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Abstract

We review the class of inverse probability weighting (IPW) approaches for the analysis of missing
data under various missing data patterns and mechanisms. The IPW methods rely on the intuitive
idea of creating a pseudo-population of weighted copies of the complete cases to remove selection
bias introduced by the missing data. However, different weighting approaches are required
depending on the missing data pattern and mechanism. We begin with a uniform missing data
pattern (i.e., a scalar missing indicator indicating whether or not the full data is observed) to
motivate the approach. We then generalize to more complex settings. Our goal is to provide a
conceptual overview of existing IPW approaches and illustrate the connections and differences
among these approaches.
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1. Introduction

Interest in the use of secondary healthcare databases (e.g., administrative claims, electronic
health records, EHR, cancer registries) for medical research is increasing, partially because
these data are readily available, relatively inexpensive to access, and cover large
representative populations. However, these databases are collected for non-research
purposes. For example, administrative and medical claims databases are assembled for the
purposes of administering, billing, and reimbursing healthcare services. Moreover, patients
in clinical practice settings are not monitored as closely as those in clinical trials. In
consequence, a substantial fraction of the needed data is missing for some subjects. These
data issues pose analytic challenges and raise validity concerns.

By design, each of these secondary databases may contain only a subset of the variables of
interest. For example, administrative claims data contain information on healthcare
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insurance membership, drug coverage, healthcare utilizations (i.e., diagnosis and procedure
codes), and medication dispensing records. But more detailed clinical information (e.qg.,
BMI, vital signs, laboratory tests results) are recorded in EHR. For cancer patients, the
cancer stage and histology information are recorded in cancer registries. As a consequence,
systematic missing data occurs for some study participants for whom the data in certain
databases are unavailable. Even for those with linked databases, missing data may still occur
for reasons such as missed office visits, loss to follow-up, switch of healthcare systems, and
coding errors. Thus, failure to appropriately handle missing data may lead to inefficient or
even invalid use of available data sources.

The simplest and most commonly used method to deal with missing data is the complete
case approach in which standard analyses are applied to subjects with complete data on
relevant variables. However, this analysis is biased unless the complete cases are
representative of the study population (i.e., the data is missing complete at random, MCAR).
This MCAR assumption rarely holds in medical applications.!

More advanced statistical methods have been developed in the past decades to deal with
missing data under less restrictive missing data mechanisms 2, i.e., missing at random
(MAR) and missing not at random (MNAR). MAR means the probability of missingness
does not depend on unobserved elements conditional on observed data.> MNAR indicates
settings in which neither MCAR nor MAR holds. In this paper, we review a class of
approaches for missing data - the inverse probability weighting (IPW) approaches. The
intuitive idea is to create weighted copies of the complete cases to remove selection bias
introduced by missing data processes. The weighting idea originates in the survey sampling
literature.? It has been further generalized by Robins, Rotnitzky, and others to address a
variety of important issues such as confounding bias in observational studies and bias due to
missing data.>-8 Alternatives to IPW include parametric likelihood inference %-11,
parametric Bayesian inference 12-14, and parametric multiple imputation 1517 inference.

We introduce and illustrate the class of IPW approaches for three missing data patterns,
uniform missingness, monotone missingness, and non-monotone missingness. For each
pattern, we consider both MAR and MNAR mechanisms. We begin with relatively simple
scenarios, and then generalize to more complex settings. Due to space limitations, we do not
dwell on mathematical detail but refer the interested readers to the original journal articles or
to the books by Tsiatis or van der Laan and Robins.18:19

The paper is organized as follows. In Section 2, we introduce the notation and models
needed to formalize the missing data patterns and mechanisms we consider. We also
introduce four motivating examples. In Section 3, we motivate the weighting approaches by
demonstrating the bias in the complete case approach when MCAR does not hold. In
Sections 4, 5, 6, we introduce weighting approaches for our three missing data patterns. We
conclude with a discussion.

Stat Methods Med Res. Author manuscript; available in PMC 2014 April 24.
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2. Models and notations

T
We let {L": (WlT’ V%T) » =L, ’”} denote the full data on the n study subjects, where
the p-dimensional vector W; = (Wlli,...,Wp,i)T denotes the variables that are always observed
for each subject i and the g-dimensional vector Vi = (Vy ... ,Vq'i)T denotes the variables that
are subject to missingness. We let R; = (Rl,i,...,Rq,i)T denote the vector of missing indicators
for subject i where the sth element Rg; (1 <'s <) equals 1 if Vg j is observed, and 0
otherwise. Let V (g;),j denote the observed components of V;. Let

T
0i= (R'i’ Lobsi= <WZT’ V?;n) ) denote the observed data for subject i and let L s j =
V(l—Ri)’i denote the unobserved components of V;. Here 1 denotes a vector of 1’s. This
notation can be used to represent a wide class of missing data patterns. For example, in a
missing outcome model, W represents a vector of covariates and V is the outcome of
interest Y. The parameter of interest might be the marginal outcome mean E[Y] or the
coefficients B in an outcome regression model E[Y | W; B]. In missing data models with
missing outcome and covariates, W would represent the covariates that are always observed
and V would include both the outcome of interest and the covariates that are subject to
missingness.

Throughout we assume that (W, Vi, Rj), i = 1,...,n are independent and identically
distributed random vectors. We assume the parameter of interest B~ is the unique solution to
the equation E[M (W;, Vi; ﬁ*)] =0, where M(W;, Vj; B) is a known m-dimensional function
of the full data (W;, V;) and a parameter B, B~ is the true value of B, and the expectation is
under the distribution of (Wj, V;). Thus M (Wj, Vj; B) is an unbiased estimating function for
B". Here B” is a functional of the distribution of the full data (W;, V;).

We consider the following three missing data patterns: uniform missingness, monotone
missingness, and non-monotone missingness. The weighting approach applies equally to all.
However, its implementation is much more complicated for non-monotone missing data
patterns. We will start with a simple uniform missing pattern to illustrate and motivate the
basic idea.

Missing pattern 1: uniform missing data, i.e., Ry = - = Rq = R. Under uniform missingness,
either the entire vector V; is observed for subject i or it is completely missing. This pattern
often occurs when information is extracted from multiple data sources. For example,
administrative claims data contain information on basic demographics (age, gender),
healthcare utilizations, and medication dispensing records. However, more detailed clinical
information such as vital signs and lab test results would be available only for a subset of the
study participants with linked EHR data.

Motivating example 1: Consider a hypothetical study evaluating the 1-year incidence rate of
heart disease among new users of non-steroidal anti-inflammatory drugs. Data are extracted
from a health insurance administrative claims database which contains information on
medication dispensing records and disease diagnosis history. The indicator variable V =Y
indicates whether heart disease occurred during the 1-year follow-up period after drug

Stat Methods Med Res. Author manuscript; available in PMC 2014 April 24.
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initiation. Let 8~ = E[Y]. Then M(Y ; B) is Y — 8. The outcome will be missing in
participants who dis-enroll from the insurance plan during the follow-up period. The vector
of covariates W includes demographics (age, gender), geographic region, geographically
derived socioeconomic status, and comorbidity conditions.

Missing pattern 2: monotone missing data. Under monotone missingness, if the sth element
(Rs = 0) of V;j is missing then all subsequent elements are missing (R; = 0 for any s <t<q).
This pattern occurs frequently in longitudinal studies with repeated measurements in which
subjects who drop out of the study never re-enter. Then Vg might denote the data that were to
be collected at the sth planned clinic visit. Even if some subjects return after missing one or
more Visits, one can choose to make the data “monotone” for purposes of data analysis by
choosing to ignore in the analysis any data recorded subsequent to a missing visit. Note
uniform missing data is actually a special case of monotone missing data.

Motivating example 2: Consider an observational study to compare the effects of two anti-
hypertensive agents (e.g., angiotensin-converting enzyme inhibitors and beta-blockers) on
reducing blood pressure (BP) level among incident users. The study participants were
identified using claims and EHR data. Then W contains the treatment indicator and some
baseline covariates (e.g., age, sex, and comorbidity conditions). The vector V contains two
elements; V; records the baseline BP and V, =Y records the BP at the end of a 12-month
follow-up period. The baseline BP V1 is incomplete as some patients do not have EHR data
available or did not have their BP measured during the baseline period. Similarly, some
subjects have V, = Y missing. We decide to make the data “monotone” by ignoring the data
on V for subjects missing V1. Suppose we are interested in the coefficient p in the
regression model E[Y | W, Vy; B] = b(W, Vq; B) = (WT, V1)B. We would take

A\%%
M (W, Vi) = [ =b (W, V1;8) ( o )
Missing pattern 3: non-monotone missing data; hon-monotone missingness refers to any
missing data pattern that is not monotone. Thus we may have R; =1 but Rg = 0 for some
subjects and R; = 0 but Rq =1 for others. This is the most complicated missing data pattern.
We consider two motivating examples for this pattern.

Motivating example 3: Consider a regression analysis with missing covariates. Suppose we
are interested in identifying predictors of episodes of exacerbation for children with
persistent asthma. The study cohort of children with persistent asthma was identified using
healthcare claims data. The vector W, ascertained from claims data, includes data on
demographic characteristics and a binary outcome encoding 2 or more ER visits for asthma
during a 12-month study period. Surveys were mailed to parents to obtain data on a baseline
asthma severity score (V1), household income (V5), and a measure of the parents’
expectation on child functioning with asthma (V3). Parents may answer none, one, two, or
three of the three questions. This missing pattern is non-monotone. We are interested in the
regression parameter B” in a logistic regression model regressing the outcome on potential
predictors. The estimating equation M(W, V; B) is the score function for B.

Stat Methods Med Res. Author manuscript; available in PMC 2014 April 24.
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Motivating example 4: Consider a longitudinal follow-up study with repeated measurements
of BP at three time points, s =1,2,3. As before, W contains the treatment indicator and
baseline covariates (e.g., age, sex). Let Vs ; indicate the BP measured at the sth time point
and Vi = (Vj, Va,i, V3,i)T. Unlike in example 2, we do not ignore subsequent data on
subjects missing V1 or V5. Thus this missing pattern is non-monotone. We are interested in
the mean of V;, B* = E[Vj]. Thus M(W, V; B) =V - B.

For each missing pattern, we consider both MAR and MNAR data generating processes.3
Data are said to be MAR if the conditional missing probabilities given the full data do not
depend on the unobserved components of V, i.e.,

P (R Wi V) =P (Re=tfLasi= (We Vo))

In the special case of MCAR, P(R; =r | Wj, V;) is constant. Let -y denote the parameters
governing the missing data process and © denote the parameters governing the distribution
of the full data L = (W, V), and assume they are variation independent. Then under MAR,
the likelihood f(O;, vy, ©) of the observed data factors into a component Pr(R; = r | Lops,i; ¥)
depending on -y alone and a component f(L ps j; ©) depending on © alone. Thus MAR is
referred to as ignorable missingness because the missing data process can be “ignored” in
likelinood-based inference on a parameter B* that are functions of the parameters ©
governing the marginal distribution of the full data L. The IPW approach takes a different
perspective than likelihood-based approaches by using estimates of the missing data process
to derive valid inferences on the parameter of interest p”.

When MAR fails to hold, the missing data mechanism is said to be MNAR or nonignorable,
i.e., the missing probabilities depend on unobserved components of V conditional on
observed data. In this setting, the parameter of interest is typically unidentifiable unless
additional assumptions on the missing data process are imposed. These assumptions usually
are investigator specified and cannot be empirically tested when the full data model is
nonparametric. Therefore, it is a common practice to conduct a sensitivity analysis in which
we vary these additional assumptions over a plausible range and examine how inferences on
B" change. As we will show next, weighting approaches in MAR settings can be naturally
extended to MNAR settings by specifying a selection bias function to quantify the residual
association of the missing probabilities and unobserved components of V after adjusting for
observed data. Sensitivity analysis can then be conducted by varying the parameters in the
selection bias function and/or the functional form.

We let mj(W;, Vi, r) denote the conditional missing probability P(R; = r | Wj, Vj).
Throughout we assume that P(R; =1 | W;, V;) > 0 with probability 1.

3. Why the complete case approach may be biased?

We first illustrate why the complete case approach may be biased when MCAR does not
hold.10 If the full data were observed, B” could be estimated by solving

Stat Methods Med Res. Author manuscript; available in PMC 2014 April 24.
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n

> M(W;, ViB)=0, ()

=1

the empirical version of E[M (W, Vj; B)]. Unfortunately, when missing data exist, the
solution to eq. (2) depends on unobserved components of V. Suppose E[M (W, Vj; B*)] =0,
but E[M (W;, V;; B*) | Rj = 1] # 0, then if we use complete cases only and estimate B~ by

n

I(Ri=1)M(W,,V;;8)=0 _ . .
solving the estimating equation; (Ri=1) M ( 2 , it is obvious that the

solution to the equation above, fec, may be biased unless E[P(R; = 1| W;, V)M (W;, V;;
BH1=0,e.g., P(R;=1| W;, V) is constant.

Heuristically, when MCAR fails to hold, the complete cases are a selected, non-random
subsample of the study population. Thus inference obtained by applying standard
approaches to the complete cases may be biased for *. The IPW approach restores
unbiasedness by creating a pseudo-population in which selection bias due to the missing
data is removed. We next introduce the IPW methods for the three missing data patterns
respectively.

4. Uniform missing pattern

A uniform missing data pattern is a pattern in which the missing indicator vector R takes
only two possible values 1= (1,1,...,1,...1)T or 0= (0,0,...0,...0)T. Noted above, unless
MCAR holds, the complete case approach is likely biased. To remove selection bias due to
missing data, the IPW approach weights each subject i with complete data (R; = 1) by the
inverse of the conditional probability of observing the full data r;(Wj, Vi, 1). For
illustration, we temporarily assume 7;j(W;, Vi, 1) is a known function of (Wj, V;) as is the
case in studies with missingness by design (e.g., studies with two-stage sampling). Then, the
simple IPW estimator B solves the following estimating equation?

~ IR;=1 ~

Under regularity conditions, ﬁo is a consistent estimator of B* since

ANV, V)] (A W, V) MW, Vi)

Note that the above equalities hold regardless of whether or not the missingness is ignorable
(i.e., MAR or MNAR). In addition, a fully parametric model for the full data is not required.
Under mild conditions, the solution to eq. (3) is a consistent and asymptotically normal
(CAN) estimator of p*.20

Stat Methods Med Res. Author manuscript; available in PMC 2014 April 24.
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This IPW estimator ﬁo demonstrates the fundamental principle of the weighting approach;
weighted copies of complete cases remove the selection bias introduced by the missing data
process. However, note eg. (3) depends only on data from complete cases. Then ﬁo is not
fully efficient. To increase efficiency, we can add to the estimating equation augmentation
terms. These terms depend on data from both complete and incomplete cases.

From the definition of rj(W;, Vi, 1), it is clear that an augmentation term A;j(¢) that takes the
form (I(R; = 1) (Wi, Vi, 1)1 - 1)9(W;) has mean zero, where ¢(W;) is an m-dimensional
vector of arbitrary functions of the always observed variables W;. Let D;(B, ¢) be

I(R;=1) .
(W, Vi 1) M (W, ViiB) —Ai(#), Then Di(B, 9) is mean zero at B~ and the solution By

Di ’ =0 - - . * . ..
to ; B,¢) is a consistent estimator of B~ under regularity conditions.2! Moreover,
the asymptotic variance of ﬁq, equals "1 var[D;(B", ¢)JT"1 T where
OM (W, V;;3)

8T l6=6" | This implies that the choice of ¢ affects the efficiency of B,
only through the term var[D;(B, ¢)]. By simple algebra, one can easily show that

I'=F

D, (8,9) MW, Vi) + (b 1) (M (W, Vi) )

T (W3, V1
and

var [ (8. )] =var [M (W, Vi) +var [ (e 1) (MW Vi) )

T (Wi, V;, 1

as the two terms in the above representation of D;(, ¢) are uncorrelated. We want to select
¢ so that var[Di(B, ¢)] < var[Di(B, ¢ = 0)] for any M (W;, V;j; B). Since the first term in
var[D;i(B, ¢)] does not depend on ¢, we need to select ¢ such that var[(I(R; = 1) (W, V;,
- MW, Vi; B) - Ailei)] < var[(I(R; = 1) mi(W;, Vi, )7 - HIM(W;, Vi; B)]. The
inequality above is satisfied when Aj(g) = (I(R; = 1) (Wi, Vi, 1)1 - 1)p(W;) is the
projection of (I(R; = 1) 7zi(W;, Vi, 1)1 - 1)M(W;, V;; B) onto a subspace Agyy of Aq =
{(I(R; = 1) mi(W;, Vi, 1)™1 = 1)h(W;) : h € Ly(f(W))}, as the norm of the residual from a
projection is smaller than or equal to the norm of the original vector. For a given M (W, Vj;
B), the most efficient augmentation term, gef, iS Obtained by projecting [I(R; = 1) (W, V;,
)71 - 1]M(W;, V;; B) onto the entire space A1. With uniform missing patterns, when MAR
holds, ¢etf equals E[M | R = 1, W]. For example, in our motivating example 1, M =Y - g8
and thus gefr = E[Y | R = 1, W] - . See references for technical details.5:19-30

So far we have assumed that j(Wj, Vi, 1) is known, i.e., missingness by design, which
occurs infrequently in medical applications. Therefore, we need to estimate r;(W;, Vi, 1)
using the observed data. We next discuss strategies to obtain estimated missing probabilities
i(W;, Vi, 1) under MAR and MNAR mechanisms respectively.

Stat Methods Med Res. Author manuscript; available in PMC 2014 April 24.
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Under MAR, by eq. (1), mi(W;, Vi, 0) depends on Wj only since V q) j is an empty set. Thus
(Wi, Vi, 1) also depends only on W;j since mj(Wj, Vi, 1) = 1 - m;(W;, Vi, 0). In other
words, forr € {1,0}, P(Rj =r | W;, Vi) = P(R; =r | W;j). Since (R;, W;j) is observed for
each subject i, then the estimated conditional missing probability 7zj(W;, r) can be obtained
by regressing the missing indicator R; on the always observed covariates W; via either a
parametric regression model (e.g., logistic regression) or nonparametric, data-adaptive
algorithms (e.g., tree-based methods).31-35

In many studies that obtain data from electronic medical databases, the number of covariates
that need to be adjusted for to make the MAR assumption plausible is quite large.36 Then it
will be difficult to impose a correct parametric model for P(R; = 1 | W;) due to the curse of
dimensionality. A misspecified parametric model may result in significantly biased results.
Data-adaptive, tree-based methods provide promising alternatives.32:33:35 They are designed
to minimize the mean squared prediction error, no matter how many covariates need to be
adjusted for. The methods are easy to implement with minimum analyst input. Trees have
many advantages including being robust to outliers, insensitive to covariate transformation,
and the ability to capture complex interactions and highly correlated variables. See Hastie,
Tibshrani, and Friedman3® and Therneau & Atkinsoon3” for a comprehensive review of the
method and software programs.

After {ii(Wi,l), i =1,...,n} are obtained, the IPW estimator [30 is obtained by solving eq.

(3), with ii(Wi,l) substituted for rj(W;,1). To obtain the efficient augmented IPW
estimators ﬁq,eﬁ, additional modeling and estimation are needed since ¢ef depends on the
unknown outcome regression function E[M | R =1, W]. Inexample 1, gess = E[Y | R = 1,
W] - B. We use the complete cases to estimate E[Y | R = 1, W]. As before, we can use either
a parametric working model E[Y | R = 1, W; £] or data-adaptive, tree-based regression
techniques. After all the unknown functions and parameters are estimated, the augmented
estimator f’)%ﬁ is obtained by solving the augmented estimating equation

;Di (ﬂ’%i’ ('Aoeﬁ) =0 11 this example 1,

m%; G (Fwy ) Boim=Lwi ).

It is worth noting that ,é%ﬁ is doubly robust (DR) in the sense that it is consistent for B” i
either the working model for the missing data process =(W;, 1) or the working model for the
outcome regression function E[Y | R = 1, W] is correctly specified, but not necessarily
both.38 This nice property offers analysts two chances of making correct inference.
Furthermore, the specified working models are practically certain to be incorrect especially
in the presence of high-dimensional covariates. But as long as at least one model is nearly
correct, the bias of ,é‘,,eff will be small by theory and simulation results.38 The variance
estimates of S, can be obtained using either the asymptotic theory and delta methods or
bootstrap re-sampling approaches.

Stat Methods Med Res. Author manuscript; available in PMC 2014 April 24.
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The MAR assumption cannot be empirically tested using observed data except under limited
scenarios.39 Subject matter expertise is usually required to judge its plausibility. When MAR
does not appear to be reasonable, then additional assumptions on the missing data process
need to be imposed to make the parameters of interest identifiable. Since these additional
assumptions are not verifiable under a nonparametric full data model for (W, V), a
sensitivity analysis is recommended. There are different ways of conducting a sensitivity
analysis for MNAR (i.e., nonignorable) data. We focus on the selection bias function
approach for IPW estimators.27-30 This approach decomposes the nonignorable missing data
process in a natural and straightforward manner, and thus makes it relatively easy to impose
sensitivity assumptions using background information and substance knowledge.

Under MNAR, rj(W;, Vi, 0) depends on both W; and V;. The selection bias function
approach uses a user-specified function to quantify the residual association between the
missingness probability and the possibly unobserved components of V conditioning on
observed data. Specifically, we assume that

7 (Wi, Vi,0) P (R;=0{W;,V;)
™ (Wi, Vi, 1) P (R;=1|W;,V;) @ (1 (Wo) 4 (W V)

where h(W;) is an unrestricted function of Wj and q(Wi;, V;) is the selection bias function. In
other words, the “odds” of having missing data depends on the possibly unobserved
components Vj through the selection bias function q(W;, V). Note that q(W;, V;) needs to
be specified by investigators, e.g., q(W;, V;: ¢) = cTV; where c is a given constant vector.
When the model for the full data is nonparametric, the functional form chosen for q(W;, V;)
and the value of the parameter c are not empirically testable. In this paper, we do not dwell
on the choice of the selection bias function q(Wj, V;) as it depends heavily on the study
setting and existing substance knowledge about the missing mechanism. 27:30

Assuming eq. (4) holds and q(W;, V;) has been specified, we still need to estimate h(W;) to
obtain an estimated missing probability ii(Wi, V;, 1). To do so, we usually impose a
parametric working model h(Wj; a) indexed by a unknown parameter a, e.g., h(Wj; a) =
aWi;. If W is categorical and the sample size is large, then we can use a saturated model to
avoid model misspecification. The parameter estimate a is obtained by solving the unbiased
estimating equation

~ ~ I(R;=1

where 7j(W;, Vi, 1; a, q) = [1 + exp{h(W;; a) + q(W;, Vi)}]"1 and y is a vector of selected
functions of W; (e.g., y(W;) = W;). Note that the dimension of y needs to be equal to the
dimension of a.. Under regularity conditions, the corresponding a is consistent for the true
value a” as long as the parametric working model is correct and eq. (4) holds. However, the
variance of a depends on .

Stat Methods Med Res. Author manuscript; available in PMC 2014 April 24.
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As with MAR settings, the IPW estimator ﬁo can be obtained as the solution to eg. (3) using
the estimated missing probability mzj(W;, Vi, 1) = mi(W;, Vi, 1; a, q). See references?”:28:40
for details on doubly-robust estimators and other, more efficient augmented estimators.

5. Monotone missing pattern

We now introduce the weighting approach for monotone missing patterns. Without loss of
generality, we assume Rg; = Ry for any 1 < s <t < q. Equivalently, for each subject i, if the
sth element Vs j is missing, then all subsequent elements {V¢ j: t > s} are missing.

We first focus on example 2 and then present general results. Specially, we consider the
setting in which W; contains the treatment indicator and a vector of baseline covariates that
are recorded for each subject (e.g., age, sex, comorbidity conditions); while V; = (Vy , YT
denotes the BP measured at baseline and at 12 months. We make the data “monotone” by
ignoring Y = V; on subjects missing V1 (Ry; = 0 if Ry j = 0). We will estimate the
coefficients B in the outcome regression model

E [Y‘W> ‘/i;ﬁ] =b (Wa ‘/1§/3) = (WTa ‘/1) B with M (Wa V,ﬂ) = [Y_b (W? ‘/17:3)] ( “y > :

Monotone missing data can be analyzed by applying the weighting approach for a uniform
missing pattern in a nested fashion; that is, a monotone missing pattern can be decomposed
into multiple uniform missing data models. For example, in example 2, since we have two

missing components, we derive our estimators in two steps. In the first step, we derive

T
estimators under an artificial missing data model in which the full data is Li:(Wva VZT)

but the observed data is Of=<WiT7 Ry, R1iVig, Rl,iYi)T. That is, both Vy j and Y; are
observed whenever the missing indicator Ry j is 1. In the second step, we consider a second
artificial missing data model with Q¢ now the full data and O; = Wj, Ry j, Ro,i, R1,iV1,i, Ro,iYi
the observed data. Our final estimator will only depend on the actual data {O;, i =1,...,n}.

Specifically, let El,i = elli(Wi, Vl,i: Y) = P(Rl,i =1 | W;, Vl,i’ Yi) and E2,i = ezyi(Wi, Vl,iv Yi)
=P(R2i=1|Ryj=1, Wj, V1, Yi). Then, under monotone missingness, r; (W;,Vq,Y,1)=
P(R; =1| W;,V1;,Yj)= Eq;i Egj, i (W;,V1,i,Y,(1,0)T)= P(R; = (1,0)T | W;,Vq,Yj)=
E1i(1-Ey;) and m; (W;,Vy;,Y,0)= P(R;j = 0| W;,Vy;,Y;)=1-Ey ;. As above, suppose eg j and
eo,j are known functions. Later we relax this assumption.

The first step of our estimation procedure is to apply the IPW approach to the first artificial
missing data model. In Section 4, we obtain a first-stage class of estimators {ﬁq,l: 1} by

Zf)i (B,p1)=0

£ where
1=1

solving the estimating equation
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~ Ry Ry
D; (8,1) ZE?.M (W3, V1,,Y558) — <ﬁ—

1) 1 (W5).

Here ¢ is a vector of selected functions of the observed components W;. However, the first
term in D; (B,¢1)depends on the outcome Y; which might still be missing in the actual data
even if Ry ; =1. To obtain unbiased estimating equations that depend only on the observed
data Oj, in the second stage of our estimation procedure, we apply the IPW approach to the
second artificial missingness model, where Q¢ is now the full data and Oj is the observed
data. Note that in this artificial missingness model, the missing indicator does not equal Ry ;.
Rather, the missing indicator equals one when the “full” data and the observed data are the

same. Since O,=0¢ if Ryj =0 or Ry j = Ry =1, we define a new missing indicator

Ri=(1-Riy ;) +Rs;

with E; = P (Ri=1|03> = (1—Ru,) +R1,:E2. Thus, our second-stage IPW estimators

D; (B,1,02) =

A . L . 0
{B(p1¢2): ®1.92)} are solutions to the estimating equation ; where

D; (B, 1, pa) =D (B,1) — (=1) 5 (Wi, Ryiy RiiVi,0)
R; R Ry
— BN (Wi, Vi, Vi) — 2 (1) 00 (W) — (1) i (Wi, R FaYh,)-

RiRi; RiiRyi R Ry g B
By definition, £~ E1 T E Ez andf_(1 L)+ UE Thus (Ri B 1-1)ga(W;,

Rujis ReiVe)= Reji (Ra, Ei1-1) g2 (Wi, Ry =1,Vy ). For5|mpI|C|ty, we denote @, (Wj,
R1i =1,V ;) as ¢z (W;,Vy j). After some algebra, one has

D; (B, %1, %2)
_ Ry;Ry;

= = M(W..V;..Y::
El,iaE2i ( 1y V1,4 uﬂ)

Under regularity conditions, it can be proved that ﬁ(‘Plv‘PZ) is a CAN estimator of B*.2! Let

05 (W;) = ¢ (Wy)and o (Wi, Vi) = o (W, Vi) mat (1—-71,) r (W) We can
rewrite Dj (B,¢1, ¢2) as
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Rlz 2,1
E11E21

Ry; [ Ro; Ry,
——M(W;,V1,,Y;;8) — El’ (Ei—1> w5 (Wi, Vi) + <Ei—l> wS (W,).
1,i 2,i 1

To maximize efficiency under MAR, we select o5 (W, V4 ;) to be E[M (W;,Vy;,Yi;B)| Ri=1,
Wi, Vil and o (W;)to be E [p5 (W, 14 ;) |R1,=1, W,]. See Robins, Rotnitzky, and
others for further discussions of efficiency.56:20-22,24,25,40

Next we consider how to estimate E; j and E; j under MAR and MNAR mechanisms
respectively.

If MAR holds, then for r = (ry, r2)T € {1,0,(1,0)"},

T (Wi, Vi, Y, r) =P (Ri=r|W;, V1;,Y;) =P (R;=r|W;,r V} ;,mY;).

Thus Eq j =1-P(R; = 0| W;)= P(Ry; =1| W) is a function of W; only, whereas

EQZ_P (R2 1—1|R1 =1, Wza‘luy)
=]1— P R21—0‘R1,—1 Wn‘l'w )
=1-P (Ri=(1,0)"|W;, Vi) By}

depends on (W;,Vy ;). Thatis, Epj = P(Ry, =1| Ry j =1, W;,Vq j). Therefore, Eg ; can be
estimated using the observed data {(Ry j, Wj): i =1,...,n} by regressing Ry j on W; using
either a parametric working model or data-adaptive nonparametric techniques. Similarly,
E; i can be estimated using the observed data {(Ry i, W;,V1j): i € {1,...,n} and Ry ; =1} by
regressing Ry j on (W;,Vq j) among those with Ry j =1.

When the missing data process depends on possibly unobserved data and the full data model
is nonparametric, we must impose additional assumptions to make the parameters of interest
identifiable. We extend the sensitivity analysis approach for the uniform missing pattern and
assume that

1B, P(RL=0W,Vi..Y;
B, 1 PERi 1—1}W,,\ - yg—exp (hl (W> +q1 (Wi» Vl,ia Yz))

1—Bay  P(Rou=0|Ri =1 W Vi oY)
s = PR AR =L W ) =P (B2 (Wi, Vi) a2 (W3, Vi, 7).

Here g; (W;j,V1;,Y;) and gz (W;,V1,;,Yj) are investigator-specified selection bias functions.
To estimate hy (W;) and hy (W;,Vq j), we impose parametric working models h; (Wj;a) and
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hy (W, V1 j;a), and obtain the estimated parameter a by solving the unbiased estimating

ZAi("/J):O

equation = where

I(R;=1)

re{o,(1,0)T}
Here

R El,i:El,i (@, q1) =[1+exp {hy (W;;@) +q1 (W, V) 7!
Ey;=FEs; (@,q2) =[1+exp {hy (Wi, V1 58) +¢2 (W;, Vi) } 7,

mi(Wi, ViLia, a1, 62)= Eqj Eoj, mi(Wi, Vi,(1,0)T;a, g1, d2)= Ex,i(1-E2;), and i (W, Vi,
Oa, qq, 02)=1-E 1,;- Moreover, y, (Wi,r(Vl,i,Yi)T) is a vector of functions of the variables
that are observed when Rj =r.

monotone results

The results we introduced above for example 2 can be extended to multiple-occasion
monotone missing data models. In such models, V;j consists q = 2 elements and R; indicates
the corresponding vector of missing indicators. If the s th component (1<s<q) Vs is
missing (Rs ; = 0), all subsequent components of V; are missing (R = 0 for any s < t <q).

T
Letrs = (13;97 05T> indicate a g-dimensional vector with the first g — s elements being 1
and the remaining s elements being 0 (i.e., the first q — s elements of V; are observed while
the remaining s elements are missing). The class of IPW estimators [3 is constructed based

n

D; (8,01,
on the estimating equations ; (ﬂ #1 <pq) where

I (R=1) -
—mM (Wzavuﬂ)

. I'(R;=1)
+> :{I(&:rs)—w_ WV " (Wi,vi,rs)}% (Wi, Vi)
=1 P iy Vi

where ¢s (Wi,V r,)i) is a vector of selected functions of the variables Wj and (Vy j,
...,Vq_s,i)T, which are observed when R; =rs. Forany 1 <s<uq, let Egj = P(Rsj=1|Rs-1,i =1,
W;, V;) denote subject i’s conditional probability of observing the sth element Vg ; given the
full data (W;,V;) and the event that all previous elements (V4 j,...,Vs-1 j) are observed. Due

q—s
i (Wi, Vi) :HEtyi (1-Ey_sq1,)
=1 '

.. T,
to monotone missingness,
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Under MAR, Eg ; depends on (W;,Vyj,...,Vs-1j) only, i.e., P(Rsi=1|Rs-1 =1,

W;,Vi)=P(Rs i=1|Rs-1 ; =1, W,V j,...,Vs-1j). Then Eg; can be estimated from the observed
data {Rs i, Wi,V1,...,Vs-1,i: 1 =1,...,n and Rg—1 j =1} by regressing Rsj on (W;,Vqj,...,Vs-1)
among those with Rg_1 j =1.

The estimation of the missing data process under MNAR is much more complicated. As
before, selection bias functions need to be specified for the “odds” of having missing data.
Specifically, forany 1 <s <q,

1-F,;__ P(Rs,i=0|Rs_1,:=1,W;,V;)
Esi ~— P(Rsi=1|R«_1,;=1,W;,V;)
=exp (hs (Wi, Vi, ..., Vi1, @) +¢, (W3, V3))

q—s q—s
m (Wi, Visrgia) = | B X (1—FEg_st14 m (Wi, Vi rga) =1 | By
Then, ( ) t—l_ll i x (1=Eq +1’)and ( ) t:Hl Y The

n

. ~ L . A;(Y,a)=
estimated a solves the estimating equation ; i) where

z I(Ri=1
;.0 =3 {1 (Rimr,) et (W Virie) b, (Wi Vi),

s=1

and ys(Wj,Vy ..., Vg-s,i) is a vector of functions of (W;,Vy,...,Vg-s,i)-

6. Non-monotone missing pattern

In non-monotone missing data models, the g-dimensional vector of missing indicators R;
can take 29 possible values as each element can be either 0 or 1. For example, when q = 2,
Ri=r € {(0,007,(0,1),(1,0)7,(1,1)T }. In such models, the estimation of the missing data
process is substantially more challenging.

The estimation of the parameter of interest f when the missing probabilities {7; (W;, V;,r):
r} are known is similar to the estimation in monotone missing data models. Specifically, the

n

> Di(B.{e:})

— where
=1

IPW estimator [§ is obtained by solving the estimating equation

I(Rizl)
m; (W;, Vy, 1)

I(R;=1)

D: (6, (e }) = MW, Vi) 3 {1 (=) - s

r#l

7 (Wi, Vi, I‘)} Pr (Wi> V(r),i) )

and ¢r (Wi, V),i) is a selected m x 1 vector of functions of the observed components (Wj,
V(r),i) When R; =r. Unlike in Section 5.3, r is no longer restricted to

{(15,S,OST>T:1 <s< q}_
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In most applications, r; (Wj, Vi, r) is unknown and must be estimated from the observed
data. Robins and colleagues proposed the randomized monotone missingness (RMM)
processes*! to analyze non-monotone ignorable missing data, and the selection bias
permutation missingness (PM) models#243 to analyze non-monotone nonignorable missing
data. These approaches are sometimes plausible. However, they are quite complex and
computationally intensive. There currently exists no user-friendly software program to
facilitate their implementation. These limitations likely contribute to lack of wide adoption.
Through introducing the heuristic ideas behind these approaches, we hope to encourage
researchers to develop user-friendly software tools for these methods.

We use two motivating examples for MAR and MNAR mechanisms respectively; PM
models are best explained in the context of a longitudinal study. In contrast, RMM models
do not apply to longitudinal data. Both examples share common notation. The full data is
denoted by L = {(W;T, Vo, V2, V3)T,i =1, ..., n}, and the observed data is denoted by
{Oi = (Wi, Ry i, Rajis R3jiy R1iV1,is Ro,iVo,i R3iV3)T, 1= 1, ..., n} where R = (Ry,j, Raj,
R3’i)T is the vector of missing indicators. The parameter of interest B* is the unique solution
to EIM(W, V; B")] =0

We consider example 3. Under MAR, for any r = (rq, rp, r3)7,

7 (Wi, Vi, 1) =P (Ri=r|W;, V;) =P (Ri=r|W, 1 V1 3,72V, 73V3,) .

If (W;, V;) is discrete with few levels, the estimated missing probabilities rz; (W, V;, r) can
be obtained as the empirical proportions within each covariate level. In practice, we need to
impose parametric working models for r; (W;, Vi, r) to reduce dimension and borrow
information across different covariate levels. To simultaneously satisfy the restrictions

imposed by MAR, the inequalities 0 < r; (r) < 1, and the equality ;m () :1, it will be
difficult, if not impossible, to directly model {r; (W;, Vi, r): r}.

Robins & Gill 1 proposed an algorithm to estimate 7z; (W;, Vj, r) under a sub-model of

MAR maodels, which they referred to as a RMM model. This model is assumed to be

generated as follows. For each subject i, Wj is observed. Then one of the three elements of

Vi, Vs, 1 < s < 3 is observed with probability ps = ps (W;), or one quits without observing
3

any element of V; with probability qzl_;ps. If, for example, V1 j is observed, then in a
second step, we observe V5 ; with a conditional probability p1o (Vq j), or observe V3 ; with a
conditional probability pi3 (V1 ), or quit with probability 1 — p12 (V1 ;) — p13 (V1,i). Note
that the conditional probabilities p1» (V1 ;) and p13 (V1 ;) depend both on W; and the value of
Vi observed at the first step. For simplicity, we suppress the dependence on W; when no
ambiguity arises. Suppose V, j is observed at the second step, then in the third step, we
observe the third component V3 ; with a conditional probability p123 (V1j, V2,i) or quit with
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probability 1 — p123 (V1i, V2,i). The following figure is similar to Figure 1 in Robins &
Gill*! to help understanding.

An RMM process satisfies MAR. For example, the overall probability of observing (Vq ;,
Vo), mi (r = (1,1,0)7), equals py p12 (V1,)(1 = P12 (Vi Vo,i)) + P2 P21 (V2,)(L = Pa13 (Va,i
V1,7)), since we either observe V1 ; at the first step and then V5 ; at the second step and then
quit without observing V3 ;, or observe Vs ; at the first step and then V4 ; at the second step
and then quit without observing V3 ;. This overall probability depends on (W, Vy;, V2,i)
which are observed when R; = (1,1,0)". It can be shown that the probabilities sum to 1.

Gill & Robins** showed that there do exist ignorable (i.e., MAR) missing data processes
that are not RMM. However, such processes are often unrealistic “due to the subtle and
precise manner in which the data must be ‘hidden’ to insure that the process is MAR”.

The estimation of r; (W;, Vi, r) is non-trivial for RMM processes. To reduce the dimension,
the authors considered Markov RMM processes in which the conditional probabilities do not
depend on the order in which the variables were observed. For example, p123 (V1, V2i) =

p213 (V1i, V2,i) and will be denoted as p1? (Va4, Va;). Parametric working models are
imposed for these conditional probabilities. For example, for any k € {1,2,3}, we model the
first-step probabilities with a multinomial logistic regression model

3
PE=pPk/ <1+Zpk> where pp=py (W;) =exp ['YO,k'f"Y’ikWi} :
k=1

The second step probabilities are modeled by

Pkl (Vvk’i) =Pkl (‘fk’i)/ 1+lz;€pkl (‘/k,i)) for l * k, where
*

Pt (Vi,i) =exp 70,kl+7{klwi+72,kl‘/}<z,i] .
Finally, the third step probabilities are modeled by,
logit [pil’z’s}\k (V(—k),i)] =C0,k+C{,kWi+C2T,kV(—k),iy ke {1,2,3},

where V)  indicates the two elements other than Vi (e.9., V(-1),i = (V2,i, V3,i)T). When
appropriate, we can further decrease the dimension of the parameter space by assuming, for

example, (Yo ’Y1T,k) does not depend on k.

The maximum likelihood estimates (MLESs) of the unknown parameters cannot be directly
obtained as the order in which variables were observed is missing. For example, there are
two paths in the figure above by which V4 j and V, ; could be observed: V1 j - V3 j — quit, or
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Vyi = V1, — quit. The authors suggest treating the path information as missing and to obtain
the MLE with the Expectation-Maximization (EM) algorithm. See 41 for details.

For non-monotone nonignorable missing data processes, Robins et al.#3 propose selection
bias PM models. Consider our motivating example 4, a longitudinal study with three BP
measurements. In longitudinal studies, the PM order is the reverse of the temporal order.
Under a PM model, we assume that the conditional probability of observing Vs ; at the sth
visit depends (i) on the observed components from previous visits (i.e., Ls; = (Wi, Ryj, ...
Rs-1.i» R1iV1is -+ Rs-1,iVs-1,i)) but not on the unobserved components of (Vq j, ..., Vs-1.i);
(ii) on the value of Vs ; through a specified selection bias function; and (iii) on both observed
and unobserved components in future visits ((Vs+1,j, ---, Vq,i)). In our motivating example 4,
we consider a simplified PM model in which the conditional probability of observing Vs ;
does not depend on any future data. Thus,

3
m (Wi, Vi, 1) =P (R;=r|W;,V;) is HlEs,i (rs), where
S=
E,;(rs) = P(Rs=rs|Ry;=r1,...,Re1;=rs_1, W;, V;) satisfies ()
Esi(1)=P (Rs;=1|Ry, ..., Re_14, R1iVigy. .o, Re_1,iVs 14, Vi)
=explt {hs (LS,L) +qs (‘/s,n Ls,z)}

Here g5 (Vs j, L) is an investigator specified selection bias function and hg(L ;) is an
unrestricted function to be estimated. By eq. (6), the conditional probability Eg ; (rs) depends
on the possibly unobserved value of Vg ; through g (Vs j, Ls ).

In most applications, we impose parametric working models hs (Ls j; &) for hs (L ;) to
overcome the curse of dimensionality. The parameter & can be estimated by solving

- Rs,i _
Z {expit [hs (Lsi305) +qs (Lsis Vsi)] —1} e (Wi)=0 (7

i=1

where ¢5 (W;) is a vector of selected known functions of W; and has the same dimension as
8. See Vansteelandt et al.30 for an extension of this approach to estimate the mean vector of
repeated outcomes in a nonignorable, non-monotone missing data model.

Although a subject’s decision to miss the sth visit cannot directly depend on future data. But
R, the indicator variable indicating whether Vg was observed, might be statistically
associated with future data, when some factors that affect the decision are not recorded in
(Ls, Vs) but are associated with (Vs4y, ..., Vg). See Robins, Rotnitzky, and Scharfstein?3 for
further discussions.

7. Discussion

We have introduced the IPW approaches in a wide range of settings with different missing
data patterns and mechanisms. These weighting approaches share the same basic idea.
However, different strategies are needed to estimate the missing probabilities depending on
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the missing data pattern and mechanism. Our goal in this review paper was to provide a
conceptual overview of existing weighting approaches.

Our review began with a simple uniform missing data model; for each subject i, either the
entire vector V; is observed or it is completely missing. We then discussed monotone
missing data patterns. We show these models can be decomposed into multiple “artificial”
uniform missing data models and estimators are obtained by applying weighting approaches
for uniform missing data models in a nested fashion. In Section 6, we discussed non-
monotone missing patterns and notice the estimation of the missingness probabilities is
substantially more challenging and complex. We then introduced the RMM processes for
non-monotone MAR data and the selection bias PM approach for non-monotone MNAR
data. User-friendly software programs need to be developed to make these methods useful
for practice.

We considered both MAR and MNAR mechanisms. IPW estimators for MNAR are natural
extensions of IPW estimators for MAR in which selection bias functions quantify the
residual association of the missing probabilities and unobserved data conditional on
observed data. The MAR assumption cannot be empirically tested when the model of the
full data is nonparametric. Subject matter expertise and prior information are typically
required to judge its plausibility. In uniform and monotone missing patterns, MAR
sometimes is reasonable if data on a large set of variables are collected. The MAR
assumption is less likely to hold with non-monotone missingness.3% Unless strong prior
information is available, we recommend analysts consider the possibility that the
missingness mechanism is nonignorable and conduct a sensitivity analysis.
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Figurel.
Missing data process in a RMM process
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