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Abstract

It is routinely argued that, unlike standard regression-based estimates, inverse probability
weighted (IPW) estimates of the parameters of a correctly specified Cox marginal structural model
(MSM) may remain unbiased in the presence of a time-varying confounder affected by prior
treatment. Previously proposed methods for simulating from a known Cox MSM lack knowledge
of the law of the observed outcome conditional on the measured past. While unbiased IPW
estimation does not require this knowledge, standard regression-based estimates rely on correct
specification of this law. Thus, in typical high-dimensional settings, such simulation methods
cannot isolate bias due to complex time-varying confounding as it may be conflated with bias due
to misspecification of the outcome regression model. In this paper, we describe an approach to
Cox MSM data generation that allows for a comparison of the bias of IPW estimates versus that of
standard regression-based estimates in the complete absence of model misspecification. This
approach involves simulating data from a standard parametrization of the likelihood and solving
for the underlying Cox MSM. We prove that solutions exist and computations are tractable under
many data generating mechanisms. We show analytically and confirm in simulations that, in the
absence of model misspecification, the bias of standard regression-based estimates for the
parameters of a Cox MSM is indeed a function of the coefficients in observed data models
quantifying the presence of a time-varying confounder affected by prior treatment. We discuss
limitations of this approach including that implied by the “g-null paradox”.

Keywords
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1. Introduction

Inverse probability weighted (IPW) estimation of Cox Marginal Structural Models (MSMs)
[1, 2] is now a popular approach to estimating the causal effect of a time-varying treatment
on survival in observational studies. A Cox MSM is a model for the hazard ratio at a given
follow-up time comparing counterfactual time-varying treatment regimes. It is routinely
argued that, unlike standard regression-based estimates, IPW estimates of the parameters of
a correctly specified Cox MSM may remain unbiased in the presence of a time-varying
confounder affected by prior treatment. For example, in observational studies of HIV-
infected patients, CD4 cell count affects whether a patient will receive treatment and is
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associated with future survival. It is also itself affected by whether treatment has been
previously initiated.

Young et al. [3, 4] and Havercroft and Didelez [5] have proposed algorithms for simulating
data under a known Cox MSM and known model for the treatment mechanism. Westreich et
al. [6] recently applied a variant of one of these algorithms to compare the performance of
IPW estimates and standard regression-based estimates of the true Cox MSM parameters
under several simulation scenarios where time-varying confounding affected by prior
treatment is present. As knowledge of the correct functional form of the Cox MSM and of
the model for the treatment mechanism are required for unbiasedness of IPW estimation,
these previously proposed approaches are reasonably useful for simulation studies of IPW
estimator performance. In particular, under such data generating algorithms, the properties
of IPW estimators in the complete absence of model misspecification may be studied.

These previously proposed simulation approaches, however, lack explicit knowledge of the
law of the observed outcome at each time conditional on the measured past. Unlike IPW
estimates, standard regression-based estimates rely on correct specification of this law. In
settings most often of interest, where treatment and confounders are frequently updated over
time and/or covariates are high-dimensional, regression-based estimates cannot be
constructed non-parametrically and, typically, parametric models are used. It follows that, in
such settings, these previous simulation methods will not be useful for studying the
performance of standard regression-based estimates as bias due to time-varying confounding
may be conflated with bias due to model misspecification.

Xiao et al. [7] suggested an alternative approach to simulating from a Cox MSM by
generating according to standard parametric models for the joint distribution of the observed
data. These authors argued, under a particular data generating mechanism and a rare disease
assumption, that the parameters of the underlying Cox MSM may be derived analytically
from the parameters of the specified observed data generating models. These include a
regression model for the treatment mechanism used in the construction of IPW estimates.
These also include a regression model for the law of the outcome conditional on the
measured past used in the construction of standard regression-based estimates. In turn, this
approach allows a comparison of IPW and standard regression-based estimates in the
absence of model misspecification.

In this paper, we show more generally that the parameters of an underlying Cox MSM may
be derived based on a particular parametrization of the observed data distribution. This
derivation follows from the general relationship between a Cox MSM and Robins’ g-
formula [8]. We prove that solving for the true Cox MSM parameters is both possible and
computationally tractable under many data generating models with or without the
assumption of rare disease. Various examples are presented where follow-up time is
arbitrary and standard parametric models for the observed data are imposed such that time-
varying confounding affected by prior treatment is present. A large sample simulation study
is also presented. We begin with a description of the observed data to be generated.

2. Observed data structure

We wish to generate samples of n i.i.d observations where each observation represents
measurements on a subject in a hypothetical observational study. In this study, subjects are
followed beginning at time ty (baseline) and the investigator takes measurements on each
subject during frequent, regular intervals. Specifically, form =0, ..., K: Let A, be the value
of a binary treatment measured during interval m defined by [tm, tm+1), With Ay, = 1 if the
subject is treated and A, = 0 otherwise. Further, let Ly, be a covariate measured at the start
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of that same interval. Define Y41 = I(T < tp41) With T a subject’s exact failure time which
may be either continuous or discrete; equivalently, Ym+1 is an indicator of failure by tpy+1.

In general, we denote the history of a random variable using overbars; for example Ay, = (Ao,
..., Am) is the observed treatment history through the end of interval m. By definition Yo = 0
(all subjects must be at risk for failure at baseline). For notational convenience we set L_;

and A_; to be identically 0. To simplify the presentation, we will assume no loss to follow-
up.

3. Definition of a Cox MSM

Leta =ax = (ay, ---, am, ---, a) denote a treatment regime in .7, the support of Ak
consisting of all possible treatment regimes. Examples include & = 1 (or “always treat™) and
a =0 (or “never treat”). Treatment regimes of the form a are known as static regimes in that
the treatment received in every future interval by someone following that regime is
deterministically known at baseline. By contrast, a dynamic treatment regime is one under
which treatment at a future time may depend on the values of evolving time-dependent
covariates. For example, see [9, 10, 11, 12, 13, 14, 15, 16]. In this paper we limit our
attention to causal contrasts involving only static regimes.

Define ?i 11 as the outcome history a subject would have had if, possibly contrary to fact,
she followed regime & with T2 her exact failure time. A discrete time Cox MSM y(m, &y, v)
is defined as

Pr[¥2,,=1[V=0)
Pr[Y,,=1[Y3=0]

=exp{y(m, am, ¥)} (1)

m

where v is a constant parameter vector, and v is a particular function of v, regime a through
m and m. The parameter y encodes the causal treatment effect of following a static regime a
compared with 0 up to any interval m + 1 such that y = 0 if and only if

Pr[Y;2,,=1|Y;2=0]=Pr[Y;, ,=1]|Y;2=0] for all &y, in the support of Ay, m =0, ..., K.
Following D’agostino et al. [17], when T2 is continuous and measurement intervals are
sufficiently small such that the event rate is negligible within each interval and over the

follow-up, then the discrete time Cox MSM (1) may approximate the continuous time Cox
MSM

/\Ta, (t):/\o (t)exp{’}/(t’ at, W}

for t € [tm, tm+1) Where Ata (t) and Ag(t) are the counterfactual hazards at t under regimes a
and “never treat”, respectively, forallaand m=0, ..., K.

4. ldentifying assumptions and the g-formula

Suppose the goal of this hypothetical study is to obtain an unbiased estimate of the
parameter vector ¢ under model (1). Note that, if y(m, &n, ) is a saturated model —i.e., the
ratio on the LHS of (1) is allowed to differ for every possible a,, and m — then the Cox MSM

is by definition correctly specified. As YfM for all ak in the support of Ak are not observed
for all study subjects, in order to identify y based only on measured variables, we require
additional assumptions. For eachm =0, ..., K and each static regime &, suppose that the
following hold:
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L Consistency: If Ay = & then ¥, 1 =Y +1and L, =L" with " the covariate
history through m under a.

2. Positivity: fa,,_1 L v (@m-1, Im, 0) # 0 => Pr[Ap = am|Lm = ImAn-1 = &m-1, Ym =
0]>0w.p.l.

3. Exchangeability (no unmeasured confounding):

(Yr;lH»lv ) Y;:+1) H A77L|L'rn:1m,a AnL—l:anL—la Y,,=0

where, in general, A [] B|C denotes “A is independent of B given C”.
As stated in the appendix of [3], under the above three identifying assumptions for a given

static regime &, Pr[Y,+,,=1|Y,2=0]is given by Robins’ g-formula [8]:

m=

h(m, am):ZPr[Ym«Fl:Him:Ima Am:ama YmZO]wEL (m7Tm)/Zw6(maim)

Ln L

@

with

wa(m, L) =] [Pr[Y;=0L; 1=;_1, Aj1=a;-1,Y;1=0]f (lj|a;-1,1;-1, ¥;=0)
3=0

form=0, ..., K.

It follows that, given our identifying assumptions, the Cox MSM (1) will hold in our study
population if the following relationship holds

%:e){p{’y(m, &maw)} (3)

forall &,and m =0, ..., K. For simplicity, we have generally expressed the g-formula h(m,
anm) above in terms of a high-dimensional sum. However, when L, contains continuously
measured components, we may replace sums with integrals.

5. Parametric assumptions on the g-formula

Let us now additionally assume that the components of the g-formula h(m, &,) may be
characterized by standard parametric models. Under these additional restrictions, it follows
that the Cox MSM (1) holds if

h(m, am;3,0)

R 0,:3,0) CP U AV} @

forallaand m=0, ..., Kwhere

h(m, am;30, 6):Zpr[ym+1:1|imzima Am:ama szo;g]w&(maim;aa ﬂ)/zw&(maimﬂa ﬂ)

lm lm

®)

with
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wg(m, 10, B) =] [Pr[Y;=0|Lj_1=1j_1, A;_1=a;_1,Y;_1=0;0] f (I;]@j1,1;—1, Y;=0;3)
j=0

such that (5) is a particular parametric version of (2).

We can now explicitly connect models for the observed data likelihood to a Cox MSM.
Specifically, based on (4), when L, contains only discrete components, one can, at least in
theory, derive in closed form the underlying Cox MSM y(m, a,, v) that holds for any choice
of parametric models. However, this derivation may become computationally unwieldy in
practice without additional restrictions (e.g. Markov assumptions) when the confounders
may take on many levels and/or K is large.

When L, contains continuously measured components, deriving the true Cox MSM based
on a particular parametrization of the g-formula may require evaluating integrals with no
closed form. In this case, whether there is a closed form solution will depend on the choice
of parametrization and, possibly, whether additional restrictions are imposed (e.g. rare
disease assumptions). In the following sections, we consider a variety of data generating
assumptions under which we may tractably derive the true Cox MSM implied by a standard
parametrization of the observed data likelihood.

6. Cox MSMs under Markov assumptions

Suppose the following Markov assumptions hold:
Pr[Ym+1:1|im:Ima Am:amy Ym:O]:g(lm’ QAm, am—l) (6)

and

f(lm|&mfla lmfla szo):r(lmv amfl) (7)

m =0, ..., Kwhere g and r are any real-valued functions bounded between 0 and 1. We now
have the following theorem.

Theorem 6.1 Assume that the restrictions (6) and (7) hold for all m =0, ..., K. Then, it
h(m,a,)

follows that the hazard ratio h(m, 0p) only depends on (m, ap,) through (an, am-1) with

h(ma am) _ Zlmg(lma Amy,y amfl)r(lma amfl)
h(m,0m) 320, 9(lms 0,007 (I, 0) ®)

for Ly, discrete and

h(m, am) _ fiooog(lm7 Am, amfl)"’(lma amfl)dlm
h(m,0p,) 209l 0,0)r (1, 0)dl,

©)

for L, continuous.

A proof of Theorem 6.1 is given in Appendix A. The following is a corollary of Theorem
6.1.
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Corollary 6.2 Suppose the assumptions of Theorem 6.1 hold and denote h(m, &) = h(an,
am-1)- Then, the Cox MSM y(m, &m, V) = Yoam + W1@8m-1 + WY28mam-1 holds with

h(1, 0)
1(0,0)

exp(Yo)= (10)

_h(0,1
~ h(0,0)

exp(y) (11)

h(1, 1) 1

“P)=100,0) " eapo)emn(on)

(12)

7. Binary covariates

In this section, suppose L, is binary. By Corollary 6.2, we obtain

~9(1,1,0)7(1,0)+9(0,1,0){1 — (1,0)}
eXp(%)_ga,o, 0)7(1,0)+4(0,0,0){1 — r(1,0)} @3

_g(]-a 0, ]_)7”(1, 1>+g(03 0, 1){1 — T(la l)}
SP= 1 0,0)r(1,0)49(0,0,0){1 —r(1,0)] ¢

exp ()2 LV L D40 L DL~ r(L 1} (1,0,0)r(1,0)+9(0,0,0){1 ~r(1,0)}
PU2)= 01,1, 00r(1,0)+9(0, 1,0){T — (1,00} 9(L,0, 1)~ (L, 1)+¢(0,0, 1){1 — ~(1,1)}

Equations (13), (14) and (15) follow simply by plugging the RHS of (8) into (10), (11) and
(12) for the appropriate (am, am-1)-

Standard parametric assumptions on g(lp,, a8m, am-1) and r(Im, am—-1) might be regression
models with logit, probit or complementary log-log links [18]. To fix ideas, we work
through an example under logistic regression models for both g(Iy, am, am-1) and r(Im,
am-1) such that

eXp(ﬂl am—l)

r(laamfl;ﬁ):m

(16)

and

g(l a0 a . ): exp(90+01lm+92am+93am71)
my Ams Am—1, 1+exp(00+911m+02am+03am71)

an

m =0, ..., K. To simplify the presentation, we have implicitly set the intercept in (16) to
zero, however a non-zero intercept is easily added. Plugging these choices into (13), (14)
and (15) we obtain the solutions

exp(61+62) exp(02)
1+ 0040140 1+ 00+0
exp(y) =R SRR g

1+exp(60+61) + I+exp(6o)

Stat Med. Author manuscript; available in PMC 2015 March 15.
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exp(03) { exp(61+51) + 1 }
o 1+exp(B1) | 1+exp(6o+61+63) ' 1+exp(6o+03)

exp(y1)= . (19)
1

exp(61) 1
1+exp(60+01) + 1+exp(6o) }

{ op(@1+6) 1 } { exp(6) 1 }

. 1+exp(6o+01+63) ' 1+exp(Oo+62+063) 1+exp(6o+01) ' 1+exp(6o)

exp(Y2)= { exp(61) 1 { exp(01+51) 1 } (20)
1+exp(6o+61+62) + 1+exp(6o+62) 1+exp(6o+01+63) + 1+exp(6o+063)

Notably, if the disease were rare as in Xiao et al. [7] our solutions simplify considerably.
Specifically, given the model (17) and rare disease within each measurement interval and
history we have the approximation

g(lm:ama amfl;e) ~ exp(00+gllm+02am+93amfl)- (21)

Plugging (21) into expressions (13), (14) and (15) in place of (17) we obtain the simplified
approximate solutions

Yo=02 (22)

exp(01+61) 1
exp(63) { Thexp(31) + TTow (B0 }

${exp(61)+1}

Yr=log (23)

Y2=0 (24

Equations (22) and (23) establish that the parameters of a standard time-dependent Cox
regression such as (21) do not generally match those of the Cox MSM. Specifically, the
maximum likelihood estimates (MLESs) of 6, and 03 based on the correctly specified model
(17) have bias approximately equal to 6, — g and 03 — 4 for yg and v, respectively. Given
the rare disease approximation (21), we can see by expression (22) that we have
approximately 6, — yg = 0 for any choice of 6, or 1. However, by expression (23), we will
only have 63 = vy if either 6, or By is zero; that is, if Ly, is either not a confounder or not
itself affected by prior treatment. Without the rare disease assumption, by equations (18) and
(19), the bias of the MLEs of 6, and 03 for yg and vy, respectively, depends not only on the
values of 01 and B4 but also on the other components of 0.

By equation (24), we also see in this example that, given the rare disease approximation
(21), absence of an interaction term between a,, and ay,—1 in the model (17) also implies no
interaction as quantified by w,. However, by equation (20), in the absence of rare disease,
the presence of interaction as quantified by v, generally depends on 1 and all components
of 0, despite the absence of an interaction term in the model (17). For interested readers, we
explicitly consider alternative solutions for v, in Appendix B when an interaction term
between an, and an-1 is added to the model (17), both with and without a rare disease
approximation. Note that solutions for yg and w; will remain unchanged (with or without
rare disease) under a less restricted model for g(ly,, am, am—1) that allows interaction between
anm and apn—1 by equations (13) and (14), respectively.

Stat Med. Author manuscript; available in PMC 2015 March 15.
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8. Continuous covariates

In this section, suppose Ly, is a continuous random variable m =0, ..., K. Given the

assumptions of Theorem 6.1, whether a closed form solution exists for —1,(0,g)  in this

setting will now depend on the choice of gand r.

For example, as in Xiao et al. [7], assume that L, is normally distributed given the past with
Lm|/_1m717 I_4171717 YMZONN(/BlAmfla 02) (25)

As in (16), an intercept is easily added to (25). With this choice of r, a closed form solution
for (9) is not generally available for g the logistic regression model (17). If, however, along
with this choice of r, we choose a probit link for g such that

9l @y Gy —1;0)=P (004011 +020m+03am—1)  (26)
with &(:) the CDF of a standard normal, then, following Agresti [18], we have

h(m, am;B,0)=8{c(0p+02am+03am_1+0151am—1)} (27)

—1
_ 2,2
with C‘( V1+0io ) . By Corollary 6.2, we then also have that the Cox MSM y(m, &, v)
= ypam + Y1@m-1 + W2@8mam-1 holds with specifically

o= 2L0209)

@{6(004—03 —|—01ﬁ1)}
<I>(000)

exp(Yn)=

_ ®{c(00+02+05+6151)} B(cp)
exp(2)= DLe(00160)] X A ECRTA Y

A similar result is available for the logistic regression model (17) provided r is alternatively
defined in terms of the more complex bridge distribution function of Wang and Louis [19].
However, if we further assume rare disease, we may maintain assumption (25) for r along
with the model (17) for g and obtain an approximate closed form solution for (9).
Specifically, using the approximation (21) for g and model (25) for r we have

Stat Med. Author manuscript; available in PMC 2015 March 15.
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oo

h(m, am; 3, 0) ~ / eXp(e()

—o0o
+ellm+02am+03am~l)7’(lma Am—1 7/3) dlm

=exp(6o (28)

+02am+93amfl)E[ GXP(91 Lm) ‘Amfl :amfl]:exp(ao

1
+02a,,+03a,,—1)exp(6151am—1)exp (502 9%)

with the last equality given by the moment generating function for the normal distribution.
Note that, given (21), an analogous solution for h(m, an,; B, 6) will exist for any choice of r
provided the conditional distribution of L, has homoscedastic errors by the general property
of the moment generating function. By Corollary 6.2, plugging the approximation (28) into
(10), (11) and (12) for the appropriate choices of (ay, am-1), the Cox MSM y(m, &y, v) =
Yo@m + V1@8m-1 + W2amam-1 holds with the approximate solutions yg = 0, w1 = 03 + 0151
and gy = 0.

Analogous to the worked example for binary Ly, under the rare disease assumption (21), we
see that gy = 0, regardless of the values of 61 and 1. By contrast, y; = 03 only if 0, or B is
zero; that is, when L, is not a confounder affected by prior treatment. As in the binary case,
our probit example illustrates more generally that the discrepancy between v and the
components of 6 corresponding to treatment coefficients in the conditional outcome
regression model, in addition to $1 and 61, may also depend on other components of 6.

Of the examples considered thus far, the data generating assumptions of our last example —
with r defined by model (25) and g approximated by (21) — are closest to those of the data
generating models given in Xiao et al. [7]. One key distinction, however, is that Xiao et al.
[7] allowed the distribution of L, also to depend on Lp,—1. Under this weaker assumption,
the resulting Cox MSM now depends on the entire treatment history a,, and not simply the
two most recent values (am, an-1) as given by the following theorem.

Theorem 8.1 Assume the data generating mechanism (6) of Theorem 6.1 holds with g
approximated by (21). Further assume

Lon| Am—1,Lin—1, Y =0~N(B1 Ay 14+B82Lm—1,0%)  (29)

m =0, ..., K. Data generated under these assumptions will approximately follow a Cox
MSM of the form

m—1

7(m7 Qs ¢)=¢oam+¢1amf1+ Z wmfsjtlasfl
s=1

with yp = 09, w1 = 03 + 0187 and ¢, s 1=61 585" °,s=1, ..., m - 1.

A proof of Theorem 8.1 is given in Appendix C. Note that Xiao et al. [7] concluded that,
under their data generating models, the resulting Cox MSM should only depend on a,, and
am-1 forallm =0, ..., K. Theorem 8.1 appears to contradict this conclusion for K > 1. Under
these data generating assumptions, IPW estimates constructed based on a Cox MSM that
excludes the correct function of a,,-» should theoretically incur some bias because such a
Cox MSM will be misspecified. This is a particular problem when |35 = 1.
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9. Simulation Algorithm

The following general algorithm may be used to simulate a sample of n i.i.d. observations as
described in §2 that follows a particular parametrization of the g-formula.

Let Pr[Am = 1Ly = InAm-1 = @m-1, Ym = 0; a] be a parametric model for the probability of
receiving treatment in interval m given survival to m and history (Ip,, &m-1). For each of i =
1, ..., n simulated observations, implicitly define L_; j = A_1 j = Ygi = 0. Then for each
observation i:

Form=0, ..., K:

1. Draw Ly ; from some choice of f(LmlAm-1, Lm__l, Ym = 0; p) evaluated at the
previously generated (Am-1i, Lm-1.i)-

2. Draw Ay, ; from some choice of Pr[Ay, = 1|Ln; An-1, Ym = 0; a] evaluated at
previously generated (Am—1.i, Lm.i)-

3. Draw Yp.1,i from some choice of Pr[Ypms1 = 1|Lm, Ay, Y = 0; 6] evaluated at
previously generated (A i, Lm,i)- If Ym+1.j = 1 then this is the last record in the data
set for observation i. Otherwise, generate another record for observation i (i.e., go
to index m + 1).

The above algorithm may be used to confirm theoretical results under any of the data
generating assumptions considered above. As a simple illustration, we performed a
simulation study where 20, 000 samples were generated according to the above algorithm,
each with n = 100, 000 observations and K = 6. Data were generated according to the
restrictions of Theorem 6.1 with the covariate and outcome generated according to the
logistic regression models (16) and (17), respectively. Treatment was generated according to
the logistic regression model logit[Pr(Am = 1Ly = Im, Am-1 = @m-1, Ym = 0; )] = ag + a1lm
foreachm=0, ..., K.

Simulations were conducted under the following six different combinations of (31, 61). In all
scenarios, we fixed ag = 0.5, a; = 0.5, 6 = =7, 6o = -0.8 and 63 = 0. As all components of 0
were selected < 0, the rare disease approximation (21) holds under all six scenarios. Recall
that by the analytic results of §7, under all simulation scenarios the Cox MSM vy(m, &y, v) =
Yo@m *+ V18m-1 + W2a8mam-1 holds with approximate values of vy, w1 and v, defined as in
(22), (23) and (24), respectively.

Table 1 presents the bias of the IPW estimates of yg and vy, for the true yg and vy,
respectively, constructed under the correctly specified Cox MSM and model for treatment
for the 20, 000 runs. We see little bias at n = 100, 000 in these estimates. See Appendix D
for details of the IPW estimation procedure. Table 2 presents the bias of the MLE of 0, for
0, = yg constructed under the correctly specified outcome regression model (17). Table 3
presents the bias of the MLE of 05 for 03, along with the bias for w1, also under the correct
model (17). Our simulations confirm the analytic results of 87. In particular, we see little
bias of the MLE of 6, and 05 for 0, = yg and 03, respectively, regardless of the values of 1
and 01. However, we see that the bias of the MLE of 63 for y; approximates 03 — y;. As
expected, this difference is approximately zero only when either 8, or 6, is zero.

10. Relation to the g-null paradox

As discussed, a limitation of the proposed simulation approach is that, under some data
generating assumptions, it may be intractable or impossible to solve for the true Cox MSM
parameters. Interestingly, an additional limitation of the proposed simulation approach
follows from previous arguments regarding the “the g-null paradox” [20]. These arguments
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would suggest that given standard parametrizations of the observed data distribution
consistent with the presence of a time-varying confounder affected by prior treatment, it is
impossible for the null hypothesis of y = 0 to hold simultaneously. Our examples allow a
careful consideration of this paradox in the current setting.

Consider the data generating assumptions of the simulation study described in 89. As before,
under these assumptions, we approximately have yg = 0 if 6, = 0 by equation (22). Further,
by equation (23), we have y; = 0 if O3 is set to

1
o 5{exp(61)+1}
exp(@.s)— exp(91+ﬁ1)+ 1
1+exp(B1) ' 14+exp(B1)

regardless of the values of 6; and ;. Thus, we have at least one example illustrating that it is
mathematically possible to generate data according to standard parametric models such that
all components of vy are zero and a time-varying confounder affected by prior treatment is
present.

However, we do not expect such a scenario, where one coefficient is restricted to depend on
a function of other coefficients of the data generating mechanism, to occur in nature. This is
an example of the faithfulness assumption invoked when causal directed acyclic graphs are
used to represent underlying data generating mechanisms [21, 22]. We therefore may be
limited to simulation scenarios with the proposed algorithm to unrealistic settings if we wish
simultaneously to generate data under the null.

11. Discussion

In this paper, we have illustrated how to derive a closed form Cox MSM given a set of
parametric models for the observed data distribution. This gives an approach for simulating
from a known Cox MSM using a standard parametrization of the likelihood. In contrast to
previously proposed simulation methods, this approach allows a comparison of the
performance of IPW and standard regression-based estimators of the effect of a time-varying
treatment on survival in the complete absence of model misspecification. This, in turn,
allows isolation of any particular source of bias in a simulation study. These sources may
include finite sample bias, that due to (known) model misspecification and that due to
complex time-varying confounding structures.

We used our analytic results to demonstrate and confirm in an example simulation study that
the bias of standard regression-based estimates depends, at least in part, on the degree to
which parameters quantifying the presence of a time-varying confounder affected by prior
treatment are non-zero. Using analytic results, one may know, prior to undertaking a
simulation study, how much large sample bias to expect in such a standard estimate in the
absence of model misspecification. Confirmation of these expectations reduces the
possibility of coding errors.

Our arguments highlight the importance of clearly defining the target population parameter
of interest in any consideration of bias. As discussed, standard estimates will be
approximately unbiased in large samples for the coefficients on treatment history in a
correctly specified outcome regression model conditional on past treatment and
confounders. However, following previous graphical arguments in largely model-free
settings [9, 23, 24], these coefficients may fail to have a causal interpretation, even given the
identifying assumptions of 84, when L, is a time-varying confounder affected by prior
treatment. Our arguments further highlight the need for careful consideration when imposing
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a parsimonious Cox MSM. For example, as we showed, typical assumptions that restrict
dependence of the causal hazard ratio on only the most recent values of treatment may be
difficult to justify if one is unwilling to make potentially extreme Markov assumptions on
the underlying observed data generating process.

Finally, the utility of the proposed approach to known Cox MSM data generation is not
limited to simulation-based comparisons of IPW performance versus that of standard
regression-based estimators. This approach may also be useful in simulation studies aimed at
comparing IPW with other estimators of correctly specified Cox MSM parameters that rely
on a correctly specified conditional outcome regression model for optimal performance.
These include parametric g-computation [8, 25, 26, 16, 27] as well as double-robust methods
[28, 29, 30, 31].
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Appendix A

We explicitly prove Theorem 6.1 under the discrete case as the proof under the continuous
case is identical requiring integrals instead of sums. Incorporating assumptions (6) and (7)
into the g-formula (2) we have

Zlmg(lmy Ay amfl)r(lma amfl)ZTm_lwt(m - 1>Tm717 C_lmfl)

h(m, @p,)= — (30)
T Zlmr(lma am—1)21m71Wt(m - ]-7 17n—17 am—l)
where
_ m—1
wt(m—1,1p—1,8m—1)={1=g(lm—1, am—1,am—2)} [ [ {1—9(lj=1,aj-1,a;_2)}r (1, a;_1).
j=0

The result follows by noting that . _; wt(m -1, |m_—1, am-1) cancels in the numerator and
denominator of (30) and 3., r(Im, am-1) = 1.

Appendix B
Consider the worked example of §7 but where the model (17) is replaced by

exp(0o+011lm+02a,,+030,, 140400 1)
g(lm’ Ay am7150>:
1—I—exp(00+01lm+02am+03am,1+04amam,1)

allowing interaction between an, and ay,-1 as quantified by 64. Plugging this alternative
choice of g into (15), along with the original model (16) for r, we have

{ exp(01+1) + 1 } { exp(01) + 1 }
(¢ )_ (0 ) 1+exp(00+01+02+03+04) T 1+exp(6o+02+63+064) 1+exp(6o+601) T 1+exp(6o)
EXPlp2)=€Xp\Ys { exp(61) exp(61+061)

1 1
1+exp(6o+01+62) ' 1+exp(Oo+62) } { 1+exp(6o+01+63) + 1+exp(60+03) }

which is equivalent to (20) when 64 = 0.
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Given rare disease such that we have the approximation

g(l'm? Ay Ap—1 ;6) ~ eXp(00+01l7rL+02a'm+63a'nL—1+64a'ma'm—1)

we obtain the simplified approximate solution

Po=04

which is equivalent to (24) when 64 = 0.

Appendix C

Foranym=0, ..., K define

b(:l<m> — E[ eXp(ele) |Am71:am71) mel]
B0 (m) E[exp(61Ly,)|Am—1=0, L;,,_1]

By (29) and the moment generating function for the normal distribution we have

ba(m) exp(%(;ge%)exp(glﬁQmel) eXP(elﬂle—l)

= =exp(0161am— =exp(01/1am_1)————=

bo(m) p( 1I81 " 1)exp(%020%)exp(01/62Lm_1) p( 1/61 " l)exp(elﬂQLm—l)
Next define

ba (’I’I’L - 1) :E[ba(mﬂAnL—Z:am—% Lm—Z]
W(m—1)  E[B9(m)|A,,_2=0, Ly, 2]

By the fact that (29) holds for Ly, ..., Lk and, again, using the moment generating function
for the normal distribution we have

E[0%(m)|Am—2=0m_2, Lim_2]
E[0°(m)[Apm—2=0, Ly;,—2]
Elexp(6182Lym—1)|Am—2=am—_2, Ly_2]
Elexp(6182L—1)|Am—2=0, L,_2]
exp (3020753 )exp{0182(B1am—2+82 Ln—2)}
exp (50267 53)exp(6165 Lim—2)

=exp(0151am—1)

exp(6153 L—2)
exp(6153 L—2)

=exp(0161am-1) =exp(0151am—1)exp(016162am—2)
Analogously define

ba(m — 2) _E[ba(m — 1)|Am,3:am,3, Lm,‘g]
W(m—2)  E[b(m —1)[A,_3=0, L,_3]

exp(0185 L, _3)
eXp(elﬂng—‘S)

=exp (61 51am—1)exp(01 51820, —2)exp(61 51 55 am—3)

Arguing recursively forany j=1,...,m-1
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bi exp (6187,
b,(J) =exp 291/31/37" as ( : iz—j+1 j 1)
(j) s=j exp (01/82 Lj—].)

Setting j = 1 we have

(1) i s exp(6135" Lo)
_ —=ex 7] as 1| ———————
(1) p (sz_:l 15153 "a, 1) exp (0135 o)

Further, by A_; = L_; = 0, we have

E[6*(1)|A_1=a_1, L 4]
B[4 1=0,L ] exp@elﬁ e )

By (21) we have that
h(m, 8,0:5,6) B[6(1A_1=a_1, L 1]
= A 6 m 0« m— =
h(m,om;ﬂ,a) eXp( 2(1‘ + 20/ 1) E[ 0( )‘A,lzo, L,l] (31)

Our result follows by noting that the RHS of (31) is equivalent to exp

m—1
(w0a7'L+¢1aT'L_1+25:1 wm_s_t,_las_l) Where Yo = 62’ P = 63 + 61131 and
wTTL—(9+1:01/61/8£n781 S= 1, e, M= 1

Appendix D

A typical implementation of IPW estimation is as follows. Let (cp,Aw)A be the solution to the
estimating equation

K n
SN N UL, @)=0, (32)
am m=0:1=1

with respect to (¢, v’). Following the appendix of [15] and, again, suppressing the i
subscript, define

U (@9, 6)= [Yinq1 — expit{w(ms¢')+9(m, am, ¥')} (1=Ym) Wy, (a)g(m am)HI(A]_a])

_exp(r)

where €XPit(-)= 1+exp(-)» W(m; ¢') is a function of interval m and a parameter vector ¢/,
q(m, ay,) is a user-selected vector function of (m, a,,) and

1
T oPr[Aj=a;|L;, Aj_1=a;_1,Y;=0;4]

Wi (&)= (33)

with o the MLE of o given the treatment model Pr[Ap, = am|Ln; An-1, Ym=0; al.
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Assume the following holds for all m and a:
1. The Cox MSM (3) holds,
2. h(m, O) = exp{w(m; ¢’)} when evaluated at ¢’ = ¢,
3. the treatment model Pr[Ap, = am|Ln; An-1, Ym = 0; a] is correctly specified and
4

h(m, &) ~ 0 such that (given assumptions 1 and 2)

h(m,ap) ~ expit{w(m;qﬁ)—i—'y(m, A, 7/1)} (34)

Given these four assumptions we have
E[US(¢,4,0)] =0 (35)

for all m and &, and the IPW estimator ufapproximately consistent for y and asymptotically
normal. The choice of gq(m, &) in large samples affects only the efficiency of .

Note that the approximation (35) follows under these assumptions by the equivalence
between the g-formula (2) and the ratio of expectations

E[Vim1(1 = Y )WiIIToI(Aj=a;)]
E[(l =Y, ) Wall™ OI(Ajzaj)]

mllj—

where 1772 is equivalent to 17, (&) but with the true conditional probability of treatment
PrlAm = amlLm, Am-1 = @m-1, Ym = 0] replacing its MLE.

A convenient choice of g(m, &) is oyt oy’ . With this choice an
approximate solution to (32) may be obtained with off-the-shelf software by fitting a
weighted logistic regression model in a person-time data set of the structure described in 89.
This approach was used to construct IPW estimates in the example simulation study also
described in 89. Specifically, a logistic regression model was fit in SAS using the
LOGISTIC procedure with dependent variable Y41 and independent variables Ay, and Ap-1
along with a completely flexible function of m=0, ..., 6. The WEIGHT option was used
with stabilized weights to increase efficiency. That is, the weight for observation i at time m
was defined by expression (33) under the model used to generate treatment and then

Ow(m;e) 8v<m,am;w'}T

m - _
multiplied by an estimate of HFOPT[AJ:“J"AJ‘*IIGJ%’ Y5=0] ith am selected as that
observation’s treatment history through m. The weight numerator can be considered an
implicit component of q(m, ay,). It is straightforward to confirm that the data generating
parameters under all simulation scenarios maintain assumption (34) for all m and &,,. Code
is available upon request.
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Table 2

Bias of the MLE of 0, for 6, = yq under the six choices of (1, ;) for n =100, 000 and K = 6. GZA is the MLE
of 05, E [OZA] is the mean of the estimates 65 over the 20, 000 simulation runs and Bias(eg, 0y)=E [9;] - 0.
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Br 61 8  E[0] Bias(0, 0y
-20 -20 -0.8 -0.8006 -0.0006
-05 -05 -0.8 -0.8006 -0.0006

0.0 -05 -0.8 -0.8006 —-0.0006
-0.5 0.0 -0.8 -0.8004 -0.0004

05 -20 -0.8 -0.8004 -0.0004

20 -20 -08 -0.7992 0.0008
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