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Abstract

Stimulated emission depletion (STED) can achieve optical superresolution, with the optical
diffraction limit broken by the suppression on the periphery of the fluorescent focal spot.
Previously, it is generally experimentally accepted that there exists an inverse square root
relationship with the STED power and the resolution, but with arbitrary coefficients in expression.
In this paper, we have removed the arbitrary coefficients by exploring the relationship between the
STED power and the achievable resolution from vector optical theory for the widely used 0-2 7
vortex phase modulation. Electromagnetic fields of the focal region of a high numerical aperture
objective are calculated and approximated into polynomials of radius in the focal plane, and
analytical expression of resolution as a function of the STED intensity has been derived. As a
result, the resolution can be estimated directly from the measurement of the saturation power of
the dye and the STED power applied in the region of high STED power.

1. INTRODUCTION

In 1873, Ernst Abbe derived the diffraction limit of conventional microscopy as dappe = A/2
NA, which is also regarded as the resolution limit for optical microscopy [1]. It was not until
the past few decades with the development of superresolution microscopy techniques that
this limit has been surpassed [2]. One of these techniques, stimulated emission depletion
(STED), belongs to the optical nanoscopy family of reversible saturable optical fluorescence
transitions (RESOLFT) [3], in which the point spread function (PSF) of the fluorescence is
engineered to obtain a higher resolution that breaks the optical diffraction limit [4]. In
particular, a spatially modulated depletion beam is spatially overlapped on the excitation
focal spot to effectively remove the peripheral fluorescence distribution with either STED
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[5], or by exciting the electron to a triplet state (ground state depletion) [6], or through
excitation state absorption to excite the electron to a higher energy level [7]. To achieve
superresolution in the lateral plane, a widely used method is to place a 0-2 7 vortex phase
modulator in the optical path of the circular polarized depletion beam [8-11].

To estimate the theoretical superresolution power of STED, the most widely used expression

is the square root law, in which the full-width at half-maximum FW HM=hq/ \/1+1 /I,
which was first developed by Westphal and Hell [12]. Here, hg denotes the half-width full-

maximum of confocal PSF. Harke et al. has derived FW HM=ho/ \/1+CI /I, with a
modulation factor C to the intensity [13,14]. It explains the experimental results well, but the
arbitrary constant in expression varies on different systems, which makes it difficult to
calculate resolution before the system is set up. The scalar solution to the depletion intensity
of a 0-2 phase plate has been derived by Watanabe et al. [15]. Yet, without considering the
vectorial nature of light, application of this theory is limited to an objective with a small
incident angle, where the paraxial approximation is applicable. As a result, this theory fails
for objectives with large incident angles. On the other hand, it is possible to numerically
simulate the intensity distribution at the focal spot without analytical expression [16,17]. So
far, despite the huge progress in the experimental instrumentation and application of STED
in optical nanoscopy, accurate estimation of the performance of a STED system under a
known depletion power is still lacking. It is therefore useful to establish a new formula
describing the maximum achievable resolution of STED optical nanoscopy based on the
relationship between actual depletion power and the saturation depletion power with half-
original fluorescence.

In this paper, we use a vectorial theory to investigate the laser field in the neighborhood of
focus. We present the diffraction analysis, where analytical excitation and depletion light
intensity distributions are given, and then expanded with polynomials. Under high-
resolution power conditions, expressions of FWHM on focal planes are derived from system
parameters in both continuous wave (CW)-STED and pulsed-STED, with a second-order
approximation of radius. We derived the origin of the coefficients in the formula and
removed the need for arbitrary coefficients in the previous resolution law,

FWHM=hgy/ \/1+CI/I,. Then, we numerically simulate the electromagnetic fields,
compare the results with our analytical results, and discuss the error induced by small-radius
approximations.

2. DIFFRACTION OF A HIGH NUMERICAL APERTURE OBJECTIVE WITH
VECTORIAL THEORY

Wolf et al. derived the vectorial theory of diffraction under the asymptotic and optical rays
approximation [18,19]. For a linear polarized excitation laser beam, the electric beam in
objective space can be written as
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e, = —%fg 3”00550 sin 0{cos 0
+ (14-cos 0)52'712 (;ﬁ}eikrp cos£dode
e, = %fg‘fg”coséﬁ sin@ (1 — cos 9) @
X sin ¢ cosge™ 3 £d0d¢
e, = %fg 3”0035 0 5in? 0 cos pe™*r s =d0d ¢

The coordinates are illustrated in Fig. 1. In an idealistic Gaussian image system, the above
expression yields

€x (P) = _iAlz (IO+IQ Ccos 2¢p)
e, (P) = —iA1; Iy sin 2¢,
e, (P) = —2A,,1 cos ¢p,

where A1y = kg fe14/2, ky = 271 Aey and e1y is the linear excitation electric field along the x
axis, and on the focal plane integration, Iy, I1, and I, are given by (note that the number
subscripts of I indicate integrations distinguished from intensity where subscripts are letters)

In=[;do cos? 0 sin 0(1+-cos 0) Jo (k1p, sin 0)eikrzp cos 0
ILi=[gdo cos20 5in20.J; (Kap, sin 0)etkr zpcos 0
L=[gdo o530 sin 0 (1= cos 0) Jy (ki,,sin 0) eik12p cos 0

where pp:(m§+y§)1/2. In STED, a 0-2 7 phase mask is generally used, as it can generate the
most efficient inhibition pattern for fluorescence depletion [3]. The electric field of a
depletion beam with distinct polarization states can be calculated [16]. Notice
J2mexpling+p cos ¢} dp=27i" J,, (p), and substitute exp (ikr, cos &) = e'Zp cos ¢

eikop sin 0cos (¢ = op) ik ® (4 9) into Eq. (1), where the phase function of 0-27 phase plate is
elk® (€ 0) = ¢lv, then we derive

e, = Ay [Lexp(ig,) — %.[2 exp(—igy)

‘ +%I3€Ip(i3¢p)] 9
ey = —lheap(—igy)+Lerp(isg,)
e, = iAoy [ Iy — Isexp(i2¢,)]

Here, Ayy = ko f e,/2 is proportional to linear depletion of the electric field and kyp = 271/ A4e.
The angular integrations I1 — I are defined as

Li=[gdo 020 sin 0.J; (kgp, 510 0) (1+cos 0) eth27» cos 0
L=[7de cos? 0 sin 0.J; (kp,sin 0) (1 — cos §) e’k cos 0
I3=[;do cos3 0 sin 0J3 (kap,sin 0)(1 — cos 0) etkazp cos 0

Li=[5deé cos3 0 sin 0.J (kgp, sin 0) sin gelk2zpcos 0
I;=/5do c0s3 0 5in 0.5 (kgp, sin 0) sin Ge'kzzr 050,
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We used STED3D, a home-built Matlab code to simulate the EM field of the excitation and
depletion beams [20]. The parameters we used are listed as follows: numerical aperture
(NA) of the objective lens, NA = 1.4; refractive index of the objective space, n = 1.5; focus
length of the lens, f = 1.8 mm; excitation wavelength, Asx = 635 nm; depletion wavelength,
Ade = 760 nm; and the incident excitation beam was set to be circularly polarized. To verify
our simulation, we first plotted the excitation intensity on the x—y and x-z plane in Fig. 2.
The FWHMs are 256.8 and 605.7 nm, respectively, which is in good agreement with results
obtained from PSF Lab [21].

For circular polarization incidence, the electric field can be obtained by coordinate rotation
[22]. The electromagnetic field now consists of contributions of two linear polarized
incident fields along the x and y axis:

Eqy (1p,0p, ¢p)=es (Tp, Op, &p) — e;, (7’;)’ ;n ;;)7
Ey(rp, 0p, $p)=ey (Tp, O, ¢p)+egc/ (rg,, 0‘?» ‘25;))’ (3)
E, (Tpv 01)7 ¢p):ez (Tp’ 0:0’ ¢P)+ez’ (Tp7 ‘9p> ¢p)v

where 7, =, 6,=6,, ¢ =¢, — (/2). Then, intensity of the laser field could be calculated

by I=E, E;+E, E,+E. E; for both the excitation and depletion beams, and residual
intensity is lresiqual = lex * 7(1ge), Where n(lge) = 1/(1 + Ige/1g) for continuous beams, and
(Ige) = exp[— (In 2)Ig4¢/Is] for pulsed STED [23].

Now consider the light intensity distribution on focal plane z, = 0. Since

(ee]

T, (@)= (=1)*/EIT (k+v+1)) (2/2)** " the second-order approximation can be
used: Jo (X) = 1 = (x3/4), J1 (X) = (x/2), and J; (X) = (x2/8). Define s = sin? @ and

B(s,p,q)=[5t"7" (1 — )9 1 dt=2[7sin** =10 cos*17 16 d6, which is the incomplete Beta
function, and we can express 11 — Is as polynomials of oy, with their coefficients given by
ap1 — bs, and their coefficients are incomplete Beta functions of s, as shown in Appendix A.
For a linear or elliptically polarized laser, it is always possible to rotate coordinates to make
the polarization a standard ellipse with Ay = Cy, Ay = ICp, Ayx = Dy, and Ayy = iDp, where
Cq, Cy, Dy, and D, are real. When the radius of area is much smaller than /2 7, higher-order
terms in Eq. (2) are insignificant. We substitute approximated expressions of Bessel
functions into Eqg. (2), and use the resulting electric field to calculate light intensity. Then,
the excitation and STED doughnut intensities can be expressed as

Lex (pps &p)= (CF+C3)ady +2[(CT+C3)
x (ag1age+af)+(CF — C3)
X (ao1 ag+a?) cos 2¢,] (k1py)%,
Liep(pp; dp)= (D1— D2)2b4211+(D%+D%) (©)]
x b} (kapp)*+(D1 — D2)* (353
+2b41 bag) (k2pp)? — (biba
+2b41 b5) (D} — D3) cos 26, (kapp)*.

This expression gives an analytical description of the excitation and depletion intensities in
the vicinity of the focus. A special case is that the depletion beam is left-circular polarized
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(the same as the direction of the vortex direction) with ¢;=C,=(+/2/2)C and
Dy=D,=(~/2/2) D, which indicates that the center of donut has zero intensity. Then

Lo=C?[a},+2 (a0 apz+a?) (k1 p)?]and I.,=D>b? (kop)> For an elliptically polarized
laser or linearly polarized laser [24], D1 # D, leads to I4e # 0 at the focus. This is derived
from second-order approximation, but still holds true for a strict analytical solution because
all of the higher-orders annihilate at r = 0. The results obtained with our methods can also be
validated with [17], as shown in Fig. 3. The FWHM of STED PSF could be estimated
accordingly, with the decay functions for CW or pulse cases described in Appendix A.

3. SIMULATIONS

A. Resolution and Depletion of Intensity

Stimulated emission intensity I could be defined as the intensity of fluorescence dropped
into its half [13,23,25]. The intensity |5 could be measured as the following procedures:

1. Measure the peak fluorescence intensity of excitation beam by scanning the focus
across a fluorophore (here the size of the fluorophore is assumed to be very small,
i.e., a delta function).

2. Introduce the depletion beam without phase modulation, whose PSF should be
overlapped with the PSF of the excitation.

3. Adjust the depletion power until the peak fluorescence intensity is depleted to its
half [13].

As a result, such peak depletion intensity is defined as Ig. When the CW saturation function
(1) = 1/(1 + 1/1) is considered to its second-order [23]

)\EI

aNA \[1+8I4,/I,  ©

where lgep is the nonmodulated peak intensity of the depletion beam focus, and

FWHM=

— us 2
= isina _4(0’01 ao2 —|—2(Z1), 5
4(ao1 ao2+a?) \ Ade

For NA =1.4and n = 1.5, Agx =635 nm, and Aq4e = 760 nm, this expression yields

FWHM=MAc;/(2.15NA 1/1+0.16814c,/I5. For pulsed-STED with the saturation function
7(1) = exp (= In 21/1), it is more convenient to rewrite excitation into an exponential
function [23], and thus

a= T —2(ao1 ap2+a?)
apl sin o In2 ’
g __n2 B ( Aew ) 2 O
- 2(ao1 aoz+a?) \ Age ) °

With the same system parameters, this expression yields FWHM = Aoy (1 =
0.233 gep/ I)~12/1.83NA. We found the inverse root law still holds in vectorial theory except
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for modification factors « and S, which are incomplete Beta functions with aperture angles
as their parameters. In brief, there should be a 0.233 or 0.168 correcting factor (roughly 1/4
and 1/6) for pulsed- or CW-STED, respectively, when calculating the resolution with respect
to the depletion intensity. This is the main conclusion of this paper.

We plotted in Fig. 4 the simulated FWHM (red) and the calculated results in Eq. (5) (blue).
Figure 4(a) is the CW case with fraction saturation function, and Fig. 4(b) is the pulsed case
with exponential saturation function [23]. In both figures the two curves overlap well, which
validates Eq. (5).

When considering that the integrated fluorescence intensity dropped by half, the required
depletion intensity has to be increased. Here, the relationship between the depletion intensity
ratio I/l and the fluorescence intensity ratio Pget/Pg is shown in Fig. 5. As can be seen, the
saturation power Pg corresponds to about twice the saturation intensity Is.

B. Resolution and Depletion of Laser Power

Experimentally, the measurement of intensity is often replaced with measuring the laser
power, as the power is easier to be measured. Then, the intensity distribution for modulated
and unmodulated STED PSFs can be calculated accordingly [26]. To avoid the disturbance
from sample photobleaching, a fluorescent solution is used instead of an ultrasmall
fluorescent nanosphere.

1. Measure the average fluorescence intensity of the excitation beam by scanning the
focus across the fluorescent solution (a uniform function) [13,26].

2. Introduce the depletion beam without phase modulation, whose PSF should be
overlapped with the PSF of the excitation.

3. Adjust the depletion power until the total fluorescence intensity is depleted to its
half [13,26].

Therefore, it is more convenient to express the resolution of STED with the relationship of
P/Ps, where P is the depletion power and Py is defined by the depletion power when the
detected integrated fluorescence intensity (scanning across solution) is reduced by half.
Numerical evaluation of the factor reveals P = P4 approximately corresponds to | = 2ls.
Then, the resolution versus STED-power relationship becomes [26,27]

FWHM=

Aex
aNA T P/p, @

where P is the depletion power; Py is the saturation power when the fluorescence is reduced
by half. Our representation of resolution then becomes

FWHM=\.; /(215N A \/1+0.35P/P,) and FW HM=)\.,/(1.82 NA \/1+0.45P/P,)

for CW-STED and pulsed-STED, respectively. As an example, typical values of parameter y
for different dyes in both CWand pulsed-STED situations are listed in Table 1.
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4. CONCLUSION AND DISCUSSION

In this paper, we applied a polynomial approximation of the Bessel integrals to yield an
analytical expression of STED with vectorial waves. We derived the origin of the
coefficients in the formula and removed the need for arbitrary coefficients in the previous

expression, 1/ 1/ 1+CI/I,. We have given new sets of resolution estimation equations to
predict the resolution achievable for a STED system: the expression of resolution, incident
depletion intensity, and half-peak-fluorescence depletion intensity are analytically derived
with incomplete Beta functions, and the relationship of half-peakfluorescence depletion
intensity and half-total-fluorescence depletion power was established by simulation. The
result can be extended to other RESOLFT-type superresolution techniques where the
fluorescence PSF is modulated with another doughnut shape PSF through 0-2 77 phase
modulation.

We used STED 3D to simulate the electromagnetic field distributions around the focus. In
Fig. 6, we plotted the excitation (a) and depletion (b) intensities on the x axis of the focal
plane. In Fig. 6(a), the simulation intensity was plotted in red, the polynomial approximation
of Eq. (4) was plotted in blue, and the exponential approximation was plotted in green. In
Fig. 6(b) the numerical solution to the rigid EM field intensity was plotted in red, and the
polynomial approximation of Eq. (4) was plotted in blue. As expected, approximations
agreed well with the numerical solution of the EM field in the vicinity of focus. This is
because in the derivation of Eq. (5), asymptotic expansion at r = 0 makes the approximation
only available in the vicinity of the focus. In Fig. 6, we found that the curves of analytical
and simulation laser intensity overlap well when r was small, but diverged with the increase
of r. In Fig. 6, we also found that when r < 80 nm, the approximated excitation and
depletion intensities will induce errors of 5% and 8%, respectively. As a result, our theory
applies to highaperture objective lenses with NA > 1, or those with high depletion intensity,
roughly when the FWHM is less than A/3. For smaller aperture objective lenses in which the
incident angle is small, Watanabe’s theory [15] along with scalar diffraction theory [28,29]
can provide an acceptable estimation. For the same reason, in Fig. 4, the analytical FWHM
curves better predicts results with an error less than 5% when | > 10l5. With the
development of the high-efficiency fluorescent dye, and through application of larger STED
power, STED resolution of 6 nm has been demonstrated [4], and typical STED system
resolution is <80 nm. Because the best STED nanoscopy resolution at a certain depletion
power is usually concerned, rather than the resolution at moderate power, our result has a
wide scope of applications in the accurate estimation of the STED (or RESOLFT) system
performance.

There are several improvements that can be made in the future. One is introducing the
Gaussian spatial distribution of the incident lasers, which can be done by inserting a
Gaussian factor in the integration of lg — I5. Since the beam is generally expanded for
overfilling the back aperture of the objective, the planar wave can serve as a very good
approximation to the experimental situation. Another possible improvement would result
from retaining higher orders in the Bessel summation. It may reduce the error when the
radius increases at the cost of much complexity in the expression.
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APPENDIX A: DERIVATIONS AND VALIDATIONS

To analytically derive the field of a circular-polarized incident laser, it is necessary to note
that in the rotated coordinations, Eq. (1) still holds with the phase mask function eik® (¢ ¢ =
1 for the excitation beam, and elk® (¢ ¢) = gi(¢”+ (72)) for the depletion beam. It yields

elz (P) = —idAy, (I — Iz cos 2¢,),
e/ly, (P) = 1Ay, I sin 2¢,,
e (P) = —24A1,1, sin ¢,
for excitation, and
8/295/ = Ay, [Il ea:p(i(bp)—f—%fz exp (—ipp) —%.[3 emp(i3¢p)},
/ iAo, . .
€ = Iy exp(—igy)+Iz exp(i3dy)],
822/ = —AQU[I4+I5 €$p(22¢p)]

for depletion.

In Eq. (4) the parameters are defined as

Io = agi+ao (kipy),

L = ay (k1pp),

I, = as (k1 pp)?,

L = b1 (k2pp),

I, = bs Ek‘zpj)), (A
13 = 07

Iy = by+by (k2pp)27

Is = bs (kZPp)2a

where ag; = [B(s, 1,3/4) + B(s, 1,5/4)1/2; agy = [B(s, 2,3/4 + B(s, 2,5/4)]/8; a1 = B(s, 2,3/4)/4;
ap = B(s, 2,3/4)B(s, 2,5/4)]/16; by = [B(s, 3/2, 3/4 + B(s,3/2, 5/4)]/4; b, = [B (s, 3/2, 3/4) - B
(s, 312, 5/4)]/4; bay = B(S, 3/2, 3/4); bap = B(s, 5/2, 3/4)/4; and bs [ B(s, 5/2, 3/4)/8.

To obtain Eq. (5), it is important to keep in mind that without phase plate, Idep:D2 a2, If
we defined the depletion power as 2 when peak fluoresce intensity is half, we also have
I,=D?a2,. So, depletion laser power D?/ D2 in Eq. (4) is equivalent to the peak intensity
ratio lgep/ls in Eq. (5). For a continuous wave, lex (0) 7 (Idep (0)) = lex (0)/2,7(Igep) = 1/(1 +
ldep/ls), Tex=C?[ad;+2(ao1 aga+ai) (k1,)?) and I, (p)=D3b3 (ksp)? yield
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FWHM= Aex

\/ —4(1L(11 uoz-i-a \/

( Aex ) 2 ISTED (A2)
4|a01 a02+‘11| de Is

And for continuous wave, lex(0) 7(lgep(0)) = 1ex(0)/2, 1(1gep) = exp(=In 2lgep/ls),

I.=C?ak expl+2(agy app+a?)/al, (kip)® and Iy, (p)=D3v? (192,))2 yield

FWHM=

/=2 a01a02+a1 \/ (1n 2)b2 (&i)%grw' (A3)

(In2)a 2|a01 aoz+a?| \ Ade Is

Then, in Eq. (5), the factors a and /5 can be obtained.
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Fig. 1.

Diagram of the diffraction of a high-NA microscopic objective illustrating the coordinate

systems.
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Fig. 2.
Excitation intensity on (a) x-y plane and (b) x-z plane.

J Opt Soc Am A Opt Image Sci Vis. Author manuscript; available in PMC 2014 July 09.



1duosnue Joyiny vd-HIN 1duosnue Joyiny vd-HIN

1duosnuely Joyny vd-HIN

Xie et al. Page 13

-600 -600

—400 -400

-200 -200
£ o £ o0
> >

200
400
600

200
400
600

-500 0 500 -500 0 500
x/nm

=500 0 500
x/nm

()

Fig. 3.
Intensity on the x-y plane of focus for the depletion laser with a (a) left-circular polarized,

(b) linear polarized, and (c) right-circular polarized laser.
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Fig. 4.

Relationship between the depletion intensity and its resulting resolution. Simulation results
are plotted as a red solid line for CWSTED (a) and pulsed-STED (b). Predicted resolutions
of Eg. (5) are plotted as a blue dashed line in (a) and (b).
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Fig. 5.
Integration-depleted fluorescence efficiency and depletion intensity. Simulation results are

plotted as a blue solid line for CW-STED and a red dashed line for pulsed-STED. The
fractal (blue dotted line) and exponential (green dashed and dotted line) fits are performed
for CW-STED and pulsed-STED, respectively.
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Fig. 6.

Intensity profile of (a) excitation and (b) depletion beams on the x axis of the focal plane.
Simulation intensities are plotted in red, the polynomial approximation of Eq. (4) is plotted
in blue, and the exponential approximation is plotted in green in (a).
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Table 1
Typical Valuesof yfor Different STED Systems?
Wavelengths (nm) Pulsed-STED CW-STED
Dye Excitation Depletion d d
ATTO 532 470 603 0.31 0.40
Alexa Fluor 488, Chromeo 488, 488 592 0.36 0.45
FITC, DY-495, Citrine GFP 490 575 0.42 0.53
Citrine, YFP 490 600 0.35 0.44
Pyridine 2, RH414 554 745 0.26 0.33
Alexa 594, Daylight 594, ATTO 594 570 690 0.36 0.45
ATTO 633, ATTO 647N, Abberior STAR635 635 750 0.42 0.52

Page 17

a Lo . . .
Dates of excitation and depletion wavelengths are from [30]. Numerical aperture of the lens is set to be NA = 1.4, and a = 2.15 for pulsed-STED,

a=1.82 for CW-STED.
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