
Frequency distribution of the nanoparticle magnetization in the presence of
a static as well as a harmonic magnetic field

John B. Weavera�

Department of Radiology, Dartmouth-Hitchcock Medical Center, Lebanon, New Hampshire 03756,
Thayer School of Engineering, Dartmouth College, Hanover, New Hampshire 03755
and Norris Cotton Cancer Center, Lebanon, New Hampshire 03756

Adam M. Rauwerdink
Department of Radiology, Dartmouth-Hitchcock Medical Center, Lebanon, New Hampshire 03756

Charles R. Sullivan and Ian Baker
Thayer School of Engineering, Dartmouth College, Hanover, New Hampshire 03755
and Norris Cotton Cancer Center, Lebanon, New Hampshire 03756

�Received 11 September 2007; revised 7 March 2008; accepted for publication 7 March 2008;
published 24 April 2008�

We explore the properties of the signal from magnetic nanoparticles. The nanoparticle signal has
been used to generate images in magnetic particle imaging �MPI�. MPI promises to be one of the
most sensitive methods of imaging small numbers magnetic nanoparticles and therefore shows
promise for molecular imaging. The nanoparticle signal is generated with a pure sinusoidal mag-
netic field that repeatedly saturates the nanoparticles creating harmonics in the induced magnetiza-
tion that are easily isolated from the driving field. Signal from a selected position is isolated using
a static magnetic field to completely saturate all of the particles outside a voxel enabling an image
to be formed voxel by voxel. The signal produced by the magnetization of the nanoparticles
contains only odd harmonics. However, it is demonstrated experimentally that with the addition of
a static magnetic field bias even harmonics are introduced which increase the total signal signifi-
cantly. Further, the distribution of signal among the harmonics depends on the static bias field so
that information might be used to localize the nanoparticle distribution. Finally, the field required to
completely saturate nanoparticles can be quite large and theory predicts that the field required is
determined by the smallest nanoparticles in the sample. © 2008 American Association of Physi-
cists in Medicine. �DOI: 10.1118/1.2903449�
I. INTRODUCTION

Molecular imaging has generated intense and persistent in-
terest because of the potential for understanding basic biol-
ogy as well as pathologic processes. Magnetic particle imag-
ing �MPI�1 is one of the very few methods capable of joining
PET, SPECT, and optical techniques in the molecular imag-
ing repertoire.2

Magnetic nanoparticles have a wide range of applications
in biomedicine3 and imaging their spatial distribution is im-
portant in most of those applications. For example, nanopar-
ticles can be tagged with appropriate antibodies so they se-
lectively congregate around malignant cells creating the
potential for treatment of cancer cells without impacting nor-
mal cells. It is important to image nanoparticles to determine
when sufficient numbers of nanoparticles are present in the
malignancy and where else the particles might be congregat-
ing.

Magnetic particle imaging �MPI� was introduced in 20051

as a way to image very low concentrations of magnetic nano-
particles. MPI received a good deal of fanfare because it is
thought to be capable of imaging concentrations of nanopar-
ticles orders of magnitude smaller than magnetic resonance
imaging �MRI� or other modalities can detect.2 This has not
been proven to be the case and recent work in MRI has been

4,5
pushing the detection limits. Sensitivity is critical to mo-
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lecular imaging in general and to nanoparticle imaging in
particular because very few nanoparticles can be attached to
any single molecule or cell. Sensitivity is not so critical in
other applications of nanoparticle imaging such as for mag-
netic fluid hyperthermia6 where large quantities of magnetic
nanoparticles are injected directly into the tumor. However,
high sensitivity is required for the most promising applica-
tions, such as localizing antibody tagged nanoparticles which
can be used to identify metastases and tumor margins in the
clinical setting and tracking individual labeled cells in the
basic research setting.

MPI1 detects the nonlinearities in the magnetization in-
duced in nanoparticles by a harmonic magnetic field, termed
the driving field. The saturation of the magnetization pro-
duces signal at the odd harmonic frequencies that are rela-
tively simple to detect because all signal at the frequency of
the driving field can be eliminated with a lowpass filter. Only
odd harmonics of the applied field are produced so the band-
width of the signal can be extremely small to eliminate noise.
The narrow bandwidth and high signal make the estimated
detection limits quite low. The low detection limits are a
significant part of the attraction of MPI because it promises
to enable molecular imaging without the limitations hamper-
ing other molecular imaging methods: optical imaging7 is
limited to relatively thin samples, MRI requires extremely

5
high spatial resolution to achieve the necessary sensitivity,
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and PET requires significant effort to radiolabel the appro-
priate materials in a short time.8 MPI localized the signal
produced by completely saturating the nanoparticles outside
of a voxel so only the nanoparticles inside the voxel contrib-
ute to the signal.1 A Helmholz coil pair was used to create a
“field free” region where nanoparticles contribute to the sig-
nal and high static fields completely saturate nanoparticles in
the surrounding regions so they do not contribute to the sig-
nal. The field free region was then swept across the sample
creating an image. In practice, the sample was moved across
the field free region1 but the result is the same and because
magnetic fields add, it is easy to envision a field swept ver-
sion of the system presented. The sensitivity is difficult to
estimate this early in the development process but good
simulation results have been shown at 8 nmol l−19 and good
experimental results have been shown at 40 ugram l−1

�720 nmol l−1� in a related technique.10 For comparison with
MRI, 8 �mol kg−1 of Resovist is used and if it remains in the
blood that corresponds to concentrations of around
80 �mol l−1.9 But sensitivity for imaging depends on a host
of factors and the achievable sensitivity will take a signifi-
cant length of time to understand.

Normally the nanoparticle signal contains only odd
harmonics.1 If any periodic signal is repeated identically
twice within a time interval, the odd terms of the Fourier
transform over that time interval will be identically zero.11

However, if the function is repeated but with alternating
signs, then the even terms of the Fourier transform will be
zero, e.g., the Fourier transform of a single cycle of a sin
function is only nonzero for the first term. The magnetization
induced by a sinusoidal magnetic field is a distorted sinusoid.
The distortion is identical for the increasing and decreasing
fields so the magnetization is repeated but with alternating
sign creating zero even harmonics.

Several related nonmedical methods use odd harmonics
produced by nonlinearities in the hysteresis curve for detec-
tion, e.g., nondestructive testing for pipeline cracks.12

The introduction of an offset magnetic field has been
shown to generate even harmonics as well as the odd har-
monics in several related methods for characterizing
superconductivity13 and measuring magnetic fields with
ferrofluids.14,15

We demonstrate experimentally that the addition of an
offset magnetic field introduces even harmonics in the nano-
particle signal. Further, the even harmonics are significantly
larger than the odd harmonics so the total signal produced is
increased significantly. The pattern of the harmonics is a
function of the size of the offset field so a spatial gradient in
the offset field could be used to provide limited localization
information to either reduce acquisition times or improve
signal-to-noise ratio �SNR� by further averaging because the
resolution is SNR limited.11

II. METHODS

The signal from nanoparticles was obtained in static mag-
netic fringe fields produced by a 3T Philips MRI magnet.

First, we will present a relatively simple version of the physi-
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cal models previously used to describe the magnetization of
a suspension of magnetic particles in an applied field. Then
we will describe the apparatus used to generate and detect
the nanoparticle signal from a suspension of nanoparticles
and how the MRI magnet was used to affect a wide range of
bias magnetic fields. Finally, we will describe the two types
of magnetic nanoparticles used.

II.A. Models describing the measured magnetization

The hysteresis curve determines the magnetization in-
duced in a material by a time varying magnetic field. Even
for relatively high concentrations of suspended particles such
as those in magnetic fluids, the magnetization is well de-
scribed by treating them as independent, isotropic spins gov-
erned by a combination of statistical thermal fluctuations and
the applied magnetic field.16 Suspensions of nanoparticles
should be accurately described by the same theory because
they are more dispersed and are small enough to be single
magnetic domain. The hysteresis curve for a group of iden-
tical nanoparticles should be well described by a Langevin
function.14–16 The magnetization, M, is:

M = M0�cosh�vM0H

4�kT
� − �vM0H

4�kT
�−1� , �1�

where M is the magnetization, M0 is the bulk magnetization,
v is the volume of the particle, H is the applied field, k is the
Boltzmann constant, and T is the absolute temperature. In
this case, the applied field consists of the sinusoidal field,
Hs=H0 sin��t�, and the constant bias field, Hbias:

M = M0�cosh�vM0�H0 sin��t� + Hbias�
4�kT

�
− �vM0�H0 sin��t� + Hbias�

4�kT
�−1� . �2�

It is useful to think about the effects of temperature as an
effective field which scales the applied field

M = M0�cosh�H0 sin��t� + Hbias

HTE
�

− �H0 sin��t� + Hbias

HTE
�−1� , �3�

where HTE= 4�kT / vM0 is the temperature equivalent field.
HTE scales the applied field in Eq. �3� so for a large HTE, a
larger applied field is required to influence the nanoparticles.
HTE is larger for smaller particles or for particles with a
smaller bulk magnetization or for particles at higher tem-
peratures. The thermal disordering of the nanoparticle mag-
netizations, reflected by HTE, reduces the ability of the ap-
plied field to align the individual nanoparticle magnetizations
into a macroscopic effect.

Collections of particles of different sizes are described by
multiple Langevin functions16 and, although the characteris-
tic properties of the hysteresis curve remain the same, the
shape depends on the distribution of sizes and properties.

The size distribution is generally log-normally distributed.
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The primary effect of the radius is on the volume of the
nanoparticle, v, but the size also strongly affects the coercive
field.17 The coercive field is a measure of the phase of the
magnetization relative to the applied field and does not in-
fluence the shape of the hysteresis curve, just the translation
of it which can be represented as a time shift in Eq. �3�. A
time shift represents a phase change in the frequency domain
so the signals from nanoparticles of different sizes interfere.

Estimates of the ratio H0 /HTE can be generated from the
ratio of the signals at the third and the fifth harmonic fre-
quencies with no bias field and HTE itself can be estimated if
H0 is also known. The ratio of the signal at the third and fifth
harmonic frequencies is independent of nanoparticle concen-
tration and decreases monotonically with increasing ratio
H0 /HTE so H0 /HTE can be obtained uniquely from the ratio
of the signals. Several methods of solving for H0 /HTE are
possible but we simply iterated on the calculated ratio of the
harmonics; an arbitrary trial H0 /HTE ratio was selected and
the calculated ratio of the harmonics was found for that trial
value using a Langevin function. The trial H0 /HTE ratio was
decreased if the experimental ratio of the harmonics was too
small and increased if it was too large. Then the process was
started again with the new trial H0 /HTE ratio. There are two
limitations to this method of estimating H0 /HTE: first, the
estimate can become unstable and second, the size distribu-
tion causes a bias in the estimate. The method’s numerical
stability decreases as H0 /HTE decreases but our current
implementation provides useful solutions for H0 /HTE larger
than 0.1. Based on published values of the saturation
magnetization,18,19 this is true for iron oxide nanoparticles
larger than 10 nm and reasonable H0 amplitudes, above
10 mT. The nanoparticle size distribution, if it is not known,
would also probably impact the accuracy of the estimate.
There is a significant bias in the estimate of H0 /HTE if the
nanoparticle size distribution is very wide and a single size
nanoparticle was assumed. The bias in H0 /HTE is toward
larger particles. However, even with the limitations, it is a
simple, effective way to characterize the nanoparticles be-
cause HTE includes the effect of nanoparticle volume, v, and
the bulk magnetization, M0, which completely characterize
the magnetic properties of monodisperse nanoparticles, so
HTE can be used to predict the signal as a function of H0 and
Hbias.

The Fourier transform of the Langevin function can be
approximated by a hyperbolic cosecant and decreases rapidly
with increasing frequency. The implication of this observa-
tion is that the signal drops with increasing harmonic number
unless symmetry interferes.

II.B. Apparatus employed

The apparatus generating the nanoparticle signal shown in
Fig. 1 consisted of a harmonic drive circuit and a receive
circuit but lacked the localizing field employed in MPI. The
circuit producing the driving sinusoidal magnetic field con-
sisted of a solenoid resonant drive coil with approximately
1400 turns along a 10 cm cylinder with a Q of 37. The sinu-

soidal current was produced by an audio amplifier fed by a
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signal generator producing a sinusoidal voltage at the reso-
nant frequency of the coil. The apparatus can generate a
harmonic field of amplitude 10 mT by driving 1.5 amps
through the coil. The field was measured using a Bell 5180
magnetic field meter. Frequencies up to approximately
10 kHz can be achieved with essentially 100% duty cycle,
i.e., the current can be driven indefinitely. Higher frequencies
can also be obtained at lower amplitude fields or with inter-
mittent use to avoid overheating the coil. The applied field
was 7.1 mT at 9.8 kHz for the experiments performed. The
resonant drive coil has two useful properties: first, a rela-
tively small power amplifier is required to obtain a large field
at a high frequency and, second, the resonant coil attenuates

Pickup
Coil

Balancing
Coil

Drive
Coil

(a)

PC Computer
Control

Resonant
Drive Coil

Pickup Coil

Audio Power
Amplifier

Input O
ut
pu
t

Nanoparticle
Sample

Phase Lock
Amplifier In

pu
t

O
utput

Balancing Coil

(b)

FIG. 1. �a� Top left: Exploded view of the coils generating the MPI signal.
Top right: The assembled coils with a sample in place. �b� Schematic of the
apparatus used to generate and measure the signal from the magnetic nano-
particles. The output of the lock-in amplifier was used as the drive frequency
for the audio amplifier. The input of the lock-in amplifier was set to each
harmonic frequency in succession by the control computer to read the signal
at that frequency. A 1 s time constant was used so the lock-in amplifier
required at least 3 s to settle but we allowed at least 5 s for the reading to
stabilize. The noise effective bandwidth of the lock-in amplifier with the
time constant and filter setting used was 0.08 Hz �5 /64 Hz�. The pickup coil
was in series with the balancing coil. The position of the balancing coil was
far enough from the sample that it detected no measurable signal from the
nanoparticles. The position of the balancing coil was adjusted to null the
detected signal at the drive frequency and fixed in that position. The reso-
nant drive coil damped the harmonics from the power amplifier.
the harmonics generated by the amplifier, rated at 0.05%
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total harmonic distortion, and signal generator so the har-
monics recorded by the pickup coil are primarily generated
by the nanoparticles.

The receive circuit consisted of a pickup coil inside the
drive coil connected in series with a balancing coil placed at
the end of the drive coil. Samples were placed inside the
pickup coil. The balancing coil was used to reduce the volt-
age at the drive frequency, as well as harmonics from the
amplifier, so the signals generated by the nanoparticles can
be amplified sufficiently to be recorded. Other methods, such
as a high pass filter, might be used in place of or in conjunc-
tion with the balancing coil to reduce the dynamic range of
the signal but the balancing coil alone proved sufficient for
our purposes. The balancing coil was placed at the end of the
drive coil so it recorded the applied field but was far enough
away from the sample that the nanoparticle magnetization
did not generate any voltage. The position of the balancing
coil was adjusted so the current induced in the balancing coil
was equal and opposite to the current induced in the pickup
coil. The signal at each harmonic was recorded using a phase
lock amplifier set to the harmonic frequencies. The magni-
tude and phase of the signal from each nanoparticle sample
was recorded along with the background signal when no
nanoparticles were present. The complex background signal
was subtracted from the complex nanoparticle signal to ob-
tain the signal from the nanoparticles themselves. The total
harmonic distortion calculated from the reference signals av-
eraged 0.039% which was 1.1% of the largest nanoparticle
signal.

The static field from a 3T Philips MRI was used as the
static magnetic field. The field was measured using a Bell
5180 magnetic field meter. The static field was always
aligned along the axis of the drive coil so the static bias field
added to the sinusoidal applied field. The position of the
apparatus was adjusted till the measured field at the position
of the center of the sample was correct. The process took on
the order of 1 min to achieve the desired field. The field
homogeneity across the 2-cm-long sample was also mea-
sured using the field meter. The maximum field deviation
was smaller at low fields and larger nearer the center of the
magnet at high fields. The maximum deviation was 1.3%
at 1.5 mT, 1.7% at 12 mT, 2.6% at 38.5 mT and 4.2% at
200 mT.

II.C. Nanoparticles employed

Two types of nanoparticles were used: iron oxide nano-
particles and composite nanoparticles with an iron core en-
cased in an iron oxide shell. The commercially obtained,
dextran-coated, SPIO iron oxide particles, Feridex I.V.TM,
had a size distribution ranging from 15 to 20 nm. The iron
core composite nanoparticles were manufactured at Dart-
mouth and had a size distribution ranging from 10 to 15 nm.
The concentration of the iron core nanoparticles, 300 �g /ml,
was not diluted to keep the signal as strong as possible and
the iron oxide nanoparticles were diluted to be roughly the

same concentration, 800 �g /ml. The two nanoparticles were
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characterized and compared previously.20 All samples were
kept at room temperature. The samples were approximately
2 cm long.

III. RESULTS

Several preliminary experiments were undertaken to ex-
amine the performance of the system. Figure 2 shows that
the signal increases linearly with frequency as expected; the
linear correlation coefficient was 0.993 �p value 10−7�. The
signal per cycle was essentially constant �p value 10−6� over
this range of frequencies. The distortion of the magnetization
producing signal at the higher harmonic frequencies is re-
peated every cycle of the drive field so as long as the hys-
teresis curve does not change, the signal per unit time should
increase with drive field frequency. The hysteresis curve can
be frequency dependent but the linear relationship between

FIG. 3. The signals produced by a group of identical nanoparticles of the
same size as predicted by the single Langevin function in Eq. �3�. The
curves will scale with the temperature equivalent field but the shapes of the

FIG. 2. The signal at the 3rd harmonic as a function of the drive field
frequency. The sample was a 150 �g sample of iron core composite nano-
particles. The same current was used at all frequencies. The linear regression
is also shown.
curves do not change.
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signal and frequency implies that there is no significant fre-
quency dependence below 20 kHz with these nanoparticles
at these power levels.

Noise was additive and the standard deviation of 20 re-
peated signal measurements was 0.60%.

Figure 3 shows the variation of the signal at harmonics
2-5 as a function of the static bias magnetic field predicted
by the superparamagnetic model using the single Langevin
function in Eq. �3� to describe the signal. The curves in Fig.
3 will scale with HTE as described above but the features
remain the same. The even harmonics are zero when the bias
field is zero while the odd harmonics are maximum when the
bias field is zero. The second harmonic has a single peak
while the third and larger harmonics have smaller local
maxima at larger bias fields. The actual magnetization is a
sum of Langevin functions for each size of particle weighted
by the number of nanoparticles of each size. The size of the
nanoparticle also changes the coercive field which changes
the phase of the magnetization in the frequency domain. The
coercive field changes with the sixth power of the particle
radius17 so the vector sum of the magnetizations of each

FIG. 4. Signal at harmonics 2–5 for a 400 �g sample of iron oxide nano-
particles as a function of the bias magnetic field, Hbias.

FIG. 5. Signal at harmonics 2–5 for a 150 �g sample of iron core composite

nanoparticles as a function of the bias magnetic field, Hbias.
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particle size can interfere with each other creating more com-
plex signals than a single Langevin function would suggest.

Figures 4 and 5 show the signals from two types of nano-
particles that were measured at harmonics 2–5 with bias
fields ranging from zero to 59 mT. Nine harmonics were
measured but only five are shown. Some larger values of bias
field were also used explore how large a bias field was re-
quired to completely saturate the signal. The harmonics ex-
hibit a similar pattern to that in Fig. 3. However, the field
offset required to saturate the nanoparticle signal completely
is significantly higher than suggested by the signal from a
single size nanoparticle.

The sum of the signals at the 2nd–9th harmonic frequen-
cies is plotted in Fig. 6 for three drive field amplitudes for
both nanoparticles. The total signal is dominated by the sig-
nal at the 2nd harmonic frequency. The temperature equiva-
lent field for both nanoparticles was calculated from the ratio
of the signal at the 3rd and 5th harmonics for the largest
drive amplitude. The value of HTE was then used to calculate
the bias field at which the maximum signal occurs and those
fields are marked in Fig. 6. The bias field at which the maxi-
mum signal is achieved can be estimated with sufficient ac-
curacy to help design equipment from the value of HTE at
zero field.

The data were fit with the sum of Langevin functions with
a log-normal size distribution using least squares and the
result is shown in Fig. 7�a�. A log-normal distribution was
used because it is the most common size distribution and is
the natural one when particle formation is proportional to the
surface area or volume of the nanoparticle, although it is also
appropriate for a wider class of processes.21 The model used

FIG. 6. The total signal from all measured harmonics �2–9� for a 400 �g
sample of iron oxide nanoparticles and for a 150 �g sample of iron core
composite nanoparticles as functions of the bias field, Hbias. The total signal
increases significantly with the addition of a bias field and it shows that the
signal is difficult to saturate. The total signal can be estimated numerically
from an estimate of HTE obtained from the ratio of the signal at the 3rd and
5th harmonic frequencies. The predicted peaks are marked with longer ver-
tical lines for the iron oxide nanoparticles, HTE=1.98 mT, and with shorter
vertical lines for the iron core composite nanoparticles, HTE=1.71 mT.
was



1993 Weaver et al.: The frequency distribution of nanoparticle magnetization 1993
M = 	
i

nRiM0�cosh�H0 sin��t� + Hbias

HTE
S Ri

3 �
− �H0 sin��t� + Hbias

HTE
S Ri

3 �−1� , �4�

where

nRi =
1


2��Ri

e−�ln�Ri��
2/2�2

, �5�

where HTE
S =HTE /R0

3= 4�kT
vM0R0

3 is the scaled temperature equiva-
lent field, nRi is the number of nanoparticles of size Ri, � is

(a)

(b)

FIG. 7. �a� The measured signal at the 2nd and 3rd harmonics as a function
of the bias field, Hbias, for a 400 �g sample of iron oxide nanoparticles. The
solid line is the signal calculated from a sum of Langevin functions distrib-
uted with a log-normal size distribution. The optimum fit for the three pa-
rameters was obtained iteratively and detailed in the text. The error energy
was 9%. �b� The measured signal at the 2nd harmonic as a function of the
bias field as shown in Fig. 7�a�. The solid line is the signal calculated from
a single Langevin function with HTE=1.9794 mT which is the value calcu-
lated from the ratio of the signals at the 3rd and 5th frequencies at zero bias
field. The function is normalized so the maxima are equal to that of the
measured data. It is clear that the Langevin function fits the data only for
smaller bias fields. Two other Langevin functions are shown that were cal-
culated with HTE representing smaller nanoparticles: first with a radius
which is 70% of that of the first Langevin function, HTE=5.7709 mT, am-
plified by a factor of 4, and second with a radius which is 50% of that of the
first Langevin function, HTE=15.8354 mT, amplified by a factor of 8.
the standard deviation of the logarithm of the scaled radius,
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and i is an arbitrary index. The radii of the nanoparticles is
Ro. The scale of the size distribution, R0, cannot be separated
from the temperature equivalent field; only the distribution
of scaled radii forms an independent term. Two free param-
eters were fit to the measured data in Fig. 7�a�: the scaled
standard deviation of the log-normal size distribution and the
multiplicative constant. The fit was relatively insensitive to
the mean and standard deviation of the size distribution; the
optimum values were a mean of 1.0 and a standard deviation
of 0.75. The units of the size distribution were absorbed in
the multiplicative constant and because they form a product,
it is impossible to separate them. The optimum value of the
scaled temperature equivalent field found was 4348 mT. The
resulting fit is quite close to the measured data; the error
energy was only 9% of the signal.

In the fit shown in Fig. 7�a�, the larger nanoparticles
dominate the signal at low bias fields and the smaller nano-
particles dominate the signal at higher bias fields. To dem-
onstrate, Fig. 7�b� shows the signal from the iron oxide nano-
particles at the 2nd harmonic frequency with several signal
Langevin functions. The first Langevin function used the HTE

estimated from the ratio of the signal at the 3rd and 5th
harmonic frequencies. The signal predicted by this single
Langevin function matches the measured signal at smaller
bias fields but not at larger bias fields. At larger bias fields,
larger values of HTE are required to match the measured
signal implying that larger numbers of smaller nanoparticles
are responsible for the signal in the presence of larger bias
fields.

IV. DISCUSSION

The increase in the signal at the 2nd harmonic frequency
with bias field is very similar to that reported in other con-
texts �compare Fig. 4 to Fig. 1 in Ref. 14�. The shape of the
increase in the signal at the 2nd harmonic frequency with
bias field is very consistent for the different nanoparticles
and the different drive fields used here as predicted by the
Langevin model shown in Fig. 3.

Langevin functions predict the general shape of the signal
as a function of bias field but single Langevin functions do
not reproduce the exact shape of the signal. For example, the
signal at the 2nd harmonic increases from zero to a peak and
then tails off slowly in both Fig. 3 and Fig. 4 but the length
of the tail is much longer for the experimental data in Fig. 4.
The comparison is more explicit for the signal at the 2nd
harmonic frequency in Fig. 7. The single Langevin function
model also predicts the bias field where the maximum signal
will occur quite well but does not predict the field at which
all of the nanoparticles are saturated well at all. The primary
reason is the size distribution of nanoparticles. Figure 7
shows how multiple Langevin functions for different size
nanoparticles can predict the signal shape. However, it
should be noted that the coercive field is not included in the
model so the model’s results might well be closer to the
experimental results if the coercive field for each nanopar-

ticle size were known.
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The implications of this work for MPI are varied. The
most significant is that the addition of a bias magnetic field
introduces signal at the 2nd harmonic frequency which is
larger than the signal at the 3rd harmonic frequency with no
bias field so the sensitivity to lower concentrations of nano-
particles could be improved. The increase in sensitivity de-
pends on the nanoparticles used but would be a factor of 3
for the iron oxide nanoparticles tested here. If the signal at
the 2nd harmonic frequency is used, instead of saturating the
nanoparticles outside the voxel imaged which requires large
static fields, the object can be imaged by applying a bias field
at the position to be interrogated and allowing the zero bias
field at other positions to eliminate the signal. Another im-
plication almost as significant is that not only must the nano-
particles have the highest saturation magnetization possible
but the nanoparticle size must be tightly controlled because
the presence of small nanoparticles that are very difficult to
saturate contributes significantly to the signal even at rela-
tively high bias fields. At low bias fields the largest nanopar-
ticles in the size distribution dominate the signal but the
smaller nanoparticles become dominant at higher bias fields
so the size distribution should be as tight as possible if satu-
ration is used to localize the signal. There is also a potential
impact for the design of the fields saturating the nanopar-
ticles outside the field free volume. Figure 4 shows that the
signal at the 3rd harmonic frequency is effectively saturated
at 5–6 mT but reaches another peak at 8–10 mT that is
roughly a third of the signal with no bias field. Therefore, the
gradient in the bias field needs to be steep enough that very
few nanoparticles are in fields ranging from 8–30 or 40 mT
because they contribute significant signal and could be far
from the field free volume so the signal will represent a
convolution of the nanoparticle distribution. The specific
numbers will change for different nanoparticles and more
importantly for different size distributions but the pattern
will be similar for all nanoparticles. The difficulty in saturat-
ing all of the nanoparticles is exacerbated using the signal at
the 2nd harmonic frequency because the signal is still almost
15% of the maximum signal at bias field of 59 mT and is still
a few percent of the maximum at 200 mT.

If the concentration of nanoparticles is high enough to
measure several of the higher harmonics, the distribution of
signal among those harmonics could be used to help spatial
localize the nanoparticles along a known field gradient. High
concentrations of magnetic nanoparticles occur in applica-
tions such as magnetic fluid hyperthermia.6

V. CONCLUSIONS

Static bias magnetic fields distort the symmetry that pro-
duces only odd harmonics from nanoparticles in a harmonic
driving field. The signals at the even harmonic frequencies
are larger than those at the odd harmonic frequencies; e.g.,
the maximum signal at the 2nd harmonic frequency is a fac-
tor of 3 larger than that at the 3rd harmonic frequency at this
field strength. For MPI systems based on the original design,
the distribution of nanoparticle sizes probably should be lim-
ited especially reducing the number of small nanoparticles

because they are difficult to saturate completely.
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