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Abstract

We consider finite sample properties of the regularized high-dimensional Cox regression via lasso.
Existing literature focuses on linear models or generalized linear models with Lipschitz loss
functions, where the empirical risk functions are the summations of independent and identically
distributed (iid) losses. The summands in the negative log partial likelihood function for censored
survival data, however, are neither iid nor Lipschitz.We first approximate the negative log partial
likelihood function by a sum of iid non-Lipschitz terms, then derive the non-asymptotic oracle
inequalities for the lasso penalized Cox regression using pointwise arguments to tackle the
difficulties caused by lacking iid Lipschitz losses.
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1. Introduction

Since it was introduced by Tibshirani (1996), the lasso regularized method for high-
dimensional regression models with sparse coefficients has received a great deal of attention
in the literature. Properties of interest for such regression models include the finite sample
oracle inequalities. Among the extensive literature of the lasso method, Bunea, Tsybakov,
and Wegkamp (2007) and Bickel, Ritov, and Tsybakov (2009) derived the oracle
inequalities for prediction risk and estimation error in a general nonparametric regression
model, including the high-dimensional linear regression as a special example, and van de
Geer (2008) provided oracle inequalities for the generalized linear models with Lipschitz
loss functions, e.g., logistic regression and classification with hinge loss. Bunea (2008) and
Bach (2010) also considered the lasso regularized logistic regression. For censored survival
data, the lasso penalty has been applied to the regularized Cox regression in the literature,
see e.g. Tibshirani (1997) and Gui and Li (2005), among others. Recently, Bradic, Fan, and
Jiang (2011) studied the asymptotic properties of the lasso regularized Cox model. However,
its finite sample non-asymptotic statistical properties have not yet been established in the
literature to the best of our knowledge, largely due to lacking iid Lipschitz losses from the
partial likelihood. Nonetheless, the lasso approach has been studied extensively in the
literature for other models, see e.g. Martinussen and Scheike (2009) and Gaiffas and
Guilloux (2012), among others, for the additive hazards model.
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We consider the non-asymptotic statistical properties of the lasso regularized high-
dimensional Cox regression. Let T be the survival time and C the censoring time. Suppose
we observe a sequence of iid observations (Xj, Yj, 4j), i =1, ..., n, where Xj = (X1, *** Xim)
are the m-dimensional covariates in 2 Yj = Tj A Cj, and A = Igt;<c;3- Due to a large amount
of parallel material, we follow closely the notation in van de Geer (2008). Let

F= {fe(x):iek‘fha €0 C Rm} .

k=1

Consider the Cox model (Cox (1972)):

A([X)=Xo(t)elo™),

where 0 is the parameter of interest and A is the unknown baseline hazard function. The
negative log partial likelihood function for 0 is
} A 1)

i=1 j=1

The corresponding estimator with lasso penalty is denoted by

0, := arg min{l,(0)+A.1(6)},
0co

where 1(6) = Z:;lak |0k is the weighted I; norm of the vector 6 € R™. van de Geer
(2008) considered oy to be the square-root of the second moment of the k-th covariate X,
either at the population level (fixed) or at the sample level (random). For normalized X, ok
= 1. We consider fixed weights oy, k =1, --- ,m. The results for random weights can be
easily obtained from the case with fixed weights following van de Geer (2008), and we
leave the detailed calculation to interested readers.

Clearly the negative log partial likelihood (1.1) is a sum of non-iid random variables. For
ease of calculation, consider an intermediate function as a “replacement” of the negative log
partial likelihood function

- 1
1n(0)=— EZ{f&(Xz‘) —logu(Yifo)}Ai  (1.2)
=1
that has the iid structure, but with an unknown population expectation

u(tsfo)=Exy {1(Y > 1)e/?®}.

The negative log partial likelihood function (1.1) can then be viewed as a “working” model
for the empirical loss function (1.2). The corresponding loss function is

Yo=Y (fo(X), Y, A) i= —{fo(X) — logu(Y;fa) }A,  (13)
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with expected loss
1(0)=— By, x {fo(X) —logu(Y';fo)} Al =Py, (1.4)

where P denotes the distribution of (Y, A, X). Define the target function f as

fi=arg minPy; = fg,
fez

where 6 = arg mingeo Py It is well-known that Pyg, is convex with respect to 0 for the
regular Cox model, see for example, Andersen and Gill (1982), thus the above minimum is
unique if the Fisher information matrix of 0 at 0 is non-singular. Define the excess risk of f

by

8(f) == Py — Py,

It is desirable to show similar non-asymptotic oracle inequalities for the Cox regression
model as in, for example, van de Geer (2008) for generalized linear models. That is, with
large probability,

zg’(fan) < const. Xgéiél{g(fg)+%}.

Here 7g is called the “estimation error”, which is typically proportional to A2 times the
number of nonzero elements in 6.

Note that the summands in the negative log partial likelihood function (1.1) are not iid, and
the intermediate loss function (-, Y, A) given in (1.3) is not Lipschitz. Hence the general
result of van de Geer (2008) that requires iid Lipschitz loss functions does not apply to the
Cox regression. We tackle the problem using pointwise arguments to obtain the oracle
bounds of two types of errors: one is between empirical loss (1.2) and expected loss (1.4)
without involving the Lipschitz requirement of van de Geer (2008), and one is between the
negative log partial likelihood (1.1) and empirical loss (1.2) which establishes the iid
approximation of non-iid losses. These steps distinguish our work from that of van de Geer
(2008); we rely on the Mean Value Theorem with van de Geer’s Lipschitz condition
replaced by the similar, but much less restrictive, boundedness assumption for regression
parameters in Bihlmann (2006).

The article is organized as follows. In Section 2, we provide assumptions that are used
throughout the paper. In Section 3, we define several useful quantities followed by the main
result. We then provide a detailed proof in Section 4 by introducing a series of lemmas and
corollaries useful for deriving the oracle inequalities for the Cox model. To avoid duplicate
material as much as possible, we refer to the preliminaries and some results in van de Geer
(2008) from place to place in the proofs without providing much detail.

2. Assumptions

We impose five basic assumptions. Let ||-|| be the Lo(P) norm and ||-||, the sup norm.

Assumption A. Ky, = maxXi<kem{l| Xklloc/ok} < 0.
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Assumption B. There exists an n > 0 and strictly convex increasing G, such that for all 6 €
© with [Ifg = flloc < m, one has &(fg) = G(||f — fll).

In particular, G can be chosen as a quadratic function with some constant Cq, i.e., G(u) = u?/
Co, then the convex conjugate of function G, denoted by H, such that uv < G(u) + H(v) is
also quadratic.

Assumption C. There exists a function D(:) on the subsets of the index set {1, --- m}, such
that for all #’'C {1, --- , m}, and for all 6 € © and 6 € ©, we have

Y ke s Ok ‘gk - 5k‘ < DA fo = f5ll. Here, D(# is chosen to be the cardinal number
of

Assumption D. L = suPpeoy _, _ 10k] <00,
Assumption E. The observation time stops at a finite time © > 0, with & :== P(Y = t) > 0.

Assumptions A, B, and C are identical to those in van de Geer (2008) with her vy the
identity function. Assumptions B and C can be easily verified for the random design setting
where X is random (van de Geer (2008)) together with the usual assumption of non-singular
Fisher information matrix at 6 (and its neighborhood) for the Cox model. Assumption D has
a similar flavor to the assumption (A2) in Bihlmann (2006) for the persistency property of
boosting method in high-dimensional linear regression models, but is much less restrictive in
the sense that L, is allowed to depend on m in contrast with the fixed constant in Biihimann
(2006). Here it replaces the Lipschitz assumption in van de Geer (2008). Assumption E is
commonly used for survival models with censored data, see for example, Andersen and Gill
(1982). A straightforward extension of Assumption E is to allow v (thus &) to depend on n.

From Assumptions A and D, we have, for any 6 € ©,
el fo (X)) < Kmlmo(m) . — U,<oco (2.1)

for all i, where o(m) = maxi<k<m ok. Note that Uy, is allowed to depend on m.

3. Main result

Let I(0) == Z:zlak |0k be the 1, norm of 6. For any 0 and 0 in ©, denote

1(016) == Y ok|0k|, 12(0]6) := 1(6) — I(6]6).
k:0,,#0

Consider the estimator

~

Oy, := arg min{l,,(0)+A,I1(6)}.
0cO

3.1. Useful quantities

We first define a set of useful quantities that are involved in the oracle inequalities.
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_[2K2]log(2m) K,log(2m)
an = 4ap, 4= o LS

e 1r>0,b>0,d>1,and 1> 3 >0 are arbitrary constants.

- ~A B
An,0=A, 0F+An 0, Where

- _ e, K, \ - 2K, U2 log(2
Xoo = Auol(r1) =1, (1+2r1 2<K31+anf<m>+%) Koo = Rlolm) = = (zm+ J M) .
bl bl b ’ n

o A= (1 + b

e 8 =(1+b)y™Nland§, = (1 + b) N2 are arbitrary constants for some N; and N,
where Np € N:={1, 2, ...} and N, € N U {0}.

1+(d? — 1)&; 5
(d—1)(1—6) >
e Wi is afixed constant given in Lemma 4.3 for a class of empirical processes.

d((S], 52):1+

e Dy:=D{k:6c#0,k=1, ..., m}) is the number of nonzero 6y’s, where D(:) is
given in Assumption C.

22 VD

o= 20H ) ) where H is the convex conjugate of function G defined in

Assumption B.
* 0} :=arg mingee {&(fo)+ %}
* gy = (149)E(for )+ Vox.

. *
* En
mn T
)\n 0*

{668 (fo) — 2X,11(0 — 0%]62)}

. *\ o, :
0(e;) = arg mlneeej(e_ez)gdbq/b

In the above, the dependence of 97 on the sample size n is through 77 that involves the
tuning parameter L. We also impose conditions as in van de Geer (2008):

Condition I (b, 8). || fox — fIl., < n.
Condition 11(b, 8, d). | fo(=z) — Il < n.
In both conditions, n is given in Assumption B.

3.2. Oracle inequalities

We now provide our theorem on oracle inequalities for the Cox model lasso estimator, with
detailed proof given in the next section. The key idea of the proof is to find bounds of
differences between empirical errors of the working model (1.2) and between approximation
errors of the partial likelihood, denoted as Zg and Rq in the next section.
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Theorem 3.1. Suppose Assumptions A-E and Conditions I(b, 6) and Il(b, &, d) hold. With

1— 42
A(b, 57 51, 52) = d(51, 52)7 V 1,
we have, with probability at least
146)°A(b,8,6,, 6
1—{]0g1+b( +0) 5(5’ L 2)} {(14—%”’2) exp(—ndir%)+26xp(—n§2/2)} ,
192

that

*

1 * o * Cn

4.1. Preparations

Denote the empirical probability measure based on the sample {(X;, Yi, Aj) :i=1, ... n} by
P,. Leteq, -+, €, be a Rademacher sequence, independent of the training data (X1, Y1, A1),
-, (X, Yn, Ap). For some fixed 6* € © and some M > 0, denote %y = {fy: 6 € ©, 1(0-6%)
< M}. Later we take 9*=67, which is the case of interest. For any 0 where 1(0 - 0*) < M,
denote

Zo(M) = |(Pa = Py, = 15, 1= [ln(0) = 18)] = [In(0™) — 1(6")]|.

Note that van de Geer (2008) sought to bound supse z, Zo(M), thus the contraction theorem
of Ledoux and Talagrand (1991) (Theorem A.3 in van de Geer (2008)) was needed, which
holds for Lipschitz functions. We find that the calculation in van de Geer (2008) does not
apply to the Cox model due to the lack of Lipschitz property. However, the pointwise
argument is adequate for our purpose because only the lasso estimator or the difference
between the lasso estimator 0, and the oracle 67 is of interest. Note the notational difference

between an arbitrary 6* in the above Zg(M) and the oracle 7.

Lemma4.1. Under Assumptions A, D, and E, for all #satisfying 1(0— &) < M, we have
EZ(M) < a,M.

Proof. By the symmetrization theorem, see e.g. van der Vaart and Wellner (1996) or
Theorem A.2 in van de Geer (2008), for a class of only one function we have
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EZy(M) <2E (‘ Zs [fo(X
—logu(Y3; fo)lA i—[fe*( i)
— logu(Yi; fo-)JAi}]) < 2E <|%25i{f‘9(xi) - fG*(Xi)}Ai|>

1 n
25 (|33 s
=1

—logu(Yi; fo-) YAil) =A+B.

For A we have

)

A S 2 (Zak |0k — 19;:‘) FE (11<I}€aX ‘—ZEZA sz/O'k

k=1

Applying Lemma A.1 in van de Geer (2008), we obtain

Z%
1<k <m :

)_an.

Thus we have

A <2a,M. (41)

For B, instead of using the contraction theorem that requires Lipschitz, we use the Mean
Value Theorem:

%Zsi{logu(Yi;fe) — logu(Yi: for) JA]

z 1 k 1,LL
—ek)zkefe**@dp (x y)|

3OS T et ap (x)|< 3

k=1
—67) |1£rkzix |—ZE A Fpes (B, Y5)| < ]\T max |—251A Fyer (K, Y3)]
where 6** is between 0 and 6*, and

E[1(Y > t)Xelo(X)
p(t; for ) o

Fyee (k, )= 42
satisfying
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(Xklloo /7R B 2 t)efor= O] _

Fpo (K
o)l = Bl o) :

Since for all i,

m

]_ n 1 n
EleiAiFpe (k,Y;)]=0, ||e; Aj Foer (K, Y5) || oo < Kpm,and— E Ele;A\;Fpss (k,Yi)]2 < — E E[Fg**(k’,Yi)}z < EK?
n n
i=1 i=1

following Lemma A.1 in van de Geer (2008), we obtain

B <2a,M. (43)

Combining (4.1) and (4.3), the upper bound for EZg(M) is achieved.

We now can bound the tail probability of Zg(M) using the Bousquet’s concentration theorem
noted as Theorem A.1 in van de Geer (2008).

Coroallary 4.1. Under Assumptions A, D, and E, for all M > 0, r; > 0 and all dsatisfying 1(8
— 0%) < M, it holds that

P(Zs(M) > Mo oM) < exp(—nar?).

Proof. Using the triangular inequality and the Mean Value Theorem, we obtain

Ve = Ve | < | fo(X)
— fo-(X)|A

+[logu(Y'; fo)

—logu(Yifo)| A <> ok |bk

k=1

Xkl
— oF ‘_
e

+[logu(Y'; fo)
— logu(Y'; for)

m
+ZO’k|9k
k=1

—6;] max |Fpee (k,Y) < 2MK,,,

< MK,,

where 0** is between 0 and 0*, and Fg««(k, Y) is defined in (4.2). So we have

H’Yfe = Vfox ”oo < QA'[Km’andP(’yfe - ﬂ/fe*)z < 4J\[2Kr2n'

Therefore, in view of Bousquet’s concentration theorem and Lemma 4.1, for all M > 0 and
r >0,
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4ria, Ky,
P (Zg(M) > @, M <1+27"1 2(K2n+anKm)+%>> < exp (—na2r}) .

Now for any 0 satisfying 1(0 - 6*) < M, we bound
Ro(M):= |[1,(6) - 1,(6)]
— [tn0") = Tu0")] |
" 1(Y; > V)elo(Xd)

1 sk S22 0

j 1
o 1(Y; > Y;)elo %)
gnjzl (Vi for)

1(y; > t)efﬁ( 3)
(t,fg)

A |< sup [log— Z
<r ] 1

o Zl(Y > t)efor (Xy)
%0 (s fO*)

j=1

Here recall that T is given in Assumption E. By the Mean Value Theorem, we have

Ro(M) < su 0
o )*ogtlg)r kgl( k
n s,k . -1 n ok ;
o) "(Y; > t)elo (X;) Sy > t)Xjkefe (X3)
p(t; fox) p(t; forx)
> po1l(Y > t)efo CDB[1(Y > t)Xkefe**(X)]}
p(t; forr )2
= su o (0,
0<t<p’r|kzl k( b
LY > (X op)efor X B[1(Y > t)(Xp/op)eforr K]
—o j=1105 J - = <M 1(Y; > t)efor (X
’“){ Y > el 5 B > o] (IS M s |5 Z (Yi 2 t)e

—E[1(Y > t)(Xk/Uk)eff’** X) |+K |_Zl (v; > t)efe**(Xz — E[1(Y > t)efe**(x)] ’
=1

where 6** is between 6 and 6* and, by (2.1), we have

1 n
su ZNTUY; > t)eler (XD 4.5
0<t1<)7'|:n; (¥iz1) “9)

1 n
< Un [121@; >7)

Lemma 4.2. Under Assumption E, we have

( ZI(Y>T <

DO |

) < 90 "2,
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Proof. This is obtained directly from Massart (1990) for the Kolmogorov statistic by taking
r=£v/1/2 in the following:

P Gilm >7) < g) <p (ﬁ
ni=

—P(Y >t)|>r<2%.

1 1
Y AYizT) —gzr | <P sup V|3 1(Y; > 1)
n— 0<t<t n3

Lemma 4.3. Under Assumptions A, D, and E, for all &we have

P sup
0<t<rt

where W is a fixed constant.

Zl(Y > 1)elt ) — pu(t; fy)

7, 1

1
> Uman/rl) = 51‘72 e 1"12’ (4.6)

Proof. For a class of functions indexed by t, = {1(y 2 1)e®®/U, : t € [0, 1], y € R, ef® <
U}, we calculate its bracketing number. For any nontrivial € satisfying 1 > € >0, let t; be
the i-th [1/¢] quantile of Y, so

P(Y <t;)=ie,i=1,...,[1l/e] — 1,

where [X] is the smallest integer that is greater than or equal to x. Furthermore, take tg = 0
and t1/e] = +oo. Fori = -, [1/e], define brackets [L;, Uj] with

Li(z,y)=1(y > t;,)e!*®) JU,. Ui(z,y)=1(y>t;_1)e’ @ JU,,

such that Li(x, y) < 1(y = t)e®™®¥/U,, < Uj(x, y) when tj_; < t < t;. Since

2,1/2 efoX) " 1/2
{E[U; = L;]"} """ <K E i {1y > t;) — L(Y>t;_1)} <A{P(t; 1<Y < t;)} /7 =1/,

m

we have N;j(Ve, Z, Ly) < [1/e] < 2/, which yields

2 [K\?
N[](EatgaLQ) S 6_2:<_> )

where K= /2. Thus, from Theorem 2.14.9 in van der Vaart and Wellner (1996), we have
forany r >0,

1Y > el )t fy)
n= Unmn Unmn

P(x/ﬁ sup

0<t<r

> T’) < %‘)[72r2€—2r lan —r2

ot

where W is a constant that only depends on K. Note that rze‘Ir2 is bounded by 1. With
r=+/na,r,, We obtain (4.6).
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Lemma 4.4. Under Assumptions A, D, and E, for all &we have

P ( sup max > Ky Up, [@nr1

1 Xk Fo(Xs) X 1)
o<t<1<k<m Ezl(Yi 1) e\ i) —F 1Y >t)—el?
SISTH == N

i=1 Tk Tk

(4.7

n =

log(zm)J ) < LVVQe—nE%T%

Proof. Consider the classes of functions indexed by t,

GF={1(y > t)ef"(z)xk/(akaUm):t €[0,7,y € R, ‘ef"(z)xk/ak‘ < KnUpt, k=1,...,m.

Using the argument in the proof of Lemma 4.3, we have

: K\?
N[](€7gk7L2) < <?> )

where K'=/2, and then for any r > 0,

n 0, K Un,

i—1 O'kaUm

P<\/ﬁ sup

0<t<r

1G-1(Y; 2 el {1(1/ > 1)eloX) X,

> 7') < Tz,
= )5

Thus we have

LS00 2 065 X (U Ko

o<t<rl<k<m |n‘—

P<\/ﬁ sup max

—E[1(Y > t)efo R X, /(04U K,)||> 7 < P (kﬁl Vn sup \321(53 > 1)eloX) X /(0p U Kp) — E[1— (Y > t)el?!
=t o iz

<t<r
— Ell(Y o) x, /(g U K. Mr2e—r?
[1( Zt)e k/( EYm m)] ZTS 5” e

— i I"/Qelog(Qm) 77‘2
10 '

Let log(2m) — r?= — na>r}, SO 7=/ nazri+log(2m). Since

, We obtain (4.7).

Corollary 4.2. Under Assumptions A, D, and E, for all M > 0, r; > 0, and all &that satisfy
(60— &) <M, we have
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P(Rg(M) > An o M) < 2exp(—n&?/2)+ 1’2exp( nazr?). (48)

Proof. From (4.4) and (4.5) we have

P(Ry(M) < Xpy- M) > P(E§ N E5 N ES),

where the events E4, E, and E3 are defined as

= {%ZMY > 1) < 5/2} ,
i=1

1 n
Ey=14 sup =Y 1(Y; > t)elo XD — p(t; fper)
0<i<r N

Z Umanrl} )

n

lzl(y > t) Xik efe**(Xi) _ [1(Y > )=k efe**(X)]
n

i=1 n

> Ky Upn (@ + M)} .

FE3=< max sup
1<k<mo<t<r

Thus

P(Ro(M) > X2y - M) < P(Ey)+P(Es)+P(Es),

and the result follows from Lemmas 4.2, 4.3 and 4.4.

Now with 6*=¢7, we have the following results.

Lemma 4.5. Suppose Conditions I(b, 8) and 1I(b, &, d) are met. Under Assumptions B and C,
for all & € Owith 1(6 — 6;,) < dy(;; /b, it holds that

20110 — 0,) < 66 (fo)+e;, — & (foz)-
Proof. The proof is exactly the same as that of Lemma A.4 in van de Geer (2008), with the

An defined in Subsection 3.1.

Lemma 4.6. Suppose Conditions I(b, 8) and ll(b, &, d) are met. Consider any random 0eo
With 7,,(0)+ A\, () < 1,(6)+A,1(6). Let 1 < dg < dp,. It holds that

P <I((§ —0) < doi*) <P (1(9 07) < (d°+b> C—”) + (1+%W2> exp (—na@ir} ) +2exp(—ng?/2).

1+6 /) b
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Proof. The idea is similar to the proof of Lemma A.5 in van de Geer (2008). Let &= &(fo)
and =&/ fo: ). We will use short notation: I (6)=11(6|6;,) and I5(6)=1I>(6|6};). Since

Ly ()AL (0) < 1,(65)+An1(67), on the set where I(6 — 67) < do¢ /b and

Z5(doC/b) < doG/b - Xvg, we have

R;(doGy, /) = [1n(67,)

+ A I(00)]

—[1.(6)

AT (0)] = M L(02)+ A I(6) — [1,(6)
- ln(e)] >

— A I(07)

+A.1(6)

— [1(63)
—1n(0)] > 4.9)

= A 1(07)

+A.1(0)

- [1(67)

—1(6)

—doGh /b

Do = =l (83)

+AnI(6)

— E*+E — doXioGh/b-

By (4.8) we know that R;(do(,,/b) is bounded by doX,E; 0 /b with probability at least
3
1- EWQGXD(—W?J%) — 2exp(—n&?/2), then we have

E-AMI(0) < Xe o doCl /b+E + AT (07)+ N o0 G/

Since I(6)~: I1(6)~+ I2(6)~and 1(6%)=I,(6;), using the triangular inequality, we obtain

E+(14b)An012(0) < ApodoCt /0+E*+(14b) X0 011 (07) = (14D) X011 (8) < Xy odoClt /b4+E*+(14+b) N, o I1(0—03).

Adding (14+b)X,, 011 (8 — 6;:) to both sides and from Lemma 4.5,

*

* *
E+(140)An01(6-67) < Anodo 3= +E"+2(140)An 0 [1(6-67) < (An,odo+bAn,0)%+6£:(do+b)xn,0%+5g.

Because 0 < 6 < 1, it follows that

Stat Sin. Author manuscript; available in PMC 2015 January 01.
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do+b ¢y

1(0-6;) < 1+b b

Hence,

do+b ¢

P({I(é—e*)<d QZ} { Z5(doC/b) < doig on } { Ry(doC/b) < dorn o C*}> <P<I(0 o) < T b

which yields the desired result.

Corallary 4.3. Suppose Conditions I(b, 8) and Il(b, &, d) are met. Consider any random 0c
OWith 1, (0)+X,1(0) < 1,,(0}) 4+, (67 Let 1 < dg < dp. It holds that

P (I(é —0n) < d0%> <P(106
—07) < [14+(do — 1)(14) }C">

+N{<1—|—%U’2> exp(—na2r?)+2exp(— n§2/2}.

Proof. Repeat Lemma 4.6 N times.

Lemma4.7. Suppose Conditions I(b, ) and 1l(b, &, d) hold. IféS:s§n+(1 — )07, where

B dc;
dCi4bI(6, — 63)

then for any integer N, with probability at least

1 —N{(1+%IT’2) exp(—nazr?)+2exp(—né /2}

we have

I, —6%) < (14-(d — 1)(1+b)’N .

Proof. Since the negative log partial likelihood I,,(8) and the lasso penalty are both convex
with respect to 6, applying Corollary 4.3, we obtain the above inequality. This proof is
similar to the proof of Lemma A.6 in van de Geer (2008).

Lemma 4.8. Suppose Conditions I(b, 8) and lI(b, &, d) are met. Let N; € N == {1, 2, ...} and
N, € N U {0}. With & = (1+b)™NL and & = (1+b)™N2, for any n, with probability at least

1 — (N1+N>) { (1+%W2> exp(—nﬁir%)+2exp(—n§2/2} ,

Stat Sin. Author manuscript; available in PMC 2015 January 01.
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we have

I(§n - 0;) < d(él, 52)%5

where

1+(d? — 1)6;

d(él, 52):1+m 2.

Proof. The proof is the same as that of Lemma A.7 in van de Geer (2008), with a slightly
different probability bound.

4.2. Proof of Theorem 3.1

Proof. The proof follows the same ideas in the proof of Theorem A.4 in van de Geer (2008),
with exceptions of pointwise arguments and slightly different probability bounds. Since this
is our main result, we provide a detailed proof here despite the amount of overlaps.

Define &= &(fo, and & := &(f: ); use the notation 7 (6) := I1(6|6;,) and
I5(0) := I5(6|6;); set c == 8b/(1 - 82). Consider the cases (a) ¢ < d(51, 82) and (b) ¢ = d(51,
89).

(a) ¢ < d(81, 8;). Let J be an integer satisfying (1 + b)’™ ¢ < d(8y, 82) and (1 + b)Y ¢ > d(5y,
82). We consider the cases (al) cg;j/b<1(§n —0}) < d(61,62)¢/band (a2)
(0, — 0) < cGh /b

(@1) If oGy /o<1(0, — 0;) < d(B1,85);,/b, then

(1+b)j_1c?”<l(§n -0 < (1+b)jc%

forsome j € {1, ---, J}. Let dy = ¢(1 + bY"L < d(81, &) < dp,. From Corollary 4.1, with
* A *
probability at least 1 — exp(—na2r?) we have Z5, ((1+0)doC,/b) < (14b)doA,, oG, /D).
Since 1, (6,)+ A 1 (6) < L,(62)+X,1(8;), from (4.9) we have
o o C:Z D% * A 4;2
E+N1(0,) < Ry (1+b)do? +& +)\n1(0n)+(1+b))\n70do?.

By (4.8), R; ((14+b)doC;:/b) is bounded by (1+b)X,, odo(y:/b) with probability at least

3
1- ET’VQeXp(—nEir%) — 2exp(—n&?/2).

Then we have

Stat Sin. Author manuscript; available in PMC 2015 January 01.
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E+(14+0)Xn01(6,) < (1

) Re oo S S

+E +(14b0) An 0L (62)+(14b)A,, Odo% <(1
+0) A0l (6,
— OX)+E A (14+b) N 0 L(6F).

Since 1(6,)=1(6,)+12(6,,), 1(6, — 67)=I1(6,, — 0})+IL5(6,,), and I(6})=I, (6}, by
triangular inequality we obtain & < 2(1+b)X,, 011 (6, — 65)+&". From Lemma 4.5,
E < 5b6+el — &5 +E =66+ Hence, & < &5 /(1 — ).

(a2) If I(én —0%) < /b, from (4.10) with dg = ¢, with probability at least

3
1-— {(1—&—511"2) exp(—nair%)+2exp(—n§2/2)} ,

we have

~ -~ ) —
E+(1+b) A 01(0,) < =5 An0Ch+E*+(14b) An 01(62).

By the triangular inequality, Lemma 4.5 and (A4),

~ 5 "
=T
+EFH(1+b) X011 (B,

5 e 5~ 51
_0* n, é{?* é{) __éa* - - *
)< ot S WA +2€” (1—52+2>€"
Lo 95, ( 5
3% T3 -6

Hence,

2 [ 6 1 1 1, 1

£ < - = x,
S35 |T=e 2 )] T

Furthermore, by Lemma 4.8, we have with probability at least
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1 — (N1+N3) {(1+%W2> exp(—na@2r?)+2exp(—né? /2)}

*

that 1(0, — 03,) < d(é1, 52)%”, where
1 1
Ni=logy 4 5 , Na=logy 4, 5 )
1 2

(b) ¢ > d(81, 87). On the set where I(§n —0r) < d(b1,62)¢,; /b, from equation (4.10) we have
with probability at least

1-— {(1—#311’2) exp(—nﬁir%)+2exp(—n§2/2)}

10
that
~ _ N _ * _ 5 — _
B0 R0 (Bu) < Ro(51,02) 84 8™+ (14D R0 (07) < X gCorb (L) 01 (65,

which is the same as (a2) and leads to the same result.
To summarize, let

1
1-6

e;;} ,B= {I(@L —0%) < d(6y, 52)%"} )
Note that

c

14+6)2d(8y, 6
J+1 < logy (M) .

Under case (a), we have
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P(AN B)=P(al)
— P(A°Nal)
+P(a2)
— P(A°Na2) > P(al)
- {a

3 2
“w
7 exp(

—na;r})

“+2exp(
- ng?/2)}
+P(a2)
—-{
—I—%Hﬂexp(
—n,ry)
+2exp(—n§2/2)}
=P(B)
- (J+1) {1

3
+ 1 w 2exp(
i)
+2exp(

—ng?/2) > 1 — (N1+Na+J+1) {(1
3

+E W 2exp(
—na2r})

+2exp(
—ng?/2)} =1

(1+b)*
—logy 44 {W
d(61,62)(1 — 62)
s
—|—ileexp(
10
)

+2exp(—n52/2)} .

Under case (b),
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P(AN B)=P(B)
— P(A°NB) > P(B)
—{
+%W’Qexp(
—na, i)
+2exp(
—ng?/2) > 1 — (N+N242) {(1

3
+ET’V2exp(

—2,.2
—na,ry

+2exp(
—ng?/2)=1—logy,, {%} {(1

3
+Ew2exp(
— i)

+2exp(—n§2/2)} .

We thus obtain the desired result.

References

Andersen PK, Gill RD. Cox’s regression model for counting processes: a large sample study. Ann.
Statist. 1982; 10:1100-1120.

Bach F. Self-concordant analysis for logistic regression. Electronic Journal of Statistics. 2010; 4:384—
414,

Bickel P, Ritov Y, Tsybakov A. Simultaneous analysis of lasso and dantzig selector. Ann. Statist.
2009; 37:1705-1732.

Bradic J, Fan J, Jiang J. Regularization for Cox’s proportional hazards model with NP-dimensionality.
Ann. Statist. 2011; 39:3092-3120.

Buhlmann P. Boosting for high-dimensional linear models. Ann. Statist. 2006; 34:559-583.

Bunea F. Honest variable selection in linear and logistic regression models via ¢1 and ¢1+¢»
penalization. Electronic Journal of Statistics. 2008; 2:1153-1194.

Bunea F, Tsybakov AB, Wegkamp MH. Sparsity oracle inequalities for the Lasso. Electronic Journal
of Statistics. 2007; 1:169-194.

Cox DR. Regression models and life tables (with discussion). J. Roy. Statist. Soc. B. 1972; 34:187—
220.

Gaiffas S, Guilloux A. High-dimensional additive hazards models and the lasso. Electronic Journal of
Statistics. 2012; 6:522-546.

Gui J, Li H. Penalized Cox regression analysis in the high-dimensional and low-sample size settings,
with applications to microarray gene expression data. Bioinformatics. 2005; 21:3001-3008.
[PubMed: 15814556]

Ledoux, M.; Talagrand, M. Probability in Banach Spaces: Isoperimetry and Processes. Berlin:
Springer; 1991.

Martinussen T, Scheike TH. Covariate selection for the semiparametric additive risk model.
Scandinavian Journal of Statistics. 2009; 36:602—619.

Stat Sin. Author manuscript; available in PMC 2015 January 01.



1duasnuey Joyiny vd-HIN 1duasnuey Joyiny vd-HIN

1duasnuey Joyiny vd-HIN

Kong and Nan

Page 20

Massart P. The tight constant in the Dvoretzky-Kiefer-Wolfowitz inequality. Ann. Probab. 1990;
18:1269-1283.

Tarigan B, van de Geer S. Classifiers of support vector machine type with ¢; complexity
regularization. Bernoulli. 2006; 12:1045-1076.

Tibshirani R. Regression shrinkage and selection via the Lasso. JRStat. Soc. B. 1996; 58:267-288.

Tibshirani R. The Lasso method for variable selection in the Cox model. Statistics in Medicine. 1997;
16:385-395. [PubMed: 9044528]

van de Geer S. High-dimensional generalized linear models and the lasso. Ann. Statist. 2008; 36:614—
645.

van der Vaart and Wellner; Wellner, J. Weak Convergence and Empirical Processes: With
Applications to Statistics. New York: Wiley; 1996.

Stat Sin. Author manuscript; available in PMC 2015 January 01.



