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Abstract

The ¢;-penalized method, or the Lasso, has emerged as an important tool for the analysis of large
data sets. Many important results have been obtained for the Lasso in linear regression which have
led to a deeper understanding of high-dimensional statistical problems. In this article, we consider
a class of weighted ¢;-penalized estimators for convex loss functions of a general form, including
the generalized linear models. We study the estimation, prediction, selection and sparsity
properties of the weighted ¢;-penalized estimator in sparse, high-dimensional settings where the
number of predictors p can be much larger than the sample size n. Adaptive Lasso is considered as
a special case. A multistage method is developed to approximate concave regularized estimation
by applying an adaptive Lasso recursively. We provide prediction and estimation oracle
inequalities for single- and multi-stage estimators, a general selection consistency theorem, and an
upper bound for the dimension of the Lasso estimator. Important models including the linear
regression, logistic regression and log-linear models are used throughout to illustrate the
applications of the general results.

Keywords

variable selection; penalized estimation; oracle inequality; generalized linear models; selection
consistency; sparsity

1. Introduction

High-dimensional data arise in many diverse fields of scientific research. For example, in
genetic and genomic studies, more and more large data sets are being generated with rapid
advances in biotechnology, where the total number of variables p is larger than the sample
size n. Fortunately, statistical analysis is still possible for a substantial subset of such
problems with a sparse underlying model where the number of important variables is much
smaller than the sample size. A fundamental problem in the analysis of such data is to find
reasonably accurate sparse solutions that are easy to interpret and can be used for the
prediction and estimation of covariable effects. The ¢;-penalized method, or the Lasso
(Tibshirani, 1996; Chen et al., 1998), has emerged as an important approach to finding such
solutions in sparse, high-dimensional statistical problems.

In the last few years, considerable progress has been made in understanding the theoretical
properties of the Lasso in p > n settings. Most results have been obtained for linear
regression models with a quadratic loss. Greenshtein and Ritov (2004) studied the prediction
performance of the Lasso in high-dimensional least squares regression. Meinshausen and
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BiihImann (2006) showed that, for neighborhood selection in the Gaussian graphical models,
under a neighborhood stability condition on the design matrix and certain additional
regularity conditions, the Lasso is selection consistent even when p — oo at a rate faster
than n. Zhao and Yu (2006) formalized the neighborhood stability condition in the context
of linear regression as a strong irrepresentable condition. Candes and Tao (2007) derived an
upper bound for the ¢, loss of a closely related Dantzig selector in the estimation of
regression coefficients under a condition on the number of nonzero coefficients and a
uniform uncertainty principle on the design matrix. Similar results have been obtained for
the Lasso. For example, upper bounds for the 4 loss of the Lasso estimator has being
established by Bunea et al. (2007) for q = 1, Zhang and Huang (2008) for q < [1;2],
Meinshausen and Yu (2009) for g = 2, Bickel et al. (2009) for q € [1;2], and Zhang (2009)
and Ye and Zhang (2010) for general g = 1. For convex minimization methods beyond linear
regression, van de Geer (2008) studied the Lasso in high-dimensional generalized linear
models (GLM) and obtained prediction and #; estimation error bounds. Negahban et al.
(2010) studied penalized M-estimators with a general class of regularizers, including an ¢,
error bound for the Lasso in GLM under a restricted strong convexity and other regularity
conditions.

Theoretical studies of the Lasso have revealed that it may not perform well for the purpose
of variable selection, since its required irrepresentable condition is not properly scaled in the
number of relevant variables. In a number of simulation studies, the Lasso has shown
weakness in variable selection when the number of nonzero regression coefficients
increases. As a remedy, a number of proposals have been introduced in the literature and
proven to be variable selection consistent under regularity conditions of milder forms,
including concave penalized LSE (Fan and Li, 2001; Zhang, 2010a), adaptive Lasso (Zou,
2006; Meier and Blihimann, 2007; Huang et al., 2008), stepwise regression (Zhang, 2011a),
and multi-stage methods (Hunter and Li, 2005; Zou and Li, 2008; Zhang, 2010b, 2011b).

In this article, we study a class of weighted ¢;-penalized estimators with a convex loss
function. This class includes the Lasso, adaptive Lasso and multistage recursive application
of adaptive Lasso in generalized linear models as special cases. We study prediction,
estimation, selection and sparsity properties of the weighted ¢;-penalized estimator based on
a convex loss in sparse, high-dimensional settings where the number of predictors p can be
much larger than the sample size n. The main contributions of this work are as follows.

»  We extend the existing theory for the unweighted Lasso from linear regression to
more general convex loss function.

»  We develop a multistage method to approximate concave regularized convex
minimization with recursive application of adaptive Lasso, and provide sharper risk
bounds for this concave regularization approach in the general setting.

»  We apply our results to a number of important special cases, including the linear,
logistic and log-linear regression models.

This article is organized as follows. In Section 2 we describe a general formulation of the
absolute penalized minimization problem with a convex loss, along with two basic
inequalities and a number of examples. In Section 3 we develop oracle inequalities for the
weighted Lasso estimator for general quasi star-shaped loss functions and an ¢, bound on
the prediction error. In Section 4 we develop multistage recursive applications of adaptive
Lasso as an approximate concave regularization method and provide sharper oracle
inequalities for this approach. In Section 5 we derive sufficient conditions for selection
consistency. In Section 6 we provide an upper bound on the dimension of the Lasso
estimator. Concluding remarks are given in Section 7. All proofs are provided in an
appendix.
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2. Absolute Penalized Convex Minimization

In this section, we define the weighted Lasso for a convex loss function and characterize its
solutions via the KKT conditions. We then derive some basic inequalities for the weighted
Lasso solutions in terms of the symmetrized Bregman divergence (Bregman, 1967; Nielsen
and Nock, 2007). We also illustrate the applications of the basic inequalities in several
important examples.

2.1 Definition and the KKT Conditions
We consider a general convex loss function of the form

LB)=v(B)—(B,2), ()

where y(B) is a known convex function, z is observed, and § is unknown. Unless otherwise
stated, the inner product space is RP, so that {z,3} C RP and (B,z) = p’z. Our analysis of (1)
requires certain smoothness of the function y(B) in terms of its differentiability. In what
follows, such smoothness assumptions are always explicitly described by invoking the
derivative of y. For any v = (vy,..., Vp)’, we use ||v|| to denote a general norm of v and ||, the
g norm (3 |vl|q)1’q with |v|o = max; |vjl. Let w € RP be a (possibly estimated) weight
vector with nonnegative elements wj, 1 <j <p, and W = diag(w). The weighted absolute
penalized estimator, or weighted Lasso, is defined as

Bzargﬂmin {8(,8)—!—/\|IT7,8|1} e

Here we focus on the case where Wis diagonal. In linear regression, Tibshirani and Taylor
(2011) considered non-diagonal, predetermined Wand derived an algorithm for computing
the solution paths.

A vector BAis a global minimizer in (2) if and only if the negative gradient at BAsatisfies the
Karush-Kuhn-Tucker (KKT) conditions,

=7 (B):Z~ ¢ (ﬁ)7 { gj=w; sgn(B;) iB; #0 o

a 9; € WA[=1,1] allj,

where K(B) = (0/0B)#(B) and w(ﬁ) = (0/9B)w (B). Since the KKT conditions are necessary and
sufficient for (2), results on the performance of  can be viewed as analytical consequences
of (3).

The estimator (2) includes the ¢;-penalized estimator, or the Lasso, with the choice wj =1, 1
< j <p. A careful study of the (unweighted) Lasso in general convex minimization (1) is by
itself an interesting and important problem. Our work includes the Lasso as a special case
since wj = 1 is allowed in our theorems.

In practice, unequal wj arise in many ways. In adaptive Lasso (Zou, 2006), a decreasing
function of a certain initial estimator of B is used as the weight wj to remove the bias of the
Lasso. In Zou and Li (2008) and Zhang (2010b) the weights wj are computed iteratively
with wJ px(B]) where p; (t) = (d/dt)p, (t) with a suitable concave penalty function p;(t).
This is also designed to remove the bias of the Lasso, since the concavity of p, (t) guarantees
smaller weight for larger BJ In Section 4, we provide results on the improvements of this
weighted Lasso over the standard Lasso. In linear regression, Zhang (2010b) gave sufficient
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conditions under which this iterative algorithm provides smaller weights wj; for most large
Bj- Such nearly unbiased methods are expected to produce better results than the Lasso when
a significant fraction of nonzero |Bj| are of the order A or larger. Regardless of the
computational methods, the results in this paper demonstrate the benefits of using data
dependent weights in a general class of problems with convex losses.

Unequal weights may also arise for computational reasons. The Lasso with wj =1 is
expected to perform similarly to weighted Lasso with data dependent 1 < wj < Co, with a
fixed Co. However, the weighted Lasso is easier to compute since wj can be determined as a
part of an iterative algorithm. For example, in a gradient descent algorithm, one may take
larger steps and stop the computation as soon as the KKT conditions (3) are attained for any
weights satisfying 1 < wj < C,.

The weight function wj can be also used to standardize the penalty level, for example with
wj = {vj j(B)}V/2, where yj j(B) is the j-th diagonal element of the Hessian matrix of y(B).
When y(p) is qu_adratic, for examp_le_ in_ Iingar regression, wj = {u_;jj(ﬁ)}llz does not depend
on . However, in other convex minimization problems, such weights need to be computed
iteratively.

Finally, in certain applications, the effects of a certain set S« of variables are of primary
interest, so that penalization of Bs., and thus the resulting bias, should be avoided. This leads
to “semi-penalized” estimators with wj = 0 for j € S«, for example, with weights w; = I{j ¢
S«}.

2.2 Basic Inequalities, Prediction, and Bregman Divergence

Let B~ denote a target vector for p. In high-dimensional models, the performance of an
estimator B is typically measured by its proximity to a target under conditions on the sparsity
of B and the size of the negative gradient —¢(8*) = z — w(B"). For ¢;-penalized estimators,
such results are often derived from the KKT conditions (3) via certain basic inequalities,
which are direct consequences of the KKT conditions and have appeared in different forms
in the literature, for example, in the papers cited in Section 1. Let D(8,p") = 4(B) — 4B™) - (¢
(B), B - B*) be the Bregman divergence (Bregman, 1967) and consider its symmetrized
version (Nielsen and Nock, 2007)

A(8,8%)=D(8, 8")+D(8", 8)=(8—5", 4 (8)— ¥ (5%)). @

Since v is convex, A(B, ) = 0. Two basic inequalities below provide upper bounds for the
symmetrized Bregman divergence A(B, B*). The sparsity of f* is measured by a weighted ¢;
norm of B~ in the first one and by a sparse set in the second one.

Let S be any set of indices satisfying S 2 {;j:5; # 0} and let S be the complement of S in
{1, ..., p}. We shall refer to S as the sparse set. Let W = diag(w) for a possibly unknown
vector w € RP with elements w; > 0. Define

2=l{z— ¥ (B}, | o A=W H{z= ¥ (B}l s )

where for any p-vector v and set A, v = (vj : j € A)'. Here and in the sequel Mg denotes the
A x B subblock of a matrix M and Mp = Mpa.

J Mach Learn Res. Author manuscript; available in PMC 2013 December 12.
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Lemma 1
i. Letp” be a target vector. In the event Qy N {|(z - w(ﬁ*))j| < Wik Vj},

A(B,5*) < 2A|TW3*|, < 2A|W B, (@)

ii. For any target vector $* and S 2 {j:8; # 0}, the error h = B - B" satisfies

A3+, B+ (A=2]) [ Weehge |, < (hg, gs—{z— ¥ (67)},)

. ®)
< ([wslooA+25) IR,

in Qg for a certain negative gradient vector g satisfying |gj| < wjA. Consequently, in
Qo N {(Jwg| A+25)/(A—27) < &}, h # 0 belongs to the sign-restricted cone - (g,
S)={b € “(& S) : bj(w(B+b) - v(B)); <0V € S}, where

(& 9)={b e R%:|W.be.[; <€lbgly # 0} (9)

serse

Remark 2: Sufficient conditions are given in Subsection 3.2 for {|(z - w(B*))j| < wjAVj}to
hold with high probability in generalized linear models. See Lemma 8, Remarks 10 and 11
and Examples 7, 8, and 9.

A useful feature of Lemma 1 is the explicit statements of the monotonicity of the basic
inequality in the weights. By Lemma 1 (ii), it suffices to study the analytical properties of
the penalized criterion with the error h = — 8~ in the sign-restricted cone, provided that the
event (|wg| A+2z5)/(A—z1) < & has large probability. However, unless ¢ (&, S) is
specified, we will consider the larger cone in (9) in order to simplify the analysis. The
choices of the target vector f*, the sparse set S 2 {j :; # 0}, weight vector wand its bound
w are quite flexible. The main requirement is that {|S|, 2, 2} should be small. In linear
regression or generalized linear models, we may conveniently consider p” as the vector of
true regression coefficients under a probability measure Pg*. However, B” can also be a

sparse version of a true p, for example, 5;=03;1{|3;| > 7 ffor a threshold value t under Pg.

The upper bound in Lemma 1 (i) gives the so called “slow rate” of convergence for the
Bregman divergence. In Section 3, we provide “fast rate” of convergence for the Bregman
divergence via oracle inequalities for |hg|; in (8).

The symmetrized Bregman divergence A(Bf B”) has the interpretations as the regret in
prediction error in linear regression, the symmetrized Kullback-Leibler (KL) divergence in
generalized linear models (GLM) and density estimation, and a spectrum loss for the
graphical Lasso, as shown in examples below. These quantities can be all viewed as the size
of the prediction error since they measure distances between a target density of the
observations and an estimated density.

Example 1 (Linear regression): Consider the linear regression model

P
yi=» ziiBitei, i=1,...,n, (0
=1

J Mach Learn Res. Author manuscript; available in PMC 2013 December 12.
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where yj is the response variable, x; j are predictors or design variables, and «; is the error
term. Lety = (y1, ..., yn)" and let X be the design matrix whose ith row is X' = (Xig,..., Xip)-

The estimator (2) can be written as a weighted Lasso with ¢(3)=|X |3/(2n)and z = X'y/n
in (1). For predicting a vector ywith Eg*[#1X, y] = Xp",

D oo% o %2 ~ =12 . ~
nA(B, BY)=IXF=X 8" [,=Ep- [[5-X B,/ X, y)— min Bs[|7-0(X, y)[51X.y]

is the regret of using the linear predictor XBAcompared with the optimal predictor. See
Greenshtein and Ritov (2004) for several implications of (7).

Example 2 (L ogistic regression): We observe (X, y) € RM™(P*1) with independent rows
(x"yi), where y; € {0,1} are binary response variables with

Py (yi=1]a")=mi(8)=exp(z'8)/(1+exp(z'§)),1 < i < n. (1)
The loss function (1) is the average negative log-likelihood:

" log(1+exp(zi8) s
Ef,z—Xy/n. (12)

(B)=y(8)~7 B with ()=,

Thus, (2) is a weighted ¢; penalized MLE. For probabilities {=’, "} C (0,1), the KL
information is K(r/, n”) = w’log(n//n”) + (1 — ©)log{(1 — 7')/(1 — ©”)}. Since

Y (8)=)_"_ ='m(B)/n and logit(mi(§")) - logit(m(B)) = Xi(B" - B), (4) gives
A, 6= Y (K (ri(8), () K (ri(8), (57}
=1

Thus, the symmetrized Bregman divergence A(B",B) is the symmetrised KL-divergence.

Example 3 (GLM): The GLM contains the linear and logistic regression models as special
cases. We observe (X,y) € R"™(P+1) with rows (xi, y;). Suppose that conditionally on X, y; are
independent under Pg with

0;y;—o(0;) +C(?Ji7 o)

o? o2

yi~f (yi|0;)=exp ( ) ,0;=2'B. (13)

Let f(n)(y|Xa /3):Hj: f(yi|13iﬂ). The loss function can be written as a normalized negative

likelihood £(B) = (c/m)log fny(y[X,B) with (8)=>_._ {¢o(a'8)+e(yi, o)} /m and 2 = X'yIn.
The KL divergence is

J Mach Learn Res. Author manuscript; available in PMC 2013 December 12.
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D (fu(1X, 3% fu(-1X, 3)) =Eg-log (w) .

The symmetrized Bregman divergence can be written as
~ & _02 * o I~ *
AB, 87)=—A{ D (o C1X. By (1 X, B)) +D (i (1K By (15, 87)) }

Example 4 (Nonparametric density estimation): Although the focus of this paper is on
regression models, here we illustrate that A (8, B”) is the symmetrised KL divergence in the
context of non-parametric density estimation. Suppose the observationsy = (yy, ..., yn)’ are
iid from f([8) = exp{(B, T(-)) — w(B)} under Pg, where T(-) = (uj("), j < p)’ with certain basis
functions u;(-). Let the loss function £(B) in (1) be the average negative log-likelihood

n‘lzlelogf(inB) with Zzn_lzjle(yi). Since EgT (y;) = w(B), the KL divergence is

f(wil8")
f(wilB)

D (f(18%)1£(18)) =Eglog ( ) —p(8)— (5" — (65", B(5Y)).

Again, the symmetrized Bregman divergence is the symmetrised KL divergence between the
target density f(-[3") and the estimated density f(:|B):

A8, 89=D (FCI8IFCIB)) +D (FCIB)IFC18Y) -

van de Geer (2008) pointed out that for this example, the natural choices of the basis
functions uj and weights w; satisfy [u;dv =0 and wi=[uldv.

Example 5 (Graphical L asso): Suppose we observe X € R™P and would like to estimate
the precision matrix f = (EX’X/n)~1 € RP*P. In the graphical Lasso, (1) is the length
normalized negative likelihood with y(B) = —logdetp, z = -X’X/n, and (B, z) = —trace(pz).
Since the gradient of v is w(B) = Egz = -1, we find

A(B, 5%)=trace (556" (87 =5 1)=Y_(\=1)*/ ;.

where (A, ..., Ap) are the eigenvalues of (B*)"Y2B(B*"22. In graphical Lasso, the diagonal
elements are typically not penalized. Consider wjk = I{j # k}, so that the penalty for the off-
diagonal elements are uniformly weighted. Since Lemma 1 requires |(z - w(B*))jk| < Wjkh, i
is taken to match X"X/n on the diagonal and the true B in correlations. Let S = {(j k) : Bjk # 0,

j £k} In the event max ¢ |22 —055,| < A, Lemma 1 (i) gives

J Mach Learn Res. Author manuscript; available in PMC 2013 December 12.
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|S|Amax| 5 |=o(1) = 18" /2B(87) ™ 2~ Tyl y=0(1)

where ||]|» is the spectrum norm. Rothman et al. (2008) proved the consistency of the
graphical Lasso under similar conditions with a different analysis.

3. Oracle Inequalities

In this section, we extract upper bounds for the estimation error B: B” from the basic
inequality (8). Since (8) is monotone in the weights, the oracle inequalities are sharper when

the weights wj are smaller in S 2 {;:5; # 0} and larger in S°.

We say that a function ¢(b) defined in RP is quasi star-shaped if ¢(th) is continuous and
non-decreasing in t € [0,00) for all b € RP and limy_,q ¢(b) = 0. All seminorms are quasi
star-shaped. The sublevel sets {b : ¢(b) < t} of a quasi star-shaped function are all star-
shaped. Constant factors of the following form play a crucial role in our analysis.

Definition 3—For 0 <n" < 1 and any pair of quasi star-shaped functions ¢g(b) and ¢(b),
define a general invertibility factor (GIF) over the cone (9) as follows:

A(B+b, 5*)e? )
|bs|160(0)

F(&, S50, w)zinf{ b eF(E,S9),p0(b) < n*} »(14)

where A(B, B¥) is as in (4).

The GIF extends the squared compatibility constant (van de Geer and Biihimann, 2009) and
the weak and sign-restricted cone invertibility factors (Ye and Zhang, 2010) from the linear
regression model with ¢o(*) = 0 to the general model (1) and from £; norms to general ¢(').
They are all closely related to the restricted eigenvalues (Bickel et al., 2009; Koltchinskii,
2009) as we will discuss in Subsection 3.1.

The basic inequality (8) implies that the symmetrized Bregman dlvergence AQB, B )isno
greater than a linear function of |hg|¢, where h = B — B*. If A(, B*) is no smaller than a linear
function of the product |hs|1p(h), then an upper bound for ¢(h) exists. Since the
symmetrized Bregman divergence (4) is approxmately quadratic, A(B, B )~ (h, w(B ")h), in

a neighborhood of B, this is reasonable when h = § — B” is not too large and vy (3”) is
invertible in the cone. A suitable factor e®0(®) in (14) forces the computation of this lower
bound in a proper neighborhood of p*.

We first provide a set of general oracle inequalities.

Theorem 4: Let { 2, 2} be as in (5) with S 2 {j:8; # 0}, Qgin (6),0<n<n"<1,and
{oo(b), ¢(b)} be a pair of quasi star-shaped functions. Then, in the event

(Wl A+26
(/\_Zik)Jr

(W | g A+20
F(&, S50, ¢0)

M= N { <&, < ne”} ; (15)

the following oracle inequalities hold:

J Mach Learn Res. Author manuscript; available in PMC 2013 December 12.
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eM([ws |ooAt25)

PolB=B) <0, 0(B-F) S prEge

(16)

and with o1 s(b) = |bg|1/|S]

_ el N)?ls|

AR, B+ O==)Wee (B=F"),. |, < —prg

an

Remark 5: Sufficient conditions are given in Subsection 3.2 for (15) to hold with high
probability. See Lemma 8, Remarks 10 and 11 and Examples 7, 8, and 9.

The oracle inequalities in Theorem 4 control both the estimation error in terms of q>(BA— i)
and the prediction error in terms of the symmetrized Bregman divergence A(B,p”) discussed
in Section 2. Since they are based on the GIF (14) in the intersection of the cone and the unit
ball {b : pg(b) < 1/e}, they are different from typical results in a small-ball analysis based on
the Taylor expansion of y(B) at p = B*. An important feature of Theorem 4 is that its
regularity condition is imposed only on the GIF (14) evaluated at the target *; The
uniformity of the order of A(B + b, B) in B is not required. Theorem 4 does allow ¢g(-) =0
with F(&, S;pq, ¢g) = oo and = 0 in linear regression.

3.1 The Hessian and Related Quantities

In this subsection we describe the relationship between the GIF (14) and the Hessian of the
convex function y(-) in (1) and examine cases where the quasi star-shaped functions ¢g(-)
and o¢(-) are familiar seminorms. Throughout we assume that y(p) is twice differentiable.
Let w(B) be the Hessian of y(B) and =" = w(B").

The GIF (14) can be simplified under the following condition.

Definition 6—Given a nonnegative-definite matrix > and constant " > 0, the
symmetriized Bregman divergence A(B, B*) satisfies the ¢g-relaxed convexity (pg-RC)
condition if

A(BT+b, 5%)e2®) > (5,37b), Wb € C(&, S),p0(b) <. (18)

The ¢g-RC condition is related to the restricted strong convexny condition for the Bregman
divergence (Negahban et al., 2010): 48" + b) - ¢(8") = (€ (B*), b) = x||b||> with a certain
restriction b € -~ and a loss function [|b||. It actually implies the restricted strong convexity
of the symmetrized Bregman divergence with x = e™ and loss [|b||« = (b,xb)1/2. However,
(18) is used in our analysis mainly to find a quadratic form as a media for the eventual
comparison of A(B” + b, ) with |bs|1¢(b) in (14), where ¢(b) is the loss function. In fact, in
our examples, we find quasi star-shaped functions ¢g for which (18) holds for unrestricted
b(n* = £ = o0). In such cases, the ¢p-RC condition is a smoothness condition on the Hessian

operatorw(B) = K(B), since A(B8*+h, B%)= f0< (B +th)h)dt by (4).

In what follows, & = ©* = w"(B*) is allowed in all statements unless otherwise stated. Under
the ¢pg-RC (18), the GIF (14) is bounded from below by the following simple GIF:

J Mach Learn Res. Author manuscript; available in PMC 2013 December 12.
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Fo(e. Ssp)= inf 22D

T 19
bt (65 [bs o (6)

In linear regression, Fo(&, S;0) is the square of the compatibility factor for ¢(b) = ¢1 s(b) = |
bs|1/|S| (van de Geer, 2007) and the weak cone invertibility factor for o(b) = ¢g(b) = [bl/|
S|¥a (Ye and Zhang, 2010). They are both closely related to the restricted isometry property
(RIP) (Candes and Tao, 2005), the sparse Rieze condition (SRC) (Zhang and Huang, 2008),
and the restricted eigenvalue (Bickel et al., 2009). Extensive discussion of these quantities
can be found in Bickel et al. (2009), van de Geer and Biihlmann (2009) and Ye and Zhang
(2010). The following corollary is an extension of an oracle inequality of Ye and Zhang
(2010) from linear regression to the general convex minimization problem (1).

Corollary 7: Letn<n" < 1. Suppose the ¢o-RC condition (18). Then, in the event
Q0 N {|wg [ Atz < min (§(A—27),ne” "Fo(€, S5¢0)) },

the oracle inequalities (16) and (17) in Theorem 4 hold with the GIF F(, S;¢q, ¢) replaced
by the simple GIF Fy(&, S; ¢) in (19). In particular, in the same event,

e(|wg| A+25)|S]M
E)(§75390q)

¢o(h) < n,|h[, < ,Vg>0.

with og(b) = [blg/| S and h = B = B, and with s 5(b) = [bs|1/S],

2
eM(ws| oA 25)"1 S|

e (1,3 k) < A(B,B) < RS

—(A=2)[W,. A

sc S‘—'|1'

Here the only differences between the general model (1) and linear regression (¢pg(b) = 0)

are the extra factor e" with n< 1, the extra constraint |w, | A2z5 < ne” TFy(€, S;¢0), and
the extra ¢g-RC condition (18). Moreover, the simple GIF (19) explicitly expresses all
conditions on Fo(&, S;0) as properties of a fixed matrix .

Example 6 (Linear regression: oracleinequalities): For o(58)=|Xb|3/(2n)and £ = XX/n,
Fo(&, S;0q) is the weak cone invertibility factor for g € [1,00] (Ye and Zhang, 2010), where
a sharper version is defined as the sign restricted invertibility factor (SCIF):

IF,(¢,S)= inf b b, o, =|b| /S|4,
SCIF,(¢, S) be(;;l(&st | /ea(0);pq=[0], /5]

Forq=1, Fom (&, S5, &) is the compatibility constant (van de Geer, 2007)

J Mach Learn Res. Author manuscript; available in PMC 2013 December 12.



1duasnuey Joyiny vd-HIN 1duasnuey Joyiny vd-HIN

1duasnuey Joyiny vd-HIN

Huang and Zhang

Page 11

k«(€,S)= inf

= 1
be?(£,5) |bg| /2 be?(E,s)

1/2 / 1/2
1S|V2|x0|, ot b'Sb @
lbs[3/1S]

They are all closely related to the ¢, restricted eigenvalues

Xb
RE;(¢,S)= inf XBly (

be(f?g,s) b|,nl/2 be(e,s)

b/Eb)l/Z
1b]3

(Bickel et al., 2009; Koltchinskii, 2009). Since [b, |7 < [b]3|S], ®+(&,S) = RE,(&, S) (van de
Geer and Buhlmann, 2009). For the Lasso with wj = 1,

S (Az8) _ ISIYPOz) ISR
SCIF2(£>S) - FO(&SQLPQ) - K*(&aS)REQ(faS)

1B—5*|, < (21)

in the event A2 < £(A—2z7) (Ye and Zhang, 2010). Thus, cone and general invertibility
factors yield sharper ¢, oracle inequalities.

The factors in the oracle inequalities in (21) do not always have the same order for large |S|.
Although the oracle inequality based on SCIF,(&, S) is the sharpest among them, it seems
not to lead to a simple extension to the general convex minimization in (1). Thus, we settle
with extensions of the second sharpest oracle inequality in (21) with Fq(&, S;-).

3.2 Oracle Inequalities for the Lasso in GLM

An important special case of the general formulation is the ¢;-penalized estimator in a
generalized linear model (GLM) (McCullagh and Nelder, 1989). This is Example 3 in
Subsection 2.2, where we set up the notation in (13) and gave the KL divergence
interpretation to (4). The ¢; penalized, normalized negative likelihood is

/

(B)=9(8)~2 B, with $(5)=> > (Yo(x'5)~e(yi,0)} and z=¥- 22)
=1

Assume that vy is twice differentiable. Denote the first and second derivatives of yg by %
and vy, respectively. The gradient and Hessian are

¥ (B)=X"4o(0)/n and $(8)=X diag(to(0)X/n, @3)
where 6 = Xp and w(; and wa are applied to the individual components of 0.

A crucial condition in our analysis of the Lasso in GLM is the Lipschitz condition

max [log (g (6" +¢))—log (Yo (2'8"))| < M|t ¥ALIH < 7", (2a)

where M4 and 1" are constants determined by . This condition gives
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i * .’I’i 2
A(B b, 55)= [ (b, (B b))t > [§ Y %dt

tM|ztb|<n*

which implies the following lower bound for the GIF in (14):

F(&, S5p0, ) 2 Z% i JEI{tM|2'b| < o(b)}dt.

be%(fS)cpo(b <= nlbg |1 b)

For seminorms ¢g and ¢, the infimum above can be taken over ¢g(b) = M due to scale
invariance. Thus, for ¢pg(b) = My|bl, and seminorms ¢, this lower bound is

" Moo (2 3*) |zb| (2b)?
F*(€,8p)= inf 0 min , 25
€ 55) be%’(g,swz:l; n|bg|,¢(b) M )0 @

due to (=)’ [LT{tM || < My }dt=NM,min{|z'b| /My, (2'b)° /My).

If (24) holds with 1" = oo, A(8*+b, 8%) > n=1 [§3" dy(2'8") (') e M= dt 50 that by
the Jensen inequality (18) holds with £ = £* = y(B") and

My 17#0(%‘/3*)\%15\
Pt (278) (2ib)?

wo(b)= < M;|Xb| . (26)

This gives a special Fg(E, S;¢p) as

n(b, °b)°/ (Mb|,)
R O SN P FTL

Since |Xb| o, < [ X oo |bs 11X s W [Weebse| < {1 X |oo 6 X W Hbs] in the

cone # (£,S) in (9), for po(b) = Malbgly with Ma=My{| X | +&| X W}, the pg-RC
condition (18) automatically implies the stronger

e=?0®) (p, Z*b> < A(B*+b, 87) < 9O (b, Z*b>,Vb € (¢, 9), po(b)<oo. (28)

Under the Lipschitz condition (24), we may also use the following large deviation
inequalities to find explicit penalty levels to guarantee the noise bound (15).

Lemma 8
i.  Suppose the model conditions (13) and (24) with certain {M1, n"}. Let Xj be the

columns of X, Z” be the elements of " = w(B*). For penalty levels {}g, A1} define
tj = Lol{j € S} + wjk1I{j ¢ S}. Suppose the bounds w; in (6) are deterministic and
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* p nt2 —"o 0
]\fﬂ;lg;i(\mﬂooﬁj/zjj) < moe™ and jZ::leXp { 22 } 2 @
for certain constants ng <" and g9 > 0. Then, Pg- {2f < Ao, 2§ < A1} > 1—&q.
ii. If cg=max; w(t), then part (i) is still valid if (24) and (29) are replaced by

2t2 0
Ze Xp <5 G0

20200|$ |

In particular, if |zj|3=n, 1<j<p,wj=1,j ¢ Sand kg = Ay = A (0 tj = &), then part
(i) still holds if A > & \/ (2c0/n)log(2p/=0).

The following theorem is a consequence of Theorem 4, Corollary 7 and Lemma 8.

Theorem 9

i. Letp e the weighted Lasso estimator in (2) with GLM loss function in (22). Let B*
be a target vector and h = B B”. Suppose that the data follows the GML model (13)
satisfying the Lipschitz condition (24) with certain {M1, n*}. Let F(£,S;0) be as in

(25) with S 2 {j:5; # 0} and a constant My. Letn < 1 A" and {, Lo, 1} satisfy

[wg| Ao < min {E(A=A1),ne” TF*(&, S;Mz| - |5) ). (31)

Then, in the event Qg N {maxx—o.1(z;/Ax) < 1} with the 2} in (5) and Qg in (6),

(w08 ([ ]oo AAo)

AB +h, %) < ,
B 5) < = le Sipn ) )= F (e, 59)

(32

for any seminorm ¢ as the estimation loss. In particular, for ¢p(b) = My|b|, (32)
gives |h|, < /M. Moreover, if either (29) or (30) holds for the penalty level {\q,
A1} and the weight bounds wj in (6) are deterministic, then

Pg+{(32) holds for all seminorms ¢} > Pg«(Qo)—eo.

ii. Supposen” = co and (31) holds with F*(£,5;M,|-|5) replaced by the special simple
GIF F+(&,S) in (27) for the og in (26). Then, the conclusions of part (i) hold with
F*(¢,S;") replaced by the simple GIF Fy(&, S;-) in (19). Moreover, ¢g(h) <1 and
(32) can be strengthened with the lower bound A(B™ + h,8*) = e™(h,£"h).

iii. Foranyn" >0, the conclusions of part (ii) hold for the g(b) = M3|bg|; in (28), if

F«(&,S) is replaced by x2(¢, S) /(Ms3|S]) in (31), where x=(,S) is the compatibility
constant in (20).

Remark 10: If either (29) or (30) holds for the penalty levels {Aq, A1} and the bounds w;j in
(6) are deterministic, then (32) implies Pg*{the noise bound (15) holds} > Pg*(€2p) — &o.
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Remark 11: Suppose that max; ¢ s 1/w;, "2%; szj, maxics Wj, maszjj, and My are all

bounded, and that {1+ F2(¢, S)} (logp)/n — 0. Then, (29) holds with the penalty level

* 1/2
o=A1=a0 \/(2/n)log(p/=0) for certain @ < (1+o(1))max; (3 ) /5, due to max{o,
1, Noy — 0+. Again, the conditions and conclusions of Theorem 9 “converge” to those for
the linear regression as if the Gram matrix is ©".

Remark 12: In Theorem 9, the key condition (31) is weaker in parts (i) and (ii) than part
(iii), although part (ii) requires " = co. For £ = =" and My = My < M3/(1 + &),

K2(€, 8)/(M3]S]) < min {Fu(€, ), F*(€, $;Mo - |)}

since ”_12?:1¢0(93i/3*)lmiblg/@’a Y ") < |Xblo, < |bg|,Ms/Mi as in the derivation of
(28) and |b|, < |b|; < (1 + &)|bg|y in the cone (9). For the more familiar nf(g S)/(Ms]|S|)

with the compatibility constant, (31) essentially requires a small 5]/ (logp)/n The sharper
Theorem 9 (i) and (ii) provides conditions to relax the requirement to a small |S|(log p)/n.

Remark 13: For wj = 1, Negahban et al. (2010) considered M-estimators under the
restricted strong convexity condition discussed below Definition 6. For the GLM, they
considered iid sub-Gaussian x! and used empirical process theory to bound the ratio A(B~ +
b,B")/{Ibl2(|bl> — colbl1} from below over the cone (9) with a small c. Their result extends

the ¢, error bound |S|Y/2(A\+23) /RE3 (¢, S) of Bickel et al. (2009), while Theorem 9 extends
the sharper (21) with the factor Fg(E, S;¢2). Theorem 9 applies to both deterministic and
random designs. Similar to Negahban et al. (2010), for iid sub-Gaussian x!, empirical
process theory can be applied to the lower bound (25) for the GIF to verify the key condition
(31) with F*(£,5;M2]|-]2) > |S|7%/2, provided that |S|(log p)/n is small.

Example 7 (Linear regression: oracle inequalities, continuation): For the linear
regression model (10) with quadratic loss, yo(0) = 62/2, so that (24) holds with M; = 0 and
N = oo. It follows that F*(£,5;M5)||») = oo and (31) has the interpretation with 1 = 0+ and
ne "F (£,5;My)| - |) = oo. Moreover, since My = 0, g = 0+ in (29). Thus, the conditions and
conclusions of Theorem 9 “converge” to the case of linear regression as M1 — 0+. Suppose

id & ~ N(0,0%) as in (13). For wj = w ;= 1 and 2_;; =, %i/"=1, (29) holds with
Ao=A1=0/(2/n)log(p/c0) and (31) holds with A = Ao(1 + £)/(1 - ). The value of o can be

estimated iteratively using the mean residual squares (Stadler et al., 2010; Sun and Zhang,
2011). Alternatively, cross-validation can be used to pick \. For ¢(b) = ¢o(b) = | b [o/|S|V2,
(32) matches the risk bound in (21) with the factor Fg(&, S;d2).

Example 8 (Logistic regression: oracle inequalities): The model and loss function are given
in (11) and (12) respectively. Here we verify the conditions of Theorem 9. The Lipschitz
condition (24) holds with My = 1 and " = co since wy(t) = log(1 + e') provides

Po(6+1) _e'(1+€)” - { el t<0

Do(0)  (14e+)2 = | e7t(1+e%)’/(e~t+e?)’ > eIl 10,
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Since max; w(t) = cg = 1/4 we can apply (30). In particular, if

@j:wjzlz\l’j@/na A={(§+1)/(€-1)} 1/ (log(p/=0))/(2n) and M{2&/(E + 1)}F«(E,S) s
ne™", then (32) holds with at least probability 1 — €9 under Pg*. For such deterministic W

and X, an adaptive choice of the penalty level is A=G 1/ (2/7)logp with
32:2;17%(5){1—7%(@}/72, where Ti(B) is as in Example 2.

Example 9 (Log-linear models: oracle inequalities): Consider counting data with y; €
{0,1,2,...}. In log-linear models, it is assume that

Eg(yi)=e",0;=2'5, 1 < i < n.

This becomes a GLM with the average negative Poisson log-likelihood function

)

,z:X'y/n.

(B)=0(B)— B, w(p)=y_ L) Josly

i=1

In this model, yo(t) = €, so that the Lipschitz condition (24) holds with M; = 1 and " = .
Although (30) is not useful with ¢y = oo, (29) can be used in Theorem 9.

4. Adaptive and Multistage Methods

We consider in this section an adaptive Lasso and its repeated applications, with weights
recursively generated from a concave penalty function. This approach appears to provide the
most appealing choice of weights both from heuristic and theoretical standpoints. The
analysis here uses the results in Section 3 and an idea in Zhang (2010b).

We first consider adaptive Lasso and provide conditions under which it improves upon its
initial estimator. Let py (t) be a concave penalty function with py (0+) = X, where p;(t) = (d/
ot)py(t). The maximum concavity of the penalty is

Pa(ta)—P(t
PR
0<ti<ts to—t1

Let # (E,S) be the cone in (9). Let ¢g(b) be a quasi star-shaped function and define

ewo(b)A(g*+b’ 5*)
|bs 0],

Fz(ﬁ,S;soo)=inf{ 0+ b€ C(ES),¢0(b) Sn*}- (34)

This quantity is an ¢, version of the GIF in (14). The analysis in Section 3 can be used to
find lower bounds for (34) in the same way simply by taking ¢(b) = |b|, and replacing |bs|;
with |bg|o. For example, in generalized linear models (13) satisfying the Lipschitz condition
(24), the derivation of (25) yields
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n Y et i i1\2
RS- 1) > S MES) o ('90 bl (='t) )

in
be?(£,5), b, =1 nlbgl, M, M,

Given 0 < gg < 1, the components of the error vector z - w(B*) are sub-Gaussian if for all

0<t<o4/(2/n)log(4p/eo),

P,@* {|(Z— w (ﬁ*))J| Z t} S 2efnt2/(202). (35)

This condition holds for all GLM when the components of XB™ are uniformly in the interior
of the natural parameter space for the exponential family.

Let k be asin (33), So={j:6; # 0}, >0,0<n<1,0<yp<l/x,A>1and &= (A+l -
kyo)/(A-1). Let og be a quasi star-shaped function, F(&, S;pq, dg) be the GIF in (14), and
F2(E, S;0q) its £o-version in (34). Suppose

Mo{14+A/(1=ry0)} < F (&, S500, 00)ne” ", Fy < F3(€, S5¢0),  (36)

for all S D Sp with |S\Sy| sﬁ*.~Let BMbe an initial estimator of 5 and BAbe the weighted Lasso
in (2) with weights wj = p;, (IBjl)/A and penalty level A = Akg/(1 — xyg). Then,

~ no( . . 1 -
B=51, < 57 {085, D= 5 (90}, | (g =5 ) 13571, )

P 2 242 px e
in the event{|(f6_ﬂ)sg|2 < WA N 2= ¥ (8] < )‘0}. Moreover, if (35) holds and

Xo=0 1/ (2/n)log(2p/0) with 0 < gg < 1, then Pp. {Jz = w(B") = ho} < £q.

Theorem 14 raises the possibility that BAimproves Bhnder proper conditions. Thus it is
desirable to repeatedly apply this adaptive Lasso in the following way,

P
I@(k+1):arggnin {5(5)+ZP,\(§](@)|5]|} ,k=0,1,.... @37

Jj=1

Such multistage algorithms have been considered in the literature (Fan and Li, 2001; Zou
and Li, 2008; Zhang, 2010b). As discussed in Remark 16 below, it is beneficial to use a
concave penalty py, in (37). Natural choices of py include the smoothly clipped absolute
deviation and minimax concave penalties (Fan and Li, 2001; Zhang, 2010a).

Let {x,Sg, X, M, Yo, A, &, €7, \} be the same as Theorem 14. Let B(O) be the unweighted Lasso
with wj = 1 in (2) and B(@ be the ¢-th iteration of the recursion (37) initialized with B(O). Let
Eo = (M + Xg)/ (A — ). Suppose (36) holds and
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{1+ (1—&70)/A}/F (€0, Sospo, | - |5) < 0 VE*.  (38)
Define rg = (e"F+){x + 1/(yoA) — «/A}. Suppose rg < 1. Then,
BO—g), < 1PA(185, DIy +{z— v (5*2}50|2 rée" \{1+(1—k0) A} )
e F,(1-r)/(1=7() F(o, Sos0s | - |5)
in the event

- 1A (8%, DI+ H{z— ¢ (57} |
{lz= % (8] < 20 N { S —F. (170 =2 < oA \/f—*} - (40)

Moreover, if (35) holds and Ao=0 1/ (2/n)log(4p/e0) with 0 < gy < 1, then the intersection

of the events (40) and {/{z— ¥ (B}, l, <n 20 V/21S0llog(4]S0/=0))} happens with at
least Pg*probability 1 — o, provided that

P2 (185, Do+ 120 \/2]So[log(4]So[ /20) _ AN VE
e F,(1—7rp) = 1-ry

Define RO) = Xe"{1 + (1 - wy)/AHF (&0, So; P, |-|2) and

(182, Dotz (893,
_ 2 p(0) (1 by p(00) 1t 2(0)
e MF,(1—7ro) RE=(mro) 4o R

R()

It follows from (39) that R(? is an upper bound of |3 — B*|, under proper conditions. This
implies [3( - B*| < 2R() after ¢= |logro|~t log(R(?)/R©) iterations of the recursion (37).
Under condition (35),

B RO < {[pA(18%, lo+20 /IS0l /e /{Fu(1-r0)}.

Since py (t) is concave in t, [2A(185, [z < 2a(0+)]Sol'*=AISo|"/ This component of
EB*R(OO)matches the noise inflation due to model selection uncertainty since

A < Ao=0\/(2/n)log(p/=0). This noise inflation diminishes when min . 37| > v\ and

() = 0 for [t = v\, yielding the super-efficient Eg+ B < {20 1/[So|/n}e" /{F.(1~r0)}
without the log p factor. The risk bound R(>) is comparable with those for concave
penalized least squares in linear regression (Zhang, 2010a).
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For log(p/n) < log p, the penalty level X in Theorems 14 and 15 are comparable with the
best proven results and of the smallest possible order in linear regression. For log(p/n) <

log p, the proper penalty level is expected to be of the order o 1/ (2/n)log(p/|Sol) under a
vectorized sub-Gaussian condition which is slightly stronger than (35). This refinement for
log(p/n) < log p is beyond the scope of this paper.

5. Selection Consistency

Theorem 18

In this section, we provide a selection consistency theorem for the ¢; penalized convex
minimization estimator, including both the weighted and unweighted cases. Let ||M||s =
maxy| . <1 MUl be the £, -to-£, operator norm of a matrix M.

Let w(B) = €(B) be the Hessain of the loss in (1), BAbe asin (2), B~ be a target vector, z; be as
in (5), Qin (6), S 2 {j:8; # 0} and F(&,S;pp, 0) as in (14).

I LetO<nsn"<1, Bo={B:p0(8—8") <1, B4.=0} and Sg = { j: pj # 0}. Suppose

—

—~_ 1 . 1
ﬂsé.%)*“‘/sclwscﬁsﬁ (ﬂ){wsﬁ (IB)} ‘TSBSgn(/BSﬂNOO S K“O<1 (41)
<70

sup [ W, o, (B){, (B} _ <y

BEBE

Then, {j: BJ-Ai 0} C Siin the event

Q1=Q0 N {|@s] A+25 < ne”"F(0, 30, po), k125+21 <(1—Ko)A}.  (43)

ii. LetO<ms<n"<land“# ={B: oo - B") <nsgn(B) =sgn(p")}. Suppose (41) and
(42) hold with 285 replaced by #. Then, sgn(B) = sgn(B™) in the event

;N { sup I{iﬁs(ﬁ)}1|oo(|@s|oo>\+23)<min|ﬁf} e
BeRBo Jjes

iii. Suppose conditions of Theorem 9 hold for the GLM. Then, the conclusions of (i)
and (ii) hold under the respective conditions if F(0,S;¢q, ¢o) is replaced by

F*(£,5;M2]]2) or F«(£,S) or k2(€,8)/(Ms3|S|) with the respective ¢g in Theorem 9.

For wj =1, this result is somewhat more specific in the radius n for the uniform
irrepresentable condition (41), compared with a similar extension of the selection
consistency theory to the graphical Lasso by Ravikumar et al. (2008). In linear regression
(10), yp) = X = X’X/n does not depend on B, so that Theorem 18 with the special wj = 1
matches the existing selection consistency theory for the unweighted Lasso (Meinshausen
and Bihlmann, 2006; Tropp, 2006; Zhao and Yu, 2006; Wainwright, 2009). We discuss
below the ¢; penalized logistic regression as a specific example.

Example 10 (Logistic regression: selection consistency)—Suppose
wj:1:|1:j\§/n where x; are the columns of X. If (43) and (44) hold with > and 27 replaced

J Mach Learn Res. Author manuscript; available in PMC 2013 December 12.



1duasnuey Joyiny vd-HIN 1duasnue Joyiny vd-HIN

1duasnuey Joyiny vd-HIN

Huang and Zhang Page 19

by y/ (log(p/e0))/(2n), then the respective conclusions of Theorem 18 hold with at least
probability 1 - eg in Pg*.

6. The Sparsity of the Lasso and SRC

The results in Sections 2, 3, and 4 are concerned with prediction and estimation properties of
{3, but not dimension reduction. Theorem 18 (i) and (iii) provide dimension reduction under
(-type conditions (41) and (42). In this section, we provide upper bounds for the
dimension of B under conditions of a weaker ¢, type. For this purpose, we introduce

K +(m):|gluip {Amax (W2 [0, (8" +tb)dt) :B 1 5=0,b € €(£,5),00(6) < 7"} (g5

as a restricted upper eigenvalue, where Anax(M) is the largest eigenvalue of matrix M, B C
{1,..., p}, and wg(B) and Wg are the restrictions of the Hessian of (1) and the weight
operator W = diag(wy, ..., wp) to RE.

Theorem 19

Let B* be a target vector, S 2 {j:8; # 0}, BAbe the weighted Lasso estimator (2), and z;; be
the £..-noise level as in (5). Let0<n" < 1, ¢1.5(b) = |bs|1/[S|, ®o be a quasi star-shaped
function, and F(,S;0g, ¢) be the GIF in (14). Then, in the event (15),

‘.A, . _ . . m en€2[s‘
#{7:8; #0,j ¢ S}<di=min {m 2L TG, S0, ¢ 5) } '

It follows from the Cauchy-Schwarz inequality that «4(m) is sub-additive, k+(mq + my) <
k4+(mMyq) + 1x4(my), so that m/x.(m) is non-decreasing in m. For GLM, lower bounds for the

GIF and probability upper bounds for 2} can be found in Subsection 3.2. For S={j:3; # 0}.
Theorem 19 gives an upper bound for the false negative.

In linear regression, upper bounds for the false negative of the Lasso or concave penalized
LSE can be found in Zhang and Huang (2008) and Zhang (2010a) under a sparse Riesz
condition (SRC). We now extend their results to the Lasso for the more general convex
minimization problem (1). For this purpose, we strengthen (18) to

e WS < (7 4b) < e ON T Vb e F(E,S) pob) <", (46)

and assume the following SRC: for certain constants {c, ¢}, integer d”,0<a <1,0<n<
n"<1,all AD Swith |A| = d", and all u € RA with |u| = 1,

" * * |S‘ 62710* *
Cx S <u71/)A(ﬁ )u> S ¢, 2(1—0[) Cy +1-2a S d. (47)
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Theorem 20

Let B be the Lasso estimator (2) with w; = 1 for all j, B* be a target vector, S 2 {j:5] # 0},
and z; be the ¢-noise level as in (5). Let g be a quasi star-shaped function, and
F(E,S;d0,9) be the GIF in (14). Suppose (46) and (47) hold. Let d; be the integer satisfying
dy - 1 <[S|(e2"c™/cx — 1)/(2 - 2a) < dq. Then,

#{5:0; # 0,5 ¢ S}<d

When Zak—l—fzik S (5_1))‘7 )\+Z8 S UeinF(& S;@Oa (PO)i and

x —1/2.

N < e Maly/di/c*.
AD%?“SFSdLKZ )A gA(ﬁ )|2_e “ 1/C

Theorems 19 and 20 use different sets of conditions to derive dimension bounds since
different analytical approaches are used. These sets of conditions do not imply each other. In
the most optimistic case, the SRC (47) allows d” = d; +|S| to be arbitrary close to |S| when
e?'lc*/c« ~ 1, while Theorem 19 requires d = |S| when k.(m) = 1 and F(&,S;¢o,¢1.5) < 1
(always true for =" with 1 in the diagonal).

7. Discussion

In this paper, we studied the estimation, prediction, selection and sparsity properties of the
weighted and adaptive ¢;-penalized estimators in a general convex loss formulation. We also
studied concave regularization in the form of recursive application of adaptive ¢;-penalized
estimators.

We applied our general results to several important statistical models, including linear
regression and generalized linear models. For linear regression, we extend the existing
results to weighted and adaptive Lasso. For the GLMs, the £3,q > 1 error bounds for a
general g = 1 for the GLMs are not available in the literature, although ¢; and ¢, bounds
have been obtained under different sets of conditions respectively in van de Geer (2008)
and ]citeNegahbanRWY10. Our fixed-sample analysis provides explicit definition of
constant factors in an explicit neighborhood of a target. Our oracle inequalities yields even
sharper results for multistage recursive application of adaptive Lasso based on a suitable
concave penalty. The results on the sparsity of the solution to the ¢;-penalized convex
minimization problem is based on a new approach.

An interesting aspect of the approach taken in this paper in dealing with general convex
losses such as those for the GLM is that the conditions imposed on the Hessian naturally
“converge” to those for the linear regression as the convex loss “converges” to a quadratic
form.

A key quantity used in the derivation of the results is the generalized invertibility factor
(14), which grow out of the idea of the ¢, restricted eigenvalue but improves upon it. The
use of GIF yields sharper bounds on the estimation and prediction errors. This was discussed
in detail in the context of linear regression in Ye and Zhang (2010).

We assume that the convex function (') is twice differentiable. Although this assumption is
satisfied in many important and widely used statistical models, it would be interesting to
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extend the results obtained in this paper to models with less smooth loss functions, such as
those in quantile regression and support vector machine.
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Appendix A
Proof of Lemma 1
since y(B) - w(3") = 2= w(B") - g, (3) implies

A(B\a /8*):</§72_ 7/) (/8*»_)\“/‘\73‘1_@8*72_ 1/’ (/8*)_-g>

and |gjl < wjr. Thus, (7) follows from |(z - w(B*)j| < wjh and wj < w;jin Sin Q.

For (8), we have hgc = Bgc and 5%, =0, so that in € (3) gives
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A(Ba /8*):</§sca {Z_A¢ (ﬁ*)}sc1>_)“ﬁfscgsc‘1_<h5’{Z_ w (ﬂ*)_g}5>
< |T'T"fsclgsi|1(zik_)‘)+<hs7gs_{z_ 1/’ (’8*)}5>
< |Hr5cﬁ5c‘1(zf_)‘)+‘h§‘1(Zg+|w9‘00A)

This gives (8). Since AB*)>0, h € # (&,5) when (|jwy| A+23)/(A—=2}) < & Forj ¢S, hi(y

(B +h) = w(B)); = Bz ~ w(B") - 9)j < IBjl(wjr - g) < 0.

Proof of Theorem 4
Leth= BA— B*. Since w(B) is a convex function,

o .
A" Hth, 57)= 5 {087 th) —t(h, ¢ (8°)) |
is an increasing function of t. For 0 <t < 1 and in the event €24, (8) implies
tTA(F +th, 57) < AR5, 57)<(Jwg| A t20) R -

By (9) and (14), F(€,5;00,00) < AR + th,3")e®0/{ths|1po(th)} for pg(th) < n". Thus, for
Po(th) < min{n",0(h)} and in the event Oy,

e .

po(thye— o) < DEHhEY) gl
tlhs | F(€: Sipo,00) — F(€, Sipo, po)

If N < gg(h), the above inequality at ¢g(th) =" would give n*e‘”*< ne™", which
contradicts to < 1™ < 1. Thus, 0™ = ¢o(h) and ¢g(th)e™®0t) < ne™ for all 0 < t < 1. This
implies ¢pg(h) <n <n". Another application of (8) yields

o(h) < DFHR B (sl M2g)e
F(&, S0, p)lhsly = F(§, S0, )

We obtain (17) by applying (16) with ¢ = ¢1 g to the right-hand side of (8).
Proof of Lemma 8

Since ¥ (ﬂ)ZZ?zlfi%(fﬂiﬂ)/n by (23),

Egexp { 2 (b, 2— ¢ () } =exp [; %(z"(ﬂb)%%%ﬁ%(z"b)%(r"ﬁ)]

N e (48)
—exp {; D ol (ptt) (1_t)dt] _

This and (24) imply that for M1|Xb|, < 1o,

J Mach Learn Res. Author manuscript; available in PMC 2013 December 12.



1duasnuey Joyiny vd-HIN 1duasnuey Joyiny vd-HIN

1duasnuey Joyiny vd-HIN

Huang and Zhang

Page 24

[ ne' (b, 3°b)

202

Eﬂ*exp{ (b,2— 9 (8 )>} ] - (49)

Since max,—o,12,/ \v=max;t; ' |z;—1;(8") by (5),

p .
Pg- {]?i%ﬁzk//\k>l} < ngp,é’* {|Zj‘wj(/3 )| >tj}
b n y * n
< ZlEﬁ*eXp{o—zbﬂZj—lﬂj(ﬂ )|_ﬁbjtj}
j=

_ *
with b=¢ "Otj/zjj. Since My maxij|xjj|bj < no, (49) gives
p ne"Mo¢2
P - {masz//\k>1} < ZZexp (—ﬁ) .
k=0,1 o 20%3755

ii. If (30) holds, we simply replace “o(x'(B + th)) by cg in (48). The rest is simpler and
omitted.

Proof of Theorem 9

(i) Since F*(£,S;0) in (25) is a lower bound of F(&,S;00,¢) in (14), (32) follows from
Theorem 4 with ¢g(b) = My|b|,. The probability statement follows from Lemma 8. (ii) Since
(18) holds for the do(b) in (26), we are allowed to use F+(E,S) = Fo(E,S;dg) in Corollary 7.
The condition 0" = oo is used since ¢g(b) does not control Mq|Xb|.. (iii) We are also
allowed to use ¢g(b) = M3|bg|y in (28) due to M1|Xb|, < dg(b).

Proof of Theorem 14

Leth=p~p",wj= wjand S ={j : ] > voX}U So. For j ¢ S, wj = py(IBj)/A 2 {pn(0+) -
KYoAHA = 1 = Keyo, 0 that 27=|W . {2— ¢ (8")} .| < Ao/(1—k70)=A/A. We also have
25 < Jz— P (8%)] o < Ao=(1—r70)/A/A. Since | Wl < 1, these bounds for 2 and 2* yield

| W | A+25 < A(1—ry)AA  A+l—ryo
Az S ANA A1

<&

Thus, since |gj| < wj in (8), Lemma 1 provides

h e C@ﬂ(f,s),A(ﬁ*-f—h, ﬁ*) < |hs|2(|@s|2/\+‘{2_ "p (6*)}5|2)

since | \Sol < 1(B=5"), | /(70)‘2) < we have by (36)

|wg | A+20 < AHAo=Ao{1+A/(1—r70)} < F(&, S50, po)ne” .
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Thus, ¢g(h) < m by (16), so that by (34) and (36),
e E|hglylhly < A(B R, ) < |hgly(|Bs A+ {z= ¢ (59)}1,).
Since |hg| = 0 implies h =0 for h € € (&,S), we find
e EL k|, < |Bg| A {z— ¥ (8)},], 60)
Since @;A=Px(|B;]) < PA(|8}])+k|B;—B7], we have

[@glpA < [PA(IBE, o+l 357

since [z = Y(B")lso < Xo = (1 - kyg)MA and 3,5} |=|B;] > 70 for j € S\Sp,

{z= 0 (9}, < 1{z= ¥ (9}, |, +15\Sol " (1-r0)A/A
< e @ (89}, |, HB=8"2(=r0)/ (10 4).

S0'2

Inserting the above inequalities into (50), we find that
_ ~ . . " e 1 K\ 5 .
eE|B-5"; < 12185 Dot {z— ¥ (59}, |+ (”%—A‘Z) 35",

The probability statement follows directly from (35) with the union bound.

Proof of Theorem 15
Let R be as in Remark 16. For [z = y(8")|o < Ao, (16) of Theorem 4 gives 3@ - |, <

(A + ho)/F(£0,S0;00, |l2) = R©. Under conditions (38) and (40), we have R < oA v/¢*
for all €= 0. We prove (39) by induction. We have already proved (39) for £=0. For =1,
we let B = B and apply Theorem 14: |B@ - 8|, < (1 - rg)RC®) + roRED) = R, The
probability statement follows directly from (35) with the union bound.

Proof of Theorem 18
Let z =z - w(8") and X be fixed. Consider

Jj=1

~ . p
B, t)Zargﬁmin {Mﬁ)-(ﬂ, G (/5’*)+t5>+t/\z@j|ﬁjWsczo} (51)

as an artificial path for 0 <t < 1. For each t, the KKT conditions for B(X, t) are
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gs(As t):t)\ﬁl ug (A1), Uj (A7) { :S[g—nl(ﬂ{]()\’ Y zfje()\ét) .

where g(\, t) = —w(B(X, t)) + w(B*) + tz. Since (51) is constrained to fsc= 0 and both the error
z and the penalty level A are scaled with t, Theorem 4 with & = 0 yields

o(B(A1)—B%) < my — Owithme T =tne " VO<t < 1. (52)
LetSi={j: B{(X, t) # 0}. Applying the differentiation operator D = (0/0t) to the KKT
conditions, we find that almost everywhere in t,
(Dg),, (A )=2, 1, (B 1) {(DB) (A D)}, =AW ug, (A ).

It follows that

(DB),, (A t)={ib, (BN} {25, ~ AWy ug, A D} (63)

and with an application of the chain rule,
(Dg) . (A D=20 D o (BB, (B} {25, —ATW, g, (A, 1))
Since g(\, t) is almost differentiabe and B(X, 0+) = B, we have g(\, 0+) = 0 and
Goe O 1) =8 [2o =y | (BN, (BN} {5y, ~ AT, ug, (A, 1)}] .
Thus, (52), (41), and (42) imply
W2 gse A1) € W0 2| 2o o FRoAug, (A D) s
which is smaller than A in the event in (43). Thus, since "S(B(x, 1-)) is of full rank, B(X, 1-)

is the unique solution of the KKT conditions (3) for B. This completes the proof of part (i).

For part (ii), we observe that (44) implies S={j:53; # 0}. Since B(X, 0+) = ", there exists t;
> 0 such that ug (A, t)=sgn(5%) for all 0 <t <tj. By (52), B(X, t) € “# for 0 <t <t;. It follows
from (53) and (44) that

(DB, (A1), < 1, BN |26 =AW, sgn(82)| <min| 35 |1
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for 0 <t <t; and some &; > 0. Since B(A, 0+) = B*, this implies

1B (A t)—B5]  <min, ;| B}|—e1forall 0 <t <t; A 1. It follows that sgn(B(\, 1)) = sgn(B™) for
O<t<lby the continuity of B(X t) int, thatis, t; = 1. Consequently, conditions (41), and_
(42) are only needed for the smaller class # in the proof of part (i). This gives f(\, 1) = B
and completes the proof of part (ii).

Finally, in part (iii), Fo(&,S;d0,00) is simply replaced by its lower bounds with the respective
®o-

Proof of Theorem 19
Suppose the event Q4 in (15) happens, so that wj; > w; for j ¢ S and the conclusion of

Theorem 4 hold. Let h = B i andz [o(8*+zh)dz, It follows from (1) that Sh = w(B*
+h) - w(B) E(B) E(B) By the KKT conditions (3),

(), =1 B)— i (57),] = @7 2 w;(\—2)>0, 5.

LetBC {j¢S: Bin 0} with |B| dl It foIIows from Theorem 4 that ¢o(h) <m <1, so that

(45) implies maXlub:ll("‘"’*lZ u) | = (W 22 ) < £ (d1) Thys, by the
definition of A(B, ) in (4),

(A=20)21B] < [V 1500) [ < k() (b 3=y () A(F*+h, ).

This and the prediction bound in Theorem 4 yield

Ry (d) A +h, 5%) _ e (d)e (Wl A+25)°[S] _ A4 (dr)e”s|S|

(A—z}) (A=20)2F(€,S300,¢,5) ~ F(& Sipo, ¢, 5)

Since all subsetsB C {j ¢S : BJ # 0} with |B| < dj satisfies |B| < dy, it must hold that #{j ¢
S: [3] # 0} <dj.

Proof of Theorem 20

Letz=z- w(B )= —E(B ) and B()» t) be the artificial estimator in (51) with wj =1, and h(},
t) = B(X t) - B Let A~ < 1™ be penalty levels satisfying

2] € Pociss {0 ) 0 ) € 616,901, < BYE L

We pick such an interval [A+,\"] containing the penalty level A of concern in the theorem.
This is allowed by Lemma 1 and Theorem 4. We first prove the stronger conclusion
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t Sl<d
A <>?§/\* 0H<1?<X1#{j B (A1) #0,j ¢ S}<dy (55)

under the additional assumption

e <,\</\* 0%121#{‘7 ﬁj()‘ t)#0,j¢ 5} <d. (56)

Let g(, t) = tz ¥ y(B") - w(B(, 1)) be the negative gradient at B(), t) in (51). By the KKT
conditions for (51), sgn(Bj(A, t+)) # 0 |mpI|es lg(A, t)] = th. Thus, (56) implies the existence
of A € [Ax,\"], t1 € (0, 1], and Ay C {1, ..., p} satisfying

{jsgn(B;(A, 1)) # 0 US C Ay C {j:|g(A, t1)|=t:A}US, |A1| < di+]S|. (57)

Moreover, if max) ..« <)* MaXg<t<1 #{j : BJ(K t) 20, j ¢ S} > dy, then by the continuity of BA
(A, 1), it would be possible to restrict (57) to |Aq] = dq + |S| with some different A € [Ax,)"]
and t; € (0, 1]. Therefore, it suffices to deny this possibility by proving |A{| < d; + |S| based
on (57) and (54). Let Ag = A1\S. We prove |Ag| < dq, which is equivalent to |Aq| < dq +[S|.

Let via) =(vjI{j € A}, j € A7) € RALand va = (v}, j € AY € RA for all vectors v = (v, ..., Vp)
7. Leth =h(}, t7), Z_jéﬂ) ﬁ*—i—:ﬂh)dr and g = g(\, ty) =tyz ¥ w(ﬁ*) - w([}* +h)=tyz = h.

Since AC OZ 9(A1> tlz _Z (Zh)m:tlzm Zay 7, Thus, since g;

=tyhsgn(hy) for j € AO by the KKT condltlons

—1 —1

—1
<9(A0)’ZA1 9(A1))=t1 <9(A0)7 ZAI EAI >_<9(AO) ) hA1> <t <9(A0)> ZAl 2A1>'

—1/2 ——1/2 —1/2 2

—1
Since |Z 9<A0)‘ ‘HZ 9(A1)| |Z 9s) |2+2<9(A0) ) ZAI g(A1)>, we have

Afl/g

|Z; Ao)‘ |Z 9<A1>‘ —|Z |+2t1|2 g(Ao)‘ Z

=12 « —1/2
=~ 2 I~ *
By (54) and (46), |ZA1 Za |2 < e ‘(Zm) Za |2 < aXy/|4ol/(e en), so that

2

—1/2 2
(1_a)|ZA1 g(/‘o)lg—HZA g(A1)| = |Z ‘ +at )‘Q‘A0|/<c 677)

Moreover, since |Aq| < d; + S| < d”, it follows from (54), (46), and (47) that the eigenvalues
of ZAlaII lie in the interval cxe™ and c¢’e". Thus, since Ing= taksgn(Bag),
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2 2
(1—a)t:{>\2|f40\+tf>\2\Ao|+lgsl2 < gsly | atiN?|Ao]

c*el c*el c.e c*el

Since |g]« < tg), the above inequality gives by algebra the dimension bound

X ' 2-2a

2n _ 2 2n _
|AO‘ S (6 C_/C* 1) |gs‘2 < (6 C /C* 1) ‘S| <d1

This proves (55) under the additional assumption (56).

Now we prove (56). In the special case of ¢pg(b) = 0, the condition on A in (54) is monotone
so that we are allowed to pick A" = co. Since B(\, 1) = 0 for very large A, (56) holds
automatically for ¢pg(b) = 0. By (46), this special case is equivalent to linear regression since
the Hessian does not depend on B. The difference of the general model (1) from linear

regression is that the condition A+25 < ne™"F (£, S;p0, o), Which excludes large X, is
needed to prove ¢g(h(\, t)) <n by Theorem 4. To overcome this difficulty, we consider very
small t> 0. Let b = (B — B")/t. By (51),

B, t)=5"}=arg min {0(5*+t0)—(tb, ¢ (5%)+12)+tA|5*+10], }
=argmin { [§(1-2) (tb, P(8*-+atb)th)dz—t (b, Z)-+¢A|5* +b], |
b

=arg min {1501=2) (b, B(B"+atb)b)da— (b, 2)+ A 8" t+], } .

Let So={j:5; # 0}. Since AP /10l =A[B"]/t — Alsgn(57), b)+Absc | ast — o+, t7L{p”
(\, t) - B*} converges (along a subsequence if necessary) to

g(/\):arggnin {2—1<b, Y(5")b)— (b, 2)+A(sgn(5°), b)+Albe \1} :

Moreover, since z = "(B*)b(i) is the negative gradient at b(X), we have

{7:lgi(\ O|=tA,j & S} — {j & S:(2=9(67)b(N);=Asgn(B;(\)}.  (s8)

Since this limit does not depend on ¢g(+), the dimension bound (55) in the special case of
linear regression implies that the right-hand side of (58) contains a smaller number of
elements than dj. This gives (56) in the general case by (58) and completes the proof.
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