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Abstract This paper is pertained with the synchroniza-
tion problem for an array of coupled discrete-time complex
networks with the presence of both time-varying delays
and parameter uncertainties. The time-varying delays are
considered both in the network couplings and dynamical
nodes. By constructing suitable Lyapunov—Krasovskii
functional and utilizing convex reciprocal lemma, new
synchronization criteria for the complex networks are
established in terms of linear matrix inequalities. Delay-
partitioning technique is employed to incur less conserva-
tive results. All the results presented here not only depend
upon lower and upper bounds of the time-delay, but also
the number of delay partitions. Numerical simulations are
rendered to exemplify the effectiveness and applicability of
the proposed results.

Keywords Discrete-time - Complex dynamical
networks - Synchronization - Lyapunov—Krasovskii
functional (LKF) - Linear matrix inequality (LMI)

Introduction

Complex networks are composed of a large number of
highly interconnected dynamical units and therefore exhi-
bit very complicate dynamics. Undoubtedly, many systems
in nature can be described by models of complex networks,
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which are structures consisting of nodes connected by
links. Examples of complex networks include Internet, a
network of routes and domains; World Wide Web, a net-
work of websites; Brain, a network of neurons; Social
networks, a network of people; Global economy, a network
of national economies, which are themselves networks of
markets; and markets are themselves networks of inter-
acting producers and consumers; electrical power grids and
so on (Wang and Chen 2003; Strogatz 2001; Albert et al.
1999). Since most of the practical systems can be modeled
by complex dynamical networks, it has drawn much
research attention from various fields. In particular, one of
the interesting phenomena in complex networks is the
synchronization, which is an important research area with
rapidly increasing results (Gao et al. 2006; Wang et al.
2008; Balasubramaniam et al. 2011).

In complex dynamical networks, synchronization of all
its dynamical nodes is an important one. Network syn-
chronization phenomena has been found in different forms
both in nature and in man-made systems, such as fireflies in
the forest, applause, description of hearts, distributed
computing systems, routing messages in the internet, etc. In
recent years, many researchers develop various efficient
synchronization techniques for complex networks, and
many profound results are established (Li and Chen 2004;
Cao et al. 2006; Delellis et al. 2009).

The characteristic of time-delayed coupling is very
common in biological and physical systems, etc, see (Marti
and Masoller 2003; Atay et al. 2004; Boccaletti et al. 2006;
Wau et al. 2012; Balasubramaniam and Jarina Banu 2013),
some of time-delays are trivial so which can be ignored,
while some others cannot be ignored. Time-delays occur in
complex networks because of the network traffic conges-
tions as well as the finite speed of signal transmission over
the links. And it should be pointed out that time-varying
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delays are more general than the constant ones which are
usual in general complex dynamical network.

One significant recent discovery in the field of complex
networks is the observation that a number of large-scale
and complex networks are scale-free, that is, their con-
nectivity distributions have the power-law form (Barabasi
et al. 1999a, b). A scale-free network is inhomogeneous in
nature. Most nodes have very few connections and only a
small number of nodes have many connections. This
inhomogeneous feature makes a scale-free network error
tolerant but vulnerable to attacks. More precisely, the
connectivity of such networks is highly robust. A scale-free
network does not have a fixed size but can grow with time.
The scale-free networks belongs to the family of networks
known as “small-world” networks. The presence of scale-
free emerging properties in many real-world networks
provides initial evidence that the self-organizing (syn-
chronization) phenomena do not only depend on the
characteristics of individual systems, but are general laws
of evolving networks.

Recently, synchronization behavior of delayed complex
networks have been widely studied. For example, a
framework for synchronization of linearly coupled net-
works of both continuous-time and discrete-time have been
investigated in (Gao et al. 2006; Yue and Li 2010; Zhang
et al. 2010), whereas the similar topic was also discussed
by Lu and Chen (2004); Lu and Ho (2010) without
assuming that the coupled configuration matrix is sym-
metric and irreducible. Wang et al. (2012) investigated the
stabilization and synchronization of dynamical networks
with different nodes by using decentralized control. The
problem of synchronization for an array of coupled sto-
chastic discrete-time neural networks with discrete and
distributed time-varying delays have been studied by Wang
and Song (2011). Also Yue and Li (2010) have derived the
synchronization stability criterion for complex dynamical
networks with interval time-varying delays based on a
piecewise analysis method and the convexity of matrix
inequalities. Fei et al. (2009) revisited the synchronization
stability problem for discrete complex dynamical networks
with time-varying delay and constructed a new Lyapunov
functional by dividing the time-varying delay into a con-
stant part and a variant part. Moreover, the synchronization
and state estimation problems for discrete-time complex
network by utilizing a time-varying real-valued function
and the Kronecker product are investigated by Shen et al.
(2011) and the authors provided a novel concept of boun-
ded H,, synchronization. Synchronization problems have
been intensively studied for delayed complex networks
with stochastic perturbation (Yu and Cao 2007; Liang et al.
2008a). Recently, some interesting results are reported in
the field of synchronization stability. Yang et al. (2013)
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concerned with input-to-state stability problems for a class
of recurrent neural networks model with multiple time-
varying delays. Mahdavi and Kurths (2013) studied the
synchronization of dynamical neural networks with a
neuron of logistic map type and self-coupling connections
by utilizing the idea of structured inverse eigen value
problem. The oscillations and synchronization problem of
two different network connectivity patterns based on Iz-
hikevich model has been investigated by Qu et al. (2013).

Most of the existing results have been concerned with
the synchronization problem for continuous-time and
deterministic complex networks with or without delays,
little progress has been made towards discrete-time com-
plex dynamical networks for details, see (Tang et al. 2010;
Park et al. 2009; Cheng and Cao 2011), but discrete-time
networks could be more suitable to model digitally trans-
mitted signals in a dynamical way, which have already
been applied in a wide range of areas, such as image
processing, time series analysis, quadratic optimization
problem and system identification. In reality, however, the
existence of parameter uncertainties is ubiquitous in a
discrete-time fashion. The connection weights of the nodes
of complex networks depend on certain resistance and
capacitance values that include uncertainties or modeling
errors. Motivated by the above discussions, in this paper,
we study the synchronization problem for a class of dis-
crete-time complex networks with time-varying delays and
parameter uncertainties by constructing new set of
Lyapunov functions and employing “delay-partitioning”
approach. Therefore, one of the main aims is to reduce the
possible conservatism induced by the Lyapunov functional.

The main contributions of this paper can be highlighted
as follows: (1) Synchronization criteria for discrete-time
complex networks with time-varying delay and parameter
uncertainties are developed in terms of LMIs. (2) Delay
partitioning approach and reciprocal convex lemma are
utilized to reduce possible conservatism. (3) To illustrate
the applicability of the proposed results, synchronization of
BA scale-free networks and chaotic synchronization of
Lorenz system are discussed.

An outline of this paper is as follows. In Sect. 2, the
dynamics of complex networks in a discrete-time domain is
introduced and some necessary preliminaries are given. In
Sect. 3, we establish some synchronization criteria for the
discrete-time complex networks by constructing a set of
Lyapunov functions. Robust synchronization of uncertain
complex dynamical networks are derived in terms of LMIs
in Sect. 4. In Sect. 5, some numerical simulations are given
to illustrate the theoretical ensues. Concluding remarks are
finally stated in Sect. 6.

Notations: Throughout this paper, R" and R"*" denote
the n-dimensional Euclidean space and the set of all
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n x n real matrices respectively. The superscript 7 and
(—1) denote the matrix transposition and matrix inverse
respectively. Matrices, if they are not explicitly stated, are
assumed to have compatible dimensions. / is an identity
matrix with appropriate dimension. The notation * always
denotes the symmetric block in one symmetric matrix. N
denotes the set of all positive integers.

Problem description and preliminaries

Consider the discrete-time complex networks (DCN) with
time-varying delays

xi(k+1) = Axi(k) + Agxi(k — ©(k ))+Bf(x,-( )
+ Cg(x;i(k +Zw1l]1"1x]
N
+> wylaxi(k—t(k)), i=1,2,.. ,N.keN
=1
(1)
where x;(k) = (x;1(k),xi2(k),...,xin(k)) €R" is the state

vector of the ith node at time k and n denotes the number of
nodes in each subsystem. A, A;, B, and C are known real
matrices. f(x;(k)) = (fi (xi1 (k)), f2(xi2(K)), - ., fu(xin (K))) €
R" and g(xi(k—(k)))= (g1 (xn (k—(k))), g2 (o (k— 2(K))),
oy &n(xin(k—7(k)))) €R" are nonlinear vector-valued func-
tions satisfying certain conditions to be given later.
The term 7t(k) describes the time-varying delay that
satisfies

0<t, <t(k)<ty (2)

where 7, and 1), are known positive integers representing
the minimum and maximum delays. 'y = (y,;) € R"™*"
and Ty = (y,;) € R™" are the inner-coupling matrices. If
some pairs (i, j), 1 <i,j <n with y; # 0, means that
two coupled nodes are linked through their ith and jth
state variables. Wi = (wyj)n x v and Wr = (Wodnv x »
represent the outer-coupling matrices of the networks
in which wg (s=12) is defined as follows: if
there exists a connection between node i and node
j G # i), then wy; = wy; = 1, otherwise wy; = wy; = 0
(j # i) and the diagonal elements of the matrices wy;; are
defined by,

N
E WS,'J':—

=L

Z Wsji- (3)

=i

Wsii = —

Suppose that the network (1) is connected in the sense that
there are no isolated clusters, that is W, and W, are
irreducible matrices. For the purpose of simplicity, we
introduce the following notations

x(k) = [ (k), o (k). - oy (K],

F(x(k)) = [f" (x1(k)), fT(Xz(k))» ST G ()],

Gx(k — (k) = [g" (x1(k — 1(k))), &" (ralk — 7(K))); -,
g" (an(k = 2(k)))]".

By utilizing the Kronecker product of matrices, the DCNs
(1) can be written in a more compact form as,

x(k+1) = (Iy @ A)x(k) + (Iy ® Ag)x(k — 1(k))
+ (Iy @ B)F(x(k)) + (Iy ® C)G(x(k — t(k)))
+ (W] X F])X(k) =+ (Wz X Fz)x(k — ‘E(k))
(4)

The initial conditions associated with system (4) are
given by

xX(s) = ¢(s), 5= —m,

where ¢(s) is the initial function of the system.

—TM+17...71. (5)

Assumption 1 For Vv,v € R", the nonlinear functions
f(-),g(+) are continuous and assumed to satisfy the fol-
lowing sector-bounded conditions

(F(0) =f(v) = Fi(0 = )" (f(0) = f(v) = F2(0 = 7)) <O
(6)

(8(v) = (v) = Gi(v = v))" (8(v) = 8(v) = G2(v = ¥)) <O
(7)

where Fy, F,, G, and G, are known constant real

matrices.

Remark 1 The description of nonlinear functions in
Assumption 1 are known as the sector-like nonlinearities,
which are more general than the commonly used Lipschitz
conditions. By adopting such a presentation, it would be
possible to reduce the conservatism of the main results.

Before stating the main results, a definition and some
lemmas are introduced here.

Definition 1 The discrete-time complex network (1) or
(4) is said to be globally synchronized if, for all time-
varying delays, the following holds:

lim | x(k) —x(k) |=0, 1<i<j<N.
k—+00

Lemma 1 (Horn and Johnson 2001) Let a € R and
A, B, C, D be matrices with appropriate dimensions, the
following properties can be proved

(1) a(A ® B) =(aA) ® B+ A ® (aB)

2 AeB =A"@B"

3) (A®B)C® D)= (AC) ® (BD)

4 ARBRC=AQRBC=A B0
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Lemma 2 (Park et al. 2011) Let fi,f5,...,fv : R"—R
have positive values in an open subset D of R™. Then, the
reciprocally convex combination of fover D satisfies

. 1
{oti]oy >13)le11:’_ w=1} Z:;lft(k) = zl:fl(k) + 21/2(1]3 ;gi-j(k)
subject to
A i k i k
R a0 D) L{(uz) i‘f(ﬁ))} =0

Lemma 3 (Boyd et al. 1994) (Schur Complement) Given
constant matrices Oy, Q, and Q3 with appropriate
dimensions, where QIT = Qq and QZT =Q, >0, then

Q, +010,'0; <0,

if and only if
{Ql Q§}<O, or {
*

-,
Main results

-,

*

In this section, we deal with the synchronization problem for
discrete time-varying complex networks (4). By utilizing
new Lyapunov—Krasovskii functionals, we develop an LMI

Wilk) = [AG(K) Tk —10) Tk — (k)
k—1
Xk =) X(k+1) 5(s)
s=k—1,,
k—1,—1 k—1(k)—1
s=k—1(k) s=k—1y
k
D gl FERR) gk — (k)

s=k—1(k)

) = [Onx(lfl)n I, O~n><(dfl+l)n]7 l= L2,.. '7d7
xij(k) = xi(k) = x;(k),  Ay(k) = Ai(k) — A;(k),
ﬁij(k) = n;(k) — Vlj(k )

f(E(k)) = f(xi(k)) = f(x;(k)),
8(x;(k)) = g(xi(k)) — g(x;(k))

Theorem 1 Under Assumption 1, the system (4) is
globally asymptotically synchronized if there exist
matrices Py > 0,04 >0,(s=1,2,3,t=1,2,3),R, >0,
wu=1,2,...,d+1),S§>0 21, 22
F.,(v=1,23,4) with appropriate dimensions such
that the following LMIs hold

and matrices

Qlfﬁl Qi Qlf_g Q4 Qllj,s Qe QU7 Qg Fz Qo Qin
Dy oz Dy s Qe Qg g 0 0 0
* * Qs Qg Qg 0 M Qs s 0 Q31
* * * Q4,4 —Pg Q476 94’7 Q4,8 0 0 0
* * * x  Qss Pp Pz P Q59 FaB Qs
Qi=| « x x x x Qu -0 -0 0 0 0 |<0 (8)
* * * * * * Q77 Q73 0 0 0
* * * * * * * Qg g 0 0 0
* * * * * * * * Qo9 0 Qo 1y
* * * * * * * * * Q0,10 0
* * * * * * * * * * Q111
approach to derive sufficient conditions under which the
discrete-time complex network (4) is globally synchronized. 0, M
Before giving our main results, for the sake of simplicity [ *2 Q; > Oy, )
on matrix representation, we define the following notations
Rayi Ny
Ayk) = {)Zg(k) i (k . éz,") k) (k _ %rm> { « R } 2 Oon, (10)
where

d—1

)
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Qlljl = — 9Py + 0[Pt + 507 (Qn — Qi + Q13)h
+ 119} (@21 — Q22 + 023)Y
+ 2,097 (031 — O3 + 033)9
— 9T Q339 + (75 — 1)1 59,
d
Tm\2
—97 1Ry + ( d ) Z(ﬁs - ﬂs-&-l)T

=1
+ ﬂTT%RdJrl'l?l — 9 2 F] F29y — 9121 F F 19,
+OTNw Falyoy + 0T Nwl TTFL,
— 9T F A9, — 9TATFL 9,

Q2 = —Py + Py + 013,

9?3 = —FpAs +NW<-2)F 2l + F3,Q14 = —Po3 + QOs3,

Ql]s =P, +1,(Q12 — 0f3) + 17(02 — 02)

(3] S,
~US+ATFT — rTFT + F,, — F3,

Qig=Pyp—Ppo—0n— Q327

Q17 =Py — P13 — 0% + 115,

Q15 =Py — P13 — 04, + 115,

Q10 =2uF] + 2 F) —FaB,

Q11 = 22G] + 2GS — FaC,

Q5 = Py — Py3 — P+ P33 — Q13 — 023 — Ry,

Q3 =00 — M3+ Ry — N,

Q4 =Py — P33+ M3 + NI, Qus = —Pl, + Pl

Q6 =Py + Phy + 0,

— 9] 0139,

Rs('l?s - 19S+1 )

+13,(032 — 033) —

Q7 = —Py + P33 — 03,

Qg = —Py3 + P33 — M1,

Q33 = —023 — Ray1 + My3 + Ny +NJ — FI,
4 — 2G| Gy — 22G3 Gy,

Q4= 0x +Ryp1 — N — M3,

Qs = ATFL + Fry — Nwi TS FT — FT
Qg = M1T2 — Q227Q3,9 =—Fy— F,T4a
Q11 = 2G| + 6] — Fh,
Q4 = P33 — 033 — 0% — On3
Q= —Ph + 0 + M,
Q7 = —Py+ Q% + 05,
Qg = P33+ 0% + Q§27§255 =P + 1,013 + 1102

- Rd+17

T
+TMQ33+( m) ZR +11Rd+1+125 Fr

—Fl + F3+FL,

Q59 = —F3+ Fry, Q511 = FuC + FJj,
Qo6 = —P2 — 01 — 031 — 0,
Qr7=-0351—0n —S, Q3=-0% — M +5,
Qs =—001 — 031 — S
Qo9 = —F4 — F,,
Qo1 =—FL, Q10 =—21— 2,
Qui=-2-2.

Proof Consider
candidate

the following Lyapunov functional

Vi(k) = 5T<k>(U® P)f(k), (11)
—1
I=—1,, s=k+1
—Tn—1 k—1
w0 Y S U e o)) (12)
I=—1p s=k+I
-1 k-1
o Y Y (U@ 0)(s).
I=—1y s=k+1
B =1 k-1
’”Z Z > 0" (5)(U @ Ru)n(s)
m=1 I=—4t, s=k+I
(13)
—Tp—1 k—1
+1 Y Y 0" (s)(U@Raa)n(s),
I=—1y s=k+1
—Tn—1 —1 —
Va(k ZZZ” )U @ S)n(s), (14)
mferl m s=k+1[
where
k—1 k—tn—1
& (k) = [XT(k) ' (s) ()],
s=k—1,, s=k—1y
(k) = " (k) 0" (k)]
On On
0= * On
N -1 -1 -1
-1 N-—-1 ... -1
U= , t=1,2,3,
-1 -1 N—1],.n
nk)=xk+1)—xk), 71 =1tm—Tm,

o T1 (TM + Tm + 1)

Then using the forward difference formula AV(k) =
V(k 4+ 1) — V(k) along the trajectories of the system (4),
we have
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AV (k) = E(k+1)(U® P)é(k+ 1) —

AV, (k)

]

dmUe
[x(k+1)

(30) = (k= ) + L, ()
(k= ) = xtk = zar) + A5
|+ x(0)

[U® Py U®Pp U®P13]

X * U®P22 U®P23

* * U ® P33

k—t(k)—
(x(k — Tm) — (k - TM) + Zs:k(—‘gM
— | X, 1)
URPy» U®RPy

Cx(k + 1)

(30 = x(k =) + 45, ¥(5))
Ty x()

[ x(k) ’
| () + T x()
(U Py U®Pi U®P13]

(U® Q)+ (U Q)
+T§4(U®Q3)]C( )

— Tm Z é/T

s=k—1,,
k—t,—1

—u Y TOWUe )

bk‘L‘M

—TMZC

s=k—1y

(U ® 01)L(s)

(U® 03)L(s),

=x"(k)[7,(U® On) + 11 (U ® O)
+ 73 (U ® Q31)]x(k)
+ 247 (k)[17,(U ® Q12) + 73 (U @ Om)
+ 1 (U ® O3)In(k)
+ 1" (k)[1,(U® O13) + 71 (U ® Q23)

@ Springer

Lx(s)

P)(k),

1T

x(s)

s=k—1y

AV,(k) = 130" (k)(U ® S)n(k)
—Tu—1 k—1

> A

I=—1y s=k+I

We have rmzs e, (s)(U® Q1)L(s)

k-1 [x(s) r x(s)]
n(s)
1

(U® Q)
W L1(S) 1

k—1 T k—1

_ _[ Zs:k—rm ( ) (U®Q1) Zv:k—r,,, ( ) ‘|
x(k) — x(k — 1) x(k) — x(k — 1,
(19)

Similarly, —tp Y57, o ' (s)(U® Q3)((s)

(T4 50 ] (S, )
k—1Tp, k=1

< - +Zsk‘r () (U®Q3) +Zsk‘r ()

+ Y, X))
x(k) — x(k — )

P ) |
x(k) — x(k — tm)

(20)

Since time-varying delay satisfies 0<1,, <1(k) <1y,

k—1,—1
s=k—1y

(U@ 02)L(s)

we obtain —1; )
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<

k—1(k)—1 k—Tp—1
_1:1( (s (UQ)(s)+ Z ZT(S)(U®Q2)C(S))7

s=k
() oo )
&< [x(s ! & [x(s)]
(L) weeo (£ 10)
1 -

k—Tp— k—1,—1
Do X(5) 2t e(a X(9)

=) —x(k—(k) | [H2Z O | | x(k =) —x(k—2(k))
I vt SIS s ORI
x(k—(k)) —x(k—y1) Lk — (k) —x(k—1x1)

where w= (1) —1(k))(ty—1m) ", 0<w<1. By reciprocal
convex Lemma 2, we have —t> % ! o () (U
02){(s)
—Tm— e T
le(:kfr(lk) Xii(s)
x(k — 1) — x(k — t(k)) U® 0, U®M1}
k—z(k)—1
ORI * U®0
x(k —1(k)) — x(k — Tp1)
e Tl ()
x(k — 7)) — x(k — t(k))
S, a(s)
x(k —t(k)) — x(k — )
(1)
_ UMy UM
where U®M1—[ . U®M13}

Similarly, we get —1; S\~ yT () (U @ Rys1)n(s)

sk‘cM

s=k—1y s=k—1(k)
- Tm —x(k _T(r/:;)) } { ’ ®*Rd+l UU®®RI<\£1 }
{x(k - TM)] .
x(k — ‘cm) - x( (k)

(22)

It should be noted that when t(k) = 1, or T(k) = T3y, we
get x(k —1y) —x(k—1(k)) =0 or x(k—1(k)) —x(k —
1)) = 0, respectively. Thus the above inequalities still
hold. Also, from AVys(k) we obtain the following

o ST T () (U @ S)n(s)

k— rk) 1 k—1,—1
( U@ Ras)n(s) + > ’7T(S)(U®Rd+1)'7(5))»

g—(i Zn<s>> (Ues) (Z Zn<s>>,

I=—1y s=k+I I=—1py s=k+1
—Tu—1 —Tp—1
== > (k) —x(k+ D) (URS) > (x(k) —x(k+1)),
I=—1y I=—1y
k—t(k)—1 k—1,—1
=— | ox"(k) - d- N A ) (Ues)
I=k—ty I=k—1(k)
k—’((k)—l k—tpn—1
x [ tx(k) — x() — Z x() ).
I=k—1py I=k—1(k)
(23)

It follows from (6) and (7), the nonlinear functions
satisfy

{ (k) ]T{ZI(F{FHFZTFI) zl(—FlT—FzT)}
f
)

(x](kgl)( . 22 24
[f(fw»} =0
{ X;j(k — (k) }T[ZZ(GITGerGgGl) Zz(—GlT—GzT)]
g(xij(k — z(k))) * 22
k- 2(k)

(25)

In addition for any matrices F,; and F,,, the following
equality is always true

2" (k+1)(U® F) — x" (k) (U ® Fp2)) x
+ (v ® Ag)x(k — (k) + (In @ B)F (x(k))
+ (Iv ® C)G(x(k — 1(k))) + (Iy ® Wi)I'1x(k)
+ (Iy ® Wy)Dox(k — t(k)) — x(k + 1)] = 0.

[(Iy ® A)x(k)

(26)
Given n(k) =x(k+ 1) — x(k). Obviously, x(k+1)—
Zf:k_r(k) n(s) —x(k—1(k)) =0, thus, for arbitrary

matrices F,3 and F,, of appropriate dimensions, we can
obtain that

0 U@F,ﬂF2

0:1“1[0 U®Fy

(27)

where Ty =[x (k+1)—x7 (k) +8" (x(k—1(k))) Yy _w0)
n(s)+xT(k—z(k))] and  To=[xT(k+1) xT(k+1)—
S e N7 (s)—xT (k—x(k))]". Combining (11)~(27), it
can be concluded that,
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AV S Y WR)Q (k) < Z Amax () {QZ M‘} > O, (34)
1<i<j<N 1<i<j<N SN 0))
| Wy(k) 7,
Riy1 N
(28) { , Rd+l} > 02y, (35)
where Q;; is defined as in (8). Noticing that A, (€;) <0 where

and letting
o= max Am(€y)<O. (29)

1<i<j<N
It follows from (28) that
AV <do > | (k) [P (30)

1<i<j<N
One can easily conclude from the above that

Jim [ xi(k) — (k) |= 0. (31)

According to Definition 1, system (4) is stable. This
completes the proof.

Assuming that the network evolves with neither state
delay and the nonlinear part G(x(k — t(k))), then the net-
works (4) degenerate as

x(k+1) = (Iy @ A)x(k) + (Iy ® B)F(x(k))
+ (Wi @ T'y)x(k) + (Wr @ To)x(k — (k). (32)

Similar to Theorem 1, the synchronization criteria can
be derived for the above system.

Corollary 1 Under Assumption 1, the discrete-time
complex network (32) is globally asymptotically synchro-
nized if there exist matrices Py >0,04>0,(s =
1,2,3,t=1,2,3),R, >0,(u=1,2,....d+1),S > 0 and
matrices 7, F,, (v =1, 2, 3, 4) with appropriate dimen-
sions such that the following LMIs hold

T
* * ¥ Qua —Pl3 Qe Q7 Qg
O — | * * * * Qss P Pis Pi3
i ’ T
* * * * * Qs —05
* * * * * * Q77 Qg
* * * * * * * Qg g
* * * * * * *
* * * * * * *

[ Ql:liﬂl Qi Qlf3 Q4 Qi]j_j Qe Q7 Qg
x Qo Q3 Oy Qs e Dy g
My Qs

T
—05

o VN o Vi o Ve Y TrT
Ql,3 - Ql,3 + FrZAva3,5 - Q3,5 _AdFrl'
and the other parameters are defined as in Theorem 1.

Case 2 Now, we consider the case when there is neither
state delay and state coupling, the system (4) reduces to the
following

x(k+1) = (Iy @ A)x(k) + (Iy ® B)F(x(k))
+ (In © C)G(x(k — 1(k))) (36)
+ (W @ I'o)x(k — t(k)).

The synchronization criterion for the above system can
be easily accessible from Corollary 2.

Corollary 2 Under Assumption 1, the discrete-time
complex network (36) is globally asymptotically synchro-
nized if there exist matrices Pg > 0,04 >0,(s=
1,2,3,r=1,2,3),R, >0,(u=1,2,...,d+1),S >0 and
matrices 71, 2, Fry v =1,2,3,4) with appropriate
dimensions such that the following LMIs hold

(2,“<07 37
ij
0 M,
> 04, 38
|: * Q2 =4 ( )
Riy1 Ny
> 0y, 39
[ * Rd+l:| =2 (39)
where

Fs Qo |
0 0
Q39 0
0 0
B9 FuB | g (33)
0 0
0 0
0 0
Qo 0
* Qo0 |
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— NwiOTTT L,
Qf s+ Nwl'TTF]

rl»

Qiljl = Qlljl —NWSJ»1>19{Fr2F1191
QiJ% = Ql 13 -l—FrzAd,Qll]S
Qg.s - ng —AF}).

rl-

and the other parameters are defined as in Theorem 1.

Case 3 Consider system (4) in the absence of both state
delay and coupling delay. Then (4) becomes

x(k+1) =(Iy ® A)x(k) + (Iy ® B)F(x(k))
+ (Iy ® C)G(x(k — t(k))) (40)
+ (W1 & Fl)x(k)

It is easy to obtain the synchronization criterion for the
above system (40), which is given in the following
corollary.

Corollary 3 Under Assumption 1, the system (40) is
globally asymptotically synchronized if there exist matrices
Py >0,0,>0,(s=1,23,r=1,2,3),R, >0, (u=

wd+1),8>0 and matrices zy, 23, Fry v = 1,
2, 3, 4) with appropriate dimensions such that the follow-
ing LMIs hold

Q; <0, (41)
0> M1:| >
O4n, 42
Riy1 N
>0, 43
{ * Rd+1:| =2 (43)

where 9113 = F,3,Q’35 =Fy4 — FrT3 and other parameters
are defined as in Theorem 1.

Norm-bounded uncertainties

In this section, we will discuss the delay-dependent robust
synchronization criteria for the uncertain system

xi(k+1) = A(k)x; (k) + Ag(k)x;(k — (k)
+B(k)f( i(k)) + C(k) (xi(k = 7(k)))

+ thjl"lx] + szul“ng(k

=1
l:1,2,...7

t(k)),

N,k € N.
(44)
Here A(k), A k), B(k),
matrices defined by
A(k) = A+ AA(k),
B(k) = B+ AB(k),

and C(k) are time-varying
Aq(k) =Ag+ AA4(k),
C(k) = C+ AC(k),

where the constant matrices A, Ay, B, and C are known and
AA(k), AAy(k), AB(k), and AC(k) are unknown matrices

representing the time-varying parameter uncertainties
which are assumed to satisfy the condition

[AA(k) AA4(k) AB(k) AC(k)] = LF (k) [Eq Eaa Ep Ec]
(45)
where E,, E,4 E;, E. and L are constant matrices of

appropriate dimensions. F(k) is an unknown time-varying
real matrix satisfying

FT(k)F(k)<I, Vk>0. (46)

Using Kronecker product, we can rewrite system (44) into
a more compact form as

x(k+1) =(Iy ® (A + AA(k)))x(k) +
x(k — (k) + (Iv @ (
+ (Iv @ (C+ AC(k)))G(x(k — t(k)))
+ (Wi @ T'i)x(k) + (W2 @ Ta)x(k — t(k)),
k € N. (47)

(Iy ® (Aq + AAy(k)))
B+ AB(k)))F(x(k))

The initial condition associated with the system (47) is
given by

xX(s) = ¢(s), s =—m,

The following lemma can be utilized to derive the results.

R NES N (48)

Lemma 4 (Petersen 1987) Given
x = 1", G, H with appropriate dimensions, then

%+ GF(k)H +H"F" (k)G" <0

matrices

for all F(k) satisfying F'(k)F(k) < I, if and only if there
exists an € > 0 such that

v+ € 'GGT + eH"H <0.

Delay-dependent robust stability criterion for the system
(47) is derived in the following theorem.

Theorem 2 Under Assumption 1, the uncertain system
(47) is globally robustly asymptotically synchronized if
there exist matrices Py > 0,04 >0,(s=1,2,3,t=
1,2,3),R, >0, (u=1,2,...,d4+1),8>0, 2z, 2, Fn,
v =1, 2, 3, 4) with appropriate dimensions and positive
scalars €1, €y such that the following LMIs hold

Q,'j FrlLl 61E¥w Frsz EzEg
* *611 0 0 0

Ej=| % * -l 0 0 | <0, (49)

* * * —el 0

* * * * —el
0, M

>0n7 50

D (50)
Riv1 N
|: * Rd+l:| 202117 (51)
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where

0 Oy 0 LT 0000000 0],

L™ 0,410 000000000 0],

Ey Ou(iyy O Eag 00000 0 E, E],
0 Ea 000000 —E —E],

=
=
=
=[~Es Oux(t-1)n
l 1,2,....d.

Remark 2 Li and Chen (2004) have derived both delay-
independent and delay-dependent asymptotic stability
criteria in terms of LMIs for network synchronization in
which the time-delay assumed to be constant.
Synchronization of a linear array of identical logistic
maps have been studied by Marti and Masoller (2003) and
the coupling delay proportional to the distance between the
maps. Park et al. (2013) has proposed some delay-
dependent synchronization criterion for the coupled
discrete-time neural networks with time-varying delays in
network couplings. Finsler’s lemma has been utilized to
derive LMIs. Based on piecewise analysis method and
Lyapunov functional method, authors investigated the
synchronization problem for continuous/discrete complex
dynamical networks with time-varying delays in the
dynamical nodes and the coupling term (Yue and Li
2010). However, these results were restricted to constant
delay or non parameter uncertainties. In this paper, both
time-varying coupling delays and parameter uncertainties
are considered which can describe more realistic complex
networks. By implementing delay-partitioning technique
and reciprocal convex lemma, conservative results are
developed in terms of LMIs. It is noted that the
conservatism of the given condition is reduced as the
number of delay partitioning grows.

Remark 3 In (32), if the parameter uncertainties are taken
into account, then the networks become

x(k+1) = (Iy @ (A + AA(k)) )x(k)
+ (Iy ® (B+ AB(k)))F(x(k))
+ (W T )x(k) + (Wa @ Tp)x(k — t(k)).
(52)
The following corollary provides the sufficient condition
for synchronization of the networks (52).

Corollary 4 Under Assumption 1, the uncertain system
(52) is globally robustly asymptotically synchronized if
there exist matrices Py >0, Oy > 0,(s =1,2,3, 1= 1,2,
3,R,>0,(u=1,2,..,d+1),S>0, z1,2, Fr, v =
1, 2, 3, 4) with appropriate dimensions and positive scalars
€1, €2 such that the following LMIs hold

@ Springer

Q,'j F,lil 61E1T Frgiz
*  —el 0 0 0

EzEg

éij: * * —e! 0 0 <0, (53)
* * * —el 0
* * * * —el
0, M
> Oy, 54
{* Qz}_ 4 (54)
Rix1 N
> 0y, 55
{ * Rd+1}_ > (53)
where
Li=[0 Opgy 0 L7 0000 0 0 0],
L,=[LT om,l),,ooooooooo}

E, Onx(lfl)n
—E, 0n><(l n
[=1,2,....d.

00000000 El,
00000000 —E]

)

m>
|
— — — —

and Qij is defined as in Corollary 1.

Remark 4 Consider the networks (36) with parameter
uncertainties, that is
x(k+1) =(Iy @ (A + AA(k)))x(k) + (Iy @ (B
+ AB(k)))F (x(k))
+ Iy ® (C+AC(k)))G(x(k — (k)))
+ (W@ Io)x(k —t(k)), keN.
The following corollary provides the delay-dependent

synchronization criteria for the uncertain discrete-time
complex networks (56).

(56)

Corollary 5 Under Assumption 1, the uncertain system
(56) is globally robustly asymptotically synchronized
if there exist matrices Py > 0,0, >0,(s =1,2,3,
t=1,2,3),R,>0,(u=1,2,..,d+1),S >0, zq, 22, Fr»
(v =1, 2, 3, 4) with appropriate dimensions and positive
scalars €1, €; such that the following LMIs hold

Q,’j F,1L1 61E_‘§w FrzLQ EzEg
B x  —al 0 0 0
Ej=| % * -l 0 0 | <0, (57)
* * * —el 0
* * * * —el
) Ml:|
2 04y, 58
{ * O * ( )
Riy1 N
> 0y, 59
{ * Rd+l} =72 ( )
where
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[Ea Opgo1p 00000000 E, E]",
Ey=[~Es Opo10 00000000 —E —E]",
1=1,2,....d.

se
Il

and Qij is defined as in Corollary 2.

Remark 5 1f parameter uncertainties are considered in the
system (40), the system becomes

xi(k +1) = (A + AA(k))x(k) + (B + AB(k))F(x(k))
+ (C+ AC(k))G(x(k — t(k)))

+ (Wl (24 Fl)x(k),k eN. (60)

The  following  corollary  provides  sufficient
synchronization criteria for the uncertain discrete-time
complex networks (60).

Corollary 6 Under Assumption 1, the uncertain discrete-
time complex network (60) is globally robustly asymptoti-
cally synchronized if there exist matrices Py >
0,04 >0,(s=1,2,3,t=1,2,3),R, >0,(u=1,2,...,
d+1),8 >0, z1, 22, Fr, (v = 1, 2, 3, 4) with appropriate
dimensions and positive scalars €y, ey such that the fol-
lowing LMIs hold

Q; FaLi @E] Fol, eE)
x  —el 0 0 0

= | * * -l 0 0 | <0, (61)
* * * —el 0
* * * * —el
[Qj o 200, (62)
Riv1 Ny
R (63)

where Qij is given in Corollary 3.

Remark 6 Park et al. (2009, 2013) considered the syn-
chronization problem of discrete-time delayed complex
networks. In both papers, the parameter uncertainties have
not been taken into consideration. Since the connection
weights of the nodes of complex networks depend on
certain resistance and capacitance values, it includes
uncertainties in complex networks. Therefore, it is neces-
sary to analyze the synchronization problem of complex
networks with uncertainties. Corollary 5 and Corollary 6
provide sufficient synchronization criterion for complex
networks with time-varying delay and parameter uncer-
tainties, respectively. Moreover, synchronization for dis-
crete-time complex networks with randomly occurring
information deserves our future investigation.

Fig. 1 Structure of discrete- .
time complex networks with
4-nodes

Numerical examples

In this section, numerical examples are provided to sub-
stantiate the theoretical results.

Example 1 Consider the discrete-time complex networks
with 4-node which is modeled as in Fig. 1. The parameters
are given as

0.13 —0.26 0.12 0.15 0.25 0.75
:{0.31 0.42 } 4= [0.32 0.21}’ - {0.35 0.25]’
0.14 0.15 025 0
:{0.45 0.23]’ ' 2:{ 0 0.25]'

Let the nonlinear vector-valued functions be given by

_ —0.2x;; (k) +0.15x) (k) +0.5tanh(0.3xi1 (k))
f (xi(k))_[0.24x,-2(k)—O.5tanh(0.4xi2(k)) ]
B 0.08x; (k) — 0.8tanh(0.2x; (k)) .
g(xi(k))—|:0.08xi2(k) ] i=1,2,3,4.

Then, Assumption 1 is satisfied with the matrices

03 04 08 04
Fi=1 0 os ’Fz_[ 0o o029

_fo4 0] . _Jo2 0
“lo 06" |0 03|

The outer-coupling matrices are described as

-3 1 1 1
1 -3 1 1
W1—W2—0.15* 1 1 3 1
1 1 1 -3

Generally, x; x W; (i = 1, 2) describes the coupling
structure and strength information in symmetric networks,
where «; is called the coupling strength. The discrete time-
varying delay is assumed as 7(k) = 8 — 2sin(*J). It can be
verified that, the lower and upper bounds of the time-delay
are 7, = 6 and 1) = 10, respectively.

Choose d = 3. By using Matlab LMI toolbox, Theorem
1 can be solved with set of feasible solutions given as
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Fig. 2 State responses of 2 2
System (1) 15} 15}
1} T
. 05f.. L 05[
f,: 0 rk_ """""" jﬁ 0 r\'-uy.._‘_‘ [
S sl Y o5l
1} 1t
15| 15|
25 50 100 150 200 250 2 50 100 150 200 250
k k
2 2
15 15 F
1t T
__o5¢ __ 05}
= ST =
~ o0 < 0
-0.5 -05
1} -1t
-15+t -15+t
2 50 100 150 200 250 2 50 100 150 200 250
k k
[ 0.8946 —0.3813] { 0.0118 _0_0038} The nonlinear vector-valued functions are defined as
P = , Pip= ,
103813 01704 |7 7T (20,0038 0.0037 |1 £(xi(k)) = g(xi(k)) = 0.5tanh(x;(k)).
[ 0.0103 —0.0037] 0.0187 —0.0072
Pi3= P = )
| —0.0037 0.0028 | —0.0072 0.0056
C0.0209 —0.00807 0.0131 —0.0053 Then, by using Matlab toolbox, a set of feasible solu-
Por — Pax — ' . . . )
23 |_0.0080 0.0052 |’ 33 {_0.0053 0.0031 } tions for the LMIs given in Corollary 2 can be obtained as

Then, it follows from Theorem 1 that the system (1)
with given parameters achieves synchronization, which is
further verified by the simulation results shown in Figs. 2
and 3. Figure 2 provides the state trajectories x;;(k),
Xxi(k) of the system (1) and Fig. 3 shows that the error
trajectories ei(k) = x;1(k) — x11(k), epn(k) = xpp(k) —
x12(k), (i = 2, 3,4) of the system (1) which converges
zero asymptotically.

Example 2 The scale-free networks model is considered
as a significant discovery because it has been successfully
applied to many complex real-world networks. Here, we
consider a scale-free networks with 50 dynamical nodes,
and the coupling matrix W, of the networks can be ran-
domly generated by BA scale-free model (Fig. 4), where
each node is the discrete-time dynamical delayed system
(36) with the following parameters

001 0 02 —0.1
A= . B= ,
0 0.02 03 —02
03 0.1 0.003 0
= , = .
03 02 0 0.003

@ Springer

follows

o _[ 00142 —0.0003] [ 00028 —0.0002]
"1 200003 00081 |7 " | —0.0002 0.0015 |’
[ 0.0078 —0.0013] [ 0.0012 —0.0001

Pz = , Ppn= ;
| —0.0013  0.0044 | | —0.0001 0.0011 |

[ 0.0021  —0.00017 [ 0.0016 —0.0001]

| —0.0001 0.0019 | | —0.0001 0.0013 |

Figure 5 depicts the synchronization errors for system
(36) with randomly chosen initial conditions. The
maximum upper bound 7, of the time-varying delay for
different values of 7, are listed in Table 1. Generally, given
the dynamics of an isolate node and the inner linking
structural matrix, synchronization of the dynamical
network with respect to a specific coupling configuration,
is said to be strong if the network can synchronize with a
small value of the coupling strength. From Table 1, it can
be observed that conditions given in Corollary 2 are less
conservative than the results obtained by Park et al. (2013).

Example 3 Consider complex dynamical networks with
three linearly coupled identical nodes which describe the
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Fig. 3 Synchronization errors

e;i(k) of System (1), =
i=2,3,4j=12 ER i
s
|
SEY
g‘: ™
[
=70 ’
2 10 20 % 20 50 5 70 8 % 100
k
2
=
|
g O -
S
1l r
=7 i
< _2 | | | | | | | | |
0 10 20 30 40 50 60 70 80 2 100
k
1—ah ah 0 1 0 0
— A= ch 1—nh o |, B=|0 1 0f,
‘\ 0 0 1-—bh 0 0 1
A 03 0 0
I=I,=(0 02 0|,
0 0 05
E,=03I, E, =041, M=1, F(k)=sin(k),
8
a =10, b:§, c=128, h=0.0l.
/ The nonlinear function is defined as
0
f = 7/’1)(,'1 (k)x,-3 (k)
L hx,»l (k)x,»z (k)
The outer coupling matrices are of the form
Fig. 4 Structure of BA Scale-free complex networks with dynamical 1 1
nodes N = 50 B
Wi=Ww=|1 =2
1 =2

discrete-time version of multiple Lorenz chaos systems
(Lorenz 1963) coupled via complex networks. This chaos
system has quite complex and abundant property, such as
homoclinic bifurcation, period doubling phenomena, pre-
turbulence, intermittent chaos (Chacon 1998; Fradkov and
Pogromsky 1998; Sparrow 1982). The dynamic equation of
such networks is described by (52) with the following
parameters

For the above system, a set of feasible solutions can be
obtained by solving the LMIs in Corollary 4. Then, it
follows that the system (52) with given parameters
achieves synchronization, which is further verified by the
simulation results shown in Figs. 6, 7 and 8. The chaotic
behavior of the system can be realized from Fig. 6, which
depicts the state trajectories of the system (52). Figure 7
represents that states of the 2nd and 3rd system are
synchronized with states of Ist system and Fig. 8
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Fig. 5 Error trajectories 3
e;i(k) of System (36),
i=1,...,50,j=1,2.

Ti1 — T11
- N
I]]II]]HI

=
N —
s
1 | | | | | | | |
0 1 2 4 5 6 7 8 9 10
k
|
(]
g o
|
o
g |
I
=
=2 .
S
-3 | | | | | | | |
0 1 2 4 5 6 7 8 9 10
k

Table 1 Allowable upper bound 1), for different values of lower
bound 7,

. 1 5 10 20

™ 24 45 73 98

represents that the synchronization errors approach zero
asymptotically. Thus, the numerical simulation affirms the
theoretical results.

Fig. 6 Phase-space trajectories
of Lorenz system (52) with 3
nodes

Example 4 Consider an example for the model (60) with
the following parameters

L _[o1 o] _[0.2 —0.1}
Lo 02" 7 103 —02f
o[ 001 003 (001 0
T 1003 002" "' | o o01)
10 10 10
E, = , Ep= , E.= ’
0 1 0 1 0 1
{0.05 0 }
L= .
0 005
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Fig. 7 State trajectories of 20 i
Lorenz system (52) ol
Z o0 -
g _10 _
-0 | | | | | | | | | i
0 10 20 30 40 50 60 70 80 20 100
k sec
40 w
20 e
ﬁ 1 1
g Oy .
-20 * e
0 10 20 30 40 50 60 70 80 20 100
k sec
60 |- T i
— 4o0ft -
=
5 20 "
o = -
0 10 20 30 40 50 60 70 80 90 100
k sec
Fig. 8 Synchronization errors 3
2 - —
§i 1F n
_I 0
g / 1
1]
3+ -
_40 ‘2 1‘1 E‘S 2‘3 1‘0 1‘2 1‘4 1‘6 1‘8 20
k sec
4
. 2 I N
g
I of
i
I -2 b
& i 1
0 2 ; s 5 10 2 ” 6 8 20
k sec
The nonlinear vector-valued functions are defined as [33.9512 —0.4953] [ 1.9913 —0.6337]
P = y P =
xi1 (k) + tanh(x; (k) " 04953 24.1615]7 T [—0.6337 1.8573 |
Flalk) = gk = | T T amh : : : :
xiz (k) + tanh(xi (k) » 28577 037001 8.6565 —4.2438
13= y Fn=
The time-varying delays are assumed to be [ —0.3700  1.5548 | | —4.2438 10.2615 |
‘[;(k) =2 — s[n(l%’:), then 7,, =1 and 1)y = 3. If we take P — [ 3.1898 —1.4397] P — [ 5.4081 —2.5643]
. . . 23 — ) 33 —
the asymmetric outer coupling matrix as | —1.4397 4.7923 | | —2.5643 6.4755 |

-3 1 2
Wi=|2 -4 2
3 3 -6

Then using Matlab LMI Toolbox, we can obtain the
feasible solution of Corollary 6 which is given by

with scalars ¢; =0.9440 and ¢ = 0.5640. Thus, by
assuming d = 1 the maximum delay bound tj is 30
whereas in (Wang and Song 2011) it is 4. This shows the
conservatism of our result. Also, it should be noted that the
criteria proposed by Liang et al. (2008b) fail to solve this

@ Springer



214

Cogn Neurodyn (2014) 8:199-215

synchronization problem with the above parameters for
both symmetric and asymmetric coupled matrix.

Conclusions

This paper described the problem of synchronization for
discrete-time complex dynamical networks with time-
varying delays in the dynamical nodes and the coupling
term. The parameter uncertainties are imbedded in the
network state. Rather than the commonly used Lipschitz
condition, a more general sector-like nonlinear condition
has been employed to describe the nonlinearities which
exist in the network. By utilizing Lyapunov—Krasovskii
functional, Kronecker product and free-weighting matrix
approach sufficient delay-dependent synchronization cri-
teria are derived by a set of linear matrix inequalities.
Moreover, delay-partitioning technique and convex reci-
procal lemma are exploited to obtain less conservative
results. Finally, numerical examples are provided to dem-
onstrate the effectiveness of the derived criteria. The
obtained results can lead to less conservative results than
those obtained from the existing methods.

Acknowledgments This research work of Miss. L. Jarina Banu is
supported by University Grants Commission - Maulana Azad National
Fellowship (UGC-MANF), New Delhi, India under the Grant No. F1-
17.1/2011/MANF-MUS-TAM-6592/ (SA-III/Website)/ dt. 02/01/2012.
The authors are grateful to the Editor and anonymous reviewers for their
insightful comments and constructive suggestions to improve the quality
of the manuscript.

References

Albert R, Jeong H, Barabasi AL (1999) Diameter of the World Wide
Web. Nature 401(6749):130-131

Atay F, Jost J, Wende A (2004) Delays, connection topology, and
synchronization of coupled chaotic maps. Phys Rev Lett
92(14):1-4

Balasubramaniam P, Chandran R, Jeeva Sathya Theesar S (2011)
Synchronization of chaotic nonlinear continuous neural networks
with time-varying delay. Cogn Neurodyn 5(4):361-371

Balasubramaniam P, Jarina Banu L (2013) Robust state estimation for
discrete-time genetic regulatory network with random delays.
Neurocomputing 122:349-369

Barabasi AL, Albert R (1999a) Emergence of scaling in random
networks. Science 286(5439):509-512

Barabasi AL, Albert R, Jeong H (1999b) Mean-field theory for scale-
free random networks. Physica 272(1):173-187

Boccaletti S, Latora V, Moreno Y, Chavez M, Hwang D (2006) Complex
networks: structure and dynamics. Phys Rep 424(4):175-308

Boyd S, El Ghaoui L, Feron E, Balakrishnan V (1994) Linear matrix
inequalities in system and control theory. SIAM, Philadelphia

Cao J, Li P, Wang W (2006) Global synchronization in arrays of
delayed neural networks with constant and delayed coupling.
Phys Lett A 353(4):318-325

Chacon, R (1998) Control of homoclinic chaos by weak periodic
perturbations. World Scientific Press, Singapore

@ Springer

Cheng Q, Cao J (2011) Global synchronization of complex networks
with discrete-time delays and stochastic disturbances. Neural
Comput Appl 20(8):1167-1179

Delellis P, Bernardo M, Garofalo F (2009) Novel decentralized
adaptive strategies for the synchronization of complex networks.
Automatica 45(5):1312-1318

Fei ZY, Wang DZ, Gao HJ, Zhang YW (2009) Discrete-time complex
networks: a new synchronization stability criterion. Int J Syst Sci
40(9):931-936

Fradkov, AL, Pogromsky, AY (1998) Introduction to control of
oscillations and chaos. World Scientific Press, Singapore

Gao H, Lam J, Chen G (2006) New criteria for synchronization
stability of general complex dynamical networks with coupling
delays. Phys Lett A 360(2):263-273

Horn R, Johnson C (2001) Martix analysis. Springer, New York

Li C, Chen G (2004) Synchronization in general complex dynamical
networks with coupling delays. Phys A Stat Mech Appl
343:263-278

Liang JL, Wang D, Liu Y, Liu X (2008a) Global synchronization
control of general delayed discrete-time networks with stochastic
coupling and disturbances. IEEE Trans Syst Man Cybern B
38(4):1073-1083

Liang JL, Wang D, Liu Y, Liu X (2008b) Robust synchronization of an
array of coupled stochastic discrete-time delayed neural networks.
IEEE Trans Neural Networks 19(11):1910-1921

Lorenz, EN (1963) Deterministic nonperiodic flow. J Atmos Sci
20(2):130-148

Lu WL, Chen TP (2004) Synchronization analysis of linearly coupled
networks of discrete time systems. Phys D 198(1):148-168

Lu JQ, Ho DWC (2010) Globally exponential synchronization and
synchronizability for general dynamical networks. IEEE Trans
Syst Man Cybern Part B Cybern 40(2):1073-1083

Mahdavi N, Kurths J (2013) Synchrony based learning rule of
Hopfield like chaotic neural networks with desirable structure.
Cogn Neurodyn doi:10.1007/s11571-013-9260-2

Marti A, Masoller C (2003) Delay-induced synchronization phenom-
ena in an array of globally coupled logistic maps. Phys Rev E
67(5):1-6

Park P, Ko JW, Jeong C (2011) Reciprocally convex approach to
stability of systems with time-varying delays. Automatica
47(1):235-238

Park MJ, Kwon OM, Park JuH, Lee SM, Cha EJ (2013) On
synchronization criterion for coupled discrete-time neural net-
works with interval time-varying delays. Neurocomputing
99:188-196

Park JuH, Lee SM, Jung HY (2009) LMI optimization approach to
synchronization of stochastic delayed discrete-time complex
networks. J Opt Theory Appl 143(2):357-367

Petersen IR (1987) A stabilization algorithm for a class of uncertain
linear systems. Syst Control Lett 8(4):351-357

Qu J, Wang R, Yan C, Du Y (2013) Oscillations and synchrony in a
cortical neural network. Cogn Neurodyn. doi:10.1007/s11571-
013-9268-7

Shen B, Wang ZD, Liu XH (2011) Bounded H, synchronization and
state estimation for discrete time-varying stochastic complex
networks over a finite horizon. IEEE Trans Neural Networks
22(1):145-157

Sparrow C (1982) The Lorenz equations: bifurcations, chaos, and
strange attractors. Springer, New York

Strogatz SH (2001) Exploring complex
410(6825):268-276

Tang Y, Fang J, Xia M, Gu X (2010) Synchronization of Takagi-
Sugeno fuzzy stochastic discrete-time complex networks with
mixed time-varying delays. Appl Math Model 34(4):843-855

Wang X, Chen G (2003) Complex networks: small-world, scale-free
and beyond. IEEE Control Syst Magaz 3(1):6-20

networks. Nature


http://dx.doi.org/10.1007/s11571-013-9260-2
http://dx.doi.org/10.1007/s11571-013-9268-7
http://dx.doi.org/10.1007/s11571-013-9268-7

Cogn Neurodyn (2014) 8:199-215

215

Wang Y, Fan Y, Wang Q, Zhang Y (2012) Stabilization and
synchronization of complex dynamical networks with different
dynamics of nodes via decentralized controllers. IEEE Trans
circuits and syst 59(8):1786-1795

Wang H, Song Q (2011) Synchronization for an array of coupled
stochastic discrete-time neural networks with mixed delays.
Neurocomputing 74(10):1572-1584

Wang Y, Wang Z, Liang J (2008) A delay fractioning approach to
global synchronization of delayed complex networks with
stochastic disturbances. Phys Lett A 372(39):6066-6073

Wu ZG, Park JuH, Su H, Chu J (2012) Admissibility and dissipativity
analysis for discrete-time singular systems with mixed time-
varying delays. Appl Math Comput 218(13):7123-7138

Yang Z, Zhou W, Huang T (2013) Exponential input-to-state stability
of recurrent neural networks with multiple time-varying delays.
Cogn Neurodyn doi:10.1007/s11571-013-9258-9

Yu W, Cao J (2007) Synchronization control of stochastic delayed
neural networks. Phys A 373:252-260

Yue D, Li H (2010) Synchronization stability of continuous/discrete
complex dynamical networks with interval time-varying delays.
Neurocomputing 73(4):809-819

Zhang QJ, Lu JA, Zhao JC (2010) Impulsive synchronization of
general continuous and discrete-time complex dynamical net-
works. Commun Nonlinear Sci Num Simul 15(4):1063-1070

@ Springer


http://dx.doi.org/10.1007/s11571-013-9258-9

	Synchronization criteria of discrete-time complex networks with time-varying delays and parameter uncertainties
	Abstract
	Introduction
	Problem description and preliminaries
	Main results
	Norm-bounded uncertainties
	Numerical examples
	Conclusions
	Acknowledgments
	References


