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Summary

In longitudinal data analysis, statistical inference for sparse data and dense data could be
substantially different. For kernel smoothing estimate of the mean function, the convergence rates
and limiting variance functions are different under the two scenarios. The latter phenomenon
poses challenges for statistical inference as a subjective choice between the sparse and dense cases
may lead to wrong conclusions. We develop self-normalization based methods that can adapt to
the sparse and dense cases in a unified framework. Simulations show that the proposed methods
outperform some existing methods.
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1. Introduction

Longitudinal models have extensive applications in biomedical, psychometric and
environmental sciences (Fitzmaurice et al., 2004; Wu & Zhang, 2006). In longitudinal
studies, repeated measurements are recorded over time from subjects, and therefore
measurements from the same subject are correlated. One popular framework is to assume
that the observations from each subject are noisy discrete realizations of an underlying

process {&(")}:

Here Yj; is the measurement at time X;; from subject i, {;(-)} are independent realizations of

an underlying process {&(-)}, &j; are errors with E(gj;) = 0 and E(afj):l, n; is the number of
measurements collected on subject i, and n is the total number of subjects.

There are two typical approaches to taking between-subject variation into account:
functional principal component analysis (Yao et al., 2005a,b; Yao, 2007; Ma et al., 2012)
and the mixed-effects approach (Wu & Zhang, 2002; Zhang & Chen, 2007). The basic idea
of the latter is to decompose {&;(:)} into a fixed population mean p(:) = E{§i(-)} and a
subject-specific random trajectory vj(-) with E{vj(x)} = 0 and covariance function y(x, X) =
cov{vj(x), vi(x)}. Then (1) becomes
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Yij=p(Xij)+vi(Xij)+o(Xij)ei;(i=1, ... nsj=1,...,n). (2
The goal is to estimate the population mean (-) and construct a confidence interval for it.

Depending on the number of measurements within subjects, model (2) has two scenarios:
dense and sparse longitudinal data. Dense longitudinal data allow nj — oo and a
conventional estimation approach is to smooth each individual curve and then construct an
estimator based on the smoothed curves (Ramsay & Silverman, 2005; Hall et al., 2006;
Zhang & Chen, 2007). In sparse longitudinal data, the n; are either bounded or independent
and identically distributed with E(n;) < oo, and due to the sparse observations from
individual subjects, it is essential to pool data together (Yao et al., 2005a; Hall et al., 2006;
Yao, 2007; Ma et al., 2012).

In practice, the boundary between dense and sparse cases may not always be clear, and such
ambiguity could pose challenges for statistical inference, since different researchers may
likely classify the same data set differently. To address this issue, Li & Hsing (2010)
proposed a unified weighted local linear estimator of p(x). However, as shown in Section 2,
the latter estimator has different convergence rates and limiting variances under the two
scenarios. Therefore, to construct a confidence interval for pu(x), one should make a
subjective decision whether to treat the data as sparse or dense. In Section 2, we show that
the constructed confidence intervals based on a sparse or dense assumption could differ
substantially, depending on many unknown factors. Another challenging issue is that the
limiting variance function contains the unknown functions y(x, x) and o2(x). As shown by
Wu & Zhang (2002), Yao et al. (2005a,b), Miller (2005) and Li & Hsing (2010), covariance
estimation requires extra smoothing procedures.

We develop two unified nonparametric approaches that can successfully solve the
aforementioned issues. First, we establish a unified convergence theory so that inference can
be conducted without deciding whether the data are dense or sparse. Second, the unknown
limiting variance is canceled out through a self-normalization technique, and thus the
proposed methods do not require estimation of the functions y(x, x) and o2(x). The first
approach introduces a unified self-normalized central limit theorem that can adapt to both
cases. The second approach constructs a self-normalizer based on recursive estimates of the
mean function. The related methods have been explored mainly under parametric settings
for time series data (Lobato, 2001; Kiefer & Vogelsang, 2005; Shao, 2010). In the
longitudinal setting, our development of the self-normalization method is more attractive
due to the sparse and dense scenario and the more complicated structure such as the within-
subject covariance and overall noise variance function. Simulations show that the proposed
methods outperform some existing methods.

2. Motivation

For model (2), we consider two scenarios: (i) sparse longitudinal data: nq, ..., n,are
independent and identically distributed positive-integer-valued random variables with E(n;)
< oo; and (ii) dense longitudinal data: n; = M, for some M, — oo as h — oc.
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Throughout we let f(-) denote the density function of Xjj and let x be an interior point of the
support of f(:). Li & Hsing (2010) proposed a sample-size weighted local linear estimator of
u(x). For technical convenience, we consider the weighted local constant estimator

XL—iL' Gn
o) =argminy S, — o) (FL7E) <Tn

117’31

where K is a kernel function satisfying /g K(u)du =1 and b > 0 is a bandwidth, with

A=y 3w (R ) =y S (K0

lejl 117’]1

The convergence rates and limiting variances are different for sparse and dense longitudinal
data. To gain intuition about this, write

=1

117’j1

where the right hand side determines the asymptotic distribution of pr;(x), with
1 X;i—z
51:;2&1'7 Sig={vi(Xij)+o(Xij)ei J K (JT> - (6)
vj=1
Recall y(x, X') = cov{vj(x), vi(x)}. For j # |, by Eji&ij) = E{E(Gi&ij | Xij, Xij)}

X

B(667)=E {1(X, Xip) K (F—2) K (F5=2) 2 2P o

Throughout, ¢, ~ d, means that c,/d, — 1. Similarly,

E(&5)=E{B(&]|Xij)} = bf ()¢, {72, 2)+0° (@)}, ¢ = [ K> (w)du. @)

Applying (7)-(8) to Var(§i|ni):nf2{21§j¢jl<n (&g +Z E(&5)}, we obtain
var(&;|n;) =~ (1 — 1/ni)b2f2(r)’y(1',m)—l—f(m)wK {7(z,z)+02(m)}b/ni. 9

For sparse case with b — 0, var(&; | n) &~ bf(x)wk{y(x, X) + o2(X)}/n;; for dense case with n;
> Mp and Mpb — oo, var(&; | nj) ~ b22(x)y(x, X).

Treorem 1. Assume Assumption 1 in the Appendix. Let f(x) be the density of X;;. Write

T N e e S FR T

i. Sparsedata: Assume nb — oo and supy, nb® < co. Then
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\/(nb){ﬂn(z) - :u(x) - bzp(x)} - N{O sz'parse(z)}’ (10)

Where sZ,.ree (1) =7, {7(z, 2)+0%(2)}/ f(x) and © = E(U/ny).

ii. (i) Dense data: Assume n; = Mp, Mpb — 0o, nb — oo and supp, nb* < co. Then

\/’I”L{ﬂn(l') - y(l‘) - b2p($)} - N{O’ S?lense(x)}v Sgense(x)zv(x7m)' (11)

It is worth mentioning some related results. Li & Hsing (2010) established the uniform
consistency of pr;(x) with different rates under the sparse and dense cases, but they did not
obtain the asymptotic distribution. Wu & Zhang (2002) also showed that the local
polynomial mixed-effects estimator has different convergence rates and limiting variances
under the two scenarios. Under a Karhunen-Loéve representation of longitudinal models,
Yao (2007) studied the sparse case by allowing n; to be dependent on n; see also Ma et al.
(2012).

By Theorem 1, the confidence interval for u(x) is different under the two cases. Let z;_/» be
the 1 — a/2 standard normal quantile. Then an asymptotic 1 — a confidence interval for p(x)
is

(@) = VPp(2) % 210 pa (00) 239, (e, 2) 467 (@)} F @) a2
for sparse data, or

fio(2) = U2p(x) £ 21y A2, 2) 12 (13)

for dense data. Here, ?anlz?ﬂn; 1, y(x, X), oi(x), f(;<) and p(x) are consistent estimates
of T, v(X, X), 02(x), f(X) and p(x). The ratio of the lengths of the two confidence intervals is R
= [wk r{l + of(x)/y(x, X)H{b f(§<)}]1/2, which depends on the denseness parameter T, the
signal-to-noise ratio y(x, X)/02(x), the bandwidth b and the design density f(-). The further
away R s from one, the larger the discrepancy between the two constructed confidence
intervals.

Rewarc 1. In the dense case, suppose nj is proportional to M, — oco. Theorem 1 (ii) studies the
case Mpb — oo. If Myb — 0, then the leading term in (9) is f(X)wk{y(X, X) + o2(X)}b/n;. If
Mpb is bounded away from 0 and oo, then both terms in (9) are of the same order. If b is

proportional to (nM,;)~L/3, then a sufficient condition for M,b — o is M2 /n — oc. In many
practical problems, n is about 30-200, Mp, is about 10-30, and A7/ is sufficiently large.

3. Unified approaches for sparse and dense data

3:1. A unified self-normalized central limit theorem

The discussion in Section 2 suggests a need for a unified approach. For independent and
identically distributed random variables Z, ... , Z,, de la Pefia et al. (2009) gave an
extensive account of the asymptotic properties of the self-normalized statistic
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Z;lZi/\/(ijlzf). In this section, we present a unified self-normalized central limit
theorem for pu,(x). For Hy in (4), define

Un( sz Z{Yu (X)L K (%)r

ni=1

Theorem 2. Assume Assumption 1 in the Appendix. Suppose nb/ log n — oo, sup;, Nb® < oo for
sparse data or nj = My, Myb — 0o, nb?/ log n — oo, sup;, nb?* < oo for dense data. Then
{Un(¥) = u(X) = b2 p(X)HUR(X) — N(O, 1) in both the sparse and dense settings.

Many papers treat sparse and dense data separately. For example, Yao et al. (2005a,b), Yao
(2007) and Ma et al. (2012) studied sparse longitudinal data. For the local polynomial
mixed-effects estimator, Wu & Zhang (2002) obtained different central limit theorems under
the two scenarios. By contrast, Theorem 2 establishes a unified central limit theorem, which
can be used to construct a unified asymptotic pointwise 1 — a confidence interval for u(x):

fin(z) = B?p(z) £ 21_o2Un(z).  (14)

While the confidence intervals (12)—(13) require estimation of the within-subject covariance
function y(x, x) and the overall noise variance function o2(x), (14) avoids such extra
smoothing steps and can adapt to the sparse or dense setting through the self-normalizer

Un(X).

To select the bandwidth b, we adopt subject-based cross-validation (Rice & Silverman,
1991). The idea is to leave one subject out in model fitting, validate the fitted model using
the left-out subject, and choose the optimal bandwidth by minimizing the prediction error:

b* —argmlnS]CV(b) SICV(b)= Z ! Z{YU <‘i>(Xij)}2, (15)
=1 ’”] 1

where p(‘i)(x) represents the estimator of u(x) based on data from all but the ith subject.

In practice, it is difficult to estimate the bias b2p(x) due to the unknown derivatives f, W/, p”.
In our simulations, we use K(u) = 2G(u) — G(u/ v 2)/ v2 with G(u) the standard normal
density. Then [z u?K(u)du = 0 and p(x) = 0. However, this does not solve the bias issue. For
example, if f and p are four times differentiable, then we have the higher order bias term
O(b%). The bias issue is inherently difficult and there is no good solution so far.

3.2. Self-normalization based on recursive estimates

In this section we introduce another self-normalization method based on recursive estimates.
Form=1, ..., n, denote by u,;](x) the estimator in (3) based on observations from the first m
subjects. Then plA(x), e p;,(x) are estimates of p(x) with increasing accuracy. Moreover,
ur;(x) has similar asymptotic normality as in (10)—(11). For example, for each 0 <t <1, the
counterpart of (10) for sparse data is
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V(tb) {fi gy (2) — pi(z) —E)Qp(m)} — N{0, s2,ur(2) }. Throughout, | z| is the integer part

of z Therefore, un(X) and |y (X) have proportional convergence rates and tAhe same limiting
variance, which motivates us to consider certain ratios between pip(x) and | (X) to cancel

out the convergence rates and limiting variance.

Since the above analysis holds for all 0 <t < 1, we consider an aggregated version

n

R 2 (0 1/2
T, ()= nl2) = 1(2) Z bl ),vn<z>—n3/2{ ) m2|ﬁm<x>—ﬂn<m>|2} .

V()

m=|cn|

Throughout ¢ > 0 is a small constant included to avoid unstable estimation at the boundary.
By our simulations, ¢ =0-1 works reasonably well. Intuitively, we may interpret p,;(x), m=
1, ..., n, as observations from a population with mean p(x) and treat pr:(x) as sample
average. Thus, V,(X) can be viewed as a weighted sample standard deviation with the weight
e reflecting the accuracy of p,;(x), and Vi(x) mimics the usual normalizer in the Student-t
distribution.

Treorem 3. Assume the conditionsin Theorem 1. Let {B;} be a standard Brownian motion.

Then T, (x) — By /{[-(B; — tBl)Zdt}l/2 under either the sparse or the dense settings.

By Theorem 3, an asymptotic pointwise 1 — a confidence interval for p(x) is p,;(x) - b? p(x)
+ O1-a/2Vn(X), where gp—-q2 is the 1 — a/2 quantile of the limiting distribution. The latter
confidence interval is the same for both scenarios, with the convergence rate and limiting
variance being built into the self-normalizer V,(X) implicitly. Our method can be viewed as
an extension of the parametric self-normalization methods in Lobato (2001), Kiefer &
Vogelsang (2005) and Shao (2010) for time series data to the nonparametric longitudinal
model (2).

In practice, however, subjects have no natural ordering, and we can use the average of

multiple copies of 172(z) through permuting the subjects. For a large n, since it is
computationally infeasible to enumerate all permutations, we consider only a fixed number,

say T, of random permutations. Denote the corresponding Vi(x) by V1(z),..., VT (x).
Consider
L (@) — (@) = 0Pp(x) ca I 2

By the above analysis, the asymptotic distribution of TDEX) is the same under both the sparse
and dense settings. However, it is not clear whether T,(X) is asymptotically normally
distributed. Nevertheless, in light of the asymptotic normality of pn(X), the proof of Theorem
3and E{[}(B; — tB;)%dt}=(1 — 3¢*+2¢*) /6, we propose the pointwise confidence
interval
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fin(z) = B*p(2) £ 210 2Vi(2)Ver,e1=6/(1 — 3c®+2¢%).  (16)

Here 17 is defined in (12). We call it the rule-of-thumb self-normalization based
confidence interval. Our quantile-quantile studies show that the empirical quantile of T,(X)
with 200 permutations matches well with that of N(O, ¢;) under the settings in Section 4.

4. Numerical results

Following Li & Hsing (2010), we consider the model

3
Y;]:,LL(XZJ)+Zazk¢)k(Xz])+a—£z](Zzl7 e ,n;j:l, N 7Tli)7
k=1

where ajk ~ N (0, o) and gj; ~ N(O, 1). Let u(x) =5 (x - 0.6)2, d1(X) = 1, @5 (X) = V2
sin(2mx), ®3(X) = V2 cos(27X), (01, ®2, ®3) =(0:6,0-3,0-1), and n = 200. Then the variance
function y(x, ) =0-6+0-6sin2(27x)+0-2cos2(27x). Two noise levels o = 1, 2 are considered.
The design points X;; are uniformly distributed on [0, 1]. For the vector N = (ny, ... , np) of
the number of measurements on individual subjects, we consider four cases

leniNU[{Q, 3, ey 8}],N2711NU[{15, 16, ce ,35}], 17

N3:n;~U[{30,31, ..., 7T0}]; Ny ~U[{150, 151, . .., 250}].  (18)
Here U[Z] stands for the discrete uniform distribution on a finite set 2.

We compare six confidence intervals: the two self-normalization based confidence intervals
in (14) and (16) with 200 permutations, the asymptotic normality based confidence intervals
(12)—(13) assuming sparse and dense data, respectively, the bootstrap confidence interval
with 200 bootstrap replications from sampling subjects with replacement, and the
confidence interval

9 1/2
() — 12p(z) & zla/zn‘l/z{u — e, x)+%%§j‘”} e

The confidence interval (19) is practically infeasible as we need to estimate the unknown
functions. Nevertheless, by using the true theoretical limiting variance function in (9), (19)
serves as a standard against which we can measure the performance of other confidence
intervals. When using the local linear method in Li & Hsing (2010) to estimate y(x, X), we
found that negative estimates of y(x, X) occur frequently, especially when the noise level o is
high. For the purpose of comparison, we use the true functions y(x, X), 02(x) and f(x) to
implement (12)—(13).

We consider two criteria: empirical coverage probabilities and lengths of confidence
intervals. Let x; < -+ < Xpq be 20 grid points evenly spaced on [0-1, 0-9]. For each xj and a
given nominal level, we construct confidence intervals for p(xj), and compute the empirical
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coverage probabilities based on 1000 replications. For each of the six confidence intervals,
we average their empirical coverage probabilities and lengths at 20 grid points. To facilitate
computations in bandwidth selection, instead of using (15) for each replication, we set b to
be the average of 20 optimal bandwidths in (15) based on 20 replications from each set of
parameter choices.

The results are presented in Table 1. The performance of the confidence intervals (12)—(13)
depends on whether the data are sparse or dense. As we increase the number of
measurements on each subject from the sparse setting N; to the dense setting Ng, (12) under
sparse assumption performs increasingly worse whereas (13) under dense assumption
performs increasingly better. The simulation study further confirms the theoretical results in
Theorem 1 that the confidence intervals (12)—(13) perform well only under their
corresponding sparse or dense assumption. By contrast, the self-normalization based
confidence intervals (14) and (16) deliver robust and superior performance: (i) they have
similar widths but slightly better coverage probabilities than the bootstrap confidence
interval; and (ii) they perform similar to the infeasible confidence interval (19) with true
functions. Finally, (14) and (16) have comparable performance.
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Appendix: Regularity conditions and proofs

Assuwerion 1. (i) K(+) is bounded, symmetric, and has bounded support and bounded
derivative. (ii) {vi())}i, {Xij}ij, {&ij}ij are independent and identically distributed and
mutually independent. Furthermore, the density function f(-) of X;; is twice continuously
differentiable in a neighborhood of x and f(x) > 0. (iii) In a neighborhood of X, () is twice
continuously differentiable, o2(-) is continuously differentiable; in a neighborhood of (x, X),
v(x, X') = cov{ui(x), vi(X)} is continuously differentiable. Moreover, y(x, X) > 0, 02(x) > 0.
(iv) E{Jvi (") + o(")ejj |} is continuous in a neighborhood of x and E{|v;(X) + o(X)ejj 1} < 0.

Proof of Theorem 1. Let &; be defined in (6). Recall the decomposition (5). Write

- 1 & Xii—z
Hn:ZViaVi:;Z /ij,Vij:K< - 5 ) s (20)
i=1

L
=1

In:ZCuCZ:n_ngaQJ:{#(XU) - /‘L(‘T)}K< jb x) < (21)
=1 1

i

By the symmetry of K and Taylor’s expansion, E(vj;) = {1 + O(b?)}bf(x), var(vij) = O(b),
E(Gj) = b3(x)p(X) + o(b?), var(Gj) = O(b3). In either the sparse or the dense case, E(v; | nj) =
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E(vij) is non-random. Thus, var(v;) = E{var(v; | )} = var(vjj)E(1/n;) and

var(Hn):Z;L: lvar(l/i):O(b)Z:: (E(1/ns), Write Tn:nﬂz; E(1/n:). Then
H,=E(H,)+0,{y/var(H,)}=[14+0,{6*+(nb/7,) " /*}|nbf (). (22)
Similarly, I = nb® f (x) p(X) + o(nb®) + Op{V(nb3ty)}. Thus,

L/ Hy=b%p(2)+6p, 6,=0,(b*)+Op{/(b70/n)}.  (23)

Dense case: Under given conditions, &, = op(n‘l/z) and

{nb2f2(f)}71Vaf(Z;1§i) — (@, ). For distinct j, r, s, k, by the argument in (7),
E(ijGirtistin) = O(b?),

E(&6irkis)=0(b"), E(&],65)=0(b%), E(&];6ir)=0(b%), E(&;)=O(b). Thus,
ijlE(ﬁf)ZO(”b4)=0{(b\/n)4}. By the Lyapunov central limit theorem,
Z:;lfi/{b\/nf(w)} — N{0,7(z, z)}.

Sparse case: In (5), &1, ... , &, are independent and identically distributed. The result follows
from 8y, = 0p{(nb)™V/2} and var(&;) = E{var(& | m)} ~ boyk f){v(x X) + 62(x)}.

Proof of Theorem 2. By Theorem 1, it suffices to show nU2(z) — s3,,..(z) for dense data

or nbUZ () — s2

“sparse

(z) for sparse data. For convenience, write Kj; = K{(X;; - x)/b}. Let

2
n n

1
S":Z; _,Zl{nj—ﬂn(Xij)}Kij => (E4ni+286m:), (@4)
1= ]_

ti= =1

where &; is defined in (6) and "i:”flzjll{#(Xij) — M(X35)} K35, By Theorem 3.1 in Li &
Hsing (2010), [u(2) — K(2)| = Op(¥yn) uniformly for zin the neighborhood of x, where ¢, = b2
+ (n/ log n)~Y2 for dense data or ¢, = b? + (nb/ log n)~Y/2 for sparse data. Then

Ui:Op(En)”i_lzj;l\Kij . Using fi:”i_lzj;liij, where & is defined in (6), we obtain
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> In?
i=1

+2&imi
g (t5w)

+0p(ln Z 2Zl§m|ZlKu| < Op(ln)Jn, In

1171 Jj=1

n
=Z;ZK%
i=1""tj=
n; mn;

PSS (KA ),

111]17'1

2 2
Here we have used {n=0((x); (Z] 1[K1]| < mZ K7, 2|Kijéiy| < K3+€5 By

E(K};)=0(b)and E(&};)=0(b), E(Jp) = O(nb). Thus, Zizl[n?+2€im|:0p(nb€n). By (24)
and the independence of &, ... , &p,

1/2

i=1

From the proof of Theorem 1, {”b2f2(f)}7lz?:1E(€?) — S3ense () for dense data or

{nbf2(@)} 3" B(E2) = 5Zpure(®) for sparse data. By (22), Hy = {1 + 0p(1)}nbf(x).
Thus, it remains to show ¥, = o(nb?) for dense data or y,, = o(nb) for sparse data. In the

dense case, by the proof of Theorem 1, Zn var(§7) < Zn E(&)=0(nb"), and
consequently ¥, = Of{V nb? + nb® + bV (n Iog n)} = o(nb?). In the sparse case, by the proof
of the dense case in Theorem 1,

E(& |ni)=0(L)n; * (nib +nib’ +nib’ +nb), E(&)=E{E(&; [n;) }=0(b), and thus xn =
O{V (nb) + nb + v (nb log n)} = o(nb).

Proof of Theorem 3. Recall Syparse(X) and Syense(X) in Theorem 1. Let T'y = nbf(x)/Ap, Ap = v
(Nb)f(X)ssparse(X) for sparse data or A, = bV nf(x)Syense(X) for dense data. Suppose we can
show the weak convergence

{Tat{ i () = plz) = 0p(2)}} ooy = {Bilecicr @5)

For convenience, we write ,%(g):{fﬂg(t)\zdt} and suppress the argument x. By (25)
and the continuous mapping theorem, (u,; -h- b2p)fz{t(p nt) un)} — B1/%(B; — tBy). By
In"t[nt] - t| < n"t for t € [c, 1], Lo{t(W|ny) — U} is asymptotically equivalent to

L{n1nt] (p Int] pn)} Vr(X), where V(x) is defined in T(x). This completes the proof.
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It remains to show (25). Recall v; and g in (20)—(21). As in (3) and (5),
fipnt) () — p(z) — G=r— Hipt) = Vza” n(t) fz
o Hpi) HL =
By Kolmogorov’s maximal inequality for independent random variables,
o | Y]
H H H,—-FEH,, .

S<1tlg [ H |t — E(H ) |= e <m<n| ( [{ZVM(V } J

Thus, similar to (22), H| | = [1 + Og{b? + (nb/ty) Y2} [t bf(x) uniformly inc<t<1.
nt
Applying the same argument to (23) gives ZLIJ Gi/Hnt) =b"p(x)+6, uniformly, where 8,
is defined in (23). Thus it suffices to show {Wy(t)/An}e<t<1 — {Bi}e<i<1- The finite-
dimensional convergence follows from the same argument in Theorem 1 and the Cramér—
Wold device. It remains to prove the tightness. Let c <t <t’ < 1. By independence,
Wi () Wit nt] ]
()= )T { S EEE Y BEEE)
" n i=|nt]+1 [nt|+1<i<k
By the argument in the proof of Theorem 1, in the dense case, E(¢2)=0(b?), E(¢})=0(b"),
and thus An(t, ') = OfJt — [/n + |t — t|2}; in the sparse case, E(eH=0(b), E(?)=0(b), and
thus An(t, t') = OfJt - t'}/(nb) + |t — t'|2}. This proves the tightness.
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