X3)_is shorthand for gys[ X3, gny (X1), gno{ X2,

I (XD} = gl Xa, 8na(X2)} and 8np(X2) = [94,(X1), gho{ X2, 9ny (X1)3] and similarly for
general & and G, (W,,)=G3(Wy,)=X3(g,,)=Xs. Continuing in this fashion, (%, = K) =
MA K1 = Bnpe 1 IXK1, Brped X2 MAKE Gnyd X B jee1( Xk}, and

G, (Wy,)=G (W, ) =X, 9, )= =X Finally, if Ay = Bnic XK Bnpey (i)}, G,
(Wgn) G (Wgn) = Wgn =(Xy, ..., Xk, Y). Here, the observed data are consistent Wlth
having followed all Krules in g;. The coarsening is monotone in that G W, ) is a
coarsened version of Gg(W, ) k’ > k and G W, ) is a many-to-one function of

Gk+1( )

Coarsened data are said to be coarsened at random if, for each k; the probability that the data
are coarsened at level &, given the full data, depends only on the coarsened data, so only on
data that are observed at level & (Tsiatis, 2006, §7.1). Under the consistency and sequential
randomization assumptions, it may be shown using results in 83 of the Supplementary

Biometrika. Author manuscript; available in PMC 2014 May 30.
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Material that the coarsening here is at random. Define the coarsening discrete hazard pr(#,
= k| %y =k Wy,) to be the probability that the observed treatments cease to be consistent
with gy, at decision &, given they are consistent prior to A and all potential outcomes. Under
coarsening at random, this hazard is a function only of the coarsened data, that is, the data
observed through decision &; which we write as pr(%y, = k| %, = &, ng)( A k{Gk(W )}

Then, from above, for k=1, A, 1{Gl(W )} =An, 1(X1) pr{Al # 0 (XD) | Xl} WhICh can
be expressed in terms of the propensity for treatment at decision 1 as 15 (X;)1 %1 (XD{1 -

(X391 XD, Similarly, for k= 2, ..., K,

A i { G Wy, ) 3= (Xi)=pr{ Ak # gy (Xpos A1) Xy A1

:gm«_l (kal)}
Xpy Gy, (X =gy Ky, Kie
=k { Xk Gy (Xi—1)} e X,y Xie—1)}

X [1 — wk{Xk,gnkA

(Xk;—l)}]gnk {ka!jnk71 (Xk—

D}

We may then express the probabilities of being consistent with gy, through at least the Ath
decision, so having %\, > k; given all potential outcomes, in terms of the discrete hazards.
Under coarsening at random, these probabilities depend only on the observed data through
decision 4. That is, pr(%y > | Wgn) = Kyl GK Wgn)} = Ky, i Xn), where

_ k _
Ky e (Xi)=] ], {1 = App(Xi)} (Tsiatis, 2006, §8.1).

We now use these developments to deduce the form of estimators for £{ Y*(gy)}. From the
theory of Robins et al. (1994) for general monotonely coarsened data, under coarsening at
random, if the coarsening mechanism is correctly specified, which corresponds here to
correct specification of the A, (X4, and hence of the propensity models, all regular,
asymptotically linear, consistent estimators (Tsiatis, 2006, Chapter 3) for £{ Y*(gr)} for

fixed n have the form

> k)

Z ( n,i OO)Y ZI(%) Ar],k(xki)j(%n,i

=1 K (XKz) nak(xkl)

Li(Xki), (4)

where Lk(XkS are arbitrary functions of X/:The optimal choice leading to (4) with smallest

asymptotic variance is Ly (Xx)=E{Y™*(9,) X} (3, _,)=%x}. The right hand term in (4)
augments the first, itself a consistent estimator for £{ Y*(gn)} when the Ay «(Xx) are
correctly specified, to gain efficiency. As in Tsiatis (2006, §10.3), (4) is doubly robust in
that it is a consistent estimator for £{ Y‘*(gq)} if either the A «(Xx,) are correctly specified or

if the £4(X}) are equal to Ly (Xki)(k=1,..., K); see §4 of the Supplementary Material.

To implement (4), one must specify An,k(xk_/) and Lk(Xk_,)._The fi_rst follow from specifying
My (x1) = pr(Ay = 1] X1 = X1), T Xk 8x-1) = Pr(A,= 1| Xk = XpAg-1 = 8g-1) for k= K, ..,
2. If these are unknown, as in A-learning, posit models 11 (x1; Y1), nk(xk, 841, Y for k=2,

, K, and estimate y4 by yx (k= 1, ..., K). With y=(11 , . ..,WK) and 4" =(51,...,4%)",

T

this implies that An 1(X1; y1) = T[1(X1 yl)1 gn1 (XDL1 - mq(Xq; y1) 39 (XD,

= - _ S 1— Xp,G X S
Ak (K5 V) =T A Xy Gy, (Xie—1)578 91 X0 Ty (X 1)}><[1_7Tk{Xk7

Biometrika. Author manuscript; available in PMC 2014 May 30.
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and Kpx (Xii7)= Hk, A1 = A (X)), and suggests substituting Aq 4(X; Y4 and
Kn Xk Y) in (4).

Several options exist for specification of the Lk(XkS. The simplest is to take Lk(x,j =0,
yielding the inverse probability weighted estimator

n

) v
IPWE(n —Yi, (5

; (XK1 ’Py) ( )
which is consistent for £{ Y*(g,)} if n1(X1; y4) and nk(XkTAk_l; Vi (k=2, ..., K),and
hence K, «(Xk; Y), are correctly specified, but otherwise may be inconsistent. The

corresponding estimator for gnp is found by estimating n°Pt by ﬁ?;’&,n, say, maximizing (5) in

n. As (5) is based on data only from subjects whose entire treatment history is consistent
with g, it is relatively less efficient than estimators that use all the data, discussed next.

To take greatest advantage of the potential for improved efficiency through the
augmentation term in (4), an obvious approach is to posit and fit parametric models

approximating the conditional expectations Lyt (X)=E{Y*(9,)|Xx(gy,_,)=%x}, and
substitute these into (4) along with A «(Xi; yk) and K kX y). To this end, let Hn xXk 8k)
= KY| Xk = X Ax=ax) and an(XK, ax-1) = Hny {Xk k-1, Gn i (Xk: @x-1)}- Then define
i:[eratively, for k= K-1, ..., 2, the quantities pn, (X 80 = E{fq1 Xk Xka1, 3 | Xk = X,
Ak=agkand fy (Xk x-1) = Mg I k-1 Ghye (X 8x-1)}; for k=1, by (O, a1) = E{f,(a,
Xo, &) | X1 = x1, AL = ai}, fy1(xa) = Ung X1, ghy ()} In 85 of the Supplementary

Material, we demonstrate that Ly (Xi)=fn, { X G (Xi)}.

This suggests specifying n-dependent models pin, (xx a4 &4) depending on parameters &, &
=1, ..., K For fixed n, estimators &, for £, may be found iteratively by solving in &,

0 X iaA i3 - — _
Z Iunk( akgk ki) {f(k'f'l)i = Hoa (Xpi, Arisér) }=0(k=1, ... K),
=1

where 0/08 k{lin  (Xki Axi: EQ} is the vector of partial derivatives of b, (Xki A &4 with
respect to elements of &4, fx+1);= Yiand fi= Ung [ Xki Ak-1)i Inge L A-1)ibs Ed (k=

., 2). The fitted i, £ X &n (X0: £ may then be used to approximate Ly (%) in (4).
While these models almost certainly are not correct, as specification of a compatible
sequence of models for k=1, ..., K'is a significant challenge, they may be reasonable
approximations to the true conditional expectations. Thus, define

" (6, = K 1(%,:=k) — My (Xpi i) (€5 > k
DR(n)= Z (¢,i=0) YH'Z (¢, ) ],k<7k'2/k) (Gni = k)
K(XKU ) k=1 Kn,k(Xku’Y)

which, by virtue of the double robustness property, will be consistent for £{ Y*(gr)} if either
(X1, YA and T Xk ax-1; YA) (K= K, ..., 2), are correctly specified, or the the pp, (xk ax;
&) are. If all of these models were correct, then (6) would achieve optimal efficiency. As for

~opt

(5), estimation of gnp follows by maximizing (6) in n to obtain 77

A computational challenge is that the models pip, . (Xk x-1; &) must be refitted for each
value of n encountered in the optimization algorithm used to carry out the maximization. A
practical alternative when regimes in &, are derived from models is to substitute for L(Xx )
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in (4) fitted Q-functions Ok{XkTgnk(Xé; BAk} for k= K, ..., 1 obtained from Q-learning;
holding B4 fixed, these depend on n only through gy, (Xx). While these are not strictly

models for E{Y"* (gn)|XZ(§nk)}, the hope is that they will be close enough to achieve near

opt

optimal efficiency gains over (5). Thus, estimate gf;"t by maximizing in n to obtain 73", ..

-~ 1(%ni= K 1(%=k) — XpisVe) [(€ni > k
AIPWE(U):ZwYJFZ (Cni=k) = MrKis )L (i 2 k)

SK, (Xed) ' Pt K e (Xkid)

QA Xkir I, Xei)iBr}-

See 86 of the Supplementary Material for a similar proposal when &, is determined directly.
Standard errors for these estimators for E{Y™* (g‘;pt)} may be obtained via the sandwich
technique (Stefanski & Boos, 2002) based on the argument in Zhang et al. (2012, Equation

(4)).

5. Simulation studies

We have carried out several simulation studies to evaluate the performance of the proposed
methods, each involving 1000 Monte Carlo data sets.

The first simulation adopts the scenario in Moodie et al. (2007) of a study in which HIV-
infected patients are randomized to initiate antiretroviral therapy or not, coded as 1 or 0, at
baseline and again at six months to determine the optimal regime for therapy initiation. We
generated baseline CD4 count X; ~ NV (450, 150), where My, 02) denotes the normal
distribution with mean p and variance 62; baseline treatment A; as Bernoulli with success
probability pr(A; = 1| X7) = expit(2 — 0.006.X7), where expit(s) = €¥/(1 + €“); six-month
CD4 count X5, conditional on (X1,A;), as M1.25.X;, 60); and treatment at six months A, as
Bernoulli with pr(A, = 1| X5, A1) = Ay + (1 — Apexpit(0.8 — 0.004.X7). Here, patients with
Aj =1 continue on therapy with certainty. The outcome Y, one-year CD4 count, conditional
on (X5, Ay), was normal with mean 400 + 1.6.X; — [250 — Xi|{A1 — /250 - X; > 0)}2 - (1 -
A)|720 - 2X|{ Ay - (720 - 2.X, > 0)}2 and variance 602. The true Q-contrast functions are
thus G (x1, X0, &) = (1 — &) (720 - 2x), Ci(xq) = 250 - xq, the optimal treatment regime

g =(g™", goP*) has

gi)pt (z1)=1(250—2z1>0), ggpt (X2, a1)=I{a1+(1—a1)(720—2z3)>0}=I{a1+(1—a1)(360—z2)>0}
and £{ Y*(¢g°PH} = 1120.

For A-learning, we took

ha (X2, ar;a2)=ag0+a1z1+ana+ossarz1+asa(l—ar)ze, Ca (X2, ar;y2)=(1—a1)(Y20+Y21x2),

Mm(x1, 1) = 0gp + 011X, and Cy(xa; Y1) = Yo + P11X; and, analogously, for Q-learning,

Q2(Xz,a2;082)=P0+0B2121+a1 (Baa+B2321)+ 524 (1—ay ) xataz(1—ay)(Bas+B262),
Q1(x1, a1;61)=PFro+Priz1+a1(Bia+Bi31),

so the Q-contrast functions are correct, but the Q-functions are misspecified. Here, C(xo, 1;
W) = 0, respecting that ®,(x, 1) = {1}. We used correct propensity models mo(xo, a1 = 0;
Y2) = eXpit(yzo + Y21X2), Ta(X1; Y1) = expit(y1o + y11X1) and incorrect models m2(xa, & = 0;
¥2) = Y2, T (X4; Y1) = V1.
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~opt ~opt

nIPWE ’ 77DR.' and

For maximizing ipwe(n) in (5), dr(n) in (6), and aipwe(n) in (7) to obtain

~opt

7 1w WE considered the class of regimes %y, with elements g, = (gh1, 9h)»

Gz (X2, a1)=I{a1+(1 — a1)(n20+n2122)>0}, g, (x1)=1 (M0+m121>0),

so that N2 = (ﬂzo, r]Zl)Ti M= (nlov r]ll)Tl 77:(77(11‘7 7]2T)T and nOpt = (2507 -1, 360, _l)T'
Clearly, goPt %y. We used the same propensity models, and, for (7), Q-function models as
above; for (6), we posited Hp,(x2, 2; &2) = &20 + &21x1 + a1(&22 + &23x1) + &u(l — a)xp +
a(1 - a1)(&2s + E26X2) and pny (X1, @15 &) = &10 + &111 + a(&12 + &13x1) for each n. To
achieve a unique representation, we fixed (n21, N11) = (-1, —1) and determined nyg, N1 via a
grid search; because ipwe(n), dr(n) and aipwe(n) are step functions of n with jumps at (xy;,
Xo) (h, j=1, ..., n), we maximized in n over all (x; X2)).

The second scenario is the same as the first except that the models for the Q-contrast
functions are misspecified. Specifically, the generative distribution of Y given (G, Ay) is
now normal with mean 400 + 1.6.X; — |250 — 0.6.X1|{A1 — /(250 — X; > 0)}2 - (1 - A;)|720
- 1.4AX|{ Ay - (720 - 2X> > 0)}? and variance 602, so that, from the discussion below (2)
of Moodie et al. (2007), the implied true contrast functions are no longer of the form above,
but all posited models were taken to be the same as in the first simulation.

Tables 1 and 2 show the results. For Q- and A-learning, we report n(@ and r](qf). The
column E (n°PY) shows for each estimator the Monte Carlo average and standard deviation of

the estimated values of E{Y™(g™")} reflecting performance for estimating the true

achievable mean outcome under the true optimal regime, while E(rf(’pt) reflects performance
of the estimated optimal regime itself. For each Monte Carlo data set, this is the true mean
outcome that would be achieved if the estimated optimal regime were followed by the
population was determined by simulation, and the values reported are the Monte Carlo
average and standard deviation of these simulated quantities. When compared to the true

E{Y*(g,‘,’f’t)}:1120, these measure the extent to which the estimated optimal regimes
approach the performance of the true optimal regime.

For the first simulation, from Table 1, because the Q-functions are misspecified, the Q-
learning estimators for nyg and nyg are biased, while those from A-learning based on
postulated Q-contrast functions that include the truth are consistent when the propensity
model is correct. When the propensity model is incorrect, Q-learning is unaffected; however,
A-learning yields biased estimators for nig and nyq identical to those from Q-learning, as
linear models are used for Co(xo, a; W2), Ci(x1; U1), (X, a; o) and Ay (xq; Oq)
(Chakraborty et al., 2010). Although Q-learning results in poor estimation of nig and nyg,
efficiency loss for estimating the optimal regime is negligible, as the proportion of benefit
the estimated regime achieves if used in the entire population relative to the true optimal
regime is virtually one. A possible explanation is that patients near the true decision
boundary have G (X5, a1), C1(X) close to zero, and few patients would receive treatment 1
according to the true decision rule for the first time point. This also follows from the fact

that for regime g=(0, ggpt), the corresponding expectation is 1114. When the propensity
model is correct, the estimators based on dr(n) and aipwe(n) yield estimated regimes
comparable to those found by A-learning in terms of true mean outcome achieved, despite
yielding relatively inefficient estimators for nig and nyq A-learning, perhaps for the same
reason as above. When the propensity model is incorrect, the dr(n) and aipwe(n) estimators
yield estimated regimes that are still close to the optimal. The ipwe(n) estimator show
relatively poorer performance, especially when the propensity score model is incorrect,

Biometrika. Author manuscript; available in PMC 2014 May 30.



1duasnuey Joyiny vd-HIN 1duasnuey Joyiny vd-HIN

1duasnuey Joyiny vd-HIN

Zhang et al.

Page 11

which is not unexpected; this estimator only uses information from patients whose treatment
histories are consistent with following g, and hence is inefficient.

In the second simulation, the values of |C,(X5, A7)| and |Cy(X1)| for patients near the true
decision boundary are larger than in the first simulation, and the posited Q-contrast
functions are no longer correct. From Table 2, the A- and Q- learning estimators perform
similarly, both yielding estimated regimes far from optimal. Those based on dr(n) and
aipwe(n) are almost identical to g°Pt on average and perform almost identically to the true
optimal regime, regardless of whether or not the propensity model is correct. Again, the
estimator based on ipwe(n) in (5) performs poorly. Evidently, augmentation even using
incorrect models leads to considerable gains over ipwe(n) regardless of whether or not the
propensity model is correct.

The third scenario involved K= 3 decision points. To achieve average numbers of patients
consistent with the regime comparable to those in the K= 2 cases, we took /7= 1000. We _
generated X1, Ay, X5 as in the previous two scenarios; A, as Bernoulli with pr(A; = 1| X5,
A1) = expit(0.8 — 0.004.X,); twelve-month CD4 count X3, conditional on (X, Ay), as
MO0.8.X5, 60); treatment at twelve months Ag as Bernoulli with pr(Az = 1 | X3, Ap) = expit(1
- 0.004.X3); and the outcome Y; 18-month CD4 count, conditional on (X3, Ag), as normal
with mean 400 + 1.6.X; — [500 — 1.4X;[{A; — /500 — 2.X; > 0)}2 - [720 - 1.4X,|{ A, -
[720 - 2%, > 0)}2 - |600 — 1.4.X3/{ A3 — (600 — 2.X3 > 0)}? and variance 602. The optimal
treatment regime g°Pt=(gP*, g5**, gsP*) has

g (21)=1(250—21>0), g3 (X2, a1) =1 (360—25>0), g3 (X3, az)=1(300—z3>0) and

E{ Y*(g°PH} = 1120.

For A-learning, we took

h3(X3, @g;a3)=0az0+a31T1+a1 (a3 +a3371 ) +azaTatas(azs+azers)+asres,
C3(X3, Go31h2) =30 +131L3, ha(Xa, a1;09) =qop+a21 T1401 (Qoa Q931 ) +aga 2,
Ca(Xa, a1;902) =120+ 22, hi(z1;00) =10+ a1 21, C1(21;91) =Y10+¢1121,

and for Q-learning

Q3(X3,a3;03)=LFs0+F3121+01(B32+B3321) +Baaatas(B35+ P36 22)+asrrs+az(Bsg+B3923),
Q2(Xz,@;082)=0a0+0B2121+a1 (Baz+B2321) +B2sxa+az(Bo5+562622),
Q1(z1, a1;61)=Pro+Puzi+a1(Bia+PBizz1);

thus, both Q- and Q-contrast functions are misspecified. We used correct propensity models
T3(X3, 82; Y3) = expit(yao + Y314), Ta(Xa, a1 V2) = €xpit(yao + Y21X2), Ta(X1; V1) = €xpit(y1o
+Yy11x1) and incorrect models T3(X3, &2; Y3) = Y3, T2(X2, @15 Y2) = Y2, Ta(X1; Y1) = V1.

For the three proposed estimators, we took the class of regimes %y, to have elements gy, =
(Gn1> Gnpr Gha) Gna(X8, 82) = AN3p + N3rXs > 0), gho(Xe, @1) = AN2o + N21Xe > 0), gy (1) =
(N10 + N1141 > 0), 50 Ng = (Ngo, N3)™ N2 = (20, N21) ™, N1 = (o, M) T, =(n T, 7, ) -
and n' = (250, -1, 360, -1, 300, -1)T, s0 g°P*  %,,. We used the same propensity models,
and, for (7), Q-function models as above, and fixed (ns1, N21, N11) = (-1, -1, -1). To carry
out the maximizations, we used a genetic algorithm discussed by Goldberg (1989),
implemented in the r genoud package in R (Mebane & Sekhon, 2011); see 87 of the
Supplementary Material for details.
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Table 3 show the results. Q-learning performs poorly, as expected. When the propensity
model is correctly specified, results for A-learning and the proposed methods are similar to
those in the second scenario, with the estimated regimes based on dr(n) and aipwe(n)
achieving near-optimal performance and associated reliable inference on the true achievable
mean outcome £{ Y*(gr)}. When the propensity models are misspecified, the situation is
similar for these estimators in terms of performance; however, inference on £ Y*(gr)} is
markedly degraded. In both cases, performance of the estimator based on ipwe(n) is quite
poor. Intuitively, as the number of decisions Kincreases, it is not unexpected that all
methods can suffer from diminished performance. Research is needed on the design of
sequentially randomized trials to ensure adequate sample size for reliable inference on
multi-decision regimes.

In 88 of the Supplementary Material, we present results of a more complex scenario; the
qualitative conclusions are similar.

All simulations here, and others we have conducted, suggest that Q- and A-learning can
yield biased estimators for parameters defining the optimal regime if the Q-functions or Q-
contrast functions are misspecified. Under these conditions, the resulting estimated optimal
regimes can perform poorly in terms of achieving the expected potential outcome of the true
optimal regime. In contrast, the proposed approach using (6) or (7) exhibits robustness to
misspecification of either one of the outcome regression or propensity score models. Under
these circumstances, the estimators of regime parameters are relatively unbiased, and the
expected potential outcome under the estimated optimal regime approaches that of the true
optimal regime. Moreover, the proposed methods lead to reliable estimation of the expected
potential outcome under the true regime, with coverage probabilities close to the nominal
level. Even when both outcome regression and propensity models are misspecified, the
proposed methods can yield estimated optimal regimes that do not show substantial
degradation of performance in terms of achieved expected potential outcome relative to the
true optimal regime. In this case, inference on the expected outcome under the true optimal
regime can be compromised, although, interestingly, the methods performed well in this
regard under these conditions in the second simulation scenario. Collectively, our results
suggest that the proposed methods are attractive alternatives to Q- and A-learning owing to
their robustness to such model misspecification. As the estimator based on aipwe(n) is much
less computationally intensive than dr(n) and performs similarly, we recommend it for
practical use.

In 89 of the Supplementary Material, we report on application of the methods to a study to
compare treatment options in patients with nonpsychotic major depressive disorder.

Supplementary Material

Refer to Web version on PubMed Central for supplementary material.
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