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Abstract

A central part of relational ties between social actors are constituted by shared affiliations and

events. The action of joint participation reinforces personal ties between social actors as well as

mutually shared values and norms that in turn perpetuate the patterns of social action that define

groups. Therefore the study of bipartite networks is central to social science. Furthermore, the

dynamics of these processes suggests that bipartite networks should not be considered static

structures but rather be studied over time. In order to model the evolution of bipartite networks

empirically we introduce a class of models and a Bayesian inference scheme that extends previous

stochastic actor-oriented models for unimodal graphs. Contemporary research on interlocking

directorates provides an area of research in which it seems reasonable to apply the model.

Specifically, we address the question of how tie formation, i.e. director recruitment, contributes to

the structural properties of the interlocking directorate network. For boards of directors on the

Stockholm stock exchange we propose that a prolific mechanism in tie formation is that of peer

referral. The results indicate that such a mechanism is present, generating multiple interlocks

between boards.
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1. Introduction

A bipartite network defines a graph on a node set that represents two distinct types of social

entities and where there may be relational ties only between nodes that are of different types.

The social entities may be individuals and social clubs, authors and journal articles, directors

and corporate boards, etc. Since bipartite networks make the conceptual link between social

actors and social groups explicit, the study of bipartite networks is of great theoretical

importance for understanding the duality of persons and groups (Breiger 1974; Doreian

1979; Feld 1981; Freeman and White 1993; Pattison and Robins 2002). The nodes and ties

in bipartite networks may be researchers citing papers (e.g., Small 1973); people

participating in social events (Breiger 1974); partners in crime (Frank and Carrington 2007);

or directors on corporate boards (Mizruchi 1996). This paper is focused on the last case,

directors and boards. A so called interlocking directorate is a bipartite board to director

network consisting of vertices representing corporate boards and directors. A tie exist

between board i and director j if j is a member of board i.

Most previous research on bipartite networks has focused on one of the two unimodal

networks where two nodes of one type are considered tied if they share at least one alter of

the other type. The obvious benefit is that methods developed for the analysis of unimodal

networks applies. But as pointed out by Robins and Alexander (2004), the duality in

defining for example the individuals by their affiliations with certain events or in defining

the events by their ties to individuals, makes it hard to give priority to one type of node over

another (Breiger 1974; Galaskiewicz et al. 1985; Breiger and Pattison 1986). Transforming a

bipartite network to a unimodal network always means a loss of information (Borgatti and

Everett 1997). In particular, the strength of a tie is lost if we ignore the number of nodes of

one type that two nodes of another type share. It can also be shown that a completely

random bipartite network may give rise to quite interesting but altogether spurious structural

features in the unimodal representations (see also Newman et al. 2001).

Because of the inherent dynamic nature of social networks, a wide variety of statistical

models have been proposed for studying network evolution over time. While several

methods assume that changes are made in discrete steps from one moment to the next (Katz

and Proctor 1959; Wasserman and Iacobucci 1988; Sanil et al. 1995; Robins and Pattison

2001), considerable advantages may be had from modelling longitudinal social networks in

continuous time (cf Snijders, 1996, 2001). The early models for longitudinal social networks

using continuous-time Markov chains (Holland and Leinhardt 1977; 1977; Wasserman

1980; 1980; Leenders 1995) built on the assumption that the dyads evolved independent of

each other, which excludes the exploration of dependencies on larger structures than the

dyad. In response to this Snijders proposed a flexible and empirically testable class of

stochastic actor-oriented (or actor-based) models that draw on the assumption that actors

strive towards organising their social ties in a utility maximizing manner (Snijders and van

Duijn 1997; Snijders 2001; 2005; 2006).

However, so far the evolutionary network models have not been adapted to the study of the

evolution of bipartite networks, although there are some longitudinal studies of the evolution

of interlocking directorates. Galaskiewicz and Wasserman (1981) fit a discrete-time model
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to the unimodal corporate network implied by interlocks in a small bipartite network. Like

previously proposed models it also assumed dyad-independence. In their study they focused

primarily on the corporations and they distinguished between different industries and used a

qualified version of board membership that gives directed interlocks. Mizruchi and Stearns

(1988) model the appointment of financial directors on non-financial boards for a small

selection of boards. Studying the dichotomous event “hiring” or analysing the evolution of

the induced unimodal network, prevents investigation of the strength of interlocks.

Similarly, in these two models changes are largely explained through corporate specific

covariates (size, solvency, profitability, etc) rather than in terms of structural aspects of the

bipartite (and unimodal) network(-s), i.e., endogenous self organising principles.

Here we propose a model for studying the evolution of bipartite networks that draws on

Snijders’ work on stochastic-actor networks. We analyse data on corporate boards for all

firms traded on the Stockholm Stock Exchange’s primary list between 1996 and 2005

(Edling and Sandell 2001; Bohman 2006). In our application, we focus on the processes of

appointment to and departure of directors from boards based on a theory of action in the

context of interlocking directorates. Central to this concept is the occurrence of multiple

interlocks, which we elaborate on in section 3.

We proceed by describing the statistical model. This is first done using a general model

formulation with an inference strategy for the evolution of bipartite graphs that follows the

model proposed in Koskinen and Edling (2004) that is in turn an extension of the stochastic

actor-oriented models for directed unimodal graphs of Snijders (2001). We then discuss peer

referral in interlocking directorates, in section 3, before detailing the modifications needed

for analysing interlocking directors in section 4. We then fit models with structural features

and with additional controls for director attributes in section 5. To test the goodness of fit for

the model, in section 6 we compare forecasts from the model with observed data. We finish

the paper with some concluding remarks.

2. Model formulation and estimation

We consider a bipartite graph on a fixed vertex set V that is the union of two disjoint subsets

A and B, m =| A |, n =| B |. We denote by N the subset of pairs of vertices that constitute the

set of possible relational ties between vertices. In the case of a bipartite graph N = A × B ,

there can only be ties between vertices from different classes. The aim is to model the

evolution through time of the random set of edges E ⊆ N . The (generalised) adjacency

matrix is a collection x = (xe : e ∈ N) of | N |= nm tie-variables 1{e ∈ E}, indicating whether

the tie is present or not, and we denote by X the space of all possible realisations of x. For x,

y ∈ X we define the Hamming metric as

The model is a continuous-time Markov chain {x(t)}t∈R on X , which may be defined in

terms of its embedded chain (or walk on the | N | -cube) as in Koskinen and Snijders (2007).

The transition probabilities in the embedded chain are given by a function
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(1)

and the time spent in x ∈ X exponentially distributed with rate function

(2)

where θ is a vector of parameters. It is assumed that η(θ, x, y) ≥ 0 for ‖x − y‖= 1 and 0

otherwise. If we let Δex denote the array that has element e equal to 1 − xe but that is equal

to x for all other elements, e* ∈ N \ {e}, the process may be described as remaining in a state

x for a period of time that is exponentially distributed, after which element e is changed to 1

− xe with probability η(θ, x, Δex). For a digraph with N = V(2) this is exactly the way the

stochastic actor-oriented model for unimodal graphs is defined in Snijders (2001) for the

purpose of simulation.

This is a framework that covers a wide variety of different models for network evolution.

The expression (1) can often be described with a logistic function, derived from evaluation

of utility functions, and Snijders (2006) showed how many models of network evolution

may be couched in the form of stochastic actor-oriented models. To express the bipartite

evolution model in terms of an actor-oriented model we follow Koskinen and Edling (2004)

and make the assumption that only vertices in A are considered to be actors so that given that

a change is made, it is one of the vertices in A, say i, that decides to make a change, and if i

changes its relation to j there is a jump from x to Δijx (we use ij as a notational shorthand for

(i,j)).

In the standard stochastic actor-oriented model (Snijders 2001), all actors i independently

make changes at a rate λi(θ, x), given the current state x. This gives the rate (2) as

. Using well-known properties of the exponential distribution it can be

shown that, given that a change is made, the probability that it is actor i that makes this

change is λi(θ, x) / λ(θ, x). Consequently, we may express (1) as a product

where

(3)

is the conditional probability that the process is going to jump from x to Δijx, given that a

change is made to  for i fixed.

Given that actor i makes a change, i changes the relation to j ∈ B , such that the “utility” ui

(θ, x, j,t) is maximised. The “utility” ui (θ, x, j,t) captures the desirability to i of changing xij ,

of going from x to Δijx. The stochastic actor-oriented framework for network evolution

*An earlier version of this paper was presented at the workshop on “The Interdependence of Networks and Behaviour Psychological,
Sociological, Political and Economic Perspectives” in Melbourne in 2008, at which we received many useful suggestions.
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allows for many aspects of the change to be taken into consideration (Snijders et al. 2007)

but we settle for a simple form

where the first term on the right hand side is a systematic component and the second, εi(x,

j,t), is a random component. The systematic part of the utility function represents what we

model and is meant to capture the regularities in the data. The random components represent

the non-systematic chance aspects of the decision situation that we do not explicitly model.

Typically these are assumed to be independently identically distributed according to a type 1

extreme value distribution1, which is a convenient choice for which a form of (3) is

computationally equivalent to a conditional logistic regression.

2.1. Estimation

Given T realisations x(t0), x(t1),…,x(tT−1) from the model defined by (1) and (2), the purpose

is to perform inference for the model parameters θ. In describing this process we may

without loss of generality assume that we only have two observations, x(t0) and x(t1), since

the Markov property means that we may treat each pair of observations separately.

In order to write the likelihood function for θ given x(t0) and x(t1), let y = y(s0), y(s1), y(s2),

…,y(sH+2k) be a realisation of the evolution from x(t0) to x(t1). Note that if y(sH+2k) = x(t1)

and y(s0) = x(t0), for H =‖ x(t0) − x(t1) ‖, the number of changes must be H + 2k, for k ∈

{0,1,2,…}, because when the H necessary changes have been made to transform x(t0) into

x(t1), any extra k unnecessary changes have to be reversed. Had a path y been observed then

the likelihood function would have been given by

(4)

where sH+2k+1 = t1. The likelihood given observed data, the observed data likelihood, is

obtained when (4) is marginalised with respect to y, conditional on the endpoints x(t0) and

x(t1). From a Bayesian perspective, all relevant information about the model parameters is

given by the posterior distribution, π(θ| x(t0), x(t1)), and with constant prior distributions it is

proportional to the observed data likelihood. In this case, neither the posterior distribution

nor the observed data likelihood, are analytically tractable. We may however simulate from

the joint posterior π(θ, y | x (t0), x(t1)) which is proportional to (4) (multiplied by a proper

prior distribution π(θ) if available). A sample from this distribution may be obtained using

Markov chain Monte Carlo (MCMC) by creating a Markov chain that alternates between

1The assumption of independence across j ∈ B for each i may be relaxed by positing a multivariate normal distribution instead
(Koskinen, 2004).
3A model where both boards and directors initiate change may lead to identification issues since we would not be able to determine
whether the decision was made by the board or the director. Furthermore, if one is prepared to accept the notion that (to all intents and
purposes) the board operates with relative autonomy, there still remains to explain the complex collective action of board room
decision making. While some of this may be addressed in the current model framework for our purposes we are satisfied with the fact
that we have a model for how the individual action mechanism is reflected in the actual board decisions. An alternative would be to
frame appointment as a negotiating process which is close to the utility based models for edge-based processes proposed in Snijders
(2006).

Koskinen and Edling Page 5

Soc Networks. Author manuscript; available in PMC 2014 June 16.

N
IH

-P
A

 A
uthor M

anuscript
N

IH
-P

A
 A

uthor M
anuscript

N
IH

-P
A

 A
uthor M

anuscript



drawing from π(θ| y) and π(y | θ, x(t0), x(t1)), both of which are proportional to (4) (for

details see Koskinen and Snijders 2007).

We return to model estimation in section 4, when applying this model to analyse peer

referral in interlocking directorates.

3. Interlocking directorates and peer referral -The action mechanism

This section presents an action mechanism for the actor-oriented model of network

evolution. We specify and interpret the model based on two interacting mechanisms: peer

referral and homosociality (or cognitive gender homophily). Before we discuss these

mechanisms, we wish to briefly underscore the importance of explicitly considering the bi-

partite structure in the analysis of interlocking directorates.

One can easily transform a bipartite board-to-director network into two one-mode symmetric

networks: The inter-personal, director-to-director network consists of the directors and the

ties between them. Two directors share a tie if they are members of the same board.

Similarly, in the board-to-board network, the boards are the vertices and there are ties

between pairs of boards that share a board member. However, some important information is

lost by such transformations.

The multiple interlock as illustrated in Figure 1 (C4) occurs when two boards of directors

share (at least) two directors (also four-cycle, Pattison and Robins, 2002; Wang et al., 2009;

or (2,2) biclique, Borgatti and Everett, 1997). In the following graphs circles and squares

correspond to directors and boards respectively and a line connecting a director with a board

means that the director is a member of the board. If any one of the ties, say {i,j}, are missing

from the subgraph in Figure 1, the board i is only indirectly linked to j through a path of

length 3. We refer to this structure as a (bipartite) three-path (L3). Should director j be

appointed to the board i, such that the tie {i,j} is created, the three-path is transformed into

the four-cycle depicted in the figure. The addition of this edge does not alter any of the one-

mode networks as the two directors were already connected through the other board and the

two boards were connected through the director that sat on both boards. Thus in terms of the

two one-mode networks these two subgraphs L3 and C4 are equivalent.

Most analyses of interlocking directorates have focused on the one-mode (binary)

representations, and multiple interlocks (i.e. instances of C4) have in general not been

distinguished from single interlocks. The reason for not investigating multiple interlocks can

stem from the choice of model (e.g., Mizruchi and Stearns 1988), or lack of data (e.g.,

Barnes and Ritter 2001). However, a small number of studies focus specifically on the

prevalence of multiple interlocks, in particular the broken tie literature (Ornstein 1982;

Palmer 1983; Ornstein 1984). Whereas these early studies found that a severed interlock was

more likely to be replaced if this interlock was part of a multiple interlock, Palmer et al.

(1986) suggested that this association was spurious and that the true determinant was the

level of embeddedness. They referred to the production of an interlock that corresponds to

the transition from a three-path to a four-cycle as “reinforcement”. The process of

reinforcing already present ties between boards as an expression of the firms’ embeddedness

can also be taken down to the level of directors. Whereas we focus on the social process of
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board-to-board tie reinforcement, the phenomena has also gained some attention in

corporate governance literatures, and the conclusion seems to be that mutual interlocks are

not strategically motivated (Carpenter and Westphal 2001; Fich and White 2003; 2005).

Robins and Alexander (2004) mention personal referral as a possible process that lead to

multiple interlocks. When a board is looking to appoint a new board member, a present

member may recommend a person with whom he or she has had previous experience of

working with on another board. If this personal referral is endorsed by the board a multiple

interlock is created.

This practice can be expressed in terms of an action mechanism in which ego puts a

preference on alter when it comes to recommending new directors to the board of which ego

is a member. Explaining the formation of this preference goes beyond the scope of this

paper, but we can suggest some plausible explanations worthy of future exploration. An

obvious candidate is that directors have more first-hand information on directors whom they

have worked with, and that they consider first-hand information more trustworthy than

second-hand information. Another suggestion is that working together on a board give rise

to as sense of community among board members that would make fellow board members

first choice candidates for filling vacant positions. A related idea, assuming that multiple

board assignments are attractive, is that directors who know each other from working

together recommend each other reciprocally. A more sophisticated explanation could be that

directors are bound by silent agreements and codes of conduct stemming from a sense of

membership in collectives such as “old boy’s networks” and “inner circles” (Mills 1956;

Useem 1984) that tell them to look out for their peers.

Applying the mechanism of peer referral, the interlock itself (manifested by the 2-star) is not

desirable for the firm. The interlock may be desirable to the director who acts merely as an

unconstrained individual or to the board that acts as a collective representing a firm that

strives to be central (for purposes of information gathering or for other purposes) in the

board-to-board network. Boards and directors are also unlikely to strive towards establishing

reach in the bipartite network as manifested in a desire to create 3-paths. If peer referral of

co-members is expressing the individual action constrained by the setting and informed by

group norms, then it is a mechanism that is central to the evolution of the network. The

empirical manifestation of this action mechanism is the creation of four-cycles and, on the

network level, a high bipartite clustering. The clustering one might observe in the two

unimodal networks, as manifested in triangulation as well as short pathways, are emergent

features of the processes in operation in the bipartite evolution. Perpetuating these

behaviours reinforces the norms behind it – these are part of the dynamics, the mechanism is

both the cause and the effect.

Naturally, personal referral does not necessarily result in four-cycles in the board-to director

network. A board member may well recommend a person on other grounds than that they

have worked together on another board, and the recommended person might not be a

member of the (relevant) population. Underlying social structures are important in the

recruiting process.
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If peer referral is indeed a central mechanism to the evolution of the network this may

reflect underlying allegiances in which, we may hypothesis, women are not included. If

women are not part of the old boy’s networks and not generally treated as peers by men we

would expect that the recruitment of women does not follow the same rules as for men (e.g.,

Izraeli and Talmud 1997). This would then manifest itself in a low frequency of peer

referrals that involved women. In order to investigate this we may distinguish different types

of four-cycles.

In Figure 2 there are three types of four cycles that may result from ℓ referring j. In Figure

2a a man is referring another man creating what may be termed a male-homogeneous four-

cycle. In Figure 2c a woman is referring another woman creating what may be termed a

female-homogeneous four-cycle. An example of a heterogeneous four-cycle is given in

Figure 2b, where a man refers a woman. When women are not included in the peer practices

outlined above we expect instances of heterogeneous four-cycles to be rare. In our data there

is not enough information to fully separate the different four-cycles wherefore we settle for

including the interaction effect of women and four-cycles, essentially counting the number

of structures (b) and (c) in Figure 2. The mirror image of (b), where a male is referred by a

woman we deem to be of little interest and too rare to be empirically testable.

If there is a negative tendency towards creating heterogeneous four-cycles, this is exactly an

example of how “homosocial reproduction” operates - men prefer to socialise with men and

promote other men (Kanter 1977; Stafsudd 2006). If homosocial reproduction drives the

evolution indicating that women are excluded from the peer practices of the boards this may

well indicate further imbalances.

To parse out whether peer referral is indeed an active mechanism or whether the prevalence

of four-cycles is simply a result of accumulative interlocks requires a dynamic model. We

furthermore need to distinguish between preservation of multiple ties and the creation of

multiple ties, the latter which indicates peer referral. If the mechanisms investigated here are

active and if their application is reinforced through repeated use, then this is a process

through time. If cross sectional snap-shots were investigated it would not be possible to say

whether peer referral is a key ingredient in board appointments or if higher than expected

number of four-cycles at each cross-section is simply inherited from previous time-points.

The process is also by definition dynamic since the actions of the individuals within the

board are not independent of their environment, the context. The action by one board

furthermore reshapes the context for other boards.

4. Modelling and estimating peer referral in interlocking directorates

Before we define the specific forms of (1) and (2), given in section 2, the longitudinal study

of interlocking directorates requires a few further modifications of the model specification.

These are modifications that stem both from the nature of interlocking directorates as well as

from computational considerations that have to be taken into account when dealing with

large data sets.2
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4.1. Agency

As argued in the previous section we observe actions taken by the boards but assume that

this is the result of actions of individual directors making up the boards. For the purpose of

fitting the model the board itself is considered the actor. Given a choice between allocating

choice to board or directors the former seems more plausible. 3

Since it is assumed that the actors (now, boards) chose the course of action that maximises

the utility to board, and that the maximisation is carried out over the entire set of actions, we

also assume that the board is acting on perfect information. The random components allow

for deviations from the systematic part of the utility function but the random component is

assumed to be independent of model quantities and therefore it cannot be used to account for

differential, fuzzy, knowledge of different “parts” of the decision space. The Markovian

nature of the model assume that there is no strategic action in the sense that a board is

prepared to take a loss now in order to gain in the future.

4.2. Differentiating between recruitment and release

Although we only aim at providing a rough approximation of the mechanism central to the

evolution of the interlocking directorates, the difference in nature between recruiting a

director and releasing a director has to be addressed (in the broken tie studies and in e.g.

Mizruchi and Stearns, 1988, the initiation of a tie is clearly distinguished from the

dissolution of a tie). We may for example expect that in many of the instances where a

director leaves a board this is not a consequence of a choice on the part of the board but is

more likely to be the result of retirement, illness, etc. To distinguish between the different

processes, we let

(5)

This is akin to the gratification function in Snijders (2001), in that the satisfaction with a

new state may depend on the previous state.

The number of seats on a board of directors is not likely to fluctuate much from year to year.

To control for the effect of board size in the model outlined above would require a

complicated rate function. This would also have to be combined with sensibly chosen

functions of the board size in fi (θ, Δij x, x) but the differences in board sizes between boards,

and the small number of choices for releasing a board member in comparison to the number

of available choices leads to numerical instabilities.4 For the present data set for instance, a

board in 1996 with 6 board members has 6 choices of directors to release and a choice of

1238 directors to recruit. To resolve this problem we introduce a binary random variable vi

(ϕ, x) that indicates whether the board i decide to recruit or release a director. This is

2Other modifications are needed for other types of bipartite data. For example, in the case of co-offending networks, offenders choose
offences to participate in but the offences themselves are transitionary and not independently defined as in the case of boards of
directors. Similarly, in co-authorship networks, the event, an article, is not defined independently of its authors.
4Previously Koskinen and Edling (2004) tried to solve this by including a quadratic function of the number of current board members
in fi (θ, Δijx, x),
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included in the model as follows: given that i decide to make a change to the board

composition  and vi (ϕ, x) = v, (3) is set to

The jump probabilities in (3) may now be written as mixtures

We settle for a simple expression for the probabilities

We are not going to specify the probabilities Pr{vi (ϕ, x) = 1} any further since the

corresponding variables are ancillary for the purpose of parameter inference in the

estimation scheme (as we shall see further on).

4.3. Latent walk length

In the basic model formulation, given that x(t0)changes into x(t1), we know that at least H

changes have taken place. In addition there might have been k ∈ {0,1,2,…} superfluous

changes that were then reversed. For friendship networks it is plausible to assume that a

number of such superfluous changes have been made but perhaps less so for interlocking

directorates.5 We could introduce strong prior information to reflect the fact that we believe

k to be small but the size of the data set makes it convenient to perform inference

conditioned on k = 0. The consequences for inference are that we only need to employ

“Move type 3” (in the terminology of Koskinen and Snijders, 2007, i.e. permuting the order

of the changes) in the updating of latent walks and, that the probabilities Pr{vi (ϕ, x) = 1}

cancel in the evaluation of (4) for updating the latent walks.

As for all the models in the stochastic actor-oriented framework for network evolution, had

the exact timing of the changes been observed sequential logistic regression could have been

used (Butts 2008). In the case investigated here the exact times are however not available. In

principle there are fixed points in time when the new boards are officially appointed6

(annual grand meetings) but (notwithstanding the fact that they are not recorded here) from a

substantive point of view the decisions are not instantaneous. The process of appointment

5For the EIES friendship network k was found to be of the order 5 to 10 (Koskinen and Snijders, , 2007).
6If this was thought to be the evolutionary process of the network then a model where changes are made all at once could be applied
(Mayer, 1984). If a dyad independent model is assumed and the times of appointment are observed a discrete-time model may be
defined (Galaskiewicz and Wasserman, 1981). Note that they also deal with the directed unimodal board to board network. Both of
these approaches would require a different framework for decision making and might also require a level of detail that we do not
aspire to and in the interest of introducing the bipartite evolution model we do not want to unnecessarily limit the generality of the
approach.
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may be said to be one going on over a longer period of time, during which the search for

directors goes on. The search for directors to nominate can take many expressions as it is not

legally regulated (Bohman 2009). Sometimes, but far from always board nomination

committees are used (ibid.). At the time of official endorsement by the shareholders the

boards have already been de facto appointed (there are exceptions, instances when the

annual grand meeting reject the recommendations by the board, but these are rare).

4.4. Data and boundary considerations

The definition of node sets when studying evolution of bipartite networks may depend on

the application but in most cases the boundary specifications differ from those for unimodal

network analysis. As an example of the difficulties in the longitudinal study of interlocking

directorates consider the networks in Figure 3. There are two (hypothetical) realisations of a

bipartite network at time t0 and t1, and for the two cross-sectional networks it is assumed

that a node of either type can only be part of the network if it is tied to a node of another

type. Tie dissolution and tie creation thus redefines the set of nodes (at t1 greyed lines

denotes ties or vertices that have disappeared and thick lines denotes ties or vertices that

have appeared). There are 3 instances where ties are dissolved. When {i,n} is dissolved, n

disappears from the bipartite graph since i is the only board n is a member of. The node t

does not disappear when {i,t} is dissolved since t is also a member of board k. The node x is

only a member of board i and consequently would have disappeared had the tie {k,x} not

been created. The fact that {i,y} is created means that y is added to the population. If a node

dies like j, it takes all nodes with it, like s, that are not tied to any other node. Analogously,

the birth of a board may bring with it nodes that were not already part of the population, like

in the case of {ℓ, v} and v.

We use what may be termed a pair-wise union rule, according to which for two points in

time t0 and t1, the node set is considered to consist of all the nodes that are present at at least

one of those occasions. By analysing the data for years pair-wise rather than for the entire

period 1996–2005 we minimise the errors that may occur as a result of node set

discrepancies as well as reduce the data down to a manageable size – the period 1996–2005

has 429 unique boards and 3177 unique directors but the largest network according to the

union rule is 2001–2002 that has 306 boards and 1675 directors.

The population of boards necessarily changes over time as a result of mergers, acquisitions,

businesses going out of business and the introduction of new corporations. The number of

births and deaths each year are given in Table 1. For example we see that out of the 220

boards of corporations listed in 1996, 20 had died in 1997 and another 26 boards had been

born. By the pair-wise union rule this means that the number of boards in the population in

the period 1996–1997 is 220 + 26 = 246 and the size of the disjoint union is 220 − 20 = 200.

Since 40 boards are born in 1998, the number of boards in the period 1997–1998 is 266.

The derived population of directors also changes as a result of board deaths and births as

well as dissolution and creation of ties. The effect of the pair-wise union rule on the bipartite

director degree distribution in Table 1. The degree distribution when the data for 1996 has

been transformed according to the union rule is identical to the original data except for the

number of directors without board positions, the number of directors with degree 0. These

Koskinen and Edling Page 11

Soc Networks. Author manuscript; available in PMC 2014 June 16.

N
IH

-P
A

 A
uthor M

anuscript
N

IH
-P

A
 A

uthor M
anuscript

N
IH

-P
A

 A
uthor M

anuscript



216 individuals are the directors that are members of at least one corporate board in 1997

but not members of any board in 1996. The data at 1997 is augmented by 211 directors with

zero degree when 1997 is used as the second time-point. These are the individuals that that

are members of at least one corporate board in 1996 but not members of any board in 1997.

The percentage of female directors increases from 4.8% in 1996 to 18% in 2005. As an

example of how the population of directors is affected by the pair-wise union rule consider

the percentage of female directors in 1996 and in 1997, which is 4.8 and 4.3 respectively.

Since all female directors that are board members for at least one time-point are included in

the population for 1996–1997, the percentage of female directors in the data used is in-

between, namely 4.7. The effects on the average number of board positions for men and

women, respectively, from applying the pair-wise union rule are also given in Table 1, as are

the bipartite director degree distributions for the original data and the transformed data

In some instances the pair-wise union rule may come with some drawbacks. Some director

departures may in fact reflect board deaths rather than release of a director. Births of

directors may involve something of a circular definition; if a director is not on any board in

1996 but on a board in 1997, the board may choose that director according to the model

because this director is going to be chosen in the future by that board. It would be better to

model births of directors separately and in principle it is straightforward to do so in the

Bayesian framework but in view of parsimony we refrain from modelling this. An

alternative would be to start only with directors that are board members. Huisman and

Snijders (2003) deal with changing composition by letting the births and deaths of nodes be

time-varying but exogenously defined events.

When a director retires, dies or in another way leaves the population altogether, this may

mean the director leaves several board positions simultaneously, which violates the model

assumptions and may introduce additional dependencies between the decision processes of

the boards. This is likely to affect the dissolution process more than the appointment

process.

4.5. Statistics

To define the systematic functions in (5), we introduce a set of parameters θ1,…,θp, that are

used to weight together counts zi1 (x),…,zip (x) of configurations in a bipartite graph to

determine the (systematic) contribution to the satisfaction of the board i with x. When

differentiating between creating a tie and dissolving a tie, we may write

(6)

where v = xij. The vector of parameters here is assumed to be unrestricted. When a

parameter is positive this means that boards tend to prefer to make changes that lead to

increases in (or preserves in the case of dissolution) the number of configurations

corresponding to that parameter, given everything else.

In the case of cross-sectional data, the Markov assumptions of Frank and Strauss (1986), as

applied to bipartite networks implies that the only sufficient statistics are the bipartite star
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statistics (Skvoretz and Faust 1999; Wang et al. 2009). Four-cycles may also be derived

from social circuit outcome dependence assumptions (Snijders et al. 2006) as shown in

Wang et al. (2009). Here our primary interest is in peer referral and the creation of four-

cycles, which is why we let the four-cycle be one of the configurations we include in (6). As

illustrated in Figure 4 (c), a four-cycle is created when a tie {i,j} is added by i to a three-

cycle. If there is a positive coefficient corresponding to the number four-cycles for creating

ties then we know that there is a preference for appointing directors that is consistent with

peer-referral. If in addition the coefficient corresponding to the number of four-cycles for

dissolving ties is zero or negative then we know that the preference for appointing directors

that is consistent with peer-referral is not only an artefact of boards wanting to have strong

ties to other boards. The systematic function is a linear function of the number of four-cycles

(ceteris paribus) not primarily because the value of multiple interlocks is assumed to be

additive but because there is a positive (negative) preference for recruiting a director if he or

she has been referred by someone on the board. Occasionally, the addition of a tie may

create more than one additional four-cycle and one may then ask if the effect in those cases

should be additive – does it matter if a director is referred by more than one present director?

Here we assume that it does but alternatives where only the sign (addition of four-cycle or

not) is considered could well prove useful.

The four-cycle is built up of bipartite director 2-stars (SB2) (Figure 4a) and a bipartite 3-path

(L3) (Figure 4b). To ascertain that the preference for creating four-cycles is not merely due

to a preference for establishing interlocks (SB2) or long paths (L3), we need to include counts

of these as well. Some other counts described in Skvoretz and Faust (1999), Wang et al.

(2009), and Robins and Alexander (2004) such as the number of edges and bipartite board

two-stars are not relevant if we condition on walk length. For example, conditional on the

event that the board is going to add a director, all potential new board members will yield

the same contribution to the count of bipartite board 2-stars. The corresponding parameter is

hence not estimable.

In a first model only the three structural features illustrated in Figure 4 are included. In a

second model we also include several director attributes as covariates. In the cases where

these are time-varying, they are defined in relation to time-points t0 and t1 for the relevant

pair of years.

4.6. Covariates

Many studies have pointed to the importance of the relation between the corporate board and

the CEO (Zajac and Westphal 1994; Fich and White 2003) for the performance of the board

and the company. The position of CEO offers an opportunity for forging alliances and

gaining experience and insight. Fich and White (2005) also put the focus on the

overrepresentation of CEOs in multiple interlocks. Here we do not include any interaction

for CEO and multiple interlocks but include an indicator of whether a director has any CEO

experience. This covariate indicates if a director has been the CEO for a corporation for a

year previous to the second time-point t1.

We define chair experience in an analogous fashion to CEO experience, namely if a director

has been chairman of a board in the year previous to the second time point. The chair has a
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central position in the board of directors and someone with chair experience may therefore

be regarded as having insight into the corporations on which he or she has served. Having

chairman experience may also signal status and add to one’s reputation.

Seniority may be important both as marker of position in status hierarchies as well as a

control for natural demographic changes. Here we used age and to improve numerical

stability, age is standardised for each time period.

The female representation on company boards has long been a hotly debated issue, and we

have already alluded to the occurrence of and change in female board representation in the

study period. But does increasing representation mean increasing interlocking when

controlling for other factors? Are women fully integrated in the corporate structure and are

they as powerful as men in terms of being central in the network? The indicator of whether a

director is a woman or not also serves as the lower order term for the interaction effect of

sex and four-cycles. As previously stated, the interaction term counts the number of

structures corresponding to (b) and (c) in Figure 2.

5. Results

For setting initial parameter values and variance covariance matrix for the proposal

distribution we followed Koskinen and Snijders (2007) and obtained the Hessian of and

parameter values that maximised the likelihood for arbitrarily chosen shortest paths. The

Metropolis-Hastings algorithm was implemented with a total of 4,000 iterations and a burn-

in period of 1,000 iterations.

Summaries for the posterior of the purely structural model are given in Table 2 and

comparisons of interval estimates are given in Figure 5. The processes of appointments and

releases are quite different. Apart from a tendency to preserve three-paths in 1996–1997,

there are no structural effects in the release.

There is no desire (or an aversion in 2000–2002) to create bipartite director two-stars when

recruiting directors, everything else given. Creating interlocks is thus not desirable to the

board per se. Since the coefficient for three-paths is negative or zero there is no desire to

link to boards (via directors) with many directors or desire to reach directors indirectly (to

shorten path-ways in the bipartite graph in an efficient manner; it appears to be a negative

effect in 2000–2001 and in 2001–2002 and a positive effect in 2004–2005, otherwise no

effect).

There is a marked desire to create four-cycles and in combination with the fact that there is

no tendency towards preserving four-cycles, this is strong evidence of peer referral

operating.

While parameter estimates may not be directly comparable over time due to changes in

network compositions, the trends in Figure 5, reveals that the evolution appears to go

through three different phases. In 1996–2000 the model seems homogeneous with respect to

the (negative) preference for interlocking directors (2-paths), three-paths and peer referrals;

in 2000–2002, the clustering increases; in 2002–2005 the process returns to something
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resembling the first phase but with greater variation (less certainty in the parameter

estimates).

Adding director attributes do not change the structural effects to any greater extent.

Summaries of the posteriors for the model with director attributes are given in Table 3 for

dissolution of ties and in Table 4 for creation of ties. Interval estimates for the parameters

are given in Figure 6.

There is a positive CEO-effect for dissolution of ties in 1997–1998 but not in any other year

suggesting that it is not of great importance to retain directors with CEO-experience. For

four periods there is a negative CEO-effect on recruitment. Looking at the distribution of the

number of board appointments for directors with and without CEO-experience (table not

reproduced here) there is no clearly discernible difference other than that the proportion of

directors with two or more seats is slightly larger for directors with CEO-experience and

also that the proportion of isolate directors is higher for this group (at the second time-

point). The latter means that many of the directors that leave the population have CEO-

experience but few of the directors entering the population have CEO-experience (details

may be obtained from the authors).

There is a consistent negative recruitment effect for seniority as well as for release in some

periods. While there is a positive association between seniority and the number of board

seats for most years cross-sectionally, the increase in the number of boards a director sit on

is not positively related to age.

In 1997–1998 there is a positive effect for chair-experience but in other periods there is no

attribute effect for having experience as chairman of the board.

There is no effect of sex in the period 1996–2001 but in 2001–2004 there seems to be a

positive effect for recruitment (the .99-intervals just cover 0 in 2000–2001 and 2003–2004)

and in 2002–2003 boards tend to want to keep female directors. This development is also

reflected in Table 1, the transition from 2001 to 2002 is the year when the average number

of board positions per women first reaches that of men. The following year there is also a

preference for keeping these women, a tendency against firing women, which is reflected in

the positive coefficient θ7 in 2001–2002. Hence, in this period women hold more board

positions than men on average. This is not explained by seniority, CEO or chairman-

experience. As to how these women were recruited there seems to be a lot of uncertainty.

There are not enough opportunities to create female interlocks since there were in general

too few women (cf Table 1) and at the start of the series women accounted for too few ties

(but from 2002 women occupy the same number of board seats as men on average).

The increased representation of women after 2001 is not accompanied by increasing peer

referral. In fact, there is a tendency against referral of female directors in 2003–2004 – the

posterior probability that the corresponding parameter is negative is practically 1 – and the

following period the corresponding posterior probability is .95. We may tentatively conclude

that while there is an increasing representation of women on the stock exchange, they are

still not integrated in the male dominant power structures. Furthermore, the relative
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popularity of female directors is short-lived. We could speculate that there is an influx of

token women in response to the threat of legislation.

We performed two robustness checks to assess the sensitivity of the model. To investigate

the effects of the possible dependencies that may be induced by directors (permanently)

leaving the population in a time interval, we fitted the model for each interval (t0, t1)

excluding the directors that were isolates at t1 (see Table 1). The differences in posteriors are

overall small. For dissolution seniority in 1997-98 has a negative effect, and in 1999-00 and

2003-04 no effect; and there is too little information to infer anything for the interaction of

female director and four-cycles. For recruitment the effect of CEO disappears in 1998-01

and 2003-04; chair experience becomes positive in 1996-98 and 1999-01; seniority has no

effect in 2003-04; the effect for female directors edges up above 0 and the negative effect of

the interaction of female director and four cycle weakens in 2003-04. While the average age

of isolate directors at time t1 is consistently .5 standard deviation units higher than at time t0
(meaning that directors that leave the population are on average older than directors that

enter the population) this does not explain the negative effect of seniority. The previously

mentioned demographics do cause CEO experience to lose its effect when the isolates at the

second time point are excluded.

6. Goodness of fit

We may use Bayesian forecasting to assess the goodness of fit of a stochastic actor-oriented

model (Koskinen and Snijders, 2007). If the model is fit to observations x(t0) and x(t1) , a

third observation x(t2), which is not used in fitting the model, may be used for model

evaluation. The idea is to asses how probable x(t2)is given x(t0) and x(t1) , unconditional on

the parameters. The distribution of x(t2) given x(t0) and x(t1) is unconditional on the

parameters is the posterior predictive distribution p(x(t2) | x(t0), x(t1)). Assuming that the

model is time-homogenous, the posterior predictive probability is given by

(7)

in which p( |θ) is the model defined by (4) marginalised with respect to the intermediate

paths. It is very rarely possible to evaluate this integral analytically. Instead, we have to rely

on Monte Carlo methods. In practice we simulate from the model for different parameter

vectors, where we choose the parameter vectors in proportion to their posterior probability,

their probability given x(t0) and x(t1). To choose these parameter vectors in proportion to

their posterior probability we take the parameters from our posterior MCMC sample.

Predicting the individual elements of x(t2)may not necessarily be very informative and

therefore we choose to look at a variety of functions of the bipartite network, such as the

one-mode degree distributions and bipartite clustering. Since the inference for θ given

x(t0)and x(t1) was conditioned on the walk length and thereby the sum of the variables vi (ϕ,

x) for each i, the posterior predictive distribution is similarly conditioned on the number of

changes per board and the number of these changes that involved recruiting or releasing a

director. Note that when this approximation is used then the posterior predictive distribution
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does incorporate information about the observation that is being used for validations and

hence the distribution is not strictly speaking a true posterior predictive distribution as in (7).

We chose the observations in 2002 and 2003 as our x(t0) and x(t1) and use the posterior

conditional on these two observations to draw from our approximation of (7). The results for

a collection of graph functions are given in Figures 9 and 10. For reference, the

corresponding graph functions under a random walk are included. The random walk process

is simulated in the same fashion as the posterior predictive distribution but with all

parameters set to 0. This means that all sequences of changes that are concordant with the

data structure are equally probable.

We have fixed the board sizes and hence any variation in unimodal board triangles (TA in

Figure 7) is due to variation in overlapping director 2-stars (SB2). Because of structural

restrictions all three of the models capture the unimodal director clustering (i.e. TB). In the

case of the random walk the ability to replicate TB is in some part due to over representing

the number of unimodal director two-paths (S2B, see Figure 8). Consequently, if we were to

compare the ratio of the number of TB to S2B for the different models, and use that as a

measure of the unimodal director clustering, then the random walk would not capture the

unimodal clustering.

The forecast makes an accurate prediction for the three-paths and four-cycles (Figure 9).

The random walks severely overestimates the number of three-paths and underestimates the

number of four-cycles which, using the definition of Robins and Alexander (2004), means

that the bipartite clustering coefficient is underestimated.

As seen in Figure 9, the prediction model does not quite capture the number of SB3 (and

neither does the model estimated using 2005). The random walk more closely manages to

capture the number of SB3. As a result the random walk also captures unimodal board

triangles (TA) better but produces too many unimodal board two-stars (S2A). Note that apart

from directors that sit on many boards, SB3, the other distinct underlying bipartite structure

that yields TA is a six-cycle, C6. On the whole, the forecast, the random walk and the fitted

model do an equally good job of predicting the bipartite-director degrees, or bipartite

director stars, as seen in the top three panels of Figure 10.

We can claim to have captured the substantive element of TA, unimodal board clustering.

We could possibly have improved on the fit of SB3 ’s but there is no substantive reason for

including this in the model for a boards satisfaction with a new configuration and even less

so for including six-cycles.

Thus, there is a clustering of boards that is unexplained by the model but that is likely to be

the result of heterogeneity in the popularity of directors. By the popularity of a director we

refer primarily to his or her actual number of board appointments. Differences in popularity

may be explained by underlying peer groups or may be reflected in or reflected by status and

prestige. Differential status and popularity could be captured by including further director

attributes but there could also exist a self organising principle that explains status through

reputation (Useem 1984; Kaplan and Reishus 1990; Zajac and Westphal 1994; Podolny

2005). Whether this status stems from the increased experience that comes with being
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central in the network or whether there was previously a peer dependent selection process so

that multiple interlocks merely reflect high status and prestige in underlying social structures

is an open question.

As an example of how well the model captures the other graph structures of the unimodal

networks, we may compare the observed distribution of geodesic distances to the predicted

(Figure 10). The model does surprisingly well but some thought must be given to the

inherent structural restrictions on the unimodal representations. This is evident in the

unimodal projections of the graphs produced by the random walk in that the geodesic

distributions closely resemble data. The random walk does however fail in capturing the tail

of the distribution, not giving enough probability to long distances.

The prediction based on 2003–2004 largely replicates the number of four-cycles in 2005

(overall the number of predicted four-cycles is a little lower than observed and as predicted

using 2005, which is a consequence of, among other things, the estimate for 2003–2004

being lower than that for 2004–2005). The random walk, by comparison, predicts far too

few four-cycles. Since the random walk already predicts too few four-cycles it almost

manages to predict the number of CMW.

By including the base-line model we have shown that the fit of our model is not an artefact

of the restrictions stemming from looking at the evolution from one point in time to another

– there is sufficiently much change to highlight the processes at work in the data.

7. Discussion

We introduced a model for bipartite evolution drawing on Snijders’ work on stochastic

actor-oriented models, and showed how to apply this model for the study of interlocking

directorates. Analysing data on firms traded at the Stockholm Stock Exchange between 1996

and 2005, we found that creating four-cycles seems desirable for corporate boards but that

preserving them is not as important. We conclude that this is a sign of peer referral in the

recruitment process, and that this is central to the evolution of the bi-partite network.

However, the increase in female directors during the early 2000’s is not associated with any

peer referral, suggesting that women where assigned to boards through other recruitment

mechanisms. Lastly we showed by using time-series forecasting as cross-validation, that the

fitted model managed to explain many features of the data that were not explicitly modelled.

In addition to the analysis conducted here there are some extensions that would be

worthwhile pursuing. Although the strategic and instrumental interests of the corporations

were not considered here it would be possible and useful to incorporate firm characteristics

(e.g., Mizruchi and Stearns 1988) and business group affiliation (Smangs 2006), as well as

board composition (e.g., Ruigrok et al. 2006) and additional director attributes. The

literature also contains frequent mentioning of underlying networks and these could be taken

into account to some extent by including director affiliation network (clubs and affiliations

from e.g. who’s who). The question is whether the result would change considerably or

whether these affiliations are already channelled through the social neighbourhoods and the

peer referral process. A slightly different perspective would be to fully investigate the co-
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dependence of the board networks and other formal networks. It is a reasonable suggestion

that there is co-dependence between the interlocking network and the ownership network

(Bohman 2006). To analyse either one as evolving exogenously and independent of the

other would be similar to when dyadic board covariates are employed. A more substantive

interest would be to consider the joint co-evolution of the interlocking directorate network

and the ownership network. Needless to say any of these further explorations would require

extensive data collection in addition to the data that we had available for the current

analysis.

For bipartite networks other than interlocking directorates model specifications would

necessarily have to be redefined to reflect differences in boundaries, type of actions, etc. We

believe that the methodology as laid out here goes some way towards giving directions as to

how that could be made and that this opens for plenty of future applications, as do the

opportunities to relax some of the simplifying assumptions made here. In addition to these

extensions we could think of fitting a joint model for evolution using change point analysis

techniques or likelihood-based model selection (Snijders et al., in press); treating changes in

the population using birth and death processes for directors and boards.
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Figure 1.
A four-cycle (C4): multiple overlaps create a multiple tie between board i and board k.

Koskinen and Edling Page 22

Soc Networks. Author manuscript; available in PMC 2014 June 16.

N
IH

-P
A

 A
uthor M

anuscript
N

IH
-P

A
 A

uthor M
anuscript

N
IH

-P
A

 A
uthor M

anuscript



Figure 2.
Bipartite attribute dependent configurations and the removal/creation of the tie {i,j}.

Structures including dashed tie where dark (director) node indicates node having attribute

and light node indicates absence of attribute. For attribute being female (W) labels are: (a)

male homogenous 4-cycle (CMM); (b) heterogeneous 4-cycle (CMW); (c) female

homogenous 4-cycle (CWW);
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Figure 3.
Boundary issues for the evolution of bipartite graphs: between t0 and t1, 4 ties have

disappeared, 4 ties have been created, one board is born and one board has died. As a

consequence and due to the fact that directors that are not on boards do not belong to the

graph, 2 directors died and 2 were born.
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Figure 4.
Bipartite configurations and the removal/creation of the tie {i,j}. Structures including dashed

tie: (a) bipartite director 2-star (SB2); (b) bipartite 3-path (L3); (b) bipartite 4-cycle (C4).
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Figure 5.
Probability intervals (.99 equal tail probability) for parameters across time in the purely

structural model. Parameters θ1 through θ3 correspond to 2-stars (SB2), three-paths (L3), and

four-cycles (C4), for the dissolution of ties and parameters θ4 through θ6 correspond to 2-

stars (SB2), three-paths (L3), and four-cyclews (C4), for the creation of ties.
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Figure 6.
Probability intervals (.99 equal tail probability) for parameters across time in model with

structural effects, director attributes and interaction between sex and peer referral
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Figure 7.
A bipartite director 3-star (SB3), a bipartite 6-cycle (C6), a unimodal board 2-star (S2A), and

unimodal board triangle (TA).
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Figure 8.
A unimodal director 2-star (S2B), and unimodal director triangle (TB).
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Figure 9.
Posterior predictive distributions for bipartite graph counts: observed count in 2005

(triangle); (true) posterior predictive distribution given observations in 2003 and 2004 (dash

dot); posterior predictive distribution using posterior distribution of model paramters

conditional on given observations in 2004 and 2005 (dotted); base line distribution with all

paramters set to 0 (solid).
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Figure 10.
Posterior predictive distributions for bipartite director degree, unimodal board geodesic

distribution, unimodal director geodesic distribution on logit scale. Observed distributions in

2005 (circle solid line); columns left to right: base line distribution with all parameters set to

0; (true) posterior predictive distribution given observations in 2003 and 2004; posterior

predictive distribution using posterior distribution of model parameters conditional on given

observations in 2004 and 2005.
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