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Abstract

In many semiparametric models that are parameterized by two types of parameters — a Euclidean
parameter of interest and an infinite-dimensional nuisance parameter, the two parameters are
bundled together, i.e., the nuisance parameter is an unknown function that contains the parameter
of interest as part of its argument. For example, in a linear regression model for censored survival
data, the unspecified error distribution function involves the regression coefficients. Motivated by
developing an efficient estimating method for the regression parameters, we propose a general
sieve M-theorem for bundled parameters and apply the theorem to deriving the asymptotic theory
for the sieve maximum likelihood estimation in the linear regression model for censored survival
data. The numerical implementation of the proposed estimating method can be achieved through
the conventional gradient-based search algorithms such as the Newton-Raphson algorithm. We
show that the proposed estimator is consistent and asymptotically normal and achieves the
semiparametric efficiency bound. Simulation studies demonstrate that the proposed method
performs well in practical settings and yields more efficient estimates than existing estimating
equation based methods. Illustration with a real data example is also provided.
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Accelerated failure time model; B-spline; bundled parameters; efficient score function;
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1. Introduction

In a semiparametric model that is parameterized by two types of parameters — a finite-
dimensional Euclidean parameter and an infinite-dimensional parameter, oftentimes the
infinite-dimensional parameter is considered as a nuisance parameter, and the two
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parameters are separated. In many interesting statistical models, however, the parameter of
interest and the nuisance parameter are bundled together, a terminology used by [12] when
they reviewed the linear models under interval censoring, which means that the infinite-
dimensional parameter is an unknown function of the parameter of interest. For example, in
a linear regression model for censored survival data, the unspecified error distribution
function, often treated as a nuisance parameter, is a function of the regression coefficients.
Other examples include the single index model and the Cox regression model with an
unspecified link function.

There is a rich literature of asymptotic distributional theories for M-estimation in a variety
of semiparametric models with well separated parameters, see e.g. [9, 10, 11, 23, 29, 32],
among many others. Though many methodologies of M-estimation for bundled parameters
have been proposed in the literature, general asymptotic distributional theories for such
problems are still lacking. The only estimation theories for bundled parameters we are aware
of are the sieve generalized method of moment of [1] and the estimating equation approach
of [5, 18].

In this article, we consider an extension of existing asymptotic distributional theories to
accommodate situations where the estimation criteria are parameterized with bundled
parameters. The proposed theory has similar flavor of Theorem 2 in [5], but they are
different because the latter requires an existing uniform consistent estimator of the infinite
dimensional nuisance parameter with a convergence rate faster than n"14, which is then
treated as a fixed function of the parameter of interest in their estimating procedure, while
we need to simultaneously estimate both parameters through a sieve parameter space;
furthermore, their existing nuisance parameter estimator needs to satisfy their condition
(2.6), which is usually hard to verify when its convergence rate is slower than n=/2, Qur
proposed theory is general enough to cover a wide range of problems for bundled
parameters including afore-mentioned single index model, the Cox model with unknown
link function, and linear model under different censoring mechanisms. Rigorous proofs for
each of the models, however, will take lengthy derivations. We only use the efficient
estimation in the semiparametric linear regression model with right censored data as an
illustrative example that motivates such a theoretical development, and will present results
for other models elsewhere. Note that the considered example can not be directly put into
the framework of restricted moments due to right censoring, thus can not be handled by the
method of [1].

Suppose that the failure time transformed by a known monotone transformation is linearly
related to a set of covariates, where the failure time is subject to right censoring. Let T;
denote the transformed failure time and C; denote the transformed censoring time by the
same transformation for subject i, i=1, ---, n. Let Yj = min(T;, C;) and A; = I(T; < C;j). Then
the semiparametric linear model we consider here can be written as

EZX;@)-F@O@,Z':L ceeymy (L)

where the errors eq j are independent and identically distributed (i.i.d.) with an unspecified
distribution. When the failure time is log-transformed, this model corresponds to the well-
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known accelerated failure time model [15]. Here we assume that (X, C;),i=1, ..., n, are
i.i.d. and independent of eg ;. This is a common assumption for linear models with censored
survival data, which is particularly needed in [21] to derive the efficient score function for
Bo- Such an assumption, however, is stronger than necessary in the usual linear regression
without censoring, for which the error is only required to be uncorrelated with covariates
(see e.g. [3]). We also avoid trivial transformations such as log(0) so that we always have
Y;’s bounded from below.

The semiparametric linear regression model relates the failure time to the covariates directly.
It provides a straightforward interpretation of the data and serves as an attractive alternative
to the Cox model [6] in many applications. Several estimators of the regression parameters
have been proposed in the literature since late 70’s, including the rank-based estimators (see
e.g. [19], [28], [25], [30], [13], [14]) and the Buckley-James estimator (see e.g. [2], [20],
[16]). There are two major challenges in the estimation for such a linear model: (1) the
estimating functions in the aforementioned methods are discrete, leading to potential
multiple solutions as well as numerical difficulties; (2) none of the aforementioned methods
is efficient. Recently, [31] developed a kernel-smoothed profile likelihood estimating
procedure for the accelerated failure time model. In this article, we consider a sieve
maximum likelihood approach for model (1.1) for censored data. The proposed approach is
much intuitive, easy to implement numerically, and asymptotically efficient.

It is easy to see that T and C are independent conditional on X under the assumption eg L (C,
X). Hence the joint density function of Z = (Y, A, X) can be written as

Tyax®0,2)=Xo(y — ' 80) exp{—Ao(y — 2'B0) } H (y, 6,7), (12)

where Ag(:) is the true cumulative hazard function for the error term eg and Ag(*) is its
derivative. H (y, §, x) only depends on the conditional distribution of C given X and the
marginal distribution of X, and is free of By and Aq. To simplify the notation, we will ignore
the factor H from the likelihood function. Then for i.i.d. observations (Yj, 4;, X;),i=1, ---, n,
from equation (1.2) we obtain the log likelihood function for  and A as

ln(ﬁ,A):nflzn: {Ailog{/\(YnLX;ﬁ)} - /I(Y; > At — Xzfﬁ)dt} )

=1

The log likelihood given in (1.3) apparently is a semiparametric model, where the argument
of the nuisance parameter X involves 3, thus  and \ are bundled parameters. To keep the
positivity of A, let g(-) = log A(:). Then the log likelihood function for 8 and g, using the
counting process notation, can be written as

(B, g)=n"" 3 g(t — X, B)dN;(t) — [ I(Y; > t)eff(f*Xﬁﬁ)dt .
>/ / Jo a9

where N;(t) = Ajl(Yj < t) is the counting process for subject i.

We propose a new approach by directly maximizing the log likelihood function in a sieve
space in which function g(-) is approximated by B-splines. Numerically, the estimator can be
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easily obtained by the Newton-Raphson algorithm or any gradient-based search algorithms.
We show that the proposed estimator is consistent and asymptotically normal, and the
limiting covariance matrix reaches the semiparametric efficiency bound, which can be
estimated either by inverting the information matrix based on the efficient score function of
the regression parameters derived by [21], or by inverting the observed information matrix
of all parameters, taking into account that we are also estimating the nuisance parameters in
the sieve space for the log hazard function.

2. The sieve M-theorem on the asymptotic normality of semiparametric

estimation for bundled parameters

In this section, we extend the general theorem introduced by [29], which deals with the
asymptotic normality of semiparametric M-estimators of regression parameters when
convergence rate of the estimator for nuisance parameters can be slower than n~Y/2, In their
theorem, the parameters of interest and the nuisance parameters are assumed to be separated.
We consider a more general setting where the nuisance parameter can be a function of the
parameters of interest. The theorem is crucial in the proof of asymptotic normality given in
Theorem 4.2 for our proposed estimators.

Some empirical process notation will be used from now on. We denote Pf = [ f(z) dP(z) and

Pnf=nflzj:1f(2i), where P is a probability measure and P, is an empirical probability
measure, and denote G,f = nY2(P, — P)f. Given i.i.d. observations Z1, Zy, ---, Z, € Z, we
estimate the unknown parameters (3, {(-, p)) by maximizing an objective function for (B, ¢(,

B), nflz::lm(ﬁ, C( B);Zi)=Prym(B,¢(-, 8); Z), where B is the parameter of interest and
(-, B) is the nuisance parameter that can be a function of . Here * - ” denotes the other
arguments of  besides 3, which can be some components of Z € Z. If the objective function
m is the log-likelihood function of a single observation, then the estimator becomes the
semiparametric maximum likelihood estimator. Here we adopt similar notation in [29].

LetO = (B, £(-, B)), p € B C RYand { € . where A is the parameter space of p and #'is a
class of functions mapping from Z x #8 to R. Let © = #x# be the parameter space of 6.
Define a distance between 01, 6, € © by

1/2

d(61,02)={|82 — B>+ G2 (- B2) — G B8P},

where | - | is the Euclidean distance and || - || is some norm. Let ©,, be the sieve parameter
space, a sequence of increasing subsets of the parameter space © growing dense in© asn —
oo. We aim to find 6, € ©y such that d(0p, 60) = 0p(1) and By, is asymptotically normal.

For any fixed {(-, B) € ; let {Cy (", B) : m in a neighborhood of 0 € R} be a smooth curve in
~'running through £(-, B) at =0, i.e., §(, B)ly=0 = &(", B). Assume all (-, B) € A’are at
least twice-differentiable with respect to 3, and denote
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%{hwﬁh%%@-JQE%ﬂeﬂ}
~

Assume the objective function m is twice Frechet differentiable. Since for a small §, we have

G B+8)-C(,B)= g;(-, )8 + 0(8), here CB(', ) = a¢(:, B)/op, then by the definition of
functional derivatives it follows that

lim (5, 549)52)
—m(B,¢(,8);2)}
:%i_r%%{m(ﬂ, (5 B)+C5(, B)5+0(8);2) —m(B, (-, B)+C (- 8)5;2)}
Hlim < {m(5.4(,9)
+(5(-,8)8;2)
- m(B,¢(,8);2)}
~limna(8, (-, 9)
+¢5(+,8)5;2)[0(8) /3]

=7h2(/3>C('aﬂ)%z)[éﬂ('aﬂ)]v

where the subscript 2 indicates that the derivatives are taken with respect to the second
argument of the function. The last equality holds because

liming (8, (-, 8)+C 5(:, £)8;2)[ 0(6) /6]=0.

Similarly we have

B =173 (3, 6, S+ 2) [ 8)] =102, G B)s2) [, D)k =aa (5, € D) AC ), )

and

gi;%%{mz(@ C(. B)2) (Al f+8)|=1ina(B8,C (- B);2) [, B)]}=1na(8. (-, B);2) [ s -, B)].

Thus according to the chain rule of the functional derivatives, we have
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ol ’“"ﬁ);”zwzmlw,<<-,ﬁ>;z)+m2<ﬂ,c<.,/3);z>[éﬁ<-,m1,
e (8, ¢(+, 8);2) )= 28 (<+87777h>(~,ﬂ);z>

70:m2(/3’ C(a ﬂ);z)[h('a /3)]7
_Pm(B,¢(B)2) _ mg(B8,¢( 8)52) _

(B8, Bz} = S =i (8.0 B2 4 nali - B):2) (o B)+ian (8.C . Bz

8%(@(4;;7%1)(-,6);2) =2(5,C(, B);2) [, A (8, L B2, 0), A )] +eina( B,
-

a8 )52 = 2L IEDROI i, (5, 82 e N (5. )52 TR ) s B0 a5,

ﬁl({(ﬂ: C(v /3)§Z)[h17h2]:m22(/87C('aﬂ);z)[hl('aﬂ)th('v /3)]

mec(8,¢ (- 8);2) [ h]=

As noted before, the subscript 1 or 2 in the derivatives indicates that the derivatives are
taken with respect to the first or the second argument of the function, and h inside the square
brackets is a function denoting the direction of the functional derivative with respect to .
Note that for the second derivatives mg; and mg, we implicitly require the direction h to be a
differentiable function with respect to p. It is easily seen that when ( is free of j, all the
above derivatives reduce to that in [29]. Following [29], we also define

S5(8,¢(, 8))=Piing(8,( (- 8);2),
Sc(B,¢( 8))[h]=Pring(8,¢(-, 8);2) [ 1],
Sp.n(B85C( 8))=Pruring(8,¢(-, 8); 2),
Scn(B,C( B)[R]=Ppring(8,¢(-, 8):2) 1],
S85(8,¢ (-5 B))=Privgp(8,¢(, 8);2),
Scc(B,C( B))[h, h]=Pringc(8,C(-, 8); Z) [, 1],

and

S5c(8, ¢ B [AI=8 (8, C(, B)) [ W]=Pringc (8, (- B): Z) [ h].

Furthermore, for h = (hy, hy, ---, hg)’ € HY, we denote

1 (8, ¢+ 8);2) [ h]= (e (8, (-, 8);2) [ 7], - -+ 5112 (8, C (5 B);2) [ al)
e (B, C(s 8);2)[h]=(risc (8, (-, B);2)[ hal, - -+ 1 (B, C (5 B);2
(8, ¢ (s B);2) [h]=(ries(8, C(+, B);2)[hal, - -+, 1iep (8, €, B);2
e (B, (s B);2)[hy hl= (e (B, C(+, B8);2) [ hr, By - - - 1 (B,

)hal),
)[hal)’,
'7ﬂ);z)[hd>h]),a

b

g
g
¢

and define correspondingly
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S¢(8,¢(, 8))[h]=Pring(8,¢(-, 8);Z) [,
Scn(B,C( 8)) (] =Pprine(8, (-, 8);2) [l
Spc(8,¢ (- 8) [h]=Privgc(8,¢(-, 8);2)[h], Scs(8, (-, 8)) [h]=Prings(8, (- ); Z) 1],
Scc(B,¢( 8))[, A= Privc (B, (-, 8); Z) [, h].

To obtain the asymptotic normality result for the sieve M-estimator B;, the assumptions we
will make in the following look similar to those in [29], but all the derivatives with respect
to 3 involve the chain rule and hence are more complicated, which is the key difference to
[29]. Additionally, we focus on sieve estimators in the sieve parameter space. We list the
following assumptions:

Al  (Rate of convergence) For an estimatqr 6,: = (B,:, 6;;(-, B,:)) € O, and the true
parameter 0g = (Bg, Co(:, Bo)) € ©, d(6y, Og) = Op(n‘é) for some € > 0.

A2 S(Bo. o', Bo)) = 0 and S(Bo, Lo(, Po))[N] = O for all h € H.

A3 (Positive information) There exists an h*=(h3, - - - , b)), Where b} € Hforj=1,
--+, d, such that

Spc(B0; o(+5 50)) [ 1] = Scc(Bos Co(+ Bo)) [h*, h]=0

for all h € H. Furthermore, the matrix

A=—=555(80,Co(" B0))+Scs(Bo, Co(-, o)) [h*|=—P{rigs(B0, Co (- Bo); Z)—1n¢(Bo, Co- Bo); Z) [*]}

is nonsingular.

A4 The estimator (B,:, Cr:(-, Br;)) satisfies

Sﬂ,n(/én> gn(’ Bn)):Op(n¥1/2)ands'§,n(lén7 én(’ 3n))[h*]:0p(ngl/2)'

A5  (Stochastic equicontinuity) For some C > 0,

sup | \/ﬁ(sﬁan_sﬂ)(/@a ¢ 8))— \/E(ng—gg)(ﬁo, Go(-s /80))‘:0}7(1)

d(6,00)<Cn—¢ 0€6,,

and

sup [ V(Sen=5)(8,¢ (. BN, B)l= V(Sen—=5¢) (Bo, Col-, Bo)) [0 (-, B)]|=0p(1).

d(6,60)<Cn—¢,0€0,

A6  (Smoothness of the model) For some a > 1 satisfying a& > 1/2, and for 0 in a
neighborhood of 6y : {6 : d(6, Bp) < Cn5, 0 € ©,},
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155(8,¢(-+ 8))=55(Bo, G-+ 50)) =S 53(Bo, Go(++ 50)) (B—60) =S 5 (Bos Go(-+ 50))[{ (- B)—=Co (-, Bo)][=O(d” (6, 60))

and

15¢(8,¢(, 8))[* (-, 8)]
- Sg(ﬂm Go(+5 B0))[M* (-, Bo)] — 5Cﬂ(ﬁOaC0('aﬁO))[h*('aﬂO)](ﬂ
— Bo) = Scc(Bos o+ o)) [h* (-, Bo), ¢ (-, B)

— Go(+ 60)]]
=0(d*(6,0y)).

Note that & in Al depends on the entropy of the sieve parameter space for { and can not be
arbitrarily small — it is controlled by the smoothness of the model in A6. The convergence
rate in Al needs to be achieved prior to obtaining asymptotic normality. A2 is a common
assumption for the maximum likelihood estimation and usually holds. The direction h* in
A3 may be found through the equation in A3. It is the least favorable direction when m is the
likelihood function. A4 and A5 are usually verified either by the Donsker property or the
maximal inequality of [27]. A6 can be obtained by the Taylor expansion. The following
theorem is an extension to Theorem 6.1 in [29] when the infinite-dimensional parameter { is
a function of the finite-dimensional parameter f.

Theorem 2.1. Suppose that assumptions A1-A6 hold. Then

VB, — Bo)=A"1 V/rP,m* (Bo, Co (- B0); Z)+0p(1)—aN (0, A" B(A™1Y),

where

m*(ﬂOa CO(': ﬂO);Z)Zmﬁ(ﬂOa CO(') ﬁO);Z)_mC(ﬁOa CO('& ﬁO)rZ)[h*]a sz{m*(ﬁm CO('? ﬁO);Z>®2}’

and A is given in assumption A3. Here a®2 = aa’.

Proof. The proof follows similarly along the proof of Theorem 6.1 in [29]. Assumptions Al
and A5 yield

V(S g = 85)(Bns a4 8n)) = V(S5 = $5)(Bo, Col-, Bo))=0p (1)

since Ssn(Bns En- Bn) = 0p(n~2) by A4 and Sy(Bo, Lo(-, Bo)) = 0 by A2, we have

VS 5By, o5 B))+ VS 5,(Bo, Gol-, Bo))=0p(1).

Similarly,
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\/’ESC(/@m CAn(v /én))[h*(a ﬁn)]"’ \/T_ZSC,n(ﬁU’ CU(" 50))[h*(" /60)]:0?(1)'

Combining these equalities and assumption A6 yields
S35(80> (5 80)) (B —=B0)+5 5 (B0 o (- Bo)) [ (- B) =G5 Bo)|+S 5.0 (805 Go (5 B0)) +O(d* (B, 80)) =0, (n?)  21)
and

S¢5(Bos Go(
+B0))[h*(
5 Bo)l(B,,
— Bo)+S¢c(Bo, Go
4 Bo)) [0+, B0), G Br) = Col Bo)]
+S¢.n(Bo, Go(
+ B0))[h*(
"/30)]
+0(d“(0,,,60))

:op(nflﬂ).

2.2

Since a > 1 with a§ > 1/2, the rate of convergence assumption Al implies
VnO(d®(8,,60))=0,(1), then (2.1) — (2.2) together with A3 yields

(Sp5(Bo; o
5 Bo))
— S¢5(Bo, ol
- B0))[h*(
- B0)])(B,, — Bo)=— (S5,1(B0s Co (- Bo)) — Scn(Bos Col- Bo)) [h*(
“ Bo)l)
+op(n_1/2),

that is,

_A(ﬁn — Bo)=—P,ym™(Bo, Co(-, ﬁo);Z)+op(n_1/2),

This yields

VB, — Bo)=A"1 VP ,m* (Bo, Co(- B0); Z)+0p(1)—aN (0, A" B(A™YY).
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3. Back to the linear model: the sieve maximum likelihood estimation

By taking logarithm to the positive function A(:) in (1.3), the function g(:) in (1.4) is no
longer restricted to be positive, which eases the estimation. We now describe the spline-
based sieve maximum likelihood estimation for model (1.1). Under the regularity conditions
C.1-C.3 stated in Section 4, we know that the observed residual times

{Y; — X;:8 € B,i=1,--- ,n}are confined in some finite interval. Let [a, b] be an interval
of interest, where —oo <a <b < oo. Let Tk, = {ty, -, tk,, } be a set of partition points of [a,
b] with Ky = O(n") and maxy<j<k,,41 Itj = tj-1/ = O(n™) for some constant v € (0, 1/2). Let
Zn(Tk,, Kn, p) be the space of polynomial splines of order p > 1 defined in [22][Definition
4.1]. According to [22][Corollary 4.10], there exist a set of B-spline basis functions {Bj, 1 <
j < dn} with g, = K, + p such that for any s € (T, Kn, p), we can write

dn
s(t)=> 7;Bj(t), (1)
=1

where we follow [24] by requiring maxj=1
slowly enough.

an [vj | < cn that is allowed to grow with n

.....

Lety=(y1, ..., Yqy)'- Under suitable smoothness assumptions, go(-) = log Ao(-) can be well
approximated by some function in (Tk,, Ky, p). Therefore, we seek a member of .#n(Tk,,
Kn, p) together with a value of p € 8 that maximizes the log likelihood function.
Specifically, let 0, = (B, vn) be the value that maximizes

(5= [ [ >oiBie = Xipanio) — [ 102 tesp {vaijos - X;m} dt} - 62
i=1 j=1

J=1

Taking the first order derivatives of (B, v) with respect to  and y and setting them to zero,
we can obtain the score equations. Since the integrals here are univariate integrals, their
numerical implementation can be easily done by the one-dimensional Gaussian-quadrature
method. Newton-Raphson algorithm or any other gradient-based search algorithms can be
applied to solve the score equations for all parameters 6 = (B, v), €.9.,

oD —g(m) _ gr(ptm) ' 5(g(m))

where 6(M = (B(M), (M) is the parameter estimate from the mth iteration, and

8ln6(/[j77) 825",(56’7) 3271(6/6‘,(7)
SO=\ ot | HO={ 2005 s

Dy 9vOp’ oy

are the score function and Hessian matrix of parameter 6. For any fixed § and n, it is clearly
seen that I,(B, v) in (3.2) is concave with respect to y and goes to —cc if any y; approaches
either oo or —oo, hence y, must be bounded which yields an estimator of s in (T, Kn, p).
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As stated in the next section, the distribution of B,: can be approximated by a normal
distribution. One way to estimate the variance matrix of Br; is to approximate the (inverse of
the) information matrix based on the efficient score function for g by plugging in the
estimated parameters (Br:, X,:(-)). The consistency of such a variance estimator is given in
Theorem 4.3. Another way is to invert the observed information matrix from the last
Newton-Raphson iteration, taking into account that we are also estimating the nuisance
parameter y. The consistency of the latter approach may be proved in a similar way as
Example 4 in [23] or via Theorem 2.2 in [8], and we leave detailed derivation to interested
readers. Simulations indicate that both estimators work reasonably well.

4. Asymptotic results

Denote &p =

(C.1)
(C.2)

(C.3)

(C.49)

(C.5)

(C.6)

(C.7)

Y - X’Band gg = Y — X’Bg. We assume the following regularity conditions:
The true parameter 3y belongs to the interior of a compact set 28 C RY.

(a) The covariate X takes values in a bounded subset 2° C RY; (b) E(XX) is
nonsingular.

There is a truncation time © < oo such that, for some constant 8, P(gg > t|X) = 8
> 0 almost surely with respect to the probability measure of X. This implies that
Ap(t) £-log & < .

The error eg’s density f and its derivative £are bounded and

[0 10y,

The conditional density of C given X and its derivative gcx are uniformly
bounded for all possible values of X. That is,

SUp g, (t|X=2) < K1, suplg,,  (t|X=z)| < K>
zeZ zeX

for all t < © with some constants Ky, Ky > 0, where <t is the truncation time
defined in Condition C.3.

Let %P denote the collection of bounded functions g on [a, b] with bounded
derivatives g0), j = 1, ..., k, and the kth derivative g satisfies the following
Lipschitz continuity condition:

99(s) — g (0)] < Lis — t"fors,t € [}

where K is a positive integer and m € (0, 1] suchthatp=k+m=3,and L < oo is
an unknown constant. The true log hazard function go(:) = log Ag() belongs to
%P, where [a, b] is a bounded interval.

For some 1 € (0, 1), u’ ar(X|eg)u = nuE(XX'|eg)u almost surely for all u € RY.
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Condition C.1 is a common regularity assumption that has been imposed in the literature,
see e.g. [16]. Conditions C.2(a) and C.3—C.4 were also assumed in [25]. Condition C.5
implies Condition B in [25]. In Condition C.6, we require p = 3 to provide desirable controls
of the spline approximation error rates of the first and second derivatives of gg (see
Corollary 6.21 of [22]), which are needed in verifying Assumptions A4-A6. Condition C.7
was also proposed for the panel count data model in [29]. As noted in their Remark 3.4, this
Condition C.7 can be justified in many applications when Condition C.2(b) is satisfied. The
bounded interval [a, b] in C.6 may be chosen as a = infy x(y — X'Bo) > —coand b =t < 00
under C.1-C.3, which is what we use in the following.

Now define the collection of functions 4P as follows:

HP= {C(-,ﬂ):((t,I,ﬂ):g(lﬂ(t,m,ﬂ)),g €eYrte [a,b},az eZ,Be 93}7

where
7/)(t, x, ﬁ):t - 27/(/6 - ﬁO)

and %P is defined in C.6. Here { is a composite function of g composed with 1. Note that {(t,
X, Bo) = g(t). Then for {(:, B) € 4P we define the following norm

b 1/2
||<<',,6>||2={ /, /a{ga—x'(ﬁ—ﬁo>>}2dAo<t>dFX<z>} -6

We also have the following collection of scores

8@](75)

D =) 6 € jf}

H= {h:h(-,ﬂ)—

n=0

in which h(t, x, B) = w(y(t, X, B)) = w(t = X'(B = Bg)).

For any 61 = (B1, C1(-, B1)) and 6, = (By, Lo(, Bo)) in the space of OP = BB x P, define the
following distance

d(01,02)={|B1 — Bol>+ 1 (- B1) — G B |12} 2. @

Let 9P=- (T ,Kn,p). Denote

={¢(- B):C(t, 2, B)=g(¥(t, z,B8)), 9 € 97t € [a,b],x € Z', 8 € B}
and 0P =2 x #P. Clearly A7 C AP, - C P for all n = 1. The sieve estimator 9; =
(Bn, E;n( Bn)) where Cn (t, X, Bn) = &n(t - x/(Bn Bo)), is the maximizer of the empirical log-

likelihood n~11,,(0; Z) over the sieve space ©r. The following theorem gives the convergence
rate of the proposed estimator 0, to the true parameter 6y = (Bg, Co(:, Bo)) = (Bos 9o)-
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1 1
Theorem 4.1. Let K, = O(nY), where v satisfies the restriction rlﬂg) <”<% with p being
the smoothness parameter defined in Condition C.6. Suppose Conditions C.1-C.7 hold and
the failure time T follows model (1.1), then

d(én7 00):Op{n_nlill(pu7(1_y)/2) 1,

where d(-, ) is defined in (4.2).

Remark. It is worth pointing out that the sieve space 7 does not have to be restricted to the

B-spline space — it can be any sieve space as long as the estimator 9,, ¢ & x #? satisfies
the conditions of Theorem 1 in [24]. We refer to [4] for a comprehensive discussion of the
sieve estimation for semiparametric models in general sieve spaces. Our choice of the B-
spline space is primarily motivated by its simplicity of numerical implementation, which is a
tremendous advantage of the proposed approach over exiting numerical methods for the
accelerated failure time models, in particular, the linear programming approach.

We provide a proof of Theorem 4.1 in the online Supplementary Material by checking the
conditions of Theorem 1 in [24]. Theorem 4.1 implies that if v = 1/(1 + 2p), d(er:, 0o) =
Op(n‘P/(“zP)) which is the optimal convergence rate in the nonparametric regression setting.
Although the overall convergence rate is slower than ™12, the next theorem states that the
proposed estimator of the regression parameter is still asymptotically normal and
semiparametrically efficient.

Theorem 4.2. Given the following efficient score function for the censored linear model
derived by [21]:

ZMKAXP/M+PMY—X%z@%—%@}wmx

0

where

M(6)=AI(Y — X'y < t) — / LY — X8y > s)ho(s)ds

is the failure counting process martingale and

P{XI(Y — X"y > 1)}

P =X = =5 i = %75 = 1)}

was shown by [20]. Suppose that the conditions in Theorem 4.1 hold and

I(B0)=P{l3,(Y, A, X)®?} is nonsingular, then
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n!2(B,, = Bo)=n""2I"1(60)Y 15, (Yis Ai, Xi)+0,(1) — N(0,1"(60))
i=1

in distribution.

The proof of Theorem 4.2 is where we need to apply our general sieve M-theorem proposed
in Section 2. We prove by checking the assumptions A1-A6. Details are provided in Section
7. The following theorem gives consistency of the variance estimator based on the above
efficient score.

Theorem 4.3. Suppose the conditions in Theorem 4.2 hold. Denote

1, (A, X)= [{X = X653, H-G,(0))dN1(0), where

R(h ):Pn{XI(Y - X'3,>1)} o
TR {I(Y - X8, 2 1))

M(t)=AI(Y — X'3, <t) — /t I(Y — X'B3,, > s)exp{d,,(s) }ds.

Then Pn{l; (¥, A, X)) — P{I5, (Y, A, X)®*}=1(50) in probability.

Itis clearly seen that X (t, Br;) in Theorem 4.3 estimates P(X|Y = X’By = t) in Theorem 4.2.
The proof of Theorem 4.3 is provided in the Supplementary Material.

5. Numerical examples

5.1. Simulations

Extensive simulations are carried out to evaluate the finite sample performance of the
proposed method. In the simulation studies, failure times are generated from the model

10gT:2—|—X1 —|—X2 +ep,

where X1 is Bernoulli with success probability 0.5, X5 is independent normal with mean 0
and standard deviation 0.5 truncated at £2. This is the same model used by [14] and [31].
We consider six error distributions: standard normal; standard extreme-value; mixtures of
N(0, 1) and N(0, 32) with mixing probabilities (0.5,0.5) and (0.95,0.05), denoted by 0.5N(0,
1) + 0.5N(0, 3%) and 0.95N(0, 1)+0.05N(0, 32), respectively; Gumbel(-0.5y, 0.5) with
being the Euler constant and 0.5N(0, 1) + 0.5N(-1, 0.52). The first four distributions were
also considered by [31]. Similarly to [31], the censoring times are generated from Uniform
[0, c] distribution, where ¢ is chosen to produce a 25% censoring rate. We set the sample
size n to 200, 400 and 600.

We choose cubic B-splines with one interior knot for n = 200 and 400, and two interior
knots for n = 600. We perform the sieve maximum likelihood analysis and obtain the
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estimates of the slope parameters using the Newton-Raphson algorithm that updates (3, )
iteratively. We stop iteration when the change of parameter estimates or the gradient value is
less than a pre-specified tolerance value that is set to be 107 in our simulations. Log-rank
and Gehan-weighted estimators are included for efficiency comparisons. We calculate the
theoretical semiparametric efficiency bound 171(Bg), and scale it by the sample size, i.e.,

o*=1/I71(6o)/n, which serves as the reference standard error under the fully efficient
situation. Table 1 summarizes the results of these studies based on 1000 simulated datasets.
The bias of the proposed estimators of 3; and o are negligible. Both variance estimation
procedures, denoted as 1SEE (the standard error estimates by inverting the information
matrix based on the efficient score function) and 2SEE (the standard error estimates by
inverting the observed information matrix of all parameters including nuisance parameters),
yield nice standard error estimates for the parameter estimators comparing to the empirical
standard error SE, and the 95% confidence intervals have proper coverage probabilities,
especially when the sample size is large. For the N(O, 1) error and the two mixtures of
normal errors that are also considered in [31], the proposed estimators are more efficient
than the log-rank estimators and have similar variances to the Gehan-weighted estimators.
For the standard extreme-value error, the proposed estimators are more efficient than the
Gehan-weighted estimator and similar to the log-rank estimator that is known to be the most
efficient estimator under this particular error distribution. For the Gumbel(-0.5y, 0.5) and
0.5N(0, 1) + 0.5N(-1, 0.52) errors, the proposed estimators are more efficient than the other
two estimators. Under all six error distributions, the standard errors of the proposed
estimators are close to the efficient theoretical standard errors. The sample averages of the
estimates for Ag under different simulation settings are reasonably close to corresponding
true curves (results not shown here, see [7] for details).

5.2. A real data example

We use the Stanford heart transplant data [17] as an illustrative example. This dataset was
also analyzed by [14] using their proposed least squares estimators. Following their analysis,
we consider the same two models: the first one regresses the base-10 logarithm of the
survival time on age at transplant and T5 mismatch score for the 157 patients with complete
records on T5 measure, and the second one regresses the base-10 logarithm of the survival
time on age and age?. There were 55 censored patients. We fit these two models using the
proposed method with five cubic B-spline basis functions.

We report the parameter estimates and the standard error estimates in Table 2 and compare
them with the Gehan-weighted estimators reported by [14] and the Buckley-James
estimators reported by [17]. For the first model, the parameter estimates for the age effect
are fairly similar among all estimators and the standard error estimate from the proposed
method tends to be smaller, while the parameter estimates for the TS5 mismatch score vary
across different estimators with none of them being significant at the 0.05 level. The
disparity of the T5 effect may be due to what was pointed out by [17]: the accelerated failure
time model with age and T5 as covariates does not fit the data ideally. For the second model
with age and age? being the covariates, the point estimates are very similar across all
methods and the standard error estimates from the proposed method are the smallest.
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6. Discussion

By applying the proposed general sieve M-estimation theory for semiparametric models
with bundled parameters, we are able to derive the asymptotic distribution for the sieve
maximum likelihood estimator in a linear regression model where the response variable is
subject to right censoring. By providing a both statistically and computationally efficient
estimating procedure, this work makes the linear model a more viable alternative to the Cox
proportional hazards model. Comparing to the existing methods for estimating f in a linear
model, the proposed method has three advantages. Firstly, the estimating functions are
smooth functions in contrast to the discrete estimating functions in the existing estimation
methods, thus the root search is easier and can be done fast by conventional iterative
methods such as the Newton-Raphson algorithm. Secondly, the standard error estimates are
obtained directly by inverting either the efficient information matrix for the regression
parameters or the observed information matrix of all parameters, either method is more
computationally tractable compared to the re-sampling techniques. Thirdly, the proposed
estimator achieves the semiparametric efficiency bound.

The proposed general sieve M-estimation theory can also be applied to other statistical
models, for example, the single index model, the Cox model with an unknown link function,
and the linear model under different censoring mechanisms. Such research is undergoing
and will be presented elsewhere.

7. Proof of Theorem 4.2

Empirical process theory developed in [26, 27] will be heavily involved in the proof. We use
the symbol < to denote that the left hand side is bounded above by a constant times the right
hand side and = to denote that the left hand side is bounded below by a constant times the
right hand side. For notational simplicity, we drop the superscript * in the outer probability
measure P* whenever an outer probability applies.

7.1. Technical lemmas

We first introduce several lemmas that will be used for the proofs of Theorems 4.1, 4.2 and
4.3. Proofs of these lemmas are provided in the online Supplementary Material.

Lemma 7.1. Under Conditions C.1-C.3 and C.6, the log-likelihood

18,6, 8):7)=g(eo— X (3-))~ [ 1o = Dexplg(t—X'(3— )t

where g9 = Y — XBg, has bounded and continuous first and second derivatives with respect
tof € Band (-, B) € AP

Lemma 7.2. For gg € %P, there exists a function g, ,, € ¢” such that

190, — 9ol (=0 ().

Ann Stat. Author manuscript; available in PMC 2014 January 14.



1duosnue Joyiny 1duosnuely Joyiny 1duosnuey Joyiny

1duosnuep Joyiny

Ding and Nan Page 17

Lemma 7.3. Let Op n = (Bo. Co.n(*, Po)) with Lo n(:, Bo) = 0o, defined in Lemma 7.2. Denote

Fn={1(0;2) — 1(60,n;2):0 € OF }. Assume that Conditions C.1-C.3 and C.6 hold, then the -
bracketing number associated with || - ||, norm for 4, is bounded by (1/e)¢n*d j.e., N[ (e,
Tl lloo) < (1/€)°9n*d for some constant ¢ > 0.

Lemma 7.4. Let hj(t, x, ﬂ):w;f (¥ (t,z, B)), where

h;(t, x, Bo)=wj (t)= — go(t)P(Xj|eo > t),j =1, ..., d. Assume Conditions C.1-C.6 hold,
then there exists 1., (¢, z, 8)=w’,, (¢ (t, =, 8)) € . such that||h} ,, — h;fHoo:O(n_2”), or
equivalently, [|w},, — wi||__=O(n""") where w’, € 42

Lemma 7.5. For h}f defined in Lemma 7.4, denote the class of functions

F3(m)={ic(0;2) [l —y):0 € ©F by € A;2,d(0,60) <, ||h; — B}l <n}.

Assume Conditions C.1-C.6 hold, then Nyj(e, FI |- o) S (n/)°?** for some
constant ¢ > 0.

Lemma7.6. Forj=1, ---, d, define the following two classes of functions

Ty (=1, (052)=15,(00;2):0 € ©%,d(0,00) <, |9, B)) — G0 (W (-, Bo)) 5 < m},

and

Fy {(M={ic(0:2)[15 (-, 8)] = Uc(6052) [ (-, Bo)]:6 € O, d(6,60) < n},

where Iﬁj' (6; Z) is the jth element of Iﬁ(@; Z), &(-) denotes the derivative of g(*), and % is
defined in Lemma 7.5. Assume Conditions C.1-C.6 hold, then

Niy(e: Z2 5, 1 - lloo) < (n/2)7 9 and Ny (e, 25, (), || - Iloo) 5 (n/2)*** " for some
constants cq, ¢, > 0.

7.2. Proof of Theorem 4.2

We prove the theorem by checking Assumptions A1-A6 in Section 2. Here the criterion
function of a single observation is the log-likelihood function I(B, (-, B); Z). So instead of m,
we use | to denote the criterion function. By Theorem 4.1 we know that Assumption Al
holds with & = min(pv, (1 — v)/2) and the norm || - ||> defined in (4.1). A2 automatically holds

for the scores. For A3, we need to find an h*= (7, - - - , h})" with h* (t, x, Bo) = w* (t) such
that

S5c(Bos Co(+ Bo)) A —=S¢c(Bo, o+, Bo)) [h*, k=P {lc(Bo, Co (- Bo); Z) [ R] ~lce(Bos Co(-, Bo); Z) [h*, h]}=0
for all h € H with h(t, x, B) = w(t = X'(B — Bg)). Note that
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P{l5¢(Bos Go(
*Bo);Z)[ h]
- Zgg(ﬁo, Go(
~B0);Z)[h*, hl}=P {-X [Ad(eo)

- / 21(50 > t)exp{go(t) }ui(t)dt
b
+f 1(eo = exp{g(t)u(®) Xgo(1)

+w*(t)]dt}.

Since P{IC'(BO, Co(, Bo); 2)[h]|X} = 0 for all h € H, replacing h(-, Bg) by w we have

- /b1<eo > t)exp{goa)}w(t)dt} } =p {—X P [Aﬂ)(fo) - /b1<60 > t)exp{goa)}w(t)dt\x} }

=P{-X - 0}=0.

Hence we only need to find a w* such that

b
P { [ 10 = texp{an(® ()] Xo(t)
b Oit) = [ e {ao(®}wlo)0() P10 2 1]

+w*(t)P[1(gp > t)]}dt=0.

One obvious choice for w* (or h*) is

b (2, 00)=w* ()= = () oy = =~ 4o (0P(Xeo 2 ). o

Then it follows
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15(Bo, ol

Bo);Z)
— [:(Bos Go(

- B0);Z)[h7]
=A{—go(Y

— X'Bo) HX
~P(X|eg > Y

— X'6o)}

- /l(Y

— X'Bo > t){X — P(X|eo > t)}{—go(t)}exp{go(t)}dt
:/{X
— P(Xleo > t)H{

= go(t) M (1)
=15 (Y, A, X),

which is the efficient score function for g originally derived by [21], where

t
M) =AI(Y — X'y < t)= / I(Y — X8y > s)exp{go(s)ds.
By the fact of zero-mean for a score function, it is straightforward to verify the following
equalities:

Pisc(8,C( B 2)[ M= — P{is(8.C(, B): 2)ic(8,(-. 8):2) [ ]},
Piey(8,¢(, B):2) = — PLic(8,C(-, 8):2) Bl (B, C (-, B):2)},
Pigs(8,¢(-8):2)= — P{ig(8,(-.8);:2)I5(5, (-, 8);2)},

Picc(8,C(, B);2) I ha)=—Pic(8, C (-, B 2) [ n)ic (B, C (-, B); Z) [ ] -

Then together with the fact that

P{ip:(Bos Co( 50); 2)[0*] = e (Bos Go- Bo); Z)[h*, h*]}=0,

the matrix A in Assumption A3 of Theorem 2.1 is given by
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A=P{~lg5(B0; Go(
~Bo);Z)
+lep(Bo; Gol
B0);Z)]
+15¢(Bo, o
~B0);Z)[h"]
—lee(Bos Gol
, 60);Z) [0, '] }=P {1550, Gof
-, B0):2)i3(Bo o
801 Z) — I¢(Bo, Gol
';ﬁo)§Z)[h*]ilg(ﬂo’Co(
B0);Z)
— i3(B0, Go(
',ﬂo);Z)i;(ﬁo,Co(
B0 Z)[h']
+1¢(Bo, Go(
~,/30);Z)[h*]i/<(/30,C0(
- B0);Z)[h*]}
=P{i5(B0:Co(+ £0);:Z) — ic(Bos Co- Bo); )[h*]}
=Pl (Y, A, X)%2,

h*]

which is the information matrix for .

To verify A4, we note that the first part automatlcally holds since Bn satisfies the score
equation SB n(Bn, Cn( Bn)) PnIB (Bn, Qn( Bn) Z) = 0. Next we shall show that

SenBusCals BB { By = X', = [ 10V = Dexp(Galts X, B ¢ = X'B )t | =oy(n~1/%),
where wj (t)= — go(t)P(X;le0 > t),j=1, ---, d, is the jth component of w* () given in

(7.1). According to Lemma 7.4, there exists 1 ,, € 22 such that||n} — h;,n||oo:0(n‘2”).
Then by the score equation for vy: SY,n (B;, y,:) = IP’nIY(B,;, y,;; Z) = 0 and the fact that w} ,, ()

. * an H *
can be written as wj,n(t)ZZk:ﬂ;,kBk(t) for some coefficients {7} 1, .7}, } and the
basis functions By(t) of the spline space, it follows that

P, {Aw;’n(Y - X'B,) — / LY > t)exp{C,(t, X, B,) }w,(t — X'ﬁn)dt} =

So it suffices to show that for each 1 <j<d,
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[n:Pan(léna én(v /C;)n);Z)[h;( - h;:n]:Op(n_l/Q)'

Since P{l'g(,ﬁ’o, o5 B0); 2)[ 1 — I} ,]1}=0, we decompose Iy, into I, = 11 + Io5, Where

and

IQTL:P{Z.C(Bn?én('?én);Z)[h; - h;,n] - jC(ﬁOaCO('MBO);Z)[h; - h;n]}

We will show that I3, and I, are both o,(n~%/2).

First consider 11,. According to Lemma 7.5, the e-bracketing number associated with || - || 5,
norm for the class .7 () defined in Lemma 7.5 is bounded by (n/e)ean*d. This implies that

ogVj) (e, i (n), L (P)) < logNjj(e, Zi (). | - o)  galog(n/e),

which leads to the bracketing integral

. n -
Ty F0), La(P))= [ /14108 (e, Fi ), La(P))ie 5 4}

Now we pick n to be 1, = Of{n~mMin@v.(1-v)/2y} 'then

||h;= _ h;,n|‘oo:O(n72”) < O{nfmin(Zl/,(lfu)/Q)}:nn’

and since p = 3,

b0, 80) =0y [P < O (O D)y,

Therefore, [¢(3,,,C, (- 3,);2) [ b} — ., € F (). Denote tg = t = X'(B-Bo) for notational
simplicity, for any ic(6;2)[ 1} — h] € F] (1,.), it follows that
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P{ic(6;2)[} — 1]}
b 2
=P{A<w;f —w)(ep)+ / Lo 2 t)explg(ts)} (] —w)(tﬁ)dt} < Jlwt —w||?
b
+P { / exp{2g(ts)} ] w>2<t@>dt} < [lwt — w]|?

b
s i, [ Plesp(2g(ta)}ar

where the first inequality holds because of the Cauchy-Schwartz inequality. Since
|w} —w||_, < nn, by the same argument of [24] on page 591 for slowly growing c, (their
In), €.9. c,=o(log(n;; 1)), we know that ||i<(0;Z)[h}f — h]|| _ is bounded by some constant 0 <

M < oo and P{iC(G;Z)[hj- - h]}2 < ny, for a slightly enlarged n, obtained by a fine
adjustment of v. Then by the maximal inequality in Lemma 3.4.2 of [27], it follows that

U
+qnn71/2:O{nu/Qfmin(Qu,(lfl/)/m }+O(nuf1/2):O{n7min(3u/2,l/2fu)}
+O(n""V2)=0(1),

i J| (nn"gg(nn)aLQ(P))
EpIGnll 75,y S 711 s (1), La2(P)) <1+ U M) < ¢/,

where the last equality holds because 0 < v < 1/2. Thus by the Markov’s inequality,
[171:7171/2@”[.( (én;Z)[h; - h;,n]:OP(nil/Z)'

Next for loy, the Taylor expansion for l.<(én;Z)[h; — hj,]at Og yields

~

Ie(B s G
S B Z)
=R, = ig(ﬁOa Go(
s Bo)iZ) [}
— 15)=(Bn = B0)T5c(Brs Co (5 B); Z) [
— B )i (B G
5 Ba)iZ) 15
— B, Cn — ol

where (B, Gn(-, Bn)) is between (Bo, Lo, Bo)) and (B, Cn(:, Br))- Then it follows that
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B )i Z) [

b
GRIRS {A(m;f —5,)(e5,) = [ o = Dexpid (15, )}
(t3,)

—’u'/;f,n) tﬁ
+9,(t5 ) (W]
w) ) (5 )dt}‘ < [t —

Hlw) —wjnl { exp{,(t5 )}, (t5 )d }sllw;f—uv’g _
—{—||w;‘ - w;f,nHOO
=0(n™")

+0(n™*)=0(n""),

where the second inequality holds because g, and its first derivative ¢ are bounded (or
growing with n slowly enough so it can be effectively treated as bounded based on the same
argument of [24] on page 591), and the last equality holds due to the Corollary 6.21 of [22]

.k . —(2—1)v —v
that [} — @, [| _=O(n~ ®~"*)=0(n""). Thus,

1B, — 80 T5c By G
=|8,, — Bo| - O(n"")
zop{n—min(pu,(l—u)ﬂ)} . O(n—l/):Op{n—min((p-',-l)u,(l—‘,-{ﬁy)/z)}'

Also,
llcc(Bs Cal
Bl Z) R = 15y C = Gol]
b
| [ 1660 = Dexplanes He;
_w;fn)( ﬁ )(gn
— go)(t3, )| < |lw; —w
b
- { [ eplantts )},
— go)(t5 )dt |

=llwj = winlly, - L3n-

ionll oo
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By the Cauchy-Schwartz inequality and the boundedness of g,,, we have

b 2 b
P{zgnfzp{ [ explautts 1w - go)(tgn)dt} < [, [ an— a0’ t)dno)dr, (@)
=[1¢(B) = GoC B> 5 1B

— BaPHIEA Ba) = ol B0l
+Bo — Bl 518,

— Bol*+1$ (5 Br) — Gol, 50)“3
=d(b,,00)°

Hence [13] < d(©p, Og) and

licc(Bs GnsZ) 1 = B s C — Goll S 1w} — wi |l
- d(6,, 60)
=0(n~%)
L0, {nmmEA (=)D} _ 0 (~min(p 2 (143)/2)

1 1 .
Since 311 p) SV <Tigp it follows that Iz, = Of{n~min((P+1)v.(1+3v)/2)} = o(n~1/2). Thus I,, =

l1n + I2n = 0p(n~*2) and Condition A4 holds.

Now we verify Assumption A5. First by Lemma 7.6, the e-bracketing numbers for the

classes of functions ﬁ,ﬁ ;(m)and 5“5 ;(n) are both bounded by (n/e)°an*d which implies that

the corresponding e-bracketing integrals are both bounded by q}/ Iy, e,

Jy(n, ZL (), La(P)) < g *nandJyy(n, Z5;(n), L2 (P)) < 4/ *n.

Then for IBJ: 6; 2) - IBJ: (6g; 2), by applying the Cauchy-Schwartz inequality, together with
subtracting and adding the terms g(eo), e90(B) g(tg), €90 g(tg) and e90®) go(tg), we have
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{i5,(6:2) — i5,(60:2)}"
2
={—AXj[g<Eﬁ> — ool X, [ 1(e0 > O] g(t5) ego@go(t)]dt} < {Ali(ep) — dol=0)]’)
+ { / Z[eg“wg(tﬂ) - egou)go(t)fdt} < {Alg(ep) = 90"} +{Alg(20) = go(=0)]}
+/b{[6g<tﬂ>> _ et

Hent) — e O g (1g)ar

N /'bezqo(t) {[4(ts) — go(te))?

a

+e2° 0 gy (t) — go (1))}t
=B1+By+B3+B,.

For By, since g is bounded and the largest eigenvalue of P(XX) satisfies 0 < Ay < co by
Condition C.2(b), it follows that

PB; < P[§(Y — X'B)X'(8 — Bo)]” < PLX"(8 — o))’ < MalB—Bo[* < |B—50[> < n*.
For By, we have

PB; < /} {/Z(Q(t) —Qo(t))QdAo(t)} dFy(z)

=[19((¥(, B0)) — Go(¥(-, B0))15 < |8
— Bol*+g(w(, B)) — go(¥(, Bo))15 < 7

For Bg, by using the mean value theorem, it follows that

PBy=P {/ {1 — go) 1)+ 5 X (3 - mf}g?(tmdt} <[ [ o= arsanoar, @

+P[X" (8~ Bo)]* 5 [I¢(+ B8) — Go (- o)l
+|8 = Bo® < 7,

where g = gg + £(g — gg) for some 0 < & < 1 and thus is bounded. Finally for B4, by the mean
value theorem, it follows that
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PBy= P{/b 2g0(t {[ (ts) — 9o(ts)] 2 4e200(0) [90(ts) — go(t)] }dt} / / (9-— 90) (tg)dAo(t)dFy (x)

+p/ Go(t5) X' (8 — o) 2dt < |9(%(- B)) — Go(¥(-, B))|12

X'(8 - m)] < 19, B)) = do(w (- Bo))ll3
+|ﬁ*ﬂo\2 s n?

Therefore we have P{Iﬁj. 6; 2) - Iﬁj' (0g; 2)}2 < m2. Using the similar argument, we can show
that P{i¢(6;2)[ 1] — ¢ (00;Z)[15]}* < n* By Lemma 7.1, we also have ll; (0: 2) I, (6o

Z)lloo and [|ic(6;2)[ 5] — Ic(60:Z)[ 15]||  are both bounded. Now we pick 1 as 1, =
O{n~min((P-1)v. (1=v)/2)} 'then by the maximal inequality in Lemma 3.4.2 of [27], it follows
that

3_ _1 _1
EPHGanﬁ () < quL/an—f—qnn*l/?:O{nHla.x((z D)V, 2)}+O(nV 2)=0(1),
n.j

1
where the last equality holds since p = 3 and ¥< > Similarly, we have
Ep||Gall 5¢ (,)=0(L), Thus for & = min(pv, (1 - v)/2) and Cn~% = Ofn~minev.(=v)12)}, by
the Markov’s inequality,

sup  Gn{ig;(8,C(8):2) — (5o, Go(- B0)iZ) }=0p(1),

d(6,00)<Cn—%¢

sup  Gn{ic(8,C(- B 2)[15] = ic(Bos G- B0); Z) [ h]}=0p(1).

d(6,00)<Cn—¢

This completes the verification of Assumption A5.

Finally, Assumption A6 can be verified by using the Taylor expansion. Since the proofs for
the two equations in A6 are essentially identical, we just prove the first equation. In a

neighborhood of 6:{6:d(6, 6y) < Cn~¢,6 € ©2} with & = min(pv, (1 - v)/2), the Taylor
expansion for I3(0; Z) yields
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15(0;2)=13(60;%)
+ip5(0;2) (8
— Bo)+14(8:2)[¢(
B)
—Go(+, Bo)]
=15(60;7)
+igs(00:2)(8
— Bo)+15c(00:2)[C(:, B)
— Co (- Bo)+{135(6;2) (8 = Bo) — T35(00:2) (8 — Bo) }+{Ipc(6:2)[<(
8)
— Go(+ Bo)]
— e (00:2)[¢(
8)
— Go(+5 B0)]},

where 0 = (B,NC(-, B)~) is a midpoint between 0y and 0. So

P{is(6;2)
—l5(60;2)
— 3300 2) (8
— Bo) — 1c(00:2)[¢(
)
= Go(+, Bo)l}
=P{igs(6;2) — Ug5(60;2)}(5
— Bo)+P{ipc(8:2)[¢(- B) = Col-+ o)
— 1ac(00;2)[(
)
— Go(+s Bo)]}-

Then by direct calculation we have
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Pligs(6;2)
—l3p(60;2)| < PIXX'A{G(e5)
— Go(0) }

/ L(eo > t){exp{3(t5)}i(t5)
— exp{go(t)}go(t) }dt
b
+ [ 1o = Ofexp{dltp) 1 (t5)—exp{ao(}3(0) a5 PIALG (<)
— Jo(e0)}]
b .
4P {/aleXp{ﬁ(t@)}é(t,a)
— exp{go(t) }jo ()|t}
b - 22
+P {/aleXp{g(f@)}g (ts)

- exp{go(t)}gg(t”dt}
=C14Cy+Cs.

+P {XX'

By applying the similar argument that we used before for verifying A5 and Condition C.6,
we can show

C1 < |B—Po|+] G (-, B)) — Go(¥(-, 5o)) ;=0 (n~¢)+O{n min(P=2(=1)/2)y

Similarly, we can show

C 5 |B=Fol+|§ (- 8) = Go (W (-, 60))||;=O(n ) +O{n (G2 (=072}

and

Cs < |B—Po|+]g(¥ (-, B)) — Go(¥(-, B0)) ;=0 (n¢)+O{n mn(P=Ln(=1)/2)y

where & = min(pv, (1 - v)/2). Therefore,

P|l/gﬁ(§,Z) _ Z’ﬁﬁ(go;z)|:O{n—min((p—Z)u,(1—1/)/2)}

and thus
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Pligs(6;2)
— ls3(60;2)|(8
— fo)=0{n~min((p=2)1(1-v)/2)}
- Ofnmin(pr,(1=)/2)y
:O{n—min(z(p—l)u, 1 +(p—2)v,1-v) }

:o(n71/2),

p—1_11 50 1
Z 5 §+(P - 5)’/>§ and

where the last equality holds since p = 3, so 2(p— Dr> P

1. .
1—v> > Similarly we can show

Plisc(0;:2)[C (- B8)=Co (- Bo) =15 (00:2)[C (-, B)—Co - Bo)]|[=O0{n e =Dr 5=l o 1/2)

Therefore, we have

| P{is(632)~15(60:2)~195(60:2) (B—0) ~1c (B:2) [, B)=Co( Bo)] H=O{n ™™=+ =Sl 0 (=0t

1—v

1 5
—+(p — =)v,1 — v)/min(pv, )>1land a& > 1/2.

where a=min(2(p — 1)v, 5 5

Therefore, we have verified all six assumptions and thus we have

VB, — Bo)=A"" VrPulS (Bo, Go(-5 £0);Z)+0p(1) — N(0,A'B(A™Y),

where I (60;2)=lg(60;2) — I¢(60;Z)[h*] s the efficient score function for g and

A=P{l} (Y, A, X)}Y®2=I(6,), which is shown when verifying A3. Hence A = B and
A 1B(ALY = A1 = 171(By), and

n
1
VPG (00 2)=n"2 Y 15 (Y, Aq, X5).
=1

Thus we complete the proof of Theorem 4.2.
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