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Abstract

This paper deals with the estimation of a high-dimensional covariance with a conditional sparsity
structure and fast-diverging eigenvalues. By assuming sparse error covariance matrix in an
approximate factor model, we allow for the presence of some cross-sectional correlation even after
taking out common but unobservable factors. We introduce the Principal Orthogonal complEment
Thresholding (POET) method to explore such an approximate factor structure with sparsity. The
POET estimator includes the sample covariance matrix, the factor-based covariance matrix (Fan,
Fan, and Lv, 2008), the thresholding estimator (Bickel and Levina, 2008) and the adaptive
thresholding estimator (Cai and Liu, 2011) as specific examples. We provide mathematical
insights when the factor analysis is approximately the same as the principal component analysis
for high-dimensional data. The rates of convergence of the sparse residual covariance matrix and
the conditional sparse covariance matrix are studied under various norms. It is shown that the
impact of estimating the unknown factors vanishes as the dimensionality increases. The uniform
rates of convergence for the unobserved factors and their factor loadings are derived. The
asymptotic results are also verified by extensive simulation studies. Finally, a real data application
on portfolio allocation is presented.
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1 Introduction

Information and technology make large data sets widely available for scientific discovery.
Much statistical analysis of such high-dimensional data involves the estimation of a
covariance matrix or its inverse (the precision matrix). Examples include portfolio
management and risk assessment (Fan, Fan and Lv, 2008), high-dimensional classification
such as Fisher discriminant (Hastie, Tibshirani and Friedman, 2009), graphic models
(Meinshausen and Biihlmann, 2006), statistical inference such as controlling false
discoveries in multiple testing (Leek and Storey, 2008; Efron, 2010), finding quantitative
trait loci based on longitudinal data (Yap, Fan, and Wu, 2009; Xiong et al. 2011), and testing
the capital asset pricing model (Sentana, 2009), among others. See Section 5 for some of
those applications. Yet, the dimensionality is often either comparable to the sample size or
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even larger. In such cases, the sample covariance is known to have poor performance
(Johnstone, 2001), and some regularization is needed.

Realizing the importance of estimating large covariance matrices and the challenges brought
by the high dimensionality, in recent years researchers have proposed various regularization
techniques to consistently estimate X. One of the key assumptions is that the covariance
matrix is sparse, namely, many entries are zero or nearly so (Bickel and Levina, 2008,
Rothman et al, 2009, Lam and Fan 2009, Cai and Zhou, 2010, Cai and Liu, 2011). In many
applications, however, the sparsity assumption directly on X is not appropriate. For example,
financial returns depend on the equity market risks, housing prices depend on the economic
health, gene expressions can be stimulated by cytokines, among others. Due to the presence
of common factors, it is unrealistic to assume that many outcomes are uncorrelated. An
alternative method is to assume a factor model structure, as in Fan, Fan and Lv (2008).
However, they restrict themselves to the strict factor models with known factors.

A natural extension is the conditional sparsity. Given the common factors, the outcomes are
weakly correlated. In order to do so, we consider an approximate factor model, which has
been frequently used in economic and financial studies (Chamberlain and Rothschild, 1983;
Fama and French 1993; Bai and Ng, 2002, etc):

Yit :b; ft—i—uit .1y

Here yj; is the observed response for the ith (i=1, ..., p) individual attimet=1, ..., T; b;isa
vector of factor loadings; f; is a K x 1 vector of common factors, and uj; is the error term,
usually called idiosyncratic component, uncorrelated with f;. Both p and T diverge to
infinity, while K is assumed fixed throughout the paper, and p is possibly much larger than
T.

We emphasize that in model (1.1), only y;j; is observable. It is intuitively clear that the
unknown common factors can only be inferred reliably when there are sufficiently many
cases, that is, p — co. In a data-rich environment, p can diverge at a rate faster than T. The
factor model (1.1) can be put in a matrix form as

vi=Bfi+u;. (12

where y¢ = (Y1t, .-, Ypt)s B = (b, ..., bp) and ug = (g, ..., Upy)’. We are interested in 3, the p
x p covariance matrix of y;, and its inverse, which are assumed to be time-invariant. Under
model (1.1), X is given by

Z:Bcov(ft)B/JrZu, (1.3)

where Xy, = (ay,ij)pxp IS the covariance matrix of ut. The literature on approximate factor
models typically assumes that the first K eigenvalues of Bcov(f;)B’ diverge at rate O(p),
whereas all the eigenvalues of X, are bounded as p — oo. This assumption holds easily
when the factors are pervasive in the sense that a non-negligible fraction of factor loadings
should be non-vanishing. The decomposition (1.3) is then asymptotically identified as p —
oo. In addition to it, in this paper we assume that X, is approximately sparse as in Bickel
and Levina (2008) and Rothman et al. (2009): for some q € [0, 1),
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my=maxy_|oi|"
j<p

does not grow too fast as p — oo. In particular, this includes the exact sparsity assumption
(q = 0) under which mp = maxi<p Zj<p l(o ij20): the maximum number of nonzero elements
in each row.

The conditional sparsity structure of (1.2) was explored by Fan, Liao and Mincheva (2011)
in estimating the covariance matrix, when the factors {f} are observable. This allows them

to use regression analysis to estimate {ut}thl. This paper deals with the situation in which
the factors are unobservable and have to be inferred. Our approach is simple, optimization-
free and it uses the data only through the sample covariance matrix. Run the singular value
decomposition on the sample covariance matrix g, Of V4, keep the covariance matrix
formed by the first K principal components, and apply the thresholding procedure to the
remaining covariance matrix. This results in a Principal Orthogonal complEment
Thresholding (POET) estimator. When the number of common factors K is unknown, it can
be estimated from the data. See Section 2 for additional details. We will investigate various
properties of POET under the assumption that the data are serially dependent, which
includes independent observations as a specific example. The rate of convergence under
various norms for both estimated X and X, and their precision (inverse) matrices will be
derived. We show that the effect of estimating the unknown factors on the rate of
convergence vanishes when p log p > T, and in particular, the rate of convergence for 33,
achieves the optimal rate in Cai and Zhou (2012).

This paper focuses on the high-dimensional static factor model (1.2), which is innately
related to the principal component analysis (PCA), as clarified in Section 2. This feature
makes it different from the classical factor model with fixed dimensionality (e.g., Lawley
and Maxwell 1971). In the last ten years, much theory on the estimation and inference of the
static factor model has been developed, for example, Stock and Watson (1998, 2002), Bai
and Ng (2002), Bai (2003), Doz, Giannone and Reichlin (2011), among others. Our
contribution is on the estimation of covariance matrices and their inverse in large factor
models.

The static model considered in this paper is to be distinguished from the dynamic factor
model as in Forni, Hallin, Lippi and Reichlin (2000); the latter allows y; to also depend on f;
with lags in time. Their approach is based on the eigenvalues and principal components of
spectral density matrices, and on the frequency domain analysis. Moreover, as shown in
Forni and Lippi (2001), the dynamic factor model does not really impose a restriction on the
data generating process, and the assumption of idiosyncrasy (in their terminology, a p-
dimensional process is idiosyncratic if all the eigenvalues of its spectral density matrix
remain bounded as p — oo) asymptotically identifies the decomposition of yj; into the
common component and idiosyncratic error. The literature includes, for example, Forni et al.
(2000, 2004), Forni and Lippi (2001), Hallin and Liska (2007, 2011), and many other
references therein. Above all, both the static and dynamic factor models are receiving
increasing attention in applications of many fields where information usually is scattered
through a (very) large number of interrelated time series.

There has been extensive literature in recent years that deals with sparse principal
components, which has been widely used to enhance the convergence of the principal
components in high-dimensional space. d’Aspremont, Bach and EI Ghaoui (2008), Shen and
Huang (2008), Witten, Tibshirani, and Hastie (2009) and Ma (2011) proposed and studied
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various algorithms for computations. More literature on sparse PCA is found in Johnstone
and Lu (2009), Amini and Wainwright (2009), Zhang and EI Ghaoui (2011), Birnbaum et al.
(2012), among others. In addition, there has also been a growing literature that theoretically
studies the recovery from a low-rank plus sparse matrix estimation problem, see for
example, Wright et al. (2009), Lin et al. (2009), Candes et al. (2011), Luo (2011), Agarwal,
Nagahban, Wainwright (2012), Pati et al. (2012). It corresponds to the identifiability issue of
our problem.

There is a big difference between our model and those considered in the aforementioned
literature. In the current paper, the first K eigenvalues of X are spiked and grow at a rate
O(p), whereas the eigenvalues of the matrices studied in the existing literature on covariance
estimation are usually assumed to be either bounded or slowly growing. Due to this
distinctive feature, the common components and the idiosyncratic components can be
identified, and in addition, PCA on the sample covariance matrix can consistently estimate
the space spanned by the eigenvectors of X. The existing methods of either thresholding
directly or solving a constrained optimization method can fail in the presence of very spiked
principal eigenvalues. However, there is a price to pay here: as the first K eigenvalues are
“too spiked”, one can hardly obtain a satisfactory rate of convergence for estimating 2 in
absolute term, but it can be estimated accurately in relative term (see Section 3.3 for details).
In addition, 71 can be estimated accurately.

We would like to further note that the low-rank plus sparse representation of our model is on
the population covariance matrix, whereas Candes et al. (2011), Wright et al. (2009), Lin et
al. (2009)! considered such a representation on the data matrix. As there is no X to estimate,
their goal is limited to producing a low-rank plus sparse matrix decomposition of the data
matrix, which corresponds to the identifiability issue of our study, and does not involve
estimation and inference. In contrast, our ultimate goal is to estimate the population
covariance matrices as well as the precision matrices. For this purpose, we require the
idiosyncratic components and common factors to be uncorrelated and the data generating
process to be strictly stationary. The covariances considered in this paper are constant over
time, though slow-time-varying covariance matrices are applicable through localization in
time (time-domain smoothing). Our consistency result on 3, demonstrates that the
decomposition (1.3) is identifiable, and hence our results also shed the light of the
“surprising phenomenon” of Candés et al. (2011) that one can separate fully a sparse matrix
from a low-rank matrix when only the sum of these two components is available.

The rest of the paper is organized as follows. Section 2 gives our estimation procedures and
builds the relationship between the principal components analysis and the factor analysis in
high-dimensional space. Section 3 provides the asymptotic theory for various estimated
quantities. Section 4 illustrates how to choose the thresholds using cross-validation and
guarantees the positive definiteness in any finite sample. Specific applications of regularized
covariance matrices are given in Section 5. Numerical results are reported in Section 6.
Finally, Section 7 presents a real data application on portfolio allocation. All proofs are
given in the appendix. Throughout the paper, we use Anin(A) and Anax(A) to denote the
minimum and maximum eigenvalues of a matrix A. We also denote by ||Allg, [JAll, [|All; and
IAllmax the Frobenius norm, spectral norm (also called operator norm), L;-norm, and
elementwise norm of a matrix A, defined respectively by ||Al|e = tri/2(A’A),

|A|| =AY2(A'A), [|All = max; % [ajj] and [|Allmax = maxi j |ajjl. Note that when A is a
vector, both ||A||r and ||A|| are equal to the Euclidean norm. Finally, for two sequences, we
write at > by if by = o(at) and a7 < by if at = O(by) and bt = O(ar).

1We thank a referee for reminding us these related works.
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2 Regularized Covariance Matrix via PCA

There are three main objectives of this paper: (i) understand the relationship between
principal component analysis (PCA) and the high-dimensional factor analysis; (ii) estimate
both covariance matrices X and the idiosyncratic X, and their precision matrices in the
presence of common factors, and (iii) investigate the impact of estimating the unknown
factors on the covariance estimation. The propositions in Section 2.1 below show that the
space spanned by the principal components in the population level X is close to the space
spanned by the columns of the factor loading matrix B.

2.1 High-dimensional PCA and factor model
Consider a factor model

Yir=bfit+u;, i <p,t<T,

where the number of common factors, K = dim(f;), is small compared to p and T, and thus is
assumed to be fixed throughout the paper. In the model, the only observable variable is the
data yj;. One of the distinguished features of the factor model is that the principal
eigenvalues of X are no longer bounded, but growing fast with the dimensionality. We
illustrate this in the following example.

Example 2.1: Consider a single-factor model y;; = bif; + uj; where b; € R. Suppose that the
factor is pervasive in the sense that it has non-negligible impact on a non-vanishing

P
proportion of outcomes. It is then reasonable to assume Zizlb?>cp for some ¢ > 0.
Therefore, assuming that Amax(Zy) = o(p), an application of (1.3) yields,

p

Aunax(3) 2 Var(F0) Y b= Amax(3 ) > 5 var(fi)p

i=1

for all large p, assuming var(f;) > 0.

We now elucidate why PCA can be used for the factor analysis in the presence of spiked
eigenvalues. Write B = (by, ..., bp)’ as the p x K loading matrix. Note that the linear space
spanned by the first K principal components of Bcov(f;)B’ is the same as that spanned by the
columns of B when cov(f;) is non-degenerate. Thus, we can assume without loss of
generality that the columns of B are orthogonal and cov(fy) = Ik, the identity matrix. This
canonical form corresponds to the identifiability condition in decomposition (1.3). Let by, - -

~ K
, bk be the columns of B, ordered such that {‘ |bj|‘}j:1 is in a non-increasing order. Then,

- - K o2 K
{bj/ ’|bj| ‘}jzl are eigenvectors of the matrix BB’ with eigenvalues {’ |bj|’ }jzl and the rest
zero. We will impose the pervasiveness assumption that all eigenvalues of the K x K matrix

p~1B’B are bounded away from zero, which holds if the factor loadings {b; b are
independent realizations from a non-degenerate population. Since the non-vanishing
eigenvalues of the matrix BB’ are the same as those of B’B, from the pervasiveness

o2 K
assumption it follows that {’ |bj|’ }jzl are all growing at rate O(p).

J R Stat Soc Series B Stat Methodol. Author manuscript; available in PMC 2014 March 01.
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Let {A;})_, be the eigenvalues of £ in a descending order and {&;}%_, be their
corresponding eigenvectors. Then, an application of Weyl’s eigenvalue theorem (see the
appendix) yields that

Proposition 2.1: Assume that the eigenvalues of p~1B’B are bounded away from zero for all
large p. For the factor model (1.3) with the canonical condition

cov(£)=I,, and B'B s diagonal, (2.)

we have

~ 12
=Bl T < (I fori <K LISl fori>K

In addition, for j < K, lim infy_, ||bj~||2/p >0.
Using Proposition 2.1 and the sin #theorem of Davis and Kahn (1970, see the appendix), we
have the following:

~ K
Proposition 2.2: Under the assumptions of Proposition 2.1, if {‘ |bf|‘}]»:1 are distinct, then

&b /|[Bsl| [[=0G7H IS I, fori < K.

Propositions 2.1 and 2.2 state that PCA and factor analysis are approximately the same if ||
Zyll = o(p). This is assured through a sparsity condition on X, = (ay,jj)pxp, Which is
frequently measured through

mpzr%axz:\auyij\q, for some g € [0, 1]. 22)
Jj<p

The intuition is that, after taking out the common factors, many pairs of the cross-sectional

units become weakly correlated. This generalized notion of sparsity was used in Bickel and

Levina (2008) and Cai and Liu (2011). Under this generalized measure of sparsity, we have

1> <>

p
< max Y |0yl (0uiu) Y P=0(m,),
1 7 =

if the noise variances { ai,ii} are bounded. Therefore, when m, = o(p), Proposition 2.1
implies that we have distinguished eigenvalues between the principal components {/\j}le

and the rest of the components {n }f:KH and Proposition 2.2 ensures that the first K
principal components are approximately the same as the columns of the factor loadings.

J R Stat Soc Series B Stat Methodol. Author manuscript; available in PMC 2014 March 01.
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The aforementioned sparsity assumption appears reasonable in empirical applications.
Boivin and Ng (2006) conducted an empirical study and showed that imposing zero
correlation between weakly correlated idiosyncratic components improves forecast2. More
recently, Phan (2012) empirically estimated the level of sparsity of the idiosyncratic
covariance using the UK market data.

Recent developments on random matrix theory, for example, Johnstone and Lu (2009) and
Paul (2007), have shown that when p/T is not negligible, the eigenvalues and eigenvectors of
3> might not be consistently estimated from the sample covariance matrix. A distinguished
feature of the covariance considered in this paper is that there are some very spiked
eigenvalues. By Propositions 2.1 and 2.2, in the factor model, the pervasiveness condition

Amin(p 'B'B)>c>0 (2.3)

implies that the first K eigenvalues are growing at a rate p. Moreover, when p is large, the

principal components {§; }szl are close to the normalized vectors {b; }f:l when mp = o(p).
This provides the mathematics for using the first K principal components as a proxy of the
space spanned by the columns of the factor loading matrix B. In addition, due to (2.3), the
signals of the first K eigenvalues are stronger than those of the spiked covariance model
considered by Jung and Marron (2009) and Birnbaum et al. (2012). Therefore, our other
conditions for the consistency of principal components at the population level are much
weaker than those in the spiked covariance literature. On the other hand, this also shows
that, under our setting the PCA is a valid approximation to factor analysis only if p — oo.
The fact that the PCA on the sample covariance is inconsistent when p is bounded was also
previously demonstrated in the literature (See e.g., Bai (2003)).

With assumption (2.3), the standard literature on approximate factor models has shown that
the PCA on the sample covariance matrix Xq3y, can consistently estimate the space spanned
by the factor loadings (e.g., Stock and Watson (1998), Bai (2003)). Our contribution in
Propositions 2.1 and 2.2 is that we connect the high-dimensional factor model to the
principal components, and obtain the consistency of the spectrum in the population level
instead of the sample level Zs;m. The spectral consistency also enhances the results in
Chamberlain and Rothschild (1983). This provides the rationale behind the consistency
results in the factor model literature.

Sparsity assumption directly on X is inappropriate in many applications due to the presence
of common factors. Instead, we propose a nonparametric estimator of X based on the
principal component analysis. Let 43 = 4, > - - - 2 A, be the ordered eigenvalues of the

sample covariance matrix E;am and {Ei}le be their corresponding eigenvectors. Then the
sample covariance has the following spectral decomposition:

—_— K , R
D=2 NEEAR, (29
=1

5 P NI
where RK:Zi:KH)‘iEifi:(rij)pxp is the principal orthogonal complement, and K is the
number of diverging eigenvalues of X. Let us first assume K is known.

2\We thank a referee for this interesting reference.
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Now we apply thresholding on Rf<. Define

Tiis =J;

~ ~ . . 2.5
siy(Fi)I(Fg) = mig), i 4. @

R, 5=

where s;j(*) is a generalized shrinkage function of Antoniadis and Fan (2001), employed by
Rothman et al. (2009) and Cai and Liu (2011), and 7; > 0 is an entry-dependent threshold.
In particular, the hard-thresholding rule sjj(x) = xI(|x| = ;) (Bickel and Levina, 2008) and
the constant thresholding parameter 7; = Sare allowed. In practice, it is more desirable to
have 7j be entry-adaptive. An example of the adaptive thresholding is

Tij:T(ﬂi’f’\]‘j)l/2, foragiven >0 (2.6)
where i is the it diagonal element of R;z. This corresponds to applying the thresholding
with parameter zto the correlation matrix of Rg.

The estimator of X is then defined as:

—

K .
ZKZZM&&"'RZ @7)
i=1

We will call this estimator the Principal Orthogonal complEment thresholding (POET)
estimator. It is obtained by thresholding the remaining components of the sample covariance
matrix, after taking out the first K principal components. One of the attractiveness of POET
is that it is optimization-free, and hence is computationally appealing. 3

With the choice of 7; in (2.6) and the hard thresholding rule, our estimator encompasses
many popular estimators as its specific cases. When z= 0, the estimator is the sample
covariance matrix and when z= 1, the estimator becomes that based on the strict factor
model (Fan, Fan, and Lv, 2008). When K = 0, our estimator is the same as the thresholding
estimator of Bickel and Levina (2008) and (with a more general thresholding function)
Rothman et al. (2009) or the adaptive thresholding estimator of Cai and Liu (2011) with a
proper choice of ;.

In practice, the number of diverging eigenvalues (or common factors) can be estimated
based on the sample covariance matrix. Determining K in a data-driven way is an important
topic, and is well understood in the literature. We will describe the POET with a data-driven
K'in Section 2.4.

2.3 Least squares point of view

The POET (2.7) has an equivalent representation using a constrained least squares method.

The least squares method seeks for A, =(b%,... . b%) and ' =(£, ..., £X)such that

3We have written an R package for POET, which outputs the estimated X, 3, K, the factors and loadings.

J R Stat Soc Series B Stat Methodol. Author manuscript; available in PMC 2014 March 01.



1duasnue Joyiny vd-HIN 1duasnue Joyiny vd-HIN

1duasnuey Joyiny vd-HIN

Fan et al.

Page 9

subject to the normalization

1, 1,

?thft =I,., and ;Zbibi isdiagonal. (2.9)
t=1 i=1

The constraints (2.9) correspond to the normalization (2.1). Here we assume that the mean

of each variable {yit}thl has been removed, that is, Eyj; = Efgy =0 foralli<p,j<Kandt<
T. Putting it in a matrix form, the optimization problem can be written as

arg min
. BF ) (2.10)
T-'F'F=I,, B Bisdiagonal.
where Y = (y1, ..., y7) and F/ = (fy, - - -, f1). For each given F, the least-squares estimator of

B is A = T"LYF, using the constraint (2.9) on the factors. Substituting this into (2.10), the

—1 ’ 2_ 1 / ’
objective function now becomes“Y_T YFF ” =tr[(l, =T FF)Y Y] The

minimizer is now clear: the columns of FK/ VT T are the eigenvectors corresponding to the K
largest eigenvalues of the T x T matrix Y”Y and AK T‘lYFK (see e.g., Stock and Watson
(2002)).

We will show that under some mild regularity conditions, as p and T — oo, f){(/ftK

consistently estimates the true b;ft uniformly over i < pand t<T. Since X is assumed to be
sparse, we can construct an estimator of X, using the adaptive thresholding method by Cai

. ~ SKRK A T . .
and Liu (2011) as follows. Let @u=y;—b;* £*,5:;;—%) @l and
~ T o . L . .
0¢j=%zt_1(uitujt—aij)2. For some pre-determined decreasing sequence wr > 0, and large

enough C > 0, define the adaptive threshold parameter as 7;;=C @ij. The estimated
idiosyncratic covariance estimator is then given by

—

=67 ~7_¢ Oiis i=j
ZH,K_(UZJ)PXZN 0ij Sij(az‘j), i # 7, (2.112)

where for all z € R (see Antoniadis and Fan, 2001),
Sij(Z)ZOWhen ‘Z| S Tij7 \sij(z)—z\ S Tij-

It is easy to verify that sjj(-) includes many interesting thresholding functions such as the
hard thresholding (sij(z) = zl(jzj>4;)), soft thresholding (sjj (z) = sign(z)(lz| - 5j)+), SCAD, and
adaptive lasso (See Rothman et aJI (2009)).

Analogous to the decomposition (1.3), we obtain the following substitution estimators
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~ o =T
ZK:AKAK—’_ZH’K’ (2.12)

. . T axaK’
and by the Sherman-Morrison-Woodbury formula, noting that %Ztilff £x =I,

~ 1 — -1 7 71/\ =7 ,1/\ —1/\, 7 -1
Qo) =00 )~ ) AJLAA S ) Ad AL ), @B

In practice, the true number of factors K might be unknown to us. However, for any

R —7
determined K1 < p, we can always construct either (2,21, R’Zl) as in (2.7) or (X, Z,M,Kl) as
in (2.12) to estimate (X, ). The following theorem shows that for each given Ky, the two
estimators based on either regularized PCA or least squares substitution are equivalent.
Similar results were obtained by Bai (2003) when K; = K and no thresholding was imposed.

Theorem 2.1: Suppose that the entry-dependent threshold in (2.5) is the same as the
thresholding parameter used in (2.11). Then for any K1 < p, the estimator (2.7) is equivalent
to the substitution estimator (2.12), that is,

— - —7
ZKI :ZK[’ and ZuYK] :R’Zl.

In this paper, we will use a data-driven K to construct the POET (see Section 2.4 below),
which has two equivalent representations according to Theorem 2.1.

2.4 POET with Unknown K

Determining the number of factors in a data-driven way has been an important research
topic in the econometric literature. Bai and Ng (2002) proposed a consistent estimator as
both p and T diverge. Other recent criteria are proposed by Kapetanios (2010), Onatski
(2010), Alessi et al. (2010), etc.

Our method also allows a data-driven K to estimate the covariance matrices. In principle,
any procedure that gives a consistent estimate of K can be adopted. In this paper we apply
the well-known method in Bai and Ng (2002). It estimates K by

—

, 1 oe w2
K—argogr;gllngog{ﬁ“Y—T YFxlFK1|‘F}+K19(T’p)7 (2.14)

where M is a prescribed upper bound, Fﬁl isa T x Ky matrix whose columns are VT times
the eigenvectors corresponding to the K largest eigenvalues of the T x T matrix Y’Y; g(T,
p) is a penalty function of (p, T) such that g(T, p) = o(1) and min{p, T}g(T, p) = co. Two

examples suggested by Bai and Ng (2002) are
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IC1g(T, p)=LFlog (%),

I1C2:9(T,p)= p:TTlog min{p, T'}.

Throughout the paper, we let K be the solution to (2.14) using either IC1 or IC2. The
asymptotic results are not affected regardless of the specific choice of g(T, p). We define the
POET estimator with unknown K as

—

I? /
Ry
ZA—;:l)\z&Eﬁ—RI?. (2.15)

K

The procedure is as stated in Section 2.2 except that K is now data-driven.

3 Asymptotic Properties

3.1 Assumptions

This section presents the assumptions on the model (1.2), in which only {yt};f:l are
observable. Recall the identifiability condition (2.1).

The first assumption has been one of the most essential ones in the literature of approximate
factor models. Under this assumption and other regularity conditions, the number of factors,
loadings and common factors can be consistently estimated (e.g., Stock and Watson (1998,
2002), Bai and Ng (2002), Bai (2003), etc.).

Assumption 3.1: All the eigenvalues of the K x K matrix p~LB’B are bounded away from
both zero and infinity as p — oc.

Remark 3.1

1. Itimplies from Proposition 2.1 in Section 2 that the first K eigenvalues of ¥ grow
at rate O(p). This unique feature distinguishes our work from most of other low-
rank plus sparse covariances considered in the literature, e.g., Luo (2011), Pati et al.
(2012), Agarwal et al. (2012), Birnbaum et al. (2012). 4

2. Assumption 3.1 requires the factors to be pervasive, that is, to impact a non-
vanishing proportion of individual time series. See Example 2.1 for its meaning. 5

3. Asto be illustrated in Section 3.3 below, due to the fast diverging eigenvalues, one
can hardly achieve a good rate of convergence for estimating X under either the
spectral norm or Frobenius norm when p > T. This phenomenon arises naturally
from the characteristics of the high-dimensional factor model, which is another
distinguished feature compared to those convergence results in the existing
literature.

470 our best knowledge, the only other papers that estimate large covariances with diverging eigenvalues (growing at the rate of
dimensionality O(p)) are Fan et al. (2008, 2011) and Bai and Shi (2011). While Fan et al. (2008, 2011) assumed the factors are
observable, Bai and Shi (2011) considered the strict factor model in which %, is diagonal.

It is important to distinguish the model we consider in this paper from the “sparse factor model” in the literature, e.g., Carvalho et al.
(2009), Pati et al. (2012), which assumes that the loading matrix B is sparse The intuition of a sparse loading matrix is that each factor
is related to only a relatively small number of stocks, assets, genes, etc. With B being sparse, all the eigenvalues of B’B and hence
those of X are bounded.
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Assumption 3.2

i. {uy, fiksy is strictly stationary. In addition, Eujt = Eujfiy = 0 foralli<p, j<Kand t
<T.

ii.  There exist constants cq, C > 0 such that Amin(2Zy) > €1, [[Zylly < €2, and minj<p j<p
var(ujjt) > C1.

iii. There existrq, ro > 0and by, by > 0, such that forany s> 0,i<pandj<K,

P(lui| >s) < exp(—=(s/b1)™),  P(|fje| >s) < exp(—(s/b2)").

Condition (i) requires strict stationarity as well as the non-correlation between {u;} and {fi}.
These conditions are slightly stronger than those in the literature, e.g., Bai (2003), but are
still standard and simplify our technicalities. Condition (ii) requires that X, be well-
conditioned. The condition ||X||; < ¢, instead of a weaker condition Amax(XZy) < € is
imposed here in order to consistently estimate K. But it is still standard in the approximate
factor model literature as in Bai and Ng (2002), Bai (2003), etc. When K is known, such a
condition can be removed. Our working paper6 shows that the results continue to hold for a
growing (known) K under the weaker condition Ayax(Z,) < ¢. Condition (iii) requires
exponential-type tails, which allows us to apply the large deviation theory to

1 T 1 T
thzluitujtfau,ij and TZle fjtuit.

We impose the strong mixing condition. Let .#°__ and .%.° denote the c-algebras generated
by {(f;, uy) : t< 0} and {(f;, uy) : t = T} respectively. In addition, define the mixing
coefficient

a(T)= sup |P(A)P(B)—P(AB)|.
A0 BeFr 3.1

Assumption 3.3: Strong mixing: There exists r3 > 0 such that 3r; ' +1.5r; ' +r31>1,and C
> 0 satisfying: forall T € Z*,

a(T) < exp(—CT").

In addition, we impose the following regularity conditions.

Assumption 3.4: There exists M > 0 such that forall i<p,t<Tands<T,

i, |Ibillmax < M,

ii ’ ’ 4
1. E[pil/Q(uSut—Eusuf,)] <M,

iii.
E‘ ‘pfl/ZZ;biUﬂ

These conditions are needed to consistently estimate the transformed common factors as
well as the factor loadings. Similar conditions were also assumed in Bai (2003), and Bai and

4
<M.

6See Fan, Liao and Mincheva (2011), working paper, arxiv.org/pdf/1201.0175.pdf
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Ng (2006). The number of factors is assumed to be fixed. Our conditions in Assumption 3.4
are weaker than those in Bai (2003) as we focus on different aspects of the study.

3.2 Convergence of the idiosyncratic covariance

Estimating the covariance matrix X, of the idiosyncratic components {u} is important for
many statistical inferences. For example, it is needed for large sample inference of the
unknown factors and their loadings, for testing the capital asset pricing model (Sentana,
2009), and large-scale hypothesis testing (Fan, Han and Gu, 2012). See Section 5.

We estimate X, by thresholding the principal orthogonal complements after the first K )

., . 57 —r7
principal components of the sample covariance are taken out: <,z k. By Theorem 2.1,
it also has an equivalent expression given by (2.11), with ait:yir(f)?) ?f? Throughout the
paper, we apply the adaptive threshold

~ 1 lo

T:% T

where C > 0 is a sufficiently large constant, though the results hold for other types of
thresholding. As in Bickel and Levina (2008) and Cai and Liu (2011), the threshold chosen
in the current paper is in fact obtained from the optimal uniform rate of convergence of
MaXisp j<p |Gij = oujjl- When direct observation of ujt is not available, the effect of estimating
the unknown factors also contributes to this uniform estimation error, which is why p=1/2
appears in the threshold.

The following theorem gives the rate of convergence of the estimated idiosyncratic

covariance. Let y~'=3r ' +1.5r; '+r3 ' +1. In the convergence rate below, recall that mj,
and q are defined in the measure of sparsity (2.2).

Theorem 3.1: Suppose log p = o(T"®), T = o(p2), and Assumptions 3.1-3.4 hold. Then for a

—7
sufficiently large constant C > 0 in the threshold (3.2), the POET estimator Z“? satisfies

—7
S

:Op(‘-";qmp)-

T

If further w;*qmpzo(l), then the eigenvalues of Zg are all bounded away from zero with
probability approaching one, and

—g -1

I ) —Z;ll =0, (w!"9my).

u, K
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—T

When estimating X, p is allowed to grow exponentially fast in T, and Zug can be made
—7

consistent under the spectral norm. In addition, Zug is asymptotically invertible while the
classical sample covariance matrix based on the residuals is not when p > T.

Remark 3.2

1. Consistent estimation of X, indicates that X, is identifiable in (1.3), namely, the
sparse X, can be separated perfectly from the low-rank matrix there. The result here

gives another proof (when assuming w;*qmpzo(l) of the “surprising
phenomenon” in Candes et al (2011) under different technical conditions.

2. Fan, Liao and Mincheva (2011) recently showed that when {f,g}f:1 are observable
and q = 0, the rate of convergence of the adaptive thresholding estimator is given

—T —g7 —1 1
by‘IZu _ZuH:OP (mp V 10#> :”(Zu ) _Zu | . Hence when the

common factors are unobservable, the rate of convergence has an additional term

my,/ +/p, coming from the impact of estimating the unknown factors. This impact
vanishes when p log p > T, in which case the minimax rate as in Cai and Zhou
(2010) is achieved. As p increases, more information about the common factors is

collected, which results in more accurate estimation of the common factors {f;}7_,.

3. When K is known and grows with p and T, with slightly weaker assumptions, our
working paper (Fan et al. 2011) shows that under the exactly sparse case (that is, ¢

= 0), the result continues to hold with convergence rate m,, (K> ,/ngPﬂLKT;).

3.3 Convergence of the POET estimator

Since the first K eigenvalues of X grow with p, one can hardly estimate X with satisfactory
accuracy in the absolute term. This problem arises not from the limitation of any estimation
method, but is due to the nature of the high-dimensional factor model. We illustrate this
using a simple example.

Example 3.1: Consider an ideal case where we know the spectrum except for the first

eigenvector of . Let {A:€; }521 be the eigenvalues and vectors, and assume that the largest
eigenvalue A1 = cp for some ¢ > 0. Let & be the estimated first eigenvector and define the

~ ~ p / -
covariance estimator Z:/\1£151+Zj:2)‘j5j5j. Assume that & is a good estimator in the
sense that [|& — &|? = Op(T™1). However,

\I/Z\—Z\|:||A1(§1§'1—5151>||=Alop(|\§—g| )=0p(MT ),

which can diverge when T = O(p?).

In the presence of very spiked eigenvalues, while the covariance X cannot be consistently
estimated in absolute term, it can be well estimated in terms of the relative error matrix
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-1/2

DR D) DI

which is more relevant for many applications (see Example 5.2). The relative error matrix
can be measured by either its spectral norm or the normalized Frobenius norm defined by

p71/2

—1/2 S 1/2 123 —1/2 2\ 1/2
> /ZZ /—Ip| (Pfltr[(z /ZZ /—Ip) ]) . (33)

F

In the last equality, there are p terms being added in the trace operation and the factor p~1
plays the role of normalization. The loss (3.3) is closely related to the entropy loss,
introduced by James and Stein (1961). Also note that

p 12

IR D) D

F=\|§—Z|Z

where ||Ally; = p~2||="12A% 12| is the weighted quadratic norm in Fan et al (2008).

Fan et al. (2008) showed that in a large factor model, the sample covariance is such that

"ZS*"“ 2| ‘Z Ol p/T), which does not converge if p > T. On the other hand,
Theorem 3.2 below shows that ||Zi = X||s; can still be convergent as long as p = o(T?).
Technically, the impact of high-dimensionality on the convergence rate of Xk = X is via the
number of rows in B. We show in the appendix that B appears in ||k = Z||x; through B’S™1B
whose eigenvalues are bounded. Therefore it successfully cancels out the curse of high-
dimensionality introduced by B.

Compared to estimating X, in a large approximate factor model, we can estimate the
precision matrix with a satisfactory rate under the spectral norm. The intuition follows from
the fact that £~1 has bounded eigenvalues.

The following theorem summarizes the rate of convergence under various norms.

Theorem 3.2: Under the assumptions of Theorem 3.1, the POET estimator defined in (2.15)
satisfies

- plogp — -
= -Y =0, (i) [T -S| =0y
K Z K max
In addition, if mpw;*q:o(l), then Z; is nonsingular with probability approaching one, with

=0, (mpwifq).

DS
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Remark 3.3

1. When estimating 71, p is allowed to grow exponentially fast in T, and the
—7

estimator has the same rate of convergence as that of the estimator Z zin
Theorem 3.1. When p becomes much larger than T, the precision matrix can be
estimated at the same rate as if the factors were observable.

2. Asin Remark 3.2, when K > 0 is known and grows with p and T, the working
paper Fan et al. (2011) proves the following results (when g = 0) /:

=7 K K3
=7 -5l =0y (e skm, B )

—~9 . o
"Z Y| maX:Op (KJ 11%10_'_{;;) ’
—~g —1 _ S 3y,
’|(Z ) _Z 1| :Op (‘K2mp \/IT +K\/1; >a

The results state explicitly the dependence of the rate of convergence on the
number of factors.

3. The relative error [£Y2 5 V2 - I,ll in operator norm can be shown to have the
same order as the maximum relative error of estimated eigenvalues. It does not
converge to zero nor diverge. It is much smaller than ||k = X||, which is of order

p/ VT (see Example 3.1).

3.4 Convergence of unknown factors and factor loadings

Many applications of the factor model require estimating the unknown factors. In general,
factor loadings in B and the common factors f; are not separably identifiable, as for any
matrix H such that H’H = I, Bf; = BH’Hf;. Hence (B, f;) cannot be identified from (BH’,
Hf;). Note that the linear space spanned by the rows of B is the same as that by those of BH’.
In practice, it often does not matter which one is used.

Let V denote the K x K aiagonal matrix of the first K fargest eigenvalues of the sample
covariance matrix in decreasing order. Recall that F’ = (fy, ..., ft) and define a K x K matrix

H=1V 'F'FB'B. Then for t< T, Hf; = T-WV-1F/(Bfy, ..., Bff)Bf;. Note that Hf; depends

only on the data V~1F and an identifiable part of parameters {Bft}thl. Therefore, there is
no identifiability issue in Hf; regardless of the imposed identifiability condition.

Bai (2003) obtained the rate of convergence for both biA and ftA for any fixed (i, t). However,
the uniform rate of convergence is more relevant for many applications (see Example 5.1).
The following theorem extends those results in Bai (2003) in a uniformity sense. In
particular, with a more refined technique, we have improved the uniform convergence rate
for f;.

Theorem 3.3: Under the assumptions of Theorem 3.1,

TThe assumptions in the working paper Fan et al. (2011) are slightly weak than those presented here, in that it required Amax(Zu)
instead of ||Zy||1 be bounded.
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I?Sa;( |Bi—Hbi||:Op(wT), Itnsa%q |E—Hft|

1 T1/4

As a consequence of Theorem 3.3, we obtain the following: (recall that the constant r» is
defined in Assumption 3.2.)

Corollary 3.1: Under the assumptions of Theorem 3.1,

1/4
crs o 1ry |logp T
ignl}g}éT“bift bifi|| =0, ((logT) e +—\/ﬁ)'

The rates of convergence obtained above also explain the condition T = o(p?) in Theorems
3.1and 3.2. It is needed in order to estimate the common factors {f;}~_, uniformly int< T,

When we do not observe {f;}”_, in addition to the factor loadings, there are KT factors to
estimate. Intuitively, the condition T = o(p?) requires the number of parameters introduced
by the unknown factors be “not too many”, so that we can consistently estimate them
uniformly. Technically, as demonstrated by Bickel and Levina (2008), Cai and Liu (2011)
and many other authors, achieving uniform accuracy is essential for large covariance
estimations.

4 Choice of Threshold

4.1 Finite-sample positive definiteness

Recall that the threshold value 7;;=C"y/ @ij, where C is determined by the users. To make
POET operational in practice, one has to choose C to maintain the positive definiteness of

—

—
. . . . . C)=
the estimated covariances for any given finite sample. We write Z“?( ) Zug where

the covariance estimator depends on C via the threshold. We choose C in the range where

—7
/\min >0 -
(Zu,g) . Define

—7
Crnin=Inf{C>0: A0 (Y (M))>0, VM>C} (a)
u, K

When C is sufficiently large, the estimator becomes diagonal, while its minimum eigenvalue
—7

Z A(C) is

must retain strictly positive. Thus, Cpyip is well defined and for all C > Cpyjp, <. %
(€))=0

.- .. .. - . /\Inin
positive definite under finite sample. We can obtain Cyj, by solving (Z 7 ,C

u,

—7
# 0. We can also a i - ing min(22 (@) i

. pproximate Cpyin by plotting R as a function of C, as
illustrated in Figure 1. In practice, we can choose C in the range (Ciin + & M) for a small ¢
and large enough M. Choosing the threshold in a range to guarantee the finite-sample
positive definiteness has also been previously suggested by Fryzlewicz (2010).
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4.2 Multifold Cross-Validation

In practice, C can be data-driven, and chosen through multifold cross-validation. After
obtaining the estimated residuals {0}t by the PCA, we divide them randomly into two
subsets, which are, for simplicity, denoted by {U¢}tey; and {Gi}tey,- The sizes of J; and Jp,
denoted by T(J1) and T (Jp),are T (J1) < Tand T (Jp) + T (J1) = T. For example, in sparse
matrix estimation, Bickel and Levina (2008) suggested to choose T(J1) = T (1 - (log T)71).

/\77_]
We repeat this procedure H times. At the jth split, we denote by Z C) the POET

estimator with the threshold € /05w, on the training data set {Ut}tes;- We also denote by

Zu the sample covariance based on the validation set, defined by

=

_ -1 ool .
Zu_T(J2) Ztgz "t Then we choose the constant C* by minimizing a cross-
validation objective function over a compact interval

Cr=arg (4.2)

m,n+5<C<A[H

‘o= -

—T

Here Cnin is the minimum constant that guarantees the positive definiteness of Zu)g( )for
C > Cpin as described in the previous subsection, and M is a large constant such that

—

M % . .
me(( ) is diagonal. The resulting C™ is data-driven, so dependson Y aswellaspand T
via the data. On the other hand, for each given N x T data matrix Y, C” is a universal

constant in the threshold 7;;=C* @ij in the sense that it does not change with respect to
the position (i, j). We also note that the cross-validation is based on the estimate of X, rather
than X because POET thresholds the error covariance matrix. Thus cross-validation
improves the performance of thresholding.

—

It is possible to derive the rate of convergence for Zuyg(c ) under the current model
setting, but it ought to be much more technically involved than the regular sparse matrix
estimation considered by Bickel and Levina (2008) and Cai and Liu (2011). To keep our
presentation simple we do not pursue it in the current paper.

5 Applications of POET

We give four examples to which the results in Theorems 3.1-3.3 can be applied. Detailed
pursuits of these are beyond the scope of the paper.

Example 5.1 (Large-scale hypothesis testing): Controlling the false discovery rate in
large-scale hypothesis testing based on correlated test statistics is an important and
challenging problem in statistics (Leek and Storey, 2008; Efron, 2010; Fan, et al., 2012).
Suppose that the test statistic for each of the hypothesis

Hio:p;=0 vs. Hp;:p; #0
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is Zj ~ N (;, 1) and these test statistics Z are jointly normal N (g, ) where X is unknown.
For a given critical value x, the false discovery proportion is then defined as FDP(x) = V (x)/

R(x) where V (x) = p~ %20 (|Zi| > x) and R($)=pflzf:11(lzi| >x) are the total number
of false discoveries and the total number of discoveries, respectively. Our interest is to
estimate FDP(x) for each given x. Note that R(X) is an observable quantity. Only V (x) needs
to be estimated.

If the covariance X admits the approximate factor structure (1.3), then the test statistics can
be stochastically decomposed as

Z=p+Bf+u, Wherezu issparse. (5.1)

By the principal factor approximation (Theorem 1, Fan, Han, Gu, 2012)

V(@)=Y {®(ai(z,/0+m))+P(ai(2,2—m)) }+0, (D), (52)

i=1

when my, = o(p) and the number of true significant hypothesis {i : z4 # 0} is o(p), where z, is
the upper x-quantile of the standard normal distribution, 7; = (Bf); and a; = var(u;) ™.

Now suppose that we have n repeated measurements from the model (5.1). Then, by
Corollary 3.1, {7} can be uniformly consistently estimated, and hence p~1V (x) and FDP(x)
can be consistently estimated. Efron (2010) obtained these repeated test statistics based on
the bootstrap sample from the original raw data. Our theory (Theorem 3.3) gives a formal
justification to the framework of Efron (2007, 2010).

Example 5.2 (Risk management): The maximum elementwise estimation error ||Z];2 =
Yllmax appears in risk assessment as in Fan, Zhang and Yu (2012). For a fixed portfolio
allocation vector w, the true portfolio variance and the estimated one are given by w'%w and
W XkW respectively. The estimation error is bounded by

2
[Iwlly;
max

WY wew'Swl < [ Y

where ||w||1, the L1-norm of w, is the gross exposure of the portfolio. Usually a constraint is
placed on the total percentage of the short positions, in which case we have a restriction ||
w||y < ¢ for some ¢ > 0. In particular, ¢ = 1 corresponds to a portfolio with no-short positions
(all weights are nonnegative). Theorem 3.2 quantifies the maximum approximation error.

The above compares the absolute error of perceived risk and true risk. The relative error is
bounded by

|W/Z§W/W/ZW—1| < MZfl/sz(Z*l/Z_ p|

for any allocation vector w. Theorem 3.2 quantifies this relative error.
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Example 5.3 (Panel regression with a factor structure in the errors): Consider the
following panel regression model

’ ’ .
Yi=x;;0+€it, ep=bfituy, i <p,t<T,

where Xj; is a vector of observable regressors with fixed dimension. The regression error &
has a factor structure and is assumed to be independent of xi;, but b, f; and uj; are all
unobservable. We are interested in the common regression coefficients g. The above panel
regression model has been considered by many researchers, such as Ahn, Lee and Schmidt
(2001), Pesaran (2006), and has broad applications in social sciences.

Although OLS (ordinary least squares) produces a consistent estimator of g, a more efficient
estimation can be obtained by GLS (generalized least squares). The GLS method depends,

however, on an estimator of ZE 1, the inverse of the covariance matrix of & = (eyy, ..., &)
By assuming the covariance matrix of (uyy, ..., Up) to be sparse, we can successfully solve
this problem by applying Theorem 3.2. Although &t is unobservable, it can be replaced by
the regression residuals &, obtained via first regressing Yij;: on x;t. We then apply the POET

_ T
estimator to 7' 1Zt:15t€t. By Theorem 3.2, the inverse of the resulting estimator is a
-1
consistent estimator of ZE under the spectral norm. A slight difference lies in the fact that
1T ’ . T I
when we apply POET, T’ thletet is replaced with 7' thlé‘ﬁt, which introduces an

additional term O, ( 1/ &2) in the estimation error.

Example 5.4 (Validating an asset pricing theory): A celebrated financial economic theory
is the capital asset pricing model (CAPM, Sharpe 1964) that makes William Sharpe win the
Nobel prize in Economics in 1990, whose extension is the multi-factor model (Ross, 1976,
Chamberlain and Rothschild, 1983). It states that in a frictionless market, the excessive
return of any financial asset equals the excessive returns of the risk factors times its factor
loadings plus noises. In the multi-period model, the excess return yj; of firm i at time t
follows model (1.1), in which f; is the excess returns of the risk factors at time t. To test the
null hypothesis (1.2), one embeds the model into the multivariate linear model

yi=a+Bf+w, t=1,---,T (53

and wishes to test Hp : @ = 0. The F-test statistic involves the estimation of the covariance

matrix X, whose estimates are degenerate without regularization when p = T. Therefore, in

the literature (Sentana, 2009, and references therein), one focuses on the case p is relatively

small. The typical choices of parameters are T = 60 monthly data and the number of assets p

=5, 10 or 25. However, the CAPM should hold for all tradeable assets, not just a small
—7

fraction of assets. With our regularization technique, non-degenerate estimate Zg can be
obtained and the F-test or likelihood-ratio test statistics can be employed even when p > T.

To provide some insights, let a be the least-squares estimator of (5.3). Then, when u; ~ N (0,
>u), @~ N(a, Ty/ct) for a constant ¢t which depends on the observed factors. When X, is

Il
known, the Wald test statistic is W=c,a Zu @, When it is unknown and p is large, it is
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1

_ , =7
... W=c.a a .
natural to use the F-type of test statistic T (Z“,g) . The difference between these

two statistics is bounded by

—g -1

) -

w, K

T <e, lal®

2
=0(P) Thys, it

5.l

. —g —1 1
W-W|=0 —
follows from boundness of ||| that| [=0) ’(Zu,g) Z“ | . Theorem 3.1

provides the rate of convergence for the above difference. Detailed development is out of the
scope of the current paper, and we will leave it as a separate research project.

Since under the null hypothesis a = N(O, X, /cT), we have ‘r

6 Monte Carlo Experiments

In this section, we will examine the performance of the POET method in a finite sample. We
will also demonstrate the effect of this estimator on the asset allocation and risk assessment.
Similarly to Fan, et al. (2008, 2011), we simulated from a standard Fama-French three-factor
model, assuming a sparse error covariance matrix and three factors. Throughout this section,
the time span is fixed at T = 300, and the dimensionality p increases from 1 to 600. We
assume that the excess returns of each of p stocks over the risk-free interest rate follow the
following model:

Yit=bi1 f1e+bi2 for+bi3 fat+uis.

The factor loadings are drawn from a trivariate normal distribution b ~ N3(ug, Xg), the
idiosyncratic errors from u ~ Np(0, X), and the factor returns f; follow a VAR(1) model. To
make the simulation more realistic, model parameters are calibrated from the financial
returns, as detailed in the following section.

6.1 Calibration

To calibrate the model, we use the data on annualized returns of 100 industrial portfolios
from the website of Kenneth French, and the data on 3-month Treasury bill rates from the
CRSP database. These industrial portfolios are formed as the intersection of 10 portfolios
based on size (market equity) and 10 portfolios based on book equity to market equity ratio.
Their excess returns (§) are computed for the period from January 15, 2009 to December
315t, 2010. Here, we present a short outline of the calibration procedure.

L Given {§,17% as the input data, we fit a Fama-French-three-factor model and

calculate a 100 x 3 matrix B, and 500 x 3 matrix F, using the principal components
method described in Section 3.1.

2. We summarize 100 factor loadings (the rows of B)~ by their sample mean vector ug
and sample covariance matrix Xg, which are reported in Table 1. The factor
loadings b; = (bj1, bip, biz)" fori =1, ..., p are drawn from N3(ug, Zg).

3. We run the stationary vector autoregressive model f; = pz + ®fi_1 + &, a VAR(1)
model, to the data F to obtain the multivariate least squares estimator for zz and @,
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and estimate ... Note that all eigenvalues of ® in Table 2 fall within the unit circle,
so our model is stationary. The covariance matrix cov(f;) can be obtained by
solving the linear equation cov(f;) = ®cov(f;) ® + X.. The estimated parameters are
depicted in Table 2 and are used to generate f;.

4. For each value of p, we generate a sparse covariance matrix %, of the form:

> =D D.

Here, X is the error correlation matrix, and D is the diagonal matrix of the standard
deviations of the errors. We set D = diag(oy, ..., dp), Where each g; is generated
independently from a Gamma distribution G(«, /), and a and fare chosen to match
the sample mean and sample standard deviation of the standard deviations of the
errors. A similar approach to Fan et al. (2011) has been used in this calibration step.
The off-diagonal entries of X are generated independently from a normal
distribution, with mean and standard deviation equal to the sample mean and
sample standard deviation of the sample correlations among the estimated
residuals, conditional on their absolute values being no larger than 0.95. We then
employ hard thresholding to make X sparse, where the threshold is found as the
smallest constant that provides the positive definiteness of Xy. More precisely, start
with threshold value 1, which gives Zq = I, and then decrease the threshold values
in a grid until positive definiteness is violated.

6.2 Simulation

For the simulation, we fix T =300, and let p increase from 1 to 600. For each fixed p, we
repeat the following steps N = 200 times, and record the means and the standard deviations
of each respective norm.

Generate independently {bi}_1~Na (1, ZB), and set B = (by, ..., by)".

. T
Generate independently {:},—1~Np(0, > ).
3. Generate {ft}f:1 as a vector autoregressive sequence of the form f; = g + of_1 + &.

Calculate {y;}7_, from y; = Bfy + uy.

Set hard-thresholding with threshold 0.5 1/8;;( \/ e+ ). Estimate K using Bai
and Ng (2002)’s IC1. Calculate covariance estimators using the POET method.
Calculate the sample covariance matrix Xggm.

In the graphs below, we plot the averages and standard deviations of the distance from Z;E )

and Xgam to the true covariance matrix X, under norms ||.||s, ||.|| and |[|.||max- Ve also plot the
—1

means and standard deviations of the distances from (k)1 and Z to 71 under the

sam

spectral norm. The dimensionality p ranges from 20 to 600 in increments of 20. Due to
—1

invertibility, the spectral norm for Zsam is plotted only up to p = 280. Also, we zoom into

these graphs by plotting the values of p from 1 to 100, this time in increments of 1. Notice

that we also plot the distance from Xqs to X for comparison, where Xy is the estimated

covariance matrix proposed by Fan et al. (2011), assuming the factors are observable.
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In a factor model, we expect POET to perform as well as Egbs when p is relatively large,
since the effect of estimating the unknown factors should vanish as p increases. This is
illustrated in the plots below.

From the simulation results, reported in Figures 2-5, we observe that POET under the
unobservable factor model performs just as well as the estimator in Fan et al. (2011) if the
factors are known, when p is large enough. The cost of not knowing the factors is

approximately of order O,(1/ /p). It can be seen in Figures 2 and 3 that this cost vanishes
for p = 200. To give a better insight of the impact of estimating the unknown factors for
small p, a separate set of simulations is conducted for p < 100. As we can see from Figures 2
(bottom panel) and 3 (middle and bottom panels), the impact decreases quickly. In addition,
when estimating =71, it is hard to distinguish the estimators with known and unknown
factors, whose performances are quite stable compared to the sample covariance matrix.
Also, the maximum absolute elementwise error (Figure 4) of our estimator performs very
similarly to that of the sample covariance matrix, which coincides with our asymptotic
result. Figure 5 shows that the performances of the three methods are indistinguishable in
the spectral norm, as expected.

6.4 Robustness to the estimation of K

The POET estimator depends on the estimated number of factors. Our theory uses a

consistent esimator K. To assess the robustness of our procedure to K in finite sample, we
—7

calculate Zu,K forK =1, 2, ..., 10. Again, the threshold is fixed to be 0.5 \/@j( et o).

6.4.1 Design 1—The simulation setup is the same as before where the true Ky = 3. We

—7 —7 1 S | 1
SR DO SH(A> SIS S (1) S Si ISR

2, ..., 10. Figure 6 plots these norms as p increases but with a fixed T = 300. The results
demonstrate a trend that is quite robust when K = 3; especially, the estimation accuracy of
the spectral norms for large p are close to each other. When K = 1 or 2, the estimators
perform badly due to modeling bias. Therefore, POET is robust to over-estimated K, but not
to under-estimation.

6.4.2 Design 2—We also simulated from a new data generating process for the robustness
assessment. Consider a banded idiosyncratic matrix

0.5, |i—j| <9 .
Uu,ij:{ 07 IZ_]I ~9 ) (ula--- auT)N Np(O,Zu)

We still consider a Ky = 3 factor model, where the factors are independently simulated as
fit'\’N(O’ 1)’ bijN(0> ]-) 1<3,j <pt<T,

Table 3 summarizes the average estimation error of covariance matrices across K in the
spectral norm. Each simulation is replicated 50 times and T = 200.
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Table 3 illustrates some interesting patterns. First of all, the best estimation accuracy is
achieved when K = Kq. Second, the estimation is robust for K = Ky. As K increases from Ko,
the estimation error becomes larger, but is increasing slowly in general, which indicates the
robustness when a slightly larger K has been used. Third, when the number of factors is
under-estimated, corresponding to K = 1, 2, all the estimators perform badly, which
demonstrates the danger of missing any common factors. Therefore, over-estimating the
number of factors, while still maintaining a satisfactory estimation accuracy of the
covariance matrices, is much better than under-estimating. The resulting bias caused by
under-estimation is more severe than the additional variance introduced by over-estimation.
Finally, estimating X, the covariance of y;, does not achieve a good accuracy even when K =
Ko in the absolute term || = X, but the relative error [|[£~2 £ x72 — I ]| is much smaller.
This is consistent with our discussions in Section 3.3.

6.5 Comparisons with Other Methods

6.5.1 Comparison with related methods—We compare POET with related methods
that address low-rank plus sparse covariance estimation, specifically, LOREC proposed by
Luo (2012), the strict factor model (SFM) by Fan, Fan and Lv (2008), the Dual Method
(Dual) by Lin et al. (2009), and finally, the singular value thresholding (SVT) by Cai,
Candes and Shen (2008). In particular, SFM is a special case of POET which employs a
large threshold that forces X, to be diagonal even when the true X, might not be. Note that
Dual, SVT and many others dealing with low-rank plus sparse, such as Candes et al. (2011)
and Wright et al. (2009), assume a known X and focus on recovering the decomposition.
Hence they do not estimate X or its inverse, but decompose the sample covariance into two
components. The resulting sparse component may not be positive definite, which can lead to
—1 R
large estimation errors for Zu and =71,

Data are generated from the same setup as Design 2 in Section 6.4. Table 4 reports the
averaged estimation error of the four comparing methods, calculated based on 50
replications for each simulation. Dual and SVT assume the data matrix has a low-rank plus
sparse representation, which is not the case for the sample covariance matrix (though the
population X has such a representation). The tuning parameters for POET, LOREC, Dual
and SVT are chosen to achieve the best performance for each method.8

6.5.2 Comparison with direct thresholding—This section compares POET with direct
thresholding on the sample covariance matrix without taking out common factors (Rothman
et al. 2009, Cai and Liu 2011. We denote this method by THR). We also run simulations to
demonstrate the finite sample performance when X itself is sparse and has bounded
eigenvalues, corresponding to the case K = 0. Three models are considered and both POET
and THR use the soft thresholding. We fix T = 200. Reported results are the average of 100
replications.

Model 1: one-factor: The factors and loadings are independently generated from N(0, 1).
The error covariance is the same banded matrix as Design 2 in Section 6.4. Here X has one
diverging eigenvalue.

8\We used the R package for LOREC developed by Luo (2012) and the Matlab codes for Dual and SVT provided on Yi Ma’s website
“Low-rank matrix recovery and completion via convex optimization” at University of Illinois. The tuning parameters for each method

have been chosen to minimize the sum of relative errors

DO D A1) PR P i

. We have

also written an R package for POET.
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Model 2: sparse covariance: Set K = 0, hence X = %, itself is a banded matrix with
bounded eigenvalues.

Model 3: cross-sectional AR(1): Set K = 0, but £ = %, = (0.85/l),,. Now X is no longer
sparse (or banded), but is not too dense either since j; decreases to zero exponentially fast
as |i — j| — oo. This is the correlation matrix if {y;;}?_, follows a cross-sectional AR(1)
process: yjt = 0.85yj-1 ¢ + &t.

For each model, POET uses an estimated K based on IC1 of Bai and Ng (2002), while THR
thresholds the sample covariance directly. We find that in Model 1, POET performs
significantly better than THR as the latter misses the common factor. For Model 2, IC1
estimates K = 0 precisely in each replication, and hence POET is identical to THR. For
Model 3, POET still outperforms. The results are summarized in Table 5.

6.6 Simulated portfolio allocation

We demonstrate the improvement of our method compared to the sample covariance and
that based on the strict factor model (SFM), in a problem of portfolio allocation for risk
minimization purposes.

Let > be a generic estimator of the covariance matrix of the return vector y;, and w be the
allocation vector of a portfolio consisting of the corresponding p financial securities. Then
the theoretical and the empirical risk of the given portfolio are R(w) = w'Zw and R (w) = w
Sw, respectively. Now, define

A~ . /
W=argmin ,_w E W,

the estimated (minimum variance) portfolio. Then the actual risk of the estimated portfolio
is defined as R(W) = w'Xw, and the estimated risk (also called empirical risk) is equal to R
(W) = w’2w. In practice, the actual risk is unknown, and only the empirical risk can be
calculated.

For each fixed p, the population X was generated in the same way as described in Section
6.1, with a sparse but not diagonal error covariance. We use three different methods to
estimate X and obtain w: strict factor model Zgjqq (estimate X, using a diagonal matrix), our
POET estimator ZpogT, both are with unknown factors, and sample covariance Xggm. We
then calculate the corresponding actual and empirical risks.

It is interesting to examine the accuracy and the performance of the actual risk of our
portfolio & in comparison to the oracle risk R* = miny1=1 WZw, which is the theoretical
risk of the portfolio we would have created if we knew the true covariance matrix . We
thus compare the regret R(w) — R™, which is always nonnegative, for three estimators of .
They are summarized by using the box plots over the 200 simulations. The results are
reported in Figure 7. In practice, we are also concerned about the difference between the
actual and empirical risk of the chosen portfolio w. Hence, in Figure 8, we also compare the
average estimation error |R(w) - R (W)l and the average relative estimation error |R (w)/
R(w) - 1] over 200 simulations. When w is obtained based on the strict factor model, both
differences - between actual and oracle risk, and between actual and empirical risk, are
persistently greater than the corresponding differences for the approximate factor estimator.
Also, in terms of the relative estimation error, the factor model based method is negligible,
where as the sample covariance does not process such a property.
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7 Real Data Example

We demonstrate the sparsity of the approximate factor model on real data, and present the
improvement of the POET estimator over the strict factor model (SFM) in a real-world
application of portfolio allocation.

7.1 Sarsity of Idiosyncratic Errors

The data were obtained from the CRSP (The Center for Research in Security Prices)
database, and consists of p = 50 stocks and their annualized daily returns for the period
January 1%, 2010-December 315, 2010 (T = 252). The stocks are chosen from 5 different
industry sectors, (more specifically, Consumer Goods-Textile & Apparel Clothing,
Financial-Credit Services, Healthcare-Hospitals, Services-Restaurants, Utilities-Water
utilities), with 10 stocks from each sector. We made this selection to demonstrate a block
diagonal trend in the sparsity. More specifically, we show that the non-zero elements are
clustered mainly within companies in the same industry. We also notice that these are the
same groups that show predominantly positive correlation.

The largest eigenvalues of the sample covariance equal 0.0102, 0.0045 and 0.0039, while
the rest are bounded by 0.0020. Hence K =0, 1, 2, 3 are the possible values of the number of
factors. Figure 9 shows the heatmap of the thresholded error correlation matrix (for
simplicity, we applied hard thresholding). The threshold has been chosen using the cross
validation as described in Section 4. We compare the level of sparsity (percentage of non-
zero off-diagonal elements) for the 5 diagonal blocks of size 10 x 10, versus the sparsity of
the rest of the matrix. For K = 2, our method results in 25.8% non-zero off-diagonal
elements in the 5 diagonal blocks, as opposed to 7.3% non-zero elements in the rest of the
covariance matrix. Note that, out of the non-zero elements in the central 5 blocks, 100% are
positive, as opposed to a distribution of 60.3% positive and 39.7% negative amongst the
non-zero elements in off-diagonal blocks. There is a strong positive correlation between the
returns of companies in the same industry after the common factors are taken out, and the
thresholding has preserved them. The results for K = 1, 2 and 3 show the same
characteristics. These provide stark evidence that the strict factor model is not appropriate.

7.2 Portfolio Allocation

We extend our data size by including larger industrial portfolios (p = 100), and longer period
(ten years): January 15, 2000 to December 315, 2010 of annualized daily excess returns.
Two portfolios are created at the beginning of each month, based on two different
covariance estimates through approximate and strict factor models with unknown factors. At
the end of each month, we compare the risks of both portfolios.

The number of factors is determined using the penalty function proposed by Bai and Ng
(2002), as defined in (2.14). For calibration, we use the last 100 consecutive business days
of the above data, and both IC1 and IC2 give K = 3. On the 15t of each month, we estimate
Ed,ag (SFM) and EK (POET with soft thresholding) using the historical data of excess daily
returns for the proceeding 12 months (T = 252). The value of the threshold is determined
using the cross-validation procedure. We minimize the empirical risk of both portfolios to
obtain the two respective optimal portfolio allocations w = %1 and W (based on X = Ed,ag
and Z}K) W = arg minyn-1 WEw. At the end of the month (21 trading days), their actual
risks are compared, calculated by
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We can see from Figure 10 that the minimum-risk portfolio created by the POET estimator
performs significantly better, achieving lower variance 76% of the time. Amongst those
months, the risk is decreased by 48.63%. On the other hand, during the months that POET
produces a higher-risk portfolio, the risk is increased by only 17.66%.

Next, we demonstrate the impact of the choice of number of factors and threshold on the
performance of POET. If cross-validation seems computationally expensive, we can choose
a common soft-threshold throughout the whole investment process. The average constant in
the cross-validation was 0.53, close to our suggested constant 0.5 used for simulation. We
also present the results based on various choices of constant C = 0.5, 0.75, 1 and 1.25, with

soft threshold C v/ @ij. The results are summarized in Table 6. The performance of POET
seems consistent across different choices of these parameters.

8 Conclusion and Discussion

We study the problem of estimating a high-dimensional covariance matrix with conditional
sparsity. Realizing unconditional sparsity assumption is inappropriate in many applications,
we introduce a latent factor model that has a conditional sparsity feature, and propose the
POET estimator to take advantage of the structure. This expands considerably the scope of
the model based on the strict factor model, which assumes independent idiosyncratic noise
and is too restrictive in practice. By assuming sparse error covariance matrix, we allow for
the presence of the cross-sectional correlation even after taking out the common factors. The
sparse covariance is estimated by the adaptive thresholding technique.

It is found that the rates of convergence of the estimators have an extra term approximately
Op(p‘llz) in addition to the results based on observable factors by Fan et al. (2008, 2011),
which arises from the effect of estimating the unobservable factors. As we can see, this
effect vanishes as the dimensionality increases, as more information about the common
factors becomes available. When p gets large enough, the effect of estimating the unknown
factors is negligible, and we estimate the covariance matrices as if we knew the factors.

The proposed POET also has wide applicability in statistical genomics. For example,
Carvalho et al. (2008) applied a Bayesian sparse factor model to study the breast cancer
hormonal pathways. Their real-data results have identified about two common factors that
have highly loaded genes (about half of 250 genes). As a result, these factors should be
treated as “pervasive” (see the explanation in Example 2.1), which will result in one or two
very spiked eigenvalues of the gene expressions’ covariance matrix. The POET can be
applied to estimate such a covariance matrix and its network model.
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APPENDIX

A Estimating a sparse covariance with contaminated data

We estimate X3, by applying the adaptive thresholding given by (2.11). However, the task
here is slightly different from the standard problem of estimating a sparse covariance matrix

in the literature, as no direct observations for {u;}7_, are available. In many cases the
original data are contaminated, including any type of estimate of the data when direct

observations are not available. This typically happens when {ut}tT:1 represent the error
terms in regression models or when data is subject to measurement of errors. Instead, we

may observe {1, };_,. For instance, in the approximate factor models, Gi,=y;—b. £

We can estimate X, using the adaptive thresholding proposed by Cai and Liu (2011): for the

threshold 7;;=C"\/ 6;jw,, define

T T
N 1 N ~ 1 o ~ N2
Giy=gp Uity and  O=2> (@il —53;)". (A1
t=1 t=1

—T

>0 =5@ii)

where sj;(.) satisfies: for all z € R, sjj(z) = 0, when [z] < 5;; [sj;(2) - 2| < ;.

—7
When {@;}_| is close enough to {u;};_,, we can show that Zu is also consistent. The
following theorem extends the standard thresholding results in Bickel and Levina (2008) and
Cai and Liu (2011) to the case when no direct observations are available, or the original data
are contaminated. For the tail and mixing parameters rq and r3 defined in Assumptions 3.2

and 3.3, let a=3r; L4yt 41
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Theorem A.1—Suppose (log p)8< = o(T), and Assumptions 3.2 and 3.3 hold. In addition,

. T ~
suppose there is a sequence at = o(1) so that maxigp%ztzl it —tit|* =0, (a2 ), and
MaXizp t<T |Ujt = Uil = 0p(1); Then there is a constant C > 0 in the adaptive thresholding

estimator (A.1) with
logp
Wr=A\[ = Tar

such that

:Op(w;_qmp)‘

%

—7
If further cor my = 0(1), then Zu is invertible with probability approaching one, and

1—
:Op(wT Tmy,).

Proof: By Assumptions 3.2 and 3.3, the conditions of Lemmas A.3 and A.4 of Fan, Liao
and Mincheva (2011, Ann. Statist, 39, 3320-3356) are satisfied. Hence for any > 0, there
are positive constants M, &, and & such that each of the events

Aj={ max [6;;—0yj| <Mw,}
1<p,j<p

Ay={0,>/0;;>0,, alli < p,j <p}.

occurs with probability at least 1 — &. By the condition of threshold function,

Siq(t =S;q t)]
ia(t)=sij(t) lt1>Cug /o5 NOW for C=051211, under the event A; N Ay,
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P
< max Y |54(Tij)—0u,ijl
i<p j=1

p
=max ) [s;;(5ij)] _ — —Ouil — —Ouijl ~
i<p j= (gt >Cor /o) (1031 >Cwp /035 (g1 < \/e-v
)4
< maXZ \Sij(az'j)—‘fijlf - +3 51—l _
i<p j (7551 >Cwp A/035)  j=1 (7351 >Cug \/ 5 =1 <|ams0wT 655)
<maxZC’w 6, G +Mw, ZI —|—Z| 7“J|
i<p j=1 ([os \>ch62) =1 (Jo; |>ch92) =1 ij| SCwr6y)

< (091+J\1)meaX ZII(‘”u,ij‘ >Mw >+H,1<8‘X Z w1, (o, ij| <Cuwp 0y +Muwrp)

7.5 001+M> W
< (CO1+M)wr mag‘z Miw I(\vu,;j\>MwT>+m<aXZ|au ijl |1 7 I(\ uyig| S(COLEM)wr)

L4 — _
< —]—CgﬂfiM%lfqu‘Xz 70,15+ mnasc .Zl|‘7u,z‘j| (C91+M)1 fp
—. ]:

=myw!9(CO1+M) (M I+(CO+M) ).

Let My = (C4+M)(M~9+(CH+M)™9). Then with probability at least 1 - 2¢,
—7
DS

in addition, oy mp = 0(1), then the minimum eigenvalue of Z is bounded away from zero
with probability approaching one since Apmin(Xy) > c1. This then implies

o )

< mpw;_q]\/fl

=0y (w;~my)

. Since ¢is arbitrary, we have f

B Proofs for Section 2

We first cite two useful theorems, which are needed to prove propositions 2.1 and 2.2. In
Lemma B.1 below, let {A;}\_, be the eigenvalues of = in descending order and {¢;}”_, be

their associated eigenvectors. Correspondingly, let {3\1-}?:1 be the eigenvalues of ¥in
descending order and {Ei}le be their associated eigenvectors.

Lemma B.1
1. (Weyl’s Theorem) |/1, Ail < ||Z} 3.
2. (sin @Theorem, Davis and Kahan, 1970)

V2|I=-3
N min(|xi71_)\i|7 ‘/\i_xi+1|) .

1€—¢i]

Proof of Proposition 2.1

~ 2
Proof: Since {A; }1;:1 are the eigenvalue of X and {‘ ‘bj‘ ‘ }j:1 are the first K eigenvalues of
BB’ (the remaining p — K eigenvalues are zero), then by the Wey!’s theorem, for each j < K,
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|11 < I -BB|I=

For j > K, [4j| =14 = 0] < [|Zy]| On the other hand, the first K eigenvalues of BB are also the
eigenvalues of B’B. By the assumption, the eigenvalues of p~B’B are bounded away from
zero. Thus when j <K, ||bj||2/p are bounded away from zero for all large p.

Proof of Proposition 2.2
Proof: Applying the sin @theorem yields

V2| Z.l
. ~ 2 - 2
min(|A; 1= By | [B1] =Aj41])

[1&5=B;/11B,111] <

For a generic constant ¢ > 0, [4j-1 — ||bJ|| | 2 |||bJ_1||2 - ||bJ|| | = 14j-1 = ||bJ 114 = cp for all
large p, since |||bl 2 - ||bJ||2| = cp but [4j-1 = [|bj- NIEK is bounded by Prosposition 2.1. On
the other hand, if j < K, the same argument implies |||b]|| = Al zcp. Ifj =K, |||b]||2 Al
= plllbklI%/p = Ak+1/pl, where [[o][/p is bounded away from zero, but Ax+1/p = O(p~Y).
Hence again, |||bJ||2 Aj+1| = cp.

Proof of Theorem 2.1
Proof: The sample covariance matrix of the residuals using least squares method is given by

—

> #(Y—AF)(Y'—FA )=4YY —AA . where we used the normalization condition F/F~

=Tl and A= YF/T. If we show that AA :Zi A E E then from the decompositions of
the sample covariance

1 o = K
?YY =AA +Zu:;)\i$i€i+Ra

we have R = EJ. Consequently, applying thresholding on EJ is equivalent to applying
thresholding on R, which gives the desired result.

We now show AA Z Ai 5151 indeed holds. Consider again the least squares problem

(2.8) but with the following alternative normalization constraints: ,lz_ bib:IK, and

TZ ftft is diagonal. Let (A, F) be the solution to the new optimization problem.
SW|tch|ng the roles of B and F, then the solution of (2.10) is A = (&, - - -, &k) and F= p~1
/A In addition, T-XF/F= diag(A4, - - -, Ak). From AF = AF, it follows that

AR =}AFFA =4AFFA=Y" AEE.

C Proofs for Section 3

We will proceed by subsequently showing Theorems 3.3, 3.1 and 3.2.
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C.1 Preliminary lemmas

The following results are to be used subsequently. The proofs of Lemmas C.1, C.2 and C.3
are found in Fan, Liao and Mincheva (2011).

Lemma C.1—Suppose A, B are symmetric semi-positive definite matrices, and Anin(B) >
cy for a sequence ¢t > 0. If |A = B|| = op(ct ), then Apin(A) > c1/2, and

[A1-B[|=0,(c;?)||A-B]|.

Lemma C.2—Suppose that the random variables Z;, Z, both satisfy the exponential-type
tail condition: There exist rq, r» € (0, 1) and by, by > 0, such that Vs > 0,

P(|Z;| >s) < exp(—(s/b)"™), i=1,2.

Then for some r3 and b3 >0, and any s > 0,

P(|Z125] >s) < exp(1—(s/b3)"). (c1)

Lemma C.3—Under the assumptions of Theorem 3.1,
i T /
max, ;< |%Zt:1fitfjt_E fitfjt|:0p( 1/T>-

T
max; j<p|+y |, wirtji—Eugu;e|=0p( 1/ (logp)/T)

iii. T
maXiSK,jS]J|%Zt:1fitujt|20p( Y% (logp)/T)

~ ) — T ’ ~
Lemma C.4—Let Ak denote the Kth largest eigenvalue of Zw” =% yt¥s then A >

T =
C1p with probability approaching one for some C4 > 0. =

Proof: First of all, by Proposition 2.1, under Assumption 3.1, the Kth largest eigenvalue Ax
of X satisfies: for some ¢ > 0,

e 2 Bl [ B T = ep |1, 1] = epr2

for sufficiently large p. Using Weyl’s theorem, we need only to prove that ||E;am -3 =
0p(p)- Without loss of generality, we prove the result under the identifiability condition

— _ T ’
(2.1). Using model (1.2), > =T"'>_,_ (Bfi+uy) (Bfi+u) . Using this and (1.3),
Ysam — X can be decomposed as the sum of the four terms:
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’

T / T ’
D1:(T*1Bf;ftft—IK)B, D2:T*1f;(utut—zu),

T
D3=B7 'Y fu;,, Dy=Dj
t=1

We now deal them term by term. We will repeatedly use the fact that for a p x p matrix A,

Al < pllA]

max’

First of all, by Lemma C.3,

_ T / _ T /
‘|T 1Zt:1ftft—1,<|‘ < K‘|T lztzlftft—IK|
= 0(T). Consequently, by Assumption 3.1, we have

11l < 0,1 (o) /) [BE| | <0, 1/ 1/7).

=0V HT) which is op(p) if K log p

We now deal with D». It follows from Lemma C.3 that

=0,(p 1/ (logp)/T').

max

T
T (= )|

t=1

1Ds| <p

Since ||Dy4|| = ||D3||, it remains to deal with D3, which is bounded by

T
\|D3|| < Tt |1B]| =0y 0 lorm) )
t=1

which is 0p(p) since log p = o(T).
. T /
Lemma C.5—Under Assumption 3.3, max, ., > _ [Eu,u|/p=0(1),

T ’ oo ’
Proof: Since {u;}”_, is weakly stationary, max, .,y _ [Buu|/p <2y~ |Euju/p,
In addition, E|uif* < M for some constant M and any i, t since u;; has exponential tail. Hence
by Davydov’s inequality (Corollary 16.2.4 in Athreya and Lahiri 2006), there is a constant C

>0, foralli<p, t<T,|Puaui| < Cy/a(t), where a (t) is the a-mixing coefficient. By

Assumption 3.3, Zf; \/ @(t) <o, Thus uniformly in T,
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T %) %) 0
Eu < 2% EY, <9 FEuu;,| <2C ¢ .
ngagszﬂl uwl/p < ;I | /p < ;Iglggl upu| < ;\/a()<oo

C.2 Proof of Theorem 3.3

Our derivation below relies on a result obtained by Bai and Ng (2002), which showed that
the estimated number of factors is consistent, in the sense that K equals the true K with
probability approaching one. Note that under our Assumptions 3.1-3.4, all the assumptions
in Bai and Ng (2002) are satisfied. Thus immediately we have the following Lemma.

Lemma C.6 (Theorem 2 in Bai and Ng (2002))—For K defined in (2.14),
P(K=K) — 1.

Proof: See Bai and Ng (2002).

Using (A.1) in Bai (2003), we have the following identity:

ft—Hft—(V/P ( ZfE(U ) /Pt ZfsCst-i- Zfsnst+ fost> (C2)

where (o =u,u;/p—E(u,u,)/p, nst:f;Z?zlbiuit/p, and fst:fgz;biuis/p,

We first prove some preliminary results in the following Lemmas. Denote by ft (flt,
fi)-

Lemma C.7—For all i < K,A
T T -~ / 2 1
1 G FuB(uw)/p) =0,(T7Y),
~ 2
thTzl(%Z;fisCst) :Op(pil),
~ 2
3T G Fn) =0,(07Y)
—~ 2
13T G Fugn) =0,

I

I

Proof

N 2 . .
We have Vi, ZszlfiSZT. By the Cauchy-Schwarz inequality,

2

T T T T
%t; 711 Zlfst(u u;)/p) < %2 % 2 (Eu ut/p)
=1 ey
1
< m 2 Tszl(EuSUt/p) < Iggx|EuSut/p|rg1§aq>ﬂ(T‘s§1|Eu5ut/p\
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T ’ . i
By Lemma C.5, max, .y _ [Fu.u;/p|=0(1), which then yields the result.
ii. By the Cauchy-Schwarz inequality,

A O T A PP . g T 2\ /2
Tt;(f ;1 isQst) =3 ;1;:1 isfil (ZCstClt) T3 ( l(fisfil) Z(;CstQt)
T 7T 2 1/2 T T 2\ 1/2
< %;1];?5 ( (thstClt) ) =75 (glzl(gcst@t) ) .

T T T 2 T 2
Notethat EQY_ >~ (O~ CauCi) )=T?E(Q ., CatG) < T'maxy BlGael”
By Assumption 3.4, max,; EC4=0(p~?), which implies that

T 2 42
Zsyl(zt:ﬁst@) =0p(T"/p ), and yields the result.
By definition, Usth/Z? bz‘uz‘t/P We first bound ||Zf:1biuit”, Assumption 3.4

implies £ X Zt 1‘IX: bzuzt‘ E“Zf:lbiuit| ’

Cauchy-Schwarz mequallty,

=O(p). Therefore, by the

1 & L - ? 1 & 2 21 I

T2 (1 Z:fisﬂst) < ||z 2 fif] 3|
<2 ( 5 znfn) ()
= Tp = Ts A 7-ST p)’

iv. Similar to part (iii), noting that &; is a scalar, we have:

2 2

~ T
Jis€ st) =T 2

t:l

1T f 9 1T
<z B II7 2

t=1 s=1j

<0 ().

HM’%

151 1 P 17
Z(T TZ tz jujspfzs
t:l s=1 j5=1

2
1 L2 1 1
< Op(l)TSZIH Elbj“jsg\\ T
==

P 19
> bjtjs fis|

w
101

where the third line follows from the Cauchy-Schwarz inequality.

LemmaC.8
T = ’
max, _, \ﬁzszlfsE(usutﬂ‘ —0,(\/1/T)

max, . ‘TZ sgst| _OP(T1/4/ \/5),

iii.
max

T ~
e [|5300 Bl | =0(TY/ )

T ~
max, ‘%Zszlfsfs” :OP(T1/4/ \/ﬁ)
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Proof
i. ) _ T o112
By the Cauchy-Schwarz inequality and the fact that %thl ‘ \ft|’ =0,(1),

max

1/2
T / 2
SR

|szfE u, ut)|‘ <maj)1< (T

1/2
< Op(l)rg1<ajg< (T i (Euju;/p) ) < Op(l)max \/ | B, ut/p|max (T > |Eu ut/p|>

The result then follows from Assumption 3.3.

ii. By the Cauchy-Schwarz inequality,

1/2 1z
< max - ( ) < (Op(l)mthTZC?t)
s=1

It follows from Assumption 3.4 that £( Z gst < maXsﬁthC;ltZO(;—z)- It
then follows from the Chebyshev’s mequallty and Bonferroni’s method that

Z Cst \/_/P)

1/2

| _Zfsgst|

t<T

iii.
< K*M. Chebyshev’s inequality and

4
By Assumption 3.4, E‘ \ %Zf:lbiuit’

P
Bonferroni’s method yield MaX; <1 “Zizlbiuit‘ :OP(T1/4 VP) with probability

one, which then implies:

T -~ T ~
(£ Emall < (15> B [ma| 237 bjul

iv. By the Cauchy-Schwarz inequality and Assumption 3.4, we have demonstrated that

‘| Zs lzz lb uzs

fill = Op(TY4). It foIIows that

T = T ~
‘%Zszlfsé'StH S maXt§T||ft| || |%Zs:1 jzlbiuiszl, s

max, g =op(T"*/p'?)

). In addition, since E[JK™2 f|* < M, maxer ||

max

:Op(Tl/4/p1/2)

t<T

Lemma C.9
i T s 2
maxiSKTthl(ft—Hft)i:Op(l/T—l—l/p),
ii. T ~ 2
%Zt:lhft—Hft” +0,(1/T+1/p).
il
|[f:—H£,|| =0, (\/1/T+T"*/ /p),

t<T

Proof: We prove this lemma conditioning on the event K= K. Once this is done, due to P(K )
# K) = 0(1), it then implies the unconditional arguments.
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i. WhenK=K, by Lemma C.4, all the eigenvalues of V/p are bounded away from
zero. Using the inequality (a + b + ¢ + d)? < 4(a? + b2 + ¢2 + d?) and the identity
(C.2), we have, for some constant C > 0,

2 2

. , T T T .
) 1 1 ’ 1 1
ri%a%ftgl(ft_Hft)i < Cr%z}:éft;(fs;fiﬂ(usut)/?) +C%a§7t;(fgf st)
T T 2 g
+Cmaxd 1(% 2 fusmet) +Cmant 32 (3 2 fisker)
t= §=

Each of the four terms on the right hand side above are bounded in Lemma C.7,
which then yields the desired result.

ii. It follows from part (i) and that

T ~ 2 T 4 2 ceey - - .
%th“ft—ﬂft” < Kmax,_, %thl(ft_Hft)i. Part (iii) is implied by (C.2)
and Lemma C.8.

Lemma C.10
' HH'=I_+0,(1/VT+1/ Vb)
b HH=I,_+0,(1/VT+1//p).
Proof: We first condition on K = K. (i) Lemma C.4 implies [V~ = Op(p~1). Also
[P =X (FE )= /\111{33((2 £i£)=0,(VT), In addition, “F”— . It then follows

from the definition of H that ||H|| = Op(1). Define c/o\v(Hft):%Zt:let(Hft)/. Applying
the triangular inequality gives:

“HH’—II?”F < “HH/—C’&I(HftH‘F-F“E(-)V(Hft)—I;”F €3

By Lemma C.3, the first term in (C.3) is

“HH/—CW(Hft)” || H| |1, —cov(£:) ||, =05 ($). The second term of (C.3) can be
bounded, by the Cauchy Schwarz inequality and Lemma C.9, as follows:

T p T ., = ! N !
|7 S HE(HE) —7 S 8| < (|25 (HE—&)(HE) || +]#36(E—(HE) )|
— = F F

1 211%1 2 1 221 2)
< (#s Rl polmnl )+ (4] g [ F )

(i) Still conditioning on K = K, since HH/:IK+OP(1/ \/T+1/ v/p) and [[H|| = Op(1), right
multiplying H gives HH/H:H+OP(1/ VT+1/ \/p). Part (i) also gives, conditioning on K

=K, |[H7Y| = Op(1). Hence further left multiplying H™! yields H H=1, +0,(1/ VT+ /p).
Due to P(K = K) — 1, we reach the desired result.
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Proof of Theorem 3.3

Proof: The second part of this theorem was proved in Lemma C.9. We now derive the
convergence rate of maxigp |[bj = Hbj|.

~ T ~ T A~
Using the facts that bi=4> _ _ yafy, and that £ fif,=I), we have

l/;i_ ZHftuzt+ Zyzt(ft Hft +H( thft K)bi' (C4)
t 1 t 1

We bound the three terms on the right hand side respectively. It follows from Lemmas C.3
and C.10 that

T K T 2
B S O[PS ST f 70, (%), Forthe

second term, Ey2=0(1). Therefore, max;T’ lzt lyu ). The Cauchy-Schwarz
inequality and Lemma C.9 imply

maxigp

1

<max< Zywzhft Hft”) %+7).

p

max

‘_Zyzt ft Hf,)|
=

T ’
FinaIIy,J %thlftft —I |

Op(T7Y2).

Proof of Corollary 3.1—Under Assumption 3.3, it can be shown by Bonferroni’s method
that maxi<t |[fil = Op((log T)¥r2). By Theorem 3.3, uniformly in i and t,

—1/2
=0,(T" ") and max; [Ibil = O(L) imply that the third term is

B~ < [[Bo—Eby]|[£—EEE, |+ [Eb | |[f— | ||| B, —Eb | [ BR8] |+] b ] |[ U BT, |

=0, ((1ogT)!/" o+ T

C.3 Proof of Theorem 3.1

Lemma C.11—maxi§p%z Juit— it *=0,(w?), and maxi |ujt = Oif] = 0p(1).

Proof: We have, u;;—i;=b,H (f;—Hf,)+(b,—b;H )f,+b,(H H-I, )f, Therefore, using
the inequality (a + b + ¢)? < 4a? + 4b? + 4¢2, we have:

<4
1{13;(7, Z (uir— ult) max

/ 2%§‘|E—Hft|‘2
t=1

21 I 2 ’ 2
TZHftll +4max| [bi]|*4 3 [|&]|*||H H-L, |
t=1 2 t=1 F

The first part of the lemma then follows from Theorem 3.3 and Lemma C.9. The second part
follows from Corollary 3.1.
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Proof of Theorem 3.1—The theorem follows immediately from Theorem A.1 and
Lemma C.11.

C.4 Proof of Theorem 3.2
Define

Lemma C.12

’ 2 . 4
1|2 =0p(«2p), and “CTCT | ‘Z—OP(‘*’TP).

(wy?my)

i
DS

2
:Op
by

|BH'C|

222 p(wi)l
iv. ' e —2 -1
IBHH-T B[ =0, *+(T) ")

Proof
i

2 N 2 2 .
We have ||Cr || < maxi<,|[b;—Hb;|| p=0,(w;p). Moreover, since all the
eigenvalues of X are bounded away from zero, for any matrix A,

’ 2 _ 4
1A1B-=0(> )I|AII, Hence|ICr Cr | -=0p e lICsI,)=0plmer)
ii. By Theorem 3.1,

—7
Do

2
=0, (w2 ~%m?)

—7
SIS

2
):Op(

SIS

2
= p(p_l
>

iii. The same argument of the proof of Theorem 2 in Fan, Fan and Lv (2008) implies
2 .| 1! —1 / —1
that |B/=-18) = 0(1). Thus, |BH x| =p~'r(H'CL 30 C,HB Y B)
upper bounded by

— 2 N——1 -1 2 — 2
P E|PIBY. B G2 =07 HIC, | 2) =0y (w2),
iv. Again, by ||[B’Z71B|| = O(1), and Lemma C.10,

’ ! 2 / / _ ’ ! —
IBHH-1,)B |\Z:p*1tr((H H-I,)B'Y, 'B(HH-I,)B'Y.'B)
p 20 2 B (C.5)
<p? B H-L || |[B'S B =0, + (1) ).
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Proof of Theorem 3.2 (i)
Proof: By Lemma C.12,

|B(H'H-L,)B|
constant C > 0,

QZ—F“BH'C +lc.c,|

2 .
_ 2 log? .
Z—Op(wﬂ“’ 22). Hence for a generic

712
I

IS~y < c||lAR BB

2 —~7
IR D

2

>
/ / 7

< C[|[BEH-1,)B| +IE7 -

2 /
Z+\|BH C Ic,C

, 12 12 2
sHlese: s _

— 2-2¢,,2_, plog’p
=0y (wi“Imy+ 5L ).
—g -1

> ) A-BH)Y 'BH|

u, K

|A

1—
:OP (pr qmp)

Lemma C.13—
Proof: || C. |2 =0p(«7p). Hence

~ =T -1 NG _1 ’ r =T -1
A(Z ) A-(BH)X,BH||<[[C.(X ) C
u, K u, K

(CH)

P =7 ;1 ’ =7 _ ’
+2 ‘|CT(ZH ~) BH[+[[BH((X ) -y, )BH|

=Op(pwy~"my)

Lemma C.14—If w};qmp:o(l), then with probability approaching one, for some ¢ > 0,

. e
)\IIliII(IK+(BH ) Zu 1BH ) 2 cp.

i. —g -1

Amin(T+A (Y2 ) A)>ep

u, K
iii. Ie——1
)\nlin(I;(+B Zu B) Z cp,
[\A )\min((HH,)71+B/Z;1B) > op.

Proof: (i) By Lemma C.10, with probability approaching one, Ami,(HH’) is bounded away
from zero. Hence,

Ain(L+(BH') S7'BH) > Ain((BH) Y7 'BH))
> Amin(X2 ) Amin(HB'BH) > Apin (X0 ) Amin (B B) Amin (HH') > cp.

(ii) The result follows from part (i) and Lemma C.13. Part (iii) and (iv) follow from a similar
argument of part (i) and Lemma C.10.
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Proof of Theorem 3.2

. Define

Proof: We derive the rate for’|z Z

S =BHHB'1Y .

— ;) —

=AA
Note that Z; +Z; and ¥ = BB’ + X,. The triangular inequality gives

DS S ER/ OIS SR (EV) e ot

Using the Sherman-Morrison-Woodbury formula, we have“z Z ‘ it
where

7 1 1|

L= ‘|(iu}?) —2u

-1 -1 -1
w, K w K |

Py -1 ~ !~ ~ ~
Lz=‘|<<z‘i> YA A ST ) Al AT

—1 e ! ~7 —1. -1 _ 1
Ls—’l( X AL AA (R L) A AL

1/\71/\, (C7)
L4—’Z '(A-BH)[I +A(Z 2 Al A

_ —1
L5—‘lz (A-BH)[I,+A <z7> 1K] HB'Y .|

w, K

_ -1

Le—‘!Z 'BH (L+A(S7) A] -[I,+HB'Y'BH] JHB'Y,'|.

u, K

We bound each of the six terms respectively. First of all, L, is bounded by Theorem 3.1. Let
—1

=T 71/\
=[I_.+A A
K (Zu’?) ) , then

—7 I I —7 1
La< |l ) =2, IHIAGA M. ) -

—g -1
) r\=op<1>

Note that Theorem 3.1 implies w i . Lemma C.14 then implies ||G|| =
Op(p‘l). This shows that L, = Op(L1). Similarly L3 = Op(Ly). In addition, since

-1~ / ~ -1
| =0, (w2p), Ls < [|3° " (A-BH)|| [|G| |AY || =Op(wr),
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N —1 ;1
Similarly Ls = Oy(Ly). Finally, let G1=[L+(BH) > | 'BH] By L emma C.14, |Gyl =
Op(p™). Then by Lemma C.13,

_ N _ ; ~ =T
‘|G—G1|!=HG(G*1—G1 NG| < 0,(p ?)||(BH) ;' BH A (5 ) A

u, K
=0y (- k).

Consequently, L6 < ||=0 ™mp). Adding up Li—Lg gives

—1
‘| ‘ =0y (‘-";ﬁqmp)-

One the other hand, using Sherman-Morrison-Woodbury formula again implies

Sy < IS BIEH) 4B B - [L+BY, B By,

-1
|

<o) \|[<H’H>*1+B’2;1B]’1—[IK+B'Z;1B]

’ —1
=0,(p 1) [|(H'H) "1 || =0, (wl9m,).

Proof of Theorem 3.2—||E?— 2llmax

Proof: We first bound ||A1A\’A— BB/||max. Repeatedly using the triangular inequality yields

—max|bb bb il

max vJ

‘ |AA —-BB'|

< max||(b;—Hb;) b;|+[b;H (b;~Hb;)|+|b; (' H-I, )b;]|

)

2 o~ ’
)"+ 2| B | |[E ||+ m b B H- L |
17 7
:OP(“JT)'

On the other hand, let oy jj be the (i, j) entry of X,. Then maxi; |crijA— ay,ijl = Op(ar).

mgXlsij(@j)—Uu,ij| < mgX|5ij(3ij)—3ij|+\3z‘j—0u,ij| < ngxﬁﬁop(%):op(%)-

‘Z Zu| :Op(wr)

Hence . The result then follows immediately.

max
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Figure 1.
—7
C
Minimum eigenvalue of Z%g( )as a function of C for three choices of thresholding rules.

The plot is based on the simulated data set in Section 6.2.
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Average Standard Deviation

] 100 200 300 400 500 600 o 100 200 300 00 500 600
3 P

Average ‘Standard Deviation

Figure 2.

Agerages (left panel) and standard deviations (right panel) of the relative error p 1’2||
yl2py12 olle with known factors (2= Dops solid red curve), POET (2 = X solid blue
curve), and sample covariance (E Esam dashed curve) over 200 simulations, as a function
of the dimensionality p. Top panel: p ranges in 20 to 600 with increment 20; bottom panel: p
ranges in 1 to 100 with increment 1.
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o 100 20 0 a0 50 &0 o 100 200 30 a0 500 0

Average Standard Deviation

Figure 3. R

Averages (left panel) and standard deviations (right panel) of [[Z~* — 3| with known
factors (X = Zqps solid red curve), POET (Z = Xk solid blue curve), and sample covariance
(2 = Xgam dashed curve) over 200 simulations, as a function of the dimensionality p. Top
panel: p ranges in 20 to 600 with increment 20; middle panel: p ranges in 1 to 100 with
increment 1; Bottom panel: the same as the top panel with dashed curve excluded.
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Figure 4. R

Averages (left panel) and standard deviations (right panel) of || = X{|nax With known
factors (X = Xops solid red curve), POET (% = X Solid blue curve), and sample covariance
(2 = Xsam dashed curve) over 200 simulations, as a function of the dimensionality p. They
are nearly indifferentiable.
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Average Relative error in operator norm

160 ——poET

Obs. Factor

% 100 200 300 400 500 600 0 50 100 150 200 250 300 350 20

Figure 5. R R A
Averages of || = 2| (left panel) and ||=~Y2XE12 — 1 || with known factors (X = gps solid
red curve), POET (2= Xk w solid blue curve), and sample covariance (X = Xy, dashed
curve) over 200 simulations, as a function of the dimensionality p. The three curves are
hardly distinguishable on the left panel.
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Figure 6.
Robustness of K as p increases for various choices of K (Design 1, T = 300). Top left: ||

—g -1

—T

> 2 topright | (22, T2,
— B

> >0

1
|I; bottom left: ||[Zk — Z|s; bottom right: ||
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1 1

0.01 .

approx. factor strict factor sample approx. factor strict factor sample

Figure 7.

Box plots of regrets R(w) — R” for p = 80 and 140. In each panel, the box plots from left to
right correspond to w obtained using X based on approximate factor model, strict factor
model, and sample covariance, respectively.
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Risk difference Risk ratio

—POET
03 ---SFM 07
X sample:

—POET

sample

% 40 60 80 100 120 140

Figure 8.

Estimation errors for risk assessments as a function of the portfolio size p. Left panel plots
the average absolute error |[R(w) — R (W)| and right panel depicts the average relative error |R
(W)/R(W) — 1|. Here, w and R are obtained based on three estimators of .
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2

Heatmap of thresholded error correlation matrix for number of factors K =0, K =1, K =

and K = 3.
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Figure 10.
Risk of portfolios created with POET and SFM (strict factor model)
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Mean and covariance matrix used to generate b

s g

0.0047 0.0767 -0.00004 0.0087
0.0007  -0.00004 0.0841 0.0013
-1.8078 0.0087 0.0013 0.1649
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Page 61

Comparisons of the risks of portfolios using POET and SFM: The first number is proportion of the time POET
outperforms and the second number is percentage of average risk improvements. C represents the constant in
the threshold.

C

K=S1 K22 KZ3

0.25
0.5
0.75

0.58/29.6%  0.68/38% 0.71/33%
0.66/31.7%  0.70/38.2%  0.75/33.5%
0.68/29.3%  0.70/29.6%  0.71/25.1%
0.66/20.7%  0.62/19.4%  0.69/18%
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